
1 .

2.

3.

4.

5.



f(xo + AX) - f(xo)
lb ix = lh (2.1)
Ax+oAx AX - O AX



se2 > - dt,) 5t; - St;
Vav = =t2 - t, t2 - 5
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v(t,) = lim
s(t$  - se,)

t2'*tl t2 - 5

n;G AS = s(t$ - dt,) Lli9::  At = t2 - t, 6% t2-+t,

WilnY At 4 0

v(t,  > = lim  -AZ-
t-so ,At

= ds
d t

"allJL;aLQbu = 5C4) 2 - S(3)  2
= 35 u@&Glil

4 - 3

%lMj 1; s = t3 - 3t2 + 5t

na1utsdam4?"m? v(t) = *= 3t2 - 6t+5

"alULi?m~-i~~i;'o~aal  t = 2 &I v(2) = 3(2$6(Z)  + 5 = 5 tup15/;u1i7
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I

w-2 134  15 aEl Glq
dva(t) = x = L&=

dt'
6t - 6

yo + Ay

nalu&mJ!.  PQ &l
f(Xo +'AX)  -f(Xo) f(xo + AX) - f(xo)

xO
+AX-X =

0
Ax

&l.L lim
f(Xour + Ax) - f(xo)

=
AX-0

Ax fix01



3 8

dA
dt = 2r(3)

Y I
I 6x1. ml=il~ii?mU73;

_jj5Mi f(i) = x4  - 2x

f ’ ( x ) = 4x3 - 2

fV(l) = 4m3 - 2 = 2



39

20 = a( 4oy

a =J--
8.0

Ak 1
dx = ;Tiix
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fx(Xo’  Y,) +%I g (x0,  y, > hi

fx(Xo’  Y,) = 5 (X0’ Y,) = lim
f(xo + Ax, Y,> - f(xo,yo)

AX-0 Ax

(2.2)

f (x , Y,) = %(x0,  y,> = lim
f(xo,  Y, + 4') - f(xo, y,)

Y 0
AY-0 AY

(2.3)

fAla~  fx(xo, Y,>  mu" fy(xo,  y,>  M~Gmn75m

f,(x,  y>  Lla:: fy$ Y) i;?n (x,  y) I n  9 fk~ (n75M-i  fx(X,  y)

LM:: f"(X, Y) Zhrmmpdm4  f(x, y) &ILI$J  x -inGh;1
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Gvlylj 1;’ v = 2nr h

El!  =
n. n; h nd, ar 2n  rh

a!, =
ar 2nC5)(10) = l&n

PI. 0;  r CA, av
ah = nr’h
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’ 4
fTa

I  n

z,= f(X,Yl LLa:  x = flw4  = x0

VI% 2 = f(xo,y)  uu5:ulll  x = x0

i&i f(x,  y)  = z = x2 + y2

fx(x, 11 = &f(x,  11

= $ (x2  + 1)

= 2x
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“alrr&mm4,~&~~r~T~4~p  (2, 1, 5) = 2(2) = 4

2.3  EII@~~TJU  ( t o t a l  d i f f e r e n t i a l )

fY1  y = f(x) %A;

y’ = s = .&g(x)
dx



44

&+31fl  Ax = dx &&I

Ay  = 0” +E)dx  Likl  E-O

Ax-+0

.
Ax - o (2.5)

m”Gu A-Y = (W2 - (1j2 = 0.21

dy. . =  g.  d t -  =  (2)(1)(0.1)  =  0 . 2

E = 0.1

AY = (y’+c)dt = (2 + o.l)(o.l)  = dy + Edt

= 0.2 + 0.01



dz = -ag  . dx + -a$-  dy (2.6)

bz  = f(X  + AX, y + Ay) - f(x, y)

a f(x + Ax, y) - f(X, Y) + f(X + AX, y + Ay)

- f(X + AX, y> (2.7)

f(X + AX) - f(X) = ~'(",I (2.8)

