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bWIlJn~~~tll~fJlaJ  Multiple Correlation &Id’

R = d-

011

, R2 = ~11-a11.23...k

011

2 0 3



Pry  = Cov(X,h?
{V(X)  vwp

= E(X-/GO’-&J0,  0,
hid E(X-pz)(Y-k)  = E(XY)-c(,&
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ttnr ryv = r(xt-~,)(X,,-~,)/{~(X,,-~J2t(X,,-~,)z}~;s.j=2,3  ,...,  k

1
Gwbill.  F.A. OP.Cit..  P.  u)8

2 Lkappcr.  N.R. andSmith.  H..Op.Cit.  P.34
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6Jh E(X-b)(Y-k&+l  &j @d!z)(y~)  = E(Z,&) = 1
4 0, 0, 0,

wz=z,-z,

~J& V(Z) = V(Z,)  + V(Z,) - 2E (Z, Z2) = 1 + 1 - 2 = 0 lb@=  E(Z) _ E(Z,) - E(Z2) =  o

r~fla~difi~Lb1)5  Z ihTLLPnUi)JLLY11  Point Density MWJ'% Z = O'M%  Z, = Z2 &~

x-l.& - Y-y
4 0,
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Y ?J Joint pdf tdU Bivariate Normal Distribution

r=Y =  ; =  ;(x,-X)(Y,-v)  / &x,-Q2  &Y&
i iY

Sampling Distribution WI  J 6 ;JXhln~~Jfi

$I-11 !(I%-4)  00
f(hp,  P)’

(n-2)(1-P2)2 (l-9)2 1 dw; -IQPGI
n w - 6p)“-L

ST331 2 0 7
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t

c - 0.6
I - 1 0

/ \ \ i.1 7 .; ~

- 1 0 1 .
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aontih 2  t-h&~  y(,, vum qxi LLR:  y(z)  ~~16)  b-s) x 1 &.&I Y  = VI,[IY(2)

ST331



021 : 022 . . . % VIIp=(/hIpz,py  7.e.  4J=(“Ju2)’  *v=  Q. : cJ22  . . . OS&,  = v2, VI2

; .; ;! 1v22

ST331 2 1 1



P, =
E t  (YI-/.G(Z-E(Z))}

c/  Wr~d*E(Z-WZ)~

1
u

p=  2” = u1
2/s 1 -l/5  0 0--.---I

[I[] [.

-- .-----_--.  _-_---
(V= -7[3/5 0 0

-1 2 : 0 1

=

Oi 0 - 1
-i 11
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hiaf(Y,(Y,,Y,,Y,)=  N(l-$Yz,$

ST331

2/5 -l/5  0 f 0

-l/5  3/5 0 V,, V,*
v =

i 0i I0 0 $1
=

[ IV,, V22___-_  .__-.-.---.-..  i‘----
0 0 -1:  2

2 1 3





Yi, -P.1

B=Y
Y,  - Y.

’i

:I

Yi, - Y.
(Yi,-Yi,  Yip, Yip’  Yi4Z)

Yi4-Fi
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:

10 9

9 20B = ____ _ __ __
-1 -3

-16 -16

&tU B,,.2 =

Yi=p,+fi2X2i+p,X,i+  . ..+  pkXki+y;  i=l, 2, . . . . n . . . . . . . . . . (1)

i)l?l (1) ~llr515aoJ~~onluPlndl9los  ill~EIS1TGIRWl+diaU  ni)EWJjl

Y=B,+B,X,+&  + . . . + fl,q+n . . . . . . . (2)

(1)  - (2) yi-v=p2  (x2i - R,)-q  (x,i  - X3)+ . . . + pk  (Xki - xJ+(u, -q

; i = 1, 2....,n . . . . . . . (3)

2 1 6 ST331



~=(x~x)-~x'Y  = (x'x)-'X'(X/?+U-U)
= p+(x'x)-'X'U-(x'xy'x'u

ST331 2 1 7



Ld  X(ls  =

+ (X’X)-‘X’U  WE$)  = /3(LWl:  E(U) = 0) Lbl3WhWlla.

