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wuuBnXauntl o

7.1 Show that
i{wt - (kyx + kzy)}
zZ = Ae

where k2 = mz/c2 - kf + kg is a solution of the two~-dimensional wave

equation
Z 2 : 2
9 z .3 2 d z
f—— w e
ax2 Byz c'Z 3t2

7.2 An electromagnetic wave (Eﬁg) Propagates in the x-direction down a
perfectly conducting hollow tube of arbitrary cross section. The tangential
zomponent of E'at the conducting walls must be zerc at all times

Show that the solution E = E(y,z) cos(wt - kxx) subgtituted in the

vave equation yields

Za 2 .
d 5 + 2 g - KF
ay az

where k2 = w2/c2 - ki and kx is the wave number appropriate to the x-direction.

[

7.3 If the waveguide of problem 7.2 is of rectengular cross—section of
width a in the y-direction and height b in the z-direction, show that the
boundary conditions Ex »0Dat y=0and a and at z = 0 and b in the wave

equation of problem 7.2 gives

E = A singgz sin2§1 cos(wt ~ kxx)

x
where 2 2
2
- Gk E§'+ Ef)
a b

7.4 Show, from problems 7.2 abd 7.3, that the lowest possible value of w

(the cutoff frequency) for k. to be real is given by m = n = 1.
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7.5 8Show that the identity given inm Eq.(7.32) holds. This identity is
the basis of the "crisscross traveling wave' description of waves in a
waveguide. It 1s an 1ilustration of the fact that three-dimension traveling
harmonic waves form a "complete set" of functions for describing three-
dimensional waves. Of course three-dimensional standing waves also form

a complete set,

7.6 (a) Show that for glass of index 1.52 the critical angle for internal
reflection is about 41,2 deg.

(b) What is the critical angle for water of index 1.337 Will a water
prism in the shape of an isosceles right triangle give retrodirection of
light without any loss (by refraction into air). First assume that the
water extends right up to the air, Then worry about the gl;ss microscope
slides that form the sides of your water prism.

1.7
Show that the retrodirective glass glass prism works at other angles of

incidence than the normal incidence shown, in the sense that it directs

the light back in the opposite direction from the incident direction.

7.8 Calculate the mean penetration distance (the mean amplitude attenuation
distance Khl‘- §) for visible 1light of wavelength 5500 % retrodirected by

the glass prism.(We wean the distunce normal to the rear glass-to-air gurface.)
Assume the incident light beam is at normal incidence. Take the index of

refraction to be 1,52, Ans, 6 = 2.2 x 10"5 cm.

7.9 For light (or microwaves) in a waveguide we found that, if the frequency
is below cutoff, the z direction (along the guide) is "reactive." The

other two directions were not reactive. Is it possible in principle by
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some ingenious method to construct a "generalized waveguide" in which the

waves will be reactive in all three directiocns x, y, and z?

7.10 Critical angle for reflection from the icnosphere. Replace the

glass to the left of z = 0 in Fig.7.3.by vacuum. Replace the air to the
right of z = 0 by a plasma-the lonosphere, idealized so as to have a sharp
boundary (and a uniform composition). Show that for every angle of incldence

1 1

incidence this cutoff frequency is the plasma oscillation frequency mp.

¢, there is a cutoff frequency LI which depends on 6. and that at normal

Show that for every frequency w above the plasma oscilllation frequency w

there is a critical angle for total reflection such that for angles of
incideuce greater than the critical the wave is exponential in the ionosphere,
as an example, take the plasma oscillation frequency to be vp = 25 MHz
(megahertz) and find the critical angle for microwaves of frequency

v = 100 MHz. Ans. For fixed © w = mp/cosel. For fixed frequency w -

1’ “c.o.

above w , cos® =@ fw,
p’ c p

rit

-—
7.11 Obtain the classical wave equation for B, as suggested following

Eq. (7.51v), Sec. 7.2,

7.12 Radiation pressure of the sun., Given that the solar constant {outside

the earth's atmosphere)} is 1.94 small calories per square centimeter per

wminute (which is 1.35 x 106 erg/cmzsec), calculate in dyne/cm2 the radiation

pressure on the earth (at normal incidence) under the two assumptions (a)

and (b). Then compare the result to atmospheric pressure of air at sea level.
{(a) The earth is black and absorbs all the light.

(b) The earth is a perfect mirror and reflects all the light.
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7.13 Plane electromagnetic waves. Show that, for electromagnetic plane
waves in vacuum, those Maxwell's equations that give the relation between
Ey and Bx are "equiva'ent” to.the Maxwell equations relating Ex and By'
in the sense that one set of equations can be obtained from the other merely
by rotating the coordinate system by 90 deg about the z axis (which is

s =k
the propagation axis). Make a sketcn showing the orientations of E, B,

and the x and y axes.

7.14 Stanaing electromagnetic waves in vacuum. Show that if Ex(z,t) is
the standing wave Ex = A coswt coskz, then By(z,t) igs the standing wave

A sinwt sinkz,

7.15 Energy relations in electromagnetic standing waves. Assume a standing
wave of the form given irm prob.7.l4. Find the electric and magnetic

energy densities and the Poynting vector as function of space and time.
Consyder a region of length ¥} extending from a node in Ex to an antinode

in Ex' Sketch a plot of Ex and By versus z over that region at the times

t =0, T/8, and T/4. Sketch a plot of the electric emergy density, the

energy

magnetic energy density, and the totalxdensity over that region for the
-

same times. Give the direction and magnitude of the Poynting vector Sz

for those same times.

7.16 First-order coupled linear differential equations for waves ou a

string. Consider a continuous homogeneous string of linear mass density
Po and eqilibrium tension To' As you know, such a string can carry non-
disprrsive waves with velocity v = JE:?;:. Define the wave quantities

Fl(z,t) and Fz(z,t) as follows:
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- T3 .
Fl(zlt) - ;0 _i?‘ | Fz(z't) = po at

9z

Thus Fl is 1/v times the transverse return force exerted on the portion of
the string to the right of z by that to the left of z, and F2 is the tran-
sverse momentum per unit length. Show that F1 and Fz satisfy the first-

order couplied equations

1 3F oF 1 aF JF
v acl T 9z s v t2 T 3z

Show that one of these equations is "trivial", i.e., is asgsentially an
identity. Show that the other is equivalent to Newton's second low. Notice
that these equations are similar in form to Maxwell's two equations relating
E_and B , with E_ analogous to F, and B to F.. Similarly, one of the

X y x 1 Yy 2

two Maxwell equations can be regarded as a "trivial identity," if one knows

the special theory of relativity.