9 I Y
rib x, ElUy5wJlQ  x LME X + AX Vfl5$ 2.4 i;lidiJ&55M713 X

LlR  : x  +  A x  TntlinalU&LMlnuULiu  AB

(IX)



as

AZ =
af(x,,  yBx afbc  +A~>Y,)AY
aX + aY (2.9)

AZ = -;;+E,)Ax  + pfc
f

aY + E$Y

= dz + E, Ax + c2 Ay (2.10)

du = $$-dx + 5 dy  + azXdz  + . . .
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2; f(x)  = ,1/3

f’(x)  = +x
-2/3

FiGI df = +-213  dx

df = + (53>-2'3(-1)

Ei -0.0133

f?i&;nls:ulurmaJ  3 J124 aa

3JiE - 0.0133 = 5 - 0.0133

= 4.9867

dV  = 4nr2dr

= 4n(lo)2(o.l)  daL3
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= 4 0  x  YLL3

(&U&d&%  Av = 40 .40  x  ml.u.3)
\

%+I smpJ%mv v = rr2h

mlU dV  = 2nrhdr  + x r2dh

C&J  dV  = 2n(2)l4)(0.05)  + n(2)2(o.l>

= -+  + 2x
5

6= -n5 (iY$
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,
LiEI  x = 6 & dx = + 0.02 $2

+iii&  dV = 3(6)'(+-  0.02)

= + 2.16 (if~)~

dA  = 12xdx

= 12(6) (kO.02)

= k1.44

3Z az ax
as = z E

+izcY .
ay a s (2.12)

az
at =

az ax
TX  25

+ a-y
zyz (2.13)

%&iinU~~lLlDY7  u  =  u(x, ,  X2’  x3 ,...I Ink 5 = x&j' 52' S3'"

= x&l

(2.14)
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Hun75  (2.12),  (  2 . 1 3 )  tm:  ( 2 . 1 4 )  ~S4nk7  qoynld

h.bN  2..12 ?a??  du/ds LLR:: ad at n%u*7~

U =x2+&y -ylrA  x  = 2 2s+t,  y = s-t, z = 2t

i&i 2; u = x2 + 2xy - ylnz

du = (2x + 2y)cix  + (2x-hM~  - $dz

=, (2~+2y)(dsRtdt)+(2x-lnz)(ds-2tdt)  - $2dt)

= (4~+2y-lnz)ds+(4yt+2tlnz  - z)dt

=- 4x + 2y - lnz

2!! =
a t 4yt + 2t1nz  - ?
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&I x = 9 nl.u., y = 14 ?.LU./%s dx/dt = 4 YLu.f%A

tta:: dy/dt = 2 d.u./%llG

fiGu g$ = (141(4)  + (9)(Z)

= 74 ml.aL2/14u-ii



A = f=(a,  b) fyy(a, b) - f$(a,  b) (2.15)

F-ihJl~  2 . 1 4 ?~nlg"q"kr~*3:~"ol~~lu;ltoJ  f(x, y) = 4xy - x4 - y4

i&li 7My f(x, y) = 4xy;- x4 - y4

f,(x, Y> = 4y - 4x3

fyk Y) = 4x - 4y3

4y - 4x3 = 0 n% y = X3

4x - 4y3  = 0 n%  x = Y3
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dl; x = 0, 1, -1

y = 0, 1, -1

gn?‘nqZm4  f %I (0, o), (I, I) mr (-I, -I)

thmin f&X,  y> = -12x2, fyy(X, y) = -12y2 Llcl::

fxy (x, Y>  = 4

ii 9"  (0,O);  A = f&O,  0) f,(O,o)  - f&(0,  0)

= (O)(O) - 42

= -16 < 0

i?” (1, 1); A = f&l,  l)fyy(l, 1) - f$(L  1)

= (-12)(-12)  - 42

= 128>  0

LLA  :: f&l,  1) = -12 < 0

&& f ijn'qqfi8tiG  (1, 1)