&I XH . . . xk

iiXX2i -0-

iiXX:xSi 0

_1  I=

iiZXki, -O-

E(y) = &xz+;3x3+  . . . +&,

M% y  =  ,&xz+~3xs+...+~~xt
u

i%H%JoEln'l5dlU~~l41  Correlation Table ~~?lX3h&~

?lnsX%JTll~  Normal $0  (X’X) p^ = X’Y 9~:wIJdl

n
XXZiX3i . . .
i

n
y:X:i . . .

“ZX3iXki  I..
i

n
IkZiXki
i

bx3ixki

h

I32 = ~XtiYi

A
P3  = xX3iYl

XxkiYi

h =s3+;3  zx.x:+  . . . + jk  zxx,X,c = xx3y

:

Wi  rij = d* ; i, j  = 2, 3, . . . . k T@Od  rij = 1  81  i = j

3Jil-4 CXiXj  = rij dZf  &Zf  = (n-  1)  rijsjsj  !A+3  Sf  = -&-~&~

,......  (1)
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i52r22~2+ij3  r23~3+  . . . +ikrZksk =r s12  1

ij,r,, s~+&I-~~  s3+  . . . fikr3ksk  =r13sl
. . . (2)

i,  r2k s2+ Irj3r3ks3+ . . . +Icjk  rkk  Sk=  rlk s,

Y
&l.ii4 63  R,B*=G . . . (3)

i

r11 r12  .--

r21 T22  *‘*
R = $1 r32  ...

: :. .

rkl rk2  ..a

ST331 2 1 9



r1zst I?23 . . . r2k  '

r13sl  03 . . . r3k

:

& =r
rlksl  r3k  . . . rkk

S l=A
s2 s2

r22 r23 . . . r2k

r23 r33 . . . r3k

: I

r2k r3k . . . rkk

r12  r23  . . . r2k

n3 r33 . . . r3k

: :

rlk  r3k  . . . rkk

r22  r23  . . . TZk

r23 r33 .  .  . r3k

: .* .

r2k r3k . rkk

St  Rn2= - -  -
s2  RII
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r22 r23 . . . r12S.l  . . . rZk

r23 r33 . . r13Sl . . . r2k

, .. .
, .

rZk  r3k . . . rlksl  . . . rkk











.

“x3 = s3  R23---~x2-~&~$p4

6diU  Rf3.24  = (-2 2) C-z  %I= R$33

lunmi7 x4 = $ixz+~~a+f34y+(U-ii)

Gir= s4  %.I s4  Rw s4 RM
- x2--  - x3--  - y

-sz  &.I s3  Rw SI  Ru

hj&,  R;4,23  = (-2 if) (-ftz) = %-
RII  R44

Y
y = &xz+/bxxs+... +Bkxk  + (u -ii)  b%%%%

R$.Z3...j-l.  j+l,  . . . . k = Rfj--j=2,3  k
RII  Rjj ’ , I..>

vt
SIJ’UIA  Rlj.23,  . . . . j-1. j+t,  . . . . k = -4-j; j = 2, 3, ...I  k

226 ST331



Yr’aXa,+PsX~*+...+Ps,~r+(~,-;);  i  =  1,  n,...,n

3 . . . k

LLRr , c’e
- YTY = RL... k

e’e  = Y’Y(l -R’,. 23 ..,k ) = &;(1  -R21.19  m..k  )
i

sov df s s MS F

Regressor X1,  X1, . . . . ,Xk k - l Y’Y.R:.2a... k (Y’Y.R’1.23  . ..k)k-  1 3

Residual n-k Y ’ Y  (I-R:.z~...L) {Y’Y(l-R$.zs...3}/n-k  J6

Total n - l .  Y'Y

h4.‘2sUeSl  Correlation Matrix R %%&~o

r 13

r22

rt2

r13 . . . rlk

rz3 . . . r2k

i :Irk3 . . . rL*

’ ~7WWlfCL8Wl’lU Kerlinger,N.F.  and Pedhazur.  E.J., Ibid. p.53-99.
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1. j,=-S1R11 ;j=2,3 , ..f  ,
s,  RII

