
w .
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2
T2sinB-  T,sina  = PAX  3

wmm~5  (6.1) It; T2 COSB  = T, cosu

T, sin13  T,sinu

T2 cosa-  T, cosa =

tan0  - tanu  =

(6.2)

iL T (6.3)

(6.4)

X ttid x+Ax
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2Y =
ax2

+Y
at2

M-h 23 =
at2

&Y
ax2

, c2 = $ (6.5)

Y(0, t) = 0, YUl, t) = 0 yF;7 t20 (6.6)

y(x,  0) = f(x) (6.7)

L!Y
" 1at

5 g(x) (6.8)
t 0I



279

ylx, tl = FW.Xt) (6.9)

22.Lg Llt3i.J is
at2 ax2

= F'G

. .
G- =

C2G
F” = k
F

F” _ & = 0 (6.10)
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i;‘-2kG  E 0 (6.11)

y(0, t) =  F(O)G(t)‘=  0 ,  ~(4, t) =  F(R)G(t) L 0 yn67 t

F” + pF  = 0

“kkh.l~ F(x) = A cos px + B sin px

9lfWWnl¶  (6.12) Qej;  F(0) = A = 0 LLEJ~ FL!) = B sin pi = 0
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F,(x)  = nnx
T- '

n = 1, Z,... (6.13)

. .
G+x;G = 0 da xn = 9

R

G,,(t)  = BncosXnt  + Bi  sinAnt

C4tidkhi  y,(x, t) = Fn(x)GnW L hGlu$

y,(x,  t) = = (B,cosh,t + Bz  sin$,t)siny, n = 1, 2, (6.14).
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Y(X,  t) = 7 y,(x,t>  =
OD

n=l
C (Bncoant + B~simnt.)sin  EE

n=l a

(6.15)

y(x,  0) = ; Bn sin? = f(x) (6.16)
n=l
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aY
I 1

a,

R =nz,
t=o

I (-BnXnsirunt  + BzAncos\nt)sin  y]
t=O

P
1; B; = 2 \

Cllx
g(x)sin  y dx (6.18)

0

Ii&l y(x, t)

(6.17) LLfiZ

tiuiu  wufm  (6.6), ( 6 . 7 )  u?z  ( 6 . 8 )

f(x) = I
2kx
-z-

r&l o<x<+

2&a-x>  ’
l

&I +xcp
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T(x,t) T(x+ AX, t)

, A
-o-e_

X
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-KAAt[g[x-f$  lx+Ad = msAT (6.20)
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n% aT  = a2T 2a2T
a t kz = C,x2 (6.211

T(0,  t) = 0, TU, t> = 0 ynfki  t > 0 (6.22)

T(x,  0) = f(x) (6.23)'

T(x,  t) = F(x) G(t) (6.24)

(6.25)

i-  = F” =
C2G F -P2



287

F” + p2F = 0 (6.261

LLNZ  _ i + c?p’G = 0 (6.27)

F(x) = A cas  px + B sin px (6.28)

T(0,  t) =

:I G(t)=0

F(0) = 0 Lmr

LM :: F(L) =

sin pl!  = 0

F(O)G(t)  = 0 UN:  T(l,  t) = F(il)G(t)  = 0

,E&I T(x,  t) = 0 'h~a;ktm Fikiu

~(1) = 0 wmm5  (6.28) F(O) = A = 0

B sin p& = 0 LW5X.11 B t 0 l.ii?lo

McjEl p = nL
T'

n = 1, Z,...  7; B = 1

F,.,(x) = sin llnx ,
a

n = 1, Z,...

imfuiWun?5  ( 6 . 2 7 )  fh& p = m/L 9:6

.
G+X;G = 0 &I An = c n n

I--
.

n%mtiIeiaa%.m75~~~h

G,,(t) = Brie , n = 1, Z,...



16  Bn ,il&“B FGli.&lA

Tn(x,  t) = .Fn(x)Gn(t)  = Bn.sinnT  e
-A$

,n = 1,  2,.-.

