
c g(x) f(x)
v\

m
El&W = < 1 g(x) f(x)dx

P"bh+ 6%  g(X) = X, E/g(X)] = E(X) ~W5ls
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i
c 6 -Pm)
v x

Var(X)  =  El [X -E(X)]‘]  =  c m(x-FoZf(x)dx
I -m

m

3
6 - ddF(x)

-m

IlqIli  5.6 (Chebyshev’s Inequality)

X &&sabL~3L%J$J  fiih E(X) = p LbBt  Var(X)  = u2

2 5 4 ST 311 (H)



P(;X-,uuJ  ) ka) < L
k*

HiO  P(p-krr<X<p+kka> 1-5

div\Tiry 9 fiiw-14  k dumrrh  0

&mdlJ 5.1 X L?hA~'aiabbd~d~~~~~~l  E(X) >O 61 E [2X2-5X+10  ]=43  MI:: Var(3-2X)

= 16 W4lFi1 E(3X-8) UWbN!Mil~~~ P(-1 IX 2 11) bbi=G  P(IX-51  210)

.a4 036911 amnqwij 5.1 LLR:.  5.2 lml~l'

+X2-5X+  lo] = 2E(X*)-SE(X)+10

&&.4 2E(X*)  - 5E(X)  + 10 = 43 . . . . . . . . . . (1)

einnqktij 5.5 ktx 5.3 b578zG

II Var(3-2X)  = 4[E(X*)-  [E(X)]‘]  = 16

H% 2E(X*)-  2E*(X)  =  8 . . . . . . . ...(2)

(l)-(2) dK

2E*(X)  - 5E(X)  + 10 = 35

l&l 2E*(X)-5E(X)-25  =  0

{2E(X)  + 5 J{E(X)  - 51 = 0

5lATl E(X) = 5 { .: E(X) > 0)

c;lllOS E(3X-  8) = 3E(X)-8

= 3(5)-8  = 7

mn (2) taiM

2 Var(X)  =  8

~=Jvar(x)= ;=2
I-

P(-lgX<ll) = P(5-6<X<5+6)

= P@ 3@<X<p+3u),  @=E(X)=5]

2 i- $ (nrp~rauiit~~)

P(-16X611)  > f

P(lX-51  > 10) = P(lX-pi  > 581, b = E(X) = 5, u = 21

6 1
3
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B

r-4 *g
+- “3

-Iu
)

II

*
-

t-41 
x

Xw
-Ix
w$-IX
w*I

0
0II

%
m

l%

-ImII

7
5

1
-
2

c-31 
x

X

N-Jr4

J I 
x

x8_
7

N

r-4I 
x

x8d

II

-lW
m

II

-lC
O

0
0II

II
II

N
-

N' 
x

Xw

c-4’ 
x

Xw

t-41 
x

Xw

PI1 
x

Xw



a.%
GlWM E ( X )  =  .$ xe=2+8+9+8+5

\=  I 15 15 15 15 15

3 .2  51 f ( 0 )  =  i b!.flZ  E (X)  =  i ?l~~l'G~tX.6lllFl~  E(3X1+2)  LlQZ  Var(2X)

3 . 1  E(X’)  =  (-l)‘f(-l)+(O)f(O)+(l)‘f(l)  =  f(-l)+f(l)

LNi  f(-l)+f(O)+f(l) =  f(-l)+;+f(l)  =  1

&&A f(-l)+f(l)  =  1-i =  ;

d.  d
uuflo E(X’)  = f

3. f ( 0 )  =  f &&A  f(-l)+f(l)  =  l - f  =  $

1- = E(X) = (- l)f( - 1) +(O)f(O)  + (l)f(l)
6

&&A  -f(-l)+f(l) = f

E(3X3+2)  = 3E(X’)+2

= 3](-l)~f(-1)+(O)‘f(0)+(1)3f(1)]+2

= 3( -f(-l)+f(1)]+2

= 3 ; +2 = 2;i 1

ST 311 (H) -257



v&2X)  = 4 Var(x)

= 4[W*)  - @(x~1*1

f(-l)+f(l)-  ; *( )I
=41-L  =II[ 1236 9

4. X &b6’XtlhdJ+J~u’  E[(X-l)*]  = 10 UR: E[(X-2)*]  = 6 1JY1lfiltll@HU1fJ  UR::

fla1uull~d3-Ju~flJ  x

E[(X-  l)*] = E[X*  -2X+ l]