k I&  RI,  $0 Cofactor “UN r,,  lur~&?rrd: R 1

12. R:.z~...~  = 1 - - da r” %mJl%l  m 6bLLMpiJfi  (1,l)  uodautf%d R-’
rll

3. i+rji,  =
a2

zx:,(l-Rj)
;j=2,3,  . . . . . ,k

R, = r32  r33  *34 . . . rJL

I i

; i ; ;

rk *k3 rk4 . . . rkk

Fc = R&..k/  k - l
(1-R:.3o...k)/n-k

2 2 8 ST331



ST331

Ho:&  = 0  VSHI:&#O  Fc  = (&I  - R:.J  )/2-l

(1-Rf.34  ) / n-2

2 2 9



H,,:&=OVs H1:/&#0  F, = -
(l-Rf.24~)  / n - 3

(1) Y = ffX,  , XJ  ) . . . ,x,-1,x 1+1* ..-W  Ltfiw  Residual Vector e, (YUWI nxl)

kesidualeI  a~lrn~J~n~~hcwtawi~~a~~~  Y tv-$w2

(2) X,=f(Xz,  x,,  . . ..x.-,,x ,+I, . ..&)  LL&Wil  Residual Vector e, (?w#I  nrl)  Resi

duale,  a~ttanJ~n%wwtaWl~~a~QJ  X, tvi7&.4

aintammf  e1  LtFC  e,  rWhhWiilRH~Ufl~TUh’  (Simple Linear Correlation) 16

fhAH~%J~U~d%hl  Partial Correlation R,.u  . . . ,,-1  ,,+,  , . . . k $I-&taJ

1

% Unexplained variation  = 1 _ R: .*a.. . k
z:e:

=Iy:

2 3 0 m-331



(l-R*
1 *23.-j-l  ,j+l ,...,k

)-(1-R’
R'1].23...j-1  ,j+l,...,k  =

1.23 .*-j-l ,j,j+l , . . ..k)
2

'SRI  *23...  j-1 , j+l , . . . ,k

ST331 231









VllU

2.973998 - 1.66308 -1.332116 -0.417921

2.0964482 S85304 -.173408R-’ =

1.619033 .220396

1.201326

R;’ = :

1.166442 -.159624 -.407113

1.022351 .03320681.142597 I

fij
tj=  aj ;i=2>3 ,...,k ~~V~%JY~GMIIJ  H,,:fij=OVSH,:&#O

~7nG3ap3lll37lJiJdl

20
t xzzi  = 134.95 , ?
i t

x23i  = 85.00, 7 xii  = 98.20

a~w~mnam~nd R;’ W¶J+

y2*  = 1.66442, ra3  = 1.022351 ,? = 1.142597

R2 2+34=  1 -l/1.166442  = .I4269

R2 3,24=  1 - l/l.022351  = .02186

’  &t4 Kerlinger,  Fred N. and Pcdhazur.  Elazar  J.. Op. Cit.. p.67
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%, =
(1-R&)-(1-R&,+)

=(1 -R;,,)
Partial Correlation XMhl Y fill X,  dklV%l

hh  R;,,= l-s1 = 1 - l/2.82861016143 = A464

& c i’ “:,’ ::;:],R;l=

1.877953146795

[

- 1.181500824169 -.2365822783211

1.88485 1979166 - .25308484546  :
1.171323515805

”

tiJfh4  R& = 1- $, = 1 - l/l.877953146792  = A675

Rj ‘-‘“-‘] ,R;‘= [ 1.654701529793 -.8678028414526  1.455622887273 - .268809972441  1.18698219376 .5554832176
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4.5 nlsn”nti;anaunl~nsl~U~d;~qn (Selecting the Best Regression Equation)

S T 3 3 1 2 3 9



4.5.1  Extra Sum Square LLWZ  Partial F-T&

1%  2,  Ko~Jn’%u%oJ6a~Lda~~3:  x, M%l  Xj’S  z UW”,

y = ~,+~2z1+(j3z3+  -.**  + PqzP+U . . . . . . . . . . (I)

%-mun7xwmawtTmh~  Y = f(z*  S)