$i? (-1, -1) ; A = f&-l, -1) fyy(-1, -1) -f&(-l, -1)

= (-12)(-12)  - 42

= 128>  0



5 4

:4
UUFEI

1M::

Y =

V =

x = 4

Y =
48 - (4i2

4(4)

= 48

48 - x2
4x

x2(48  - x2>
4x

12x -$x3

12 -$X2 = 0

= 2

&I x=4 dlmY a2V- = -6<O
ax2

lib  x = 4 vp,y=2  yn



M = (10>(2xy)  + 5(2xz + 2yz)

E 20 xy + 1oz (x + y>

LY&~ V = xyz = 16

M = 16020 xy + y +160
X

aM -
ax =

2oy  - 160
X2

aM-=
v 20&- 9

Y
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I

a2M 320 a2MLLt3~Lw51:31  - = - 320 a2M
,X2

.3'  ayz = -y'  Byax = 2o

&I x = 2, y = 2 ;IrlY 2-E  ,2
,X2

= 4 0 , 9 2 = 40,
aY

t12MZY = 20

8M c?MLLR::A =  - - -
ax2 ay2

(.&)2
QTJX

= (40)(40)  - (20>2 = 1200 > 0 .



Nx, Y, ZA) = f(x, Y, z>  - Q(x,  y,  z>

T”d A l~~~~nraln~l~~~~r;M5ludll;Un~l  mU?yRln*l~;
(Lagrange multiplier)

MIRI  x, y, z, 1 =~7ni3un15

Fx = fx - xg, = 0 II% fx = xg
X

F
Y = fy - ix% = 0 n?a fy = Agy

FZ
= fZ - xgz = 0 Gil fZ = Ag,

?&‘N 2.77

F = x2 + y2 + z2 +x,(x + 2y) + x2 xz (1)

Y
vi%
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i3F
a x

= 0 = 2x + A, + A2Z =

xz = 4

x+2y = 0

0 (4)

(5)

(6)

wwmm7s  ( 3 )  fdhmm75  (2);  2~  - y +  x2z =  0 (71

w&mfm  ( 4 )  fdurwn75  ( 7 ) ;  2 x  - y  - $ = 0 (8)

uMudvwn~* ( 6 )  ndwm.ms ( 8 ) ; 2x2 - F - 2z2 = 0

t-ii&i7  z Tnu?kun9s (5) ; 2x2 + 2 - 3.q
2 X

= 0

4

4x4 + x4 -32=  0

x = f 2 4m

Y = + “Jz7s

Z = r2 4G



1;:  I-G,  y,  z> = f(x, y, z> - Agcx,  y, z)

‘inu f(x, y, z) = 400 xyz2 La:: g(x, y, z) = x2 + y2 + z2 - 1

M-I X, y, 2 h-a::  x 8inmni5

f
X

= igx M%l  4 0 0  yz2

f
Y = A&zY

da 400  xz2

fZ = u, & 800 xyz

3 3

= 2 xx

= 2 XY

= 2 AZ

800 xyz2  = 2x(x2  + y2> (5)

ami5  (3) y z 800 xyz2  = 2xz2 (6)

Fibh 2X(x2 + y2) = 2J
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(end point) M%~fi?~~UtWl  (boundary point) &AL a;u wlln)lY /\ \ \ \c/
-K--+.

a%GiJ OSXFl

Y

\

‘1

,.’
0 1

I

n.