10 = E(X*)-2E(X)+  1 . . . . . . . . . . (1)

E[(X-2)*]  = E[X*-4X+4]

6  =  E(X*)-4E(X)+4 . . . . . . . . . . (2)

w-m 4 =..  2E(X)  - 3

E(X) = ; = filtni~HUlU%QJ  X

unufii E(X) Iu  (1) FIAti

10 = E(X*)-7+1

E(X*)  = 16
-

E(X*)-[E(X)]*  = 16-  ; *
i 1

15z-z
4

frrluuLlsdsauuoJ  x

5. x ~ilwAurlrrBJ~u~iir;lJridircl?7u~uluriu  f(x) = y,  -2 < x < 4 uontuL0u  0

WilU?tUhWhl  E(X), E[(X+2)3] &A::  E[6X-2(X+2)‘]

E(X) = 4 x + 2
x-irdx

-2

258

1
=- [ 43-(-2)3

18 3
+[4*-(-2)*)  1 = 2

E[(X+2)‘]  = J 4(x+2)3yx

-2
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=-,18(  fj1(4+2)'-(2-2)'I  = 86.4

E16?<-2(X+2)‘1  = 6E(X)-2E((X+2)‘)

= 6(2)-2(86.4) = - 160.8

‘m
E(X) = ! xe-‘dx =  1

’ 0

‘CC
E(X’)  =

!
x’e-‘dx = 2! = 2

~  0

E(X”‘)  = ElX(X-1)(X-2)1

= E(X’)  - 3E(X’)  + 2E(X)

‘m
E(X’)  =

!
x’e-‘dx = 31 = 6

0

QX”)  =  6-3(2)+2(l)  = 2

!

‘CG
E(e“‘3)  = e2\/3e-\dx

0

= 3

7.2 E(c  g(X))  = c J%G))

7.3 E(X’)  > [E(X)]*

7.4 Var(3 -X) = -Var(X)

ST 311 (H) 2 5 9
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7 . 5  Elg,(X)/ < E/g,(X)1  61 g,(X)  < g,(X)  1”  “I  eil x

7.6 Var ( X -  1x) = Var(X)+Var(ij-2E(X)E(  $1

.
7.1 &l

1 1-=
E(X) m

(1
xf(x)dx

’ -m

7.2 l$l

bWS1t-k Elcg(X)I  = \ mcg(x)f(x)dx

a& [ -g,(x)f(x)dx  < [ -g,(x)f(x)dx

260 ST 3 1 1  (HI



= -(E(X))‘+ZE(X)E

= ~E(xz)-;E(X)J’]+[E(~)-~E!~jjl]+2E(X)E(~~-2

‘1
8 . 1  E(a)  =. 2x3”dx! 0

5/2 I

2x=4=
5/2 0  J

8.2 F(Y)  = W G Y)

= P(rn< y) , 0 < y < 1

= P(X  < YZ)

g

z-z

I

2xdx = y”
0

8 . 3  E ( Y )  = 1’4y’dy

L 0
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9.3 f(x) = 1
3vx

, O<x<l

i

I

9.1 p = E(X) = 6x1(1 -x)dx
0

’ I

E(X’) =
\
6x7 1 - x)dx

‘0

2 6 2 ST 311 (HI



= 3[(~+~)*-(~-~)2]-2[(t+~)3-~~-~)3]

=A?!%- - - -  36 46
5 5 25

= 0.98

1J J
4

9.2 E(X) = px+ Qx
*3

_ p = ;(;)  + f(v)  = 2: = 2.167

I 2J J 4 2
E(X’) = gdx+ six

0 23

P~--2Lr~x<p+2d =
J 4.127

f(x)dx  =  1
-.393

9.3 E(X) = 'sxS Jpx+ 4$dxcl 1
l.C+L.43/2  = 1

-‘=?3  6 1
2 2

E(X*) = J; ‘I”xdx+ J 4 x3/2
-yx ‘;,

I

L

S T  3 1 1  (HI 2 6 3



3.19

PtJl-  Za6Xg/r+2a)  = f(x)dx
- 1.19

!
‘4= l- &dx
3.19 61x

= I-  $2(wxG)]  = 0.93

X2
=-

1 6
, 2<x<4

= I 1 x24

W'h~~tlNhllCl~ E(2X’+5X-4)  LLOt Var(Z-3X)