BlnBUnl3  (1) LT1RlUlTnVtl  OLS-Estimator “1109  @ !+%ld

2 4 0 m-331



SSRI  ,,, X 2
- soz

. SSRz  ,,, x2p  a~+”  EF Q x’p-,
O2

2I
AsQu ESSR/(p-q)o’ = ESSW@-q)

(Y’Y -SSR3/(n-p)o’ O2
mF

P-np  n-p
2

DlU  Graybill,  F.A.,  Op. Cit.
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1. Partial F-Test

9lnwmi5  Y = B1 + R2Zz + f13z3  + . . . + BpZp + u L-mflaJl~tlMlMsE LLR::

Sum Square Regression llFIJLcIW1~  Bj ~&‘?d

MSE = a= = & &‘Y-i?Z’Y)

2 4 2 ST331



Y =px  +/3~zzz+...+p,-1z,-I  +p,+,;z,+,  + . . . +&,z,+u

LLRZ y=p,+pzzz+  . . . . +pjelz,.., +P,+,z,,,+...+13,z,+/3,z,+u

Sequential F &I  F, =
SS@l,/L,  . . . ,P~-,,P~)-~~~l,P~....~P~-l)

8

2 4 3



4.5.2.2  Stepwise  Regression (SW)

2 4 4 ST331
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’ Maddala.  G.S..Op.  Cit.. ~314-316
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Coefficient of kurtosis yz = cc: A =(l/n)I(x,-x)’
;;;I kx y2

S4

2 5 2 ST331
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J. Limits
Upper/Lower

VdJldiJ~aJ4&&4  95% (Random Interval) &lWl’+l

.--

1 Koutsoyiannis  , A. , Op.  cit., ~236

2 5 4 ST331



.

ST331 2 5 5



256 ST331



Pr  (ZS -1.645}  = .05 LtWNk  q(i)  = - 1 . 6 4 5
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Fl?llJrilil~tilU  = i = p(i)

;I< ;‘K ... < ; < . . . < !I  $JG%  p,,,  < p,,,  < . . . < p,,, < . . . -C p,,,
n

0-1nifl~~I%~dl  p(i)  tBnu'o~r~a~Mv~iiWR1lUdatiiaJ riunii  continuity

correction 16 p(i) PIQJttPiR: e(i) &if”

(l-+)/n,  (2-i)/n < . . . < (i-i)/n < . . . > (n-i>/n

Cl-+j)/(n+i)  < (2-$(n+$) i . . . < (i-i)/(n+$.)  < . . . < (n-z)/(n+i)

‘Jolnson, R.A. and D.W. Wichem, Applied Multivariate Statistical Analysis, (Prentice - Hall, Inc.,

NJ., lsrw), p. 152.
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t tilun’?u~s~sn=aJluawnls fhd5Ingcltjlomn  (b) rrusl~il  d t&.+%.&~a~  t (&I aZ

&d5mmla)  nirl5lnp&rmln  ( c )  tmJix5m35tGiuifJ  t  tttx  t* tihhttJ5kf5~

twhwnm ri’-tdsinps=hun~n  (d) ttmJimla  (t) h.&mTznuciiouj~a

~hhml5~53i38a~  autocorrelation mri70r2~“afianilnl5n~a~  (humn”  7)

sad
1511  5. outliers- -

LLI7U@fJTjiiafi7llaJ  i

tdaJF1In  ui - N
Y

(0, u’)  CjTJUu  Ui/O- N(o,l) ; i = 1,2 ,...,  n L~aL5lLfiO?~aJ  %I

ei  ~Jthn’ld53Jlt’UUaJ  Ui LTl$JI$  S2  t?hfhd5XJlfU%aJ  U2 l@ld

s2  = -&-  i (ei - e)2  =
i

-&$e’i
1

ST331 2 5 9



s: =,&*)I  $ (Y,,-  3y+ F (Y,“-  y,>*+...+~(Ym”-  Y,)pl

SS(lack of fit) = SS(residua1)  - SS(pure error)

df = (n-k) -iz,(ni - 1) = v

MS(lack of fit) = SS(lack of f&)/Y



cp =
SSE YaJ  subset model &6~~5-ri%ra<  p 6-d

s2 u~aun15fkbhd5~51~  k-1 $2
- (n-W

I Y

&5Til:bki7 cp 5aaJC4Gu 2k-1 -I  ~ILY~I~J~IM?U  all possible regression model

V&C  p ~a~~7ua~W?57BL~a~~~MXI~2Pb  subset model (a?~ intercept term)
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kige  9 l sPssIPC+
****  M U L T I P L E  R E G R E S S I O N  ****