Y

- - -

- -I-/‘;0 1 I



aTz= p -= 4x - 2

aT
F= 0 = -6~

y = 0 LlfiZ T = 9$

M" x=1 T = 10 -3y2

aT =
a)r -6y  = 0

y = 0, T = 10

a x = -1 T = 14, - 3y2

aT =
aY -6~ =  0



03

Y = 0, T = 14

1
M" y = 1

i y = -1

T = 2x2 - 2 x + 7

8T-= 4 x - 2ax = 0

x = 4-9 T = 6;

T = 2x2 - 2x + 7

aT
ax

= 4x-2 = 0

x = +, T = +

~-167  T iiy k (1,  1) (1,  -1) T 7 7

C-1, 1) (-1, -1) T = 11

X

J X

f(t)dt = F(t) = F(x) - F(a)
a

a



6 4

f(x) !JmGun”\l~
X

d
a% /

f(t)dt  = $ [F(x) - F(a)] = &F(x) = f(x)

a

(2.16)

a

:Jf(t)dt = F.(a) - F$x)
X

&I; d
a

Ti /
f(t)& = - EC') = -f (xl (2.17)

X

VW

I = / f(t)dt

,u(x>

v(x)
al = a
a u au J f(t)dt

u(x) \ .

b

= d
53 J f(t)dt tik b iJUhf&~i

u(x)

v(x)
IlMiuo4Li;~Wii  av = +v22 / f(t)dt

u(x)
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VW
= AL

d v / f(t)dt

a

= f(v)

9 !a! a1 d v=
au d x + avdx

VW
&I x ;($)dt  =  f ( v )  g - f ( u )  +& (2.18)

u(x)

v(x)
$ / f ( x ,  t ) d t  = f(x,  v) g - f(x,  u> g + i$dt

u(x) U

(2.19)

fWnl5  ( 2 . 1 8 )  ~a::  (2.19)  b%n?l  npoJ&%  ( L e i b n i z ’  r u l e )

sg ““I I =
3x 2xt

FiinEllJ  2.20 BJMIWI / e d t2t
X

3x
d1
xi-=

.%;(3)  _ .$%(,)  + / + &

X

= +xce6x2 _ e2X23 + c
X



;: +, (e6xZ _ e2x2)

n. 41. n.

d1 = r2 dM

I = Jr”  dM



RGlJ d1  = 2n rar2dr

R
I = I 2n crr3dr

(3) 9
dM  = 2(R2  - x2+ udx



2(R2 - x2)’ x20dx

0

R
= & I x2(R2  - x2)%X

= bz sin-’ $ - i x(R2 - IC~)~(R~-~X~) lR

0

20 R4 R4=
I
(jj- sin-’ 1 - 0) - (jj- sin-’ o- o)J

4
= TR

8

R = i” 2nr $&

2 -
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I =
2 6

100 x + I
2

= 5026.55 mlu.



T

70

= 2Qr

ol!nsursa7~PI~ss~nsrm;o~lu~~

a + ar + ar2  + ar3  + . ..+ ark-’  + . . . (a # 0)

ym ? f11  x 5 1 11~::  f(k) = ak y 1 f;~ k
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h 0 ‘ji
’

. . . x
Y + .



i3X ax
ar 33

?Y 2Y
ar ae
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.
case

=

sine

= r cos’e

=: r

i-$U (Iv  (x, y)dx  dy =
R

-r sine

r case

2+rsine

//q  (r  case, r sins) r dr de (2.22)

Q



dr ttnr rde

dA = dr rde = r drde

(ds)’  = (dr  I2 + (I-w2

ds =  /-* d e

= /mdr

%li I
Y = //x2 Q(X,  y&l

A



7 6

= !I x2  dxdy
. A

lll~n’nl i9GJ  x = r co.33  ) y = r sine , dxdy = rdrde

2n a( l-cosel

&w”u  I =
Y I/ r2cos2e rdrde

0 0

2n
= J cos2e  +4 (l- cose)4de

0

kOS2C3  - 4cos3f3  + 6cose4  -4Wj5 + &36)de

2n

cos% de = y ;:os~-~~ de  ’n-l

0 0

k!rlmv

4
I a
y = 4 I a - 4(O)  +  6(y) - 4(O)  +  $1

49 na
4

=
3 2

x = r sine cos cp = f(r, 8, cp)