LCIIIU

E(X) = x&ii = ?!
16 12

E(X’)  =

E(2X* + 5X - 4) = 2E(XZ) + 5E(X) - 4

=  2[$)+5($-4 =  %

Var(2-3X)  =  9[7-[$)*I  =  +-
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E(X)  =
I
Irn]  I - F(x)ldx  -

I
“F(x)dx

I, ’ m

E(X) =
\
‘-1 I- F(x)ldx

( 0

WFW
E(X) = ( Yd(x)dx

-- m

F(x)dx  = ‘co  ‘cc
-m

j,, ( j, fW)dx-  j- 1  i‘fW)dx
m

= \u”  !:f(t)dxdt  - \,  :\1(141)dxdt

= j;tf(t)dt - j (;-t)f(t)dt
~a0

.-J

= tf(t)dt =
J

xf  (x)  dx
-00

LWdl E(X)  =
?
‘m[1 - F(x)jdx-

!
(‘F(x)dx

0 -0a
I

61 f(x) = 0 %pb& x < 0 a&-J

‘ml1-  F(x)jdx = -m ‘?(t)dtdx

= 1,  j;f(t)dxdt  = j;tf(t)dt

!

m

= xf(x)dx = E(X)
0
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tc

El W41  2
I

u(x)f(x)dx

u%)

> cf(x)dx, (u(X) > c)

ElW)l  > to
c ’ ! f(x)dx = P(X b  u-‘(c))

Il~t(C)

.:a
uuna El  0) I

C
z P(u(X)  b c)

P(5XZ  - 20x > 7) <
El 5X*  - 20X I

7

El 5X2  - 20X I = 5E(XZ) - 20E(X)

= 5lVar(X)+[E(X)]*]-20(3)

=  5(4+9)-60  =  5

2 6 6

P(5X2 -20x > 7 )  ,< ;
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aaLlCam4QilPaaEtchEl~

13.1 P(lX-  101  2  3)

13.2 P(5 < X < 15)

1 3 . 3 c &wx?K  P(lX- 101  > c) < 0.04

,u = 10,a = 2

1 3 . 1 P(/X- 101  3  3 )  = P(lX-ji] 2 $7) < $

1 3 . 2  P(5  <  X  <  15)  = P(10-5  <  x< 10+5)

Elg(X>  VI

‘rn  ‘rn
! i g(x, Y) f(w)dxdy
1,:,

‘20  ‘m

! i
g(x, Y) dF(x,  Y)

:,-cc

S T  3 1 1  (H) 2 6 7



¶JPlllVlrifl  fh.4~  g(X, Y) = X &a:  h(X, Y) = Y Wlh-h

E(Xk  Y) = E(X)?  E(Y)

= E(X) kazfl, = E(Y) naiuuhJaaPa
x

Cov(X,  Y) = E(XY)-E(X)E(Y) = E(XY) -,u,p,

2 6 8 ST 311 (HI
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E ( Y )  =  2 a,p  b&c  u: = 2 2 a,a,  u,~
1=1 i=lj=l

2 7 0 S T  3 1 1  (HI



1 I 1
4’

x=1
4’

y=2

1
1 x=2 \ 8’

y=4

S’ f(Y)  =‘
f(x) =< 11 Z’ y=6

Z’
x = 3

11 S’ y=8

S’
x = 4

i

W+hU'2slahJX  E(X+ Y), Var(X - Y)

E ( X )  =/ t+2($)+3[+)+4(:)  =  ;

E(Y) = 2(:)+4($]+6[;j+R($)  =  5

E (X+Y )  =  E(X)+E(Y)  =  y

Var(X-Y) = ElIX-Y-E(X-Y)]‘]

= ElIX-Y-(E(X)-E(Y))]‘]

= E[[X-Y+ +]‘I

= (I-2+;)'($)+(2-4++)'(:)+(3-6+:)'(i)

+(4-8++)'(i)

=  $)+i(;)+i(+j+f(;)  =  1

ST 311 (HI 2 7 1



Hulplawg  nimwii  V a r ( X - Y )  ,fmwi%&in

Var(X - Y) = Var(X) + Var(Y) - ZCov(X,  Y)