Equation Number 1 Dependent Variable... X5
Summary table

Step MultR Rsq WW SigF Variable Betaln
1 .8213 .6745 22.799 ,001 I n :  X 4 -.x213
2 .9861 .9725 176.627 ,000 I n :  X l ,563 I

9,
~~~WWnl~~~~\47t~~~n~~~~~~~~~~~~  foward  s e l e c t i o n  %hJ&l¶.hln$k~

Y = 103.09738 - 0.61395X,  + 1.43996X,

(2.12398) (0.04864) (0.13842)

(48.540X)  ( -  1 2 . 6 2 1 ” )  ( 1 0 . 4 0 3 ” )

; R2adj = .9669?.  sz  = 7.47621, DW = 1.78765, F = 176.627”

Page 10 sPss/PC+
****  M U L T I P L E  R E G R E S S I O N  ****

Equation’ Number 1
Residuals Statistics

‘PRED
“ZPRED
“SEPRED
*ADJPRED
“RESID
“ZRESID
“SRESID
*DRESID
“SDRESID
*MAHAL
“COOK D
*LEVER
Total Cases = 13

Dependent Variable... X5

M i n
72.6117

- 1.5376
.7719

71.9737
- i.0234
- 1.8372
-2.0617
-6.3264
-2.5796

.0334

.0002

.002x

117.3737
1.4796
1.9864

119.0207
3.7701
1.3788
1.4671
4.26X4
I.5712
5.4100

.3675
.450x

Mean
.95.4231

.oooo
1.2748

95.5452
-.oooo
- .oooo
-.01x4
-.I221
-.04x9
I .8462
.0920
.153X

Std Dev N
14.x3.52 I3

I .oooo 13
.3294 I3

IS. 1195 13
2.4960 13

.‘)I29 I3
I .024 I 13
3.1741; I3
I.1256 13
I .4659 I.3
.I071 1 3
.1222 13
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= Y - x(x,x)-  ‘X’Y

= [I - x(x1x)-  ‘Xf]Y

= [I - fI]Y l@ld  H = X(X’X)- ‘X’ 6%fldl  hat matrix

X3W-h  V(e) = E[(e - E(e))(e  - E(e))‘]

= E(ce’)

= E[(I - II)YY’(I  - H)‘]

= (I -- H)E(YY’)(I  ~ H)’

&lb  V(c,)  = V(Y,)  - v(x;  p, = V(Y,)  - V(  t,)

&83vE1~1

V(Y,)  = E[(Yi  - E(Yi))(Yi  - ‘(‘I))1

= E[(Y, - X,‘@)(Y,  - X(p)]

= E[(X;P  + u,  - X$3)(X$3 + ui  - X#)]

= E(uf)  = V(u,)
7z  ,,-

ST331 2 7 7



bbW@N’h  V(ei)  =  w’  - tr’hi,  =  ~‘(1 - h,,); i  = I(l)n
” -

&&.A  ZPREDi  =  x  bt!Jwd  s’  =  M S E  =  uz

CI& L~&kll~~lLWlL~Cl~  9  (p[edicted  vector) TitWIJ<l

V(q) = E((T - E(%‘))(?  - E(P))‘]

= E[(Xp - Xp)(Xfi  - Xp)‘]

= ElX(lj - P,(P  - PW’I
= XV@)X

= rr2X(X’X)-  ‘X’

= a”F1

xz cr2hii  LTlL%lfl  s$  67  standard error of predicted value 67J?  i (GO SEPRED%‘UFIITN

hm.4)

278 ST331







(ei”.  - y,)‘/kh’: t = I. 2. .__. n

2 8 1



d;= SDRESID)  = e, (n -1) - k
SSE(I  - h,,)  - cf 1

I/‘:  i = 1 7 ___ n,-, .

ldod  influential case

c, = z ($‘!I)  - ~,)‘/ks’;  t = I, 2. . . . . n
i=l

2

c, = 3
hii

(1 - hi;)’ I
;i  = 1.2....,n