Y = ,r sine sin cp = g(r,e , cp>



r sin BdQ

dV=  r2  sin 9 drd@d+

$ 2.9

Z = r case = Mr,  e,  cp>

sine co*

sine SinqJ

cosa

r cot% coscp - I-  sine SinQ

r co.93 siq r sine co*

-r sine 0



r2sinf3 s-sin’cp  (-sin2e -cos2e)-cos2cp(-sin2e-cos2e  )1

r2sine (2.23)

///v(x,y,z)dxdydz  =[A  Gf(x,y,z),g(x,y,z),h(x,y,z)lI  Jb-de&

= /Ikp(r,  e, cp)  r2sine  drdedq (2.24)

(ds)2  = (dr)2  + (r de)2  + (r sine drp)2 (2.26) :

%ni I, = x4x2 + y21  6(x, y, z)dV

‘lt.iG-h54nnu  x =  rsineco*,y  =  rsinesimp,

Z = r case  &A

2~ r/3 a
Iz  = s 1s (r2sin2e)r2sine  dr de dq c

0 0 0
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f” j’3 sin30  .L55 de& ’R = 0 0 jd
0

2 2n c/3
= 5 I / -(l-co& dcose dq

0 0

Cylindrical
coordinates:

z = r cos e
y = r sin 0
z=z

=, Y. L

T
r, 8,  z

I

Y

$ 2 . 1 0



8 0

X = r cos3

Y = r sirfI

z = z

2

co98 -r sine 0

Sine r co* 0

0 .O 1

= r cos2e + r sin2e

I r (2.27)

&@I (II f(x,y,z)dxdydz = /fff(r  co*,  r sine, z> 1 J Idr de dz
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= JJJf(r  cod  , r sire, z) r d r  &dz (2.28)

dV = r dr adz (2.29)

(ds)’  = (dr>2  + (r cb I2 + (dz12 (2.30)

?us:G%i%riIs4ns:mn  x  =  r co93 y = r sin3, z = z CGu

3 Js-xz  9-x2-y2 211’3  g-r2
-,/ !,T / x2dzdydx  = / 1 / (r cos3)‘rdzdkB

9x 0 00 0

2% 3
=
/I r3cos% (g-r2 )dr&

0 0



f’(xo)  = Sk!=

.’

fX(XO’  Yo) af(x  ,Y 1 = lim=;i;;  0 0
f(xo+AX,  Yo)  - f(Xo,Yo)

APO Ax

fy(Xo,  y,) = $(“O~ y,) = lh
f(Xo,  y,+Ay)  - f(xo,yo)

By-0 AY



8 3

Y

ni u = u(x,, x2 ,...  1 hi! s = x&,Si!,.")  = x,(s)

?-iGu

du a u  El au 22 au %I
Tiz= t%?, d s + ;i;;; d s  +  -*-  %iin=

A =  f=(a,  b) fW(a,  b )  - f& (a,  b )



I
bh

1 .

2.

3.

4.

5.

6.

a x ax

au av

Y - 5
) =

a U, v ~;3lTnt~flumrilJni5tal~Jjs=uu~n~

2Y a!
au av

=NMl  @f/ax LM  :: amy &I

n. f(x,y)  = In x + y7 PI. f(X,Y) = -y+

2 3
8. f(x,y)  = 4eX  y

oy7 u = 3X2y  - xy3  + 2 WMI au iy ( 1 ,  2 )

fhun _ z = x&-Y, x = cash t,, y = cos t B~I dz/dt

1; c = sin( a-b), b = aeza 9JM-l de/da
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8.

xi  1 2  il

9. IYI z = 3 cos x - sin xy, x = l/t, y = 3t i3m? dz/dt

1 0 . r-Y1 z =  xy,dY , x = I- case  , y =,r sine wnl  az/ar

i r =2, e = n/6 LM: az/ae ii r =, 2, 8 = n/6

n. f(x,  y> = x2 + 2y2  - x2y

PI. f(x,  y>  = 2y2x  - yx2 + 4xy



y = uv