= IE(X’)-IE(X)J’)+IE(Y’)-IE(Y))~I-21E(XY)-E(X)E(Y)I

ii96

2.2 f(x, y) = +, (x, y) = (0, 2).  (I, I), (2, 0) uonzuL9M  0

p=zK= EIIX-/-d-w,lI
gx5‘y JEllX-~cul’IElfY-~,1’1

2 . 1  fix  = c Xf(X,Y) =  O(+)+l[;j+?(f) =  1
WC\.  Y)

EIIX-~xl*I =  c (x-I)‘f(x,  y) =  ++o+  f = $
vt*,  Y)

PY  = c Yfk Y) = 1
V(X, Y,

EI(X-~,][Y-P~,II  =  (- I)(-  I)+ +0+(l)(l)+  =  5

2

P= 5

1( 2  3 y=  3

1

2 7 2 S T  3 1 1  (63)



E[[X-p,J2] = ; +O+ f = 5

EllX-~&Y-~uul] = (-l)(l)+  +o+(l)(-  1); = - 5

2

P=
3 c= - 1

2.3 ,ux  =  o+;+;  =  1

E[(X-/I+,J{Y-L(~)]  =  (-l)(-$+(O)($+(l)(-;)$ =  0

p=o

S T  3 1 1  (HI 2 7 3



cov(x,  Y)  = ;+2($+3(i)+2(6)+4(A)++-$$)

4. I

4.2

4.3

LQRU
4. I

4.2

El (X + Y)‘I  C 2E(X’)  + ZE(Y’)

Ej(tX+Y)‘I  = t’E(X’)+2tE(XY)+E(Y’)

&6d1~%1~ q llo9  t

6rh?u’Plerow”I6~in  (4.2) 67

El  tX +  Y)‘I  > 0  LLk!  1 E(XY)I’  < E(X’)E(Y’)

Ej(X+Y)‘I  = ElX’+2XY+Y’j

= E(X’)+ ZE(XY)+  E(Y’)

Mi El(X+Y)‘I  = rir(x+y)lf(x,  y)dxdya  0

1,1,

&&A E(X’)+ZE(XY)+E(Y’)  > 0

E(X’)  + E(Y’)  2 ZE(XY)

2E(X’)  + 2E(Y’)  2 E(X’)  + ZE(XY)  + E(Y‘)
Le
uunc! El(X+Y)‘I  < 2E(X’)+ZE(Y’)

El (tX + Y)’ I = im \-(t%?  + 2txy + y’)f(x,  y)dxdy

‘m’m

‘m ‘rn

I I

‘rn ‘cm

z= t?i’f(x, y)dxdy +
I I

‘rn ‘cm

Ztxyf(x, y)dxdy +
I I

y?(x, y)dxdy

‘m’cc ‘mlm ‘m’m

2 7 4

‘00  ‘rn ‘rn  ‘rn_ $
I I x’f(x,  y)dxdy + 2t

I I xyf(x, y)dxdy + E(Y’)

‘m‘m 1,:,

.sl!  311 (Ii)



= t*E(X’) + 2tE(XY)  + E(Y’)

4.3 EJ(tX+Y)‘) 3  0

t2E(X2) + 2tE(XY)  + E(Y’)  > 0

ilMMl3~wJ9 t Md~la~~~~~~~~~lnndl~3~~~1~~  0 a=mrbY

5.1 E(X’Y’+XY+l)

5.2 Cov(X,  Y)

5.3 by,

‘I ‘I
E(X) =

?i
6x2y(2 - x - y)dxdy

0 0

= 6j;y[Z[+t-+y]dy

= 6[~~~+~~~~l

= & = E(Y)

II  ‘I
E(X’)  =

!i
6x3y(2 -x - y)dxdy

‘0 0

= 6j;y[Zj~]-f-~y]dy

2_ - =
5

E(Y*)

ST 311 (H) 2 7 5



= Var(Y)

)I ‘I
E(XY) =

l!
6x’y2(2 - x - y)dxdy

0 ‘n

‘I ‘I
E(X’Y’) = I I 6x’y’(2  - x - y)dxdy

I ,I ’ (1

=  6[&[aj-ai+j]  =  $

5 . 1  E(X’Y’+XY+I)  =  E(XLY’)+E(XY)+l

5 . 2  Cov(X,  V)  =  E ( X Y ) -  E(X)E(Y)  q

'2 '2
E(X) =

i i
$(x + y)dxdy

/I 0

= $ \‘(  ; + Ty)dy

0
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= $[;(2)+2’] =  ; =  E ( Y )