(6.29)

0

T(x,  t) = c T,(x,  t ) = ; Bnsin  9 .‘+ (6.30)
n=l n - l

.i1lfldUnl5  (6.30) LLi%i%Jn75  (6.23) d;

OD

T(x, 0) = c B,sh  = =
1

f(x)
n - l



.=I  0
2E2 9mu4n7s  (6.31) I

l/2 e

0

Bn = AL.
n2n2

(n = 1, 5, 9,...1

(n = 3, 7, ll,...)

T(x,  t:) = 4.J
I

X Xsin-e -(Cn/llzt
7 1

_ isin F e-(3cn'L)2t  + . . . ]





2 9 1

T1 = TAY(S~I@  - sina)  g TAy(t& - tana)

= TAy  [ux(x  + Ax, Y,) - ux(x  ,y2)]

(6.32)

T2 = TAX ['t'x,,  y + A)'>  - uy (x,, y) l(6.33)
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.
+TAx u(x,y+Ay)-[ Y 1 yr(x29

II& AMY dlny

a2u T
I
u,(x+Ax,y,  bux(x,y2)

- =-
U (X, ,Y+AY)-u  (x2  ,y  1

at2
P Ax

+ y
AY J

a2U-=

at2
c2,a2U + g2*

ax2 au2
I ,c2  = 1

P
(6.34)

' a2U- =
at2

&U (6.35)

U(X, Y, 01 = fh, y)[n%?U"ndhiUP;;ltdu  f(x, y) ] (6.37)

3Lha:: at 1 t=o = gh, y)[n~munnmSd?ia&  g(x,  y)J (6.38)

, .
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u(x, y, t> = F(x,  y)G(t) (6.39)

ti = c'(F=G  +
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.I

G-=
C2G

+(Fxx  +Fw)  = -w2

6 + x% * = 0 L&l  x = cv

Fn + F 2
YY
+vF F 0

-‘(6.40)

(6.41)

Nx,  Y> = H(x)Q(y) (6.42)

1 (&I= --
4 dY2

+ v2Q)

1d2H
??gz = - A$$ + v2Q)  = -k2

Q dy2

,!%f&  +  k2H s 0

dx2

(6.42)
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LM:: 2%
aY2

+ p2Q  = 0 &I p2 = Y2 - k2 (6.43)

n"79low;'3~lJaadaunls  (6.42) LLR:: (6.43) "no

H(x) = A cos kx + B sin kx 118:: Q(y) = C co-s  py + D sin py

H(O) = 0, ( H(a) = 0, Q(0) = 0, Q(b) = 0

I&(x>  = sin? m = 1, Z,...

LLR u” C+(y)  = sin y n = 1, Z,...

fh& F&x, y) = y,(x)%(y)  = sh?$ si"? (6.44)
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2 2
x, = -A+&I----a2 b2

(6.45)

G,,,,+t> = Bmn cos&t + B; sinAmt

UJwhJ  u&x, y , t) .= F,&F,y)G,&) rh~~~~q.l

y&%Y ,t) = (BmncosAmnt  + B&,sirAmnt)sinm~sinX~  (6.46)

Am = cr Jm2 +n2



F =m n sinmnx sinnny 1~8: Fnm = sinnnx sinnnry

8 I
iYtmnf-mfi%  tplu wmGa4n"u  2 &-hGb

u12 = M(B,2~~~ cx& * Br2 sin cx Et) F,2

LlFI:: u21 = (B2,cos  cn& + Bi, siti CII &%)F,,

u12 + u21 = cos cn 5t (F,2 + B2,F2.,)J (6.48)