2 8 2 ST331



bW4ltbH’$l  9 =  Xf?,  =  X(X’X)-  ‘X’Y =  H Y

bb8KKh  9,  =  hiiYi;  i  = 1 ,  2 .  ___.  n . . . . . . ..._(I)

= x;(x'x)-  lx, 89uPla-h x; ihaio  QI am 57 hll Gilum

66d  V(ei)  =  ~'(1 - hli)H~O  \j(e,) =  s'(l  - hii)

0lnmmlTi  ( 2 )  MA~~~IW~IU~I

. . . . . . . (2)

(I) 0 =s hli s  1

(2) i
i=l

h,, = I

(3) 6 = ;‘;  h,,  = ;
I

ST331 2 8 3

















15 8,000

18 11,000

LlldkJ 12 9,000

16 12,000

mmuun 13 5,000

10 3,000

11 6,000

14 10,000

0 1,570

20 b 1,810

40 2,250

50 2,510

ST331 2 9 1



l)Y= a+@

2) Y = a+fJt+yt’

3) Y = aeb’

5) Y = a(l+p)’
WIULM?  p MUIU~% growth rate

6) Y = af3’yX
7) Y = ap’+y’

292 ST331



maN



1 9732
2 9573
3 9395
4 9015
5 9187
6 9361
7 9370
8 9308
9 9359
10 9348
11 9391
12 9494
13 9529
14 9446
15 9456
16 9441
17 9 2 4 0
18 9286
19 9 2 8 6
2 0 9 3 8 4
21 9399
22 9488
2 3 9633

30.87 14.95 97.0 5 3 8
33.39 14.96 100.8 :k64
36.35 14.92 105.4 .633
40.33 14.40 104.3 ,678
42.68 14.50 98.0 .G94
43.82 14.27 97.3 723
46.46 14.39 100.6 :765
48.41 14.57 lOi. .014
52.09
54.25
56.38
57.39
60.13
62.26
63.87

4.53 101.0 .840
4.36 !03.3 ,860
4.40 103.2 ,862
4.30 98.5 ,879
4.30 98.1 ,897
4.28 98.6 ,913
4.38 96.4 ,944

66.64 14.37 .95.0 .965
69.84 14.26 93.2 ,965
72.97 14.25 91.8 .970
76.63 14.15 92.6 .972
80.11 14.10 92.7 ,979
82.37 14.05 9 3 . 1  1 . 0 0 0
85.79 13.91 90.6 1.004
89.16 13.75 89.0 1.026

WI'

: 85
147
1 50
152
155
158
160
363
i 6G
I 70

1%
175
178
181
184
187
189
192
194
196
199
201
2 0 3

b5.0 1795
66.6 1839
66.9 1844
67.6 1831
68.4 1881
69.6 1883
70.5 1909
70.6 1968
71.8 2013
73.1 2123
74.5 2235
75.8 2331
77.3 2398
78.7 2480
80.7 2517

Y

1513
1567
1547
1646
1657
1678
1726
1714

2 9 4 ST331
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i=wmd C 1ogT 1ogE !ogM  R N Y P B log Z R2

1 -23 -9.1 1.4 0.73 3.8 ,036 1.8 1.4 .97

(14) (3.4) (2.1) (0.50) (1.4) (.013) (50) (.ll)

2 -49 -8.0 4.3 8.0 ,058 .93

(18) (4.5) (2.8) (.70) (.016)

3 -59 -3.8 8.4 4.8 .022 .096 .95

(16), (4.3) (3.0) (1.6) (.021) (.042)

4 -21 -3.6 3.3 -1.4 1.7 ,052 1.5 .30 .93

(8.5) (.88) (1.5) (.29) (.42) (.013) (.17) (.083)

5 -53 -4.2 8.8 -1.5 3.9 .083 .81

(12) (1.4) (2.3) (.47) (.50) (.OlS)

6

(it) (941; (2) ,:; (141) (.iz)  (.E) (.03907)

.94

2 9 6 ST331