E(X2)  =

= i [ 4(2)+  +(22)]  = ; = E(Y2)

= Var(Y)

0

,

E(X’  + 3XY - Y2) = E(X2) + 3E(XY)  - E(Y2)

E(XZt3XY-Y’)  = 5+3 + -; = 4
i 1

Var(3X+  2Y) = 9 Vat(X)+4 Var(Y)+  12 Cov(X,  Y)

=  9($)+4(g)+12(-&)  =  +j-

7. n'lespb~  f(x.,  y) = 2lx2y3,  0 < x < y < 1
d

= 0 ,opbq

~~U~~~~~~~lUO~lM~~~~~~~~  x  Lkx  Y  P.¶~lu?mfilllo~

7.1 E(lOX+3Y-7)

7.2 Cov(X-Y,  X+Y)

7.3 Var(4X  - 3Y)
.
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‘I ‘i
E(X) = I I .21x’y’  dxdy

IO ’ 0

E(X’)  = 1’ /‘2lx’y’ dxdy
IO ~ 0

I

I
z 21

I 0

($) yidy  = y( ;) = ;

553
15360

7Var(X)  =  I s -

E(Y) = i’ /!21x’y4dxdy
.I)  ~0

‘I \
E(Y’)  = I i Zlx’y’dxdy

0 , 0

‘I= 7y”dy  = ;
I 0

‘I ‘\
E(XY) = ! I Zlx’y’dxdy

, 0 L 0
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7 . 1  E(IOX+3Y-7)  =  lO($)+?(  $7  =  E

7 . 2  Cov(X-Y,  X + Y )  = EI(XpY)(X+Y)+E/XpY/EIX+YI

= Elx’-Y’/-/E(x)-E(Y)j;E(x)+E(Y)j

= E(X~)--E(Y’)-IE(X)(‘+]E(Y)I’

= Var(x) - Var(Y)

~ 553 7 _ 1099
I5360 57s 46080

7 . 3  Var(4X-3Y)  =  16(&)+9(&]-24(&i  = h

8. X bha” Y  L%G-hTaaLd-6+J~~  E ( X )  =  E ( Y )  LbaZ  E(X‘)  = E(Y’)  ~sLLml~-il

Cov(X-Y,  x+Y) =  0

Cov(X-Y,  X + Y )  =  El(X-Y)(X+Y)I-]E(X-Y)]jE(X+Y)j

= ElX’-Y’I-(E(X)-E(Y){lE(X)+E(Y)I

= E(X’)-E(Y’)-0 (‘.’  E(X) = E(Y))

= 0 (‘:  E(X’)  = E(Y’))

V a r ( X +  Y) =  Var(X)+Var(Y)+ZCov(X,  Y) =  1 3

V a r ( X - Y )  =  Var(X)+Var(Y)-ZCov(X,  Y) =  5

[(1)+(2)]+2,  Var(X)+Var(Y)  =  9

1(1)-(2)1+4, Cov(X,  Y )  =  2

9 .1 Cov(4X, Y) = 4 Cov(X, Y)

= 4(2) = 8

.......... (1)

.......... (2)

2 7 9Sp 3 1 1  (H)



9.2
’ (X+y)X  =

Cov(X  + Y, X)
JVar(X  + Y) Var(X)

= E(X* + XY) - [E(X) + E(Y)]E(X)

h3)(4)

= E(X*)  - [E(X)]’  + E(XY)  - E(X)E(Y)
2m

4+2 3m
= 2J13=  13.

10. x,, x, ,...)X5 L’?h~~Ld7L%Jt$Jf%  E(XJ  = 3, Var(XJ  = 5 blflt~  Cov(Xi,  Xj)  = 2, i  #  j

~~'Y\I~I"U~~  E(Y), a:, oyxi  hh Y = 6 Xi
i=l

E(Y) = E[ 1f: Xji=l
= 5 E(X,)  = r: 3 = 15

i=l i=l

U$ = Var[ 1i Xii=l
5

= C Var(Xi)+2  C Cov(Xi,  Xj)
i=l i<j

5= 5(5)+2  0 2 = 65
2
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1 1 . 2  x , + x ,  l%J  x , + x ,

11 .1  Cov(X,+X,,  X , - X , )  =

=

=

=

=

Var(X,  +X,)  =

Var(X,  - X,)  =

4x, +x,xX, -X,) =

El(X,  +XdX, -&)I -WX,  +WW,  -Xd
ElX:  -X:1  - IE(&)+  EtWIWXJ - WQI

E(X:)-E(X:)-lE(X,)J2+IE(X,)JZ

RX:)- IWX,)l*  - lWXtZ)-  IWX,)121
a:--CT:

a:+a:+2u,,
CT:++20,*

a:-a:

(u:+a:+2u,*)(u:+u:-2u2a,,)
.