F12 + B21F21 = sinnx  sin 2ny + B2,sin  2nx sinny = 0

#:a sinnx  sin ny (cos ny + B2,cos  nx) = 0 (6.49)

n?muma=m~5 (6.49) iufh B2, (m,$ 6.7)



u(x,y,t) = ;
m

m=, .E, %n~x'ys t,

m a0

= I: c (BmncosX~t+J&sin+,,nt)sinm$s~ (6.501
m=l n=l

B Shrna
m n a sinn+  = f(x,  Y> (6.51)

eynsurJ~&~~  (double Fourier series) nuua
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G(Y)  = j, B,,&“~ (6.52)

b

Bmu  =+ I
Km (y ) sinn* dy

8n
4

=I& !I fCx,y)sinm$  sir?fdxdy (6.54)

a0 0

au
a t I = z c B~~mnsrin  y s i n  y = dx, Y)

t=o m=l  n=l



3 0 0

b a
B;= -&- (j dX,Y) Sin? sin y &@I (6.55)

m n 0 0

”

membrane)  532 R  ($ 6 . 8 )  ‘L&f%rhh x  =  r coso LM:

y = r sine WUnl5fl& ( 6  34)  t hli%J~IJ

a2U=
at2

+tau
r ar (6.56)

r

- = ,2(& +-a2u

at2 ar2
‘aU>
r ar (6.573



I

u(R, t) = 0 yni t, 0 (6.58)

aLI
LM::  at

I
= g(r) [&nWL~1LiU~Ll.h  g(r) ] (6.60)

u(r, t> = W(rX;(t) (6.61)

.a
G+x’G=O  ’L&l x = ck (6.62)

LM:: W”  + +-W"+k2W = 0 (6.63)
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hmlf4Unl5  ( 6 . 6 3 )  %klt~I5~P75t%1U’  ‘la s =  k r

i3rlY

-+‘dW- +wd2W
ds2 s ds = 0, (6 .64)

fuJnl5  (6.64) &iWn~5m~lLI~~mln  (Bessel's equation) .iJ;

"%m.lhllJ  lib

W-1 = J,(s) = Jo(kr> (6.661

dtim  r=R iltri  u(R, t) = W(R)G(t)  = 0 ,6 G(t) # 0

&& W(R) = Jo&R)  = 0
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a, = 2.4048, a2 = 5.5201, a3 = 8.6537, a4 = 11.7915,

o! 5 = 14.9309

1; kR = a,,, A!.&I  k = k,,,  = R , m = 1, Z,..

dhh!Jb
(6.67)

W,(‘l = J,$,,rl = Jo+ r), m = 1, 2,..(6.68)

U.h&PlWNWV5  (6.63) i&lr&J~U~  r = R

nimoGilllmroaWii5  (6.62) fiii A = Am = ckm &I

G,(t) = cfncosxmt  + b,,,sin.xmt
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s(r,t> = sn(r)Gm(t)  = (ScoSmt  + bmsinimt)Jo(kmr) (6.69)

‘~~~

,ln= 1 In=2 ma3
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u(r,t>  = I, \(r)Gm(t)  = i (a,cos,t  + bmsinl,t)Jo(~  r>
m=l

u(r, 0) =
OD
c

m=l
s Jo(? r> = f(r) (6.71)

2am =
R2J&,,) /

rf(rjJo(a$kir,  m = 1, 2,..



*aT- =
at

k a??
ax2

= &!
ax2

u,,,,(x,Y,t>  = (Bmnco%.,,,,t  + Binsim-,,,nt)  sin r&sinnx
a b



SO?

2 2
2 = c2e$ 1 au 1 a2u1

+FE + 32

2
&J au =

at2

c2 (a2u

2
+ 1s.)r ar

u,,,(r,  t)  = (sco+,,t  + b,,,sinxmt)Jo(k,,,r)

L&I A,.,, = ck,,,,  K,,, = am/R

JoCk,,,r  > +lvrj;&LlJflLniasriiPlLr5fl
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qtw~ny;fl~m%taa~?FI  7 t > 0 &I T(x,.t)  = T,(X)  + T2(x,t)

ia T,
0

= LM:: UA:: nnx 'T2 = .I, Bnsin  p- e

&I  Bn

e
nnx= a o/[f(x)  - T,(X)] sine dx

P
f(x)sinny  dx ++$ i-1 ?'Q-T,]



a. f = kx(l-x2)y(l-y2)