11.2 Cov(X,  + X,, Xz + X,) = E[ (X, + X,)(X, +X3)]  - E(X,  + X,)E(X*  +X3)

= El&&+X,&  +X,X, +X:1  -IE(X,)+E(X,)lrE(X,)+E(X,)I
cOv(X,  +X2,  X2  +X3)  = E(X,X,)  + E(X,X,) + E(X,X,)  + E(X:)

- 1 W,FtW+  WX,)Wd+  V&FtX,)+ WG)12

=u,2+u,3+u23+u:

Var(X,+Xz)=u:+u:+uL2

Var(Xz  + X,)  = a$  + a: + uz3

12.1 E $ = -
i 1

3 In 2
2

v 5
12.2  Px,x-y,  = -f

,sT 311 (HI
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I
2

12.1 E(X) = xdx

1 2
X2=-

I2 1

= In2

12.2 I,
2

E(F)  = x2  dx

Var(X)  = ,3 - :
t )

2 = A = Var(Y)

Var(X-Y) =

Cov(X,  x - Y) =

=

=

=

=

El  X(X - Y)] - E(X)E(X  - Y)

El X2 - XY] - E(X){E(X)  - E(Y)]

E(X2)  - E(XY) - [ E(X)12  + E(X)E(Y)

Var(X), [E(XY)-E(X)E(Y)  = O]

I
12
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Y
0 1 2

X

0 1 3 1
4 1 6 16

1 :1 1 1
1 6 iz s

2 3
16

0 L
1 6

2 2

E(X)  = C  C  xf(x> Y)
y=ox=o

=  o+(~+~+$)+z(&+~)  =  i

WY)  = I?  i yfk  Y)
y=ox=o

=  o+(~+giz(~+;+g  =  ;

WY) = f: it  wf(x, Y)
y-ox=0

=  k+2(:)+4(h)  =  ;

ST 311 (HI 2 8 3



>

\:

0

I

I
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AZ = I@,  Y) : x >  c, y >  01

A3 = I(x,  Y) : -c<x<c,y<OI

UR=P(XG  -c) = P(X>  c) = iP(Xb  0)

P(X > 0) =

g(x)  =

- c < x < c

x2
-T  _g(x) = -&-e  , m<x<-

ST 311 (H) 2 8 5



g(x)h(y) = L, fcx’  +“)
2n  ’

-m<x,y<a

‘- ,--c m .co
E(XY) = ii

Lye  ;(X’+Y2)
n

dxdy +
0 -m s III -c

+
0-c xy

!!

- $‘+y’)
ne dxdy

-m --c

= +;f)+$;:+o = 0

E(X) =
x -t

- e  *dx =  0
4%-m

E(Y) =

2 8 6 S T  3 1 1  (H)



x,Y,z duZn3cdon'ra  uAr~~ai%lbl~asJaau~~i~~  &IL

E(XY)  =  E(X)E(Y),  E (XZ)  =  E(X)E(Z),  E (YZ )  =  E(Y)E(Z)

Var(X + Z) = Var(X)+Var(Z) = 20’  = Var(U)

Var(Y  + Z) = Var(Y)+ Var(Z)  = 2d  = Var(V)

15.1 Cov(U,  Z) = E[(X+Z)Z]-E(X+Z)E(Z)

. = EJ XZ + Z2]  - tE(X)  + E(Z)]E(Zj

= E(XZ) + E(Z*) - E(X)E(Z)  - [E(2)12

=  Var(Z)  =  ~7’

COV(U,  Z) Is2 1 :
“’ = vG@J)  Var(Z)  = w = z

Cov(V,  Z) = E[(Y  + Z)Z] - E(Y + Z)E(Z)

= E[ YZ + Z’]  - (E(Y) + E(Z)JE(Z)

= E(YZ)+E(Z*)-E(Y)E(Z)-  [E(Z)j2

=  Var(Z)  =  0’

Pvz =
COV(V,  Z) a= 1

dVar(V)  Var(Z) =-qgp  =?5

tcawi1  puz =  pyz  =  $

Cov(U,  V) = E[(X  + Z)(Y + Z)] -E(X + Z)E(Y + Z)

= E[XY  + XZ + YZ + Z’] - [E(X) + E(Z)][E(Y)  + E(Z)]

= E(XY)  + E(XZ) + E(YZ)  + E(Z=)  - E(X)E(Y)  - E(X)E(Z)  - WYMZ)  - [E(Z) J2

=  Var(Z)  =  a*

Cor(U,  V) 02 1
AJ’ = JVar(U)  Var(V) = qz$xJ2; 2

ST 311 (HI 2 8 7



5.3 d,n~“nonun~u%~~~~~~v  (CONDITIONAL EXPECTATION)

ElYjX  = x] =
i
‘myf(y(x)dy

-m

5

co
YdWtx)

-m

i

m

v@‘Ix = X) = E[(Y-Py,x)2]  = (y-~y,J2f(yIx)dy
-cc

I

(I,
(Y -/+,J2dWx)

--oI

a$,  *  Var[YIX = xj = E[Y21X  = XI-(p,,,)’

lutdo

c Y2f(YlX)
VY

E(Y*(X = x) =

s
-~WlxNy

--oD

2 8 8 ST 311 (H)



94 0

ami h(y) =
‘!I  -

I
-e ‘dx,

2
0 < y < m

!

= $e-‘(y+y)

h(y) = ye-’ , 0 < y < m

= 0 ,&y

St’  3 1 1  (HI 2 8 9



WY)  = $ , -y<x<y,O<y<m

= 0 ,:uq

2 9 0 S T  3 1 1  (H)
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f(ylx)  = p+y)

$(3x+ 1)

= 3x+y
6x+2  '

o<y<2,o<x<1

= 0 ,bJ

2 9 2 S T  3 1 1  (HI



4 x + 2  ( 9x+4  )’ = 27\‘+18\+2
Ely’lxl-IEIWII’  = 3x+--19\(+3,

(9\  + 3)’
I 9

nalaJuLlnlaaullEl~  Y/X  = Y = 27x- + ‘8x+2
81x2+54r,+9’

O<x<l

3.2 Wly) = 5, o < y < I

3 . 3  Var(Y/x)  = (l -2yi+x1),  0  <: x  < 1

L.QaU
g(x)  = = ;(I-x’),O<x<  1

ST  3 1 1  (HI 2 9 3



h(y)  = =2iL
2 ’

O<y<l

II

3
z

f(xly) = -
1

* =G  ’
O<x<sy,O<y<l

2
= 0 ,&PI

= __.YT’1
1-x* 2 y=*l

1 . I-x4 1 +x2=- ___ = -, O<*<l
I-x’ 2 2

3.2 EIXlyl  = j%$dx, o<y<  I
0

1  xlG-= -.-
\I; 2 x=0

= L.Y  = !5 O<y<l
42 2.’

3.3 ElY2txl =
i

dy, o< x < I
2
‘Y+

1 y”
l-x’ 3 y  X2

_ 1+x2+x”I 1 -x6
= 1-x’  3 3

) O<x<l

Ely2/xl-~E(Ylxl;Z  = 1+x;+x:-j+j2

2 9 4
ST 3 1 1  (HI



VarlYlxl = Tl;i4+4~‘+4~‘-3(1+2s’+x’)l

= A(1  -2x2+x’),  0 < x < 1

3 . 4  E[X’IY  = ;]  = j~,~$dx~l
y=  f

4 . 1  E(XJy) =  $=$, 0 <  y  <  1

4.2 El E(XYly)]  = E(XY)

i

I
h(y) = 6xy(2-x-y)dx,  0  <  y  < 1

0
= 6yx’ - 2yx’ - 3y’x’l: = ,,

h ( y )  =  4y-3yz,  O<y< 1

WY)  =
6xy(2-x-y)  =  6 x ( 2 - x - y )

4y - 3y’ 4-3y ’
O<x<l,  O<y<l

d
zz 0, au 7

4.1 EIX/yl  e=
!
“x6x(2-x-y)dx,

4-3y
0 < y < 1

I 0

= & 4x’L+2yx” ’
[ / 1\ = 0

ST 311 (H) 2 9 5



= &-[4-5-2~1  = +$,  O<y<l

4.2 EWYIY)  =
i

'xy6x(2-x-y)dx
4-3y

0

’EIWYIY)I  =
s

WYIY)(~Y-  3y%y
0

‘I ‘I
=
l!

xy 6 x ( 2 - x -  Y)
4-3y

(4~  - 3y’)dxdy

0 0

a x JWY)  = ~+DY

1 .L
5lz”a;

!
xf(xly)dx  = a+/?~

1,

Kll  h(y) +$W&  2 h.I

2 9 6

. . . . . . . ...(I)
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r
m

xf(xl  y)W)dx  = ah(y)  + L%W
J-m

1

w

xf(x, y)dx ah(y)  + NW
-cc

.m ,CD

Ii
xf(x, y)dxdy = ~ah(y)dy + ~/MWdy

--m-m -0I -m

=  a  +pE(Y)

,rn  ,m

JI

xyf(x, y)dxdy =
\
‘mIayh(y)+~~2h(y)Idy

-m-cc :m

E(XY) =  a  ‘myh(y)dy+P  ‘-y2h(y)dy
\urn I1.x

- QXIY)  = PI  +P;(Y-M . . . . . . . . . . (5.1)

. . . . . . . . . . (2)

. . . . . . . . . . (3)

S T  3 1 1  (H) 2 9 7



“ar(X/Y) = El;X-E(Xly)(?j

= E x’+~~-t,,‘~5i(Y-lII)~~2x,I,  -2X,@Y  -,12)+2/1,,13Y  -jr>)
1 u; 1

Var(X/y)  = E(X’)+jlZ +$~E/(Y-p,)‘I -4~,E(X)-2p~/  E(XY)-p,E(X)I
u;

+2p,pz  P(y)-~u,l

= E(X*)+~u:+/,2CI:.af-2~:-2paT EWY)-PP(,

4 UlU2

= a:+p2a:-2p%J:

= crf(l -p2)

/

.a *

&I Var(Xly)l  = d(l  -P2YWdy
:,

= u:(l -p2) ‘-h(y)dy
i-cc

= a:(1 -p2)

\

51
-,

f(x,  y) = y, 0 < x, y < QJ

tl:G

,,m,‘m -1

PI  =
! I
‘0 0

xs-ydxdy

‘rnxmI  x
= - e  Yd-dy

oy y

‘CC= I ye-‘dy =  1

0

Pz = Y
; Ge-y
- d x d y

Y

. . . . . . . . . . (5.2)

298 ,
S T  3 1 1  (H)
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m ‘m-x
=

J !

yeey e YdJdy
0 0

J
m= yemYdy  =  1

0

x
E(X2) = - mx'qdxdyJJ --0 0

‘CC= I y2emy(2)dy  =  2(2) =  4
0

E(y2)  = J wy2e-ydy  =  2
0

E(XY) = J -y2e?dy  =  2
0

u,2  = 2-l = I

p=&=i

J

-x

h(y)  =
m  e Ye-Y
ydx = em”,  0-c  y < CO

0

2 9 9



ey= -, o<x<c=J, O<Y<c=
Y

=o &q

Y

WIY) = y

0

wWi1 E(X/y)  = p,+p+,)

x
‘01

x2$-& = y2 = 2yz, o<y<00
0

VarW) = 2y2-(yS  = yz, 0 < y < m

W VarWly)l = y2emYdy  =  2
0

E(X) = x(x + 1)dxdy

2

3 0 0 ST  311 (HI



E(X’)  = x2(x  + 1)dxdy
JI J,

2

1
dy

- 1 I

‘ 2=
1

?dy  = 3

2

Var(X)  = f - f = f
i I

2

1= 2ydy
1
2

i

I
P(X)  = (x+l)dy =

1
2

ST 311 (H) 3 0 1



”ElY/x]  =
! L

2ydy  = t = E(Y)

2

‘I
h(y) =

1
(x + I,dx, ;<y<1

-I

=  y.1.1 =  2 , i<Y<l

f(xly) = y, -l<x<+Y<l

zz 0, ‘4~~  7

ElXlyl  =
!’
x+dx, i<Y<l

-I

= E(X)

‘1
EIX*IY~  = I

x:.+x = ;
- 1

1 1= -
3

‘1+X
g(x) =

I,
2dy, o< x < 1


