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6.1 Prove That the product of the phase and group velocity “/kx' aulakx

of the wave is c2 , where ¢ is the velocity of light.

6.2 Show that the equation for group veloeity, v8 = dw/ dk, can be written
as v8 = ¢ = A(de/dA). Note that it is evident at once from this form of
the equation that the group speed is less than the phase speed if lomger
waves travel more rapidly than shorter waves, and that the group speed is

greater than the phase speed if the shorter waves travel more rapidly than

the longer waves.

6.3 Show that the sum.0f two traveling harmonic waves Alcus(ut - kz + ¢1)
and Azcou(wt - kz + ¢2) traveling in the +z direction and having the same
frequency 1is itself a harmonic traveling wave of the same kind. That is,
the sum can be written in the form A cos(wt — kz + ¢). Find out how A and

¢ are related to A., A,, ¢., and ¢,. (Hint: the use of complex numbers or
1 1 2

rotating vector diagram helps immensely.)

6.4 Show that for light of index n(i),

1.1 1,0
vi v¢ c  dA ’

where A is the vacuum wavelength of the light.

6.5 Show that for a system of coupled pendulums the group velocity is zero
at both the lower and upper cutoff frequencies (minimum and maximum frequencies
foe sinusoidal waves). What is the phase velocity at these two frequencies?

Make a sketch of the dispersion relation, if.e., a plot of W versus k.
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Show how one can read at a glance the group and the phase velocities from

such a diagram

6.6 Derive an expression for the group velocity of traveling waves on a
beaded string. Plot (roughly) the dispersion relation for the beaded string
fromk = 0 to the maxinumvalue. Plot (roughly) the group velocity versus

k and the phase velocity versus k fromk = o0 to kmx.

6.7 Fourier analysis of exponential function. Censider a function f(t)
that is zero for negative tand equals exp(-t/2r) for t 2 0. Find its Fourier

coefficients A{w) and B(w) in the ccntinuous superposition
f(t) = /[A(w) sinwt + B(w) COSwt] dw.
0
6~8 Suppose f(t) 44 zero except in the interval fromt = t, tot = t, of

1 2

. . . .
5 =t and centered at to = 4(:1 + tz). Suppose that in this

interval f(t) nakes exactly one sinusoidal oscillation at angular frequency w

duration At = t

starting and ending with value zero at t, and t, (i.e., At = T, © mfu ).

Find the Fourier coefficients A(w) and B(w) in the continuous superposition

£(t) = [ [aGw) stowCe ¢ ) + B(wW cosw(t - to)] dw,

0

Make a rough plot the Fourier coefficients versus w and a sketch of f(t).

6.9 Fourier analysis of a single square pulse in time. Consider a square

pulse y(t) which is zero for all t not in the interval t, to tye Wthin

that interval, ¢(t) has the constant value 1/at, where At = ty - t,- Let

t, be the time at the center of the interval. Show that p(t) can be Fourier-

anal yzed as foll ows:



245

p(e) = o]A(m) sinu(t - t ) du + !B(u) cosu(t - t_)du,

with the solution

1 sinkAtw
T MAtw

Sketch B(w) versus w. In the limit where At goes to zero, Y(t) is called

A(w) = 0, B(w)

a "delta function" of time, written p(t - to). What is B(w) for this

delta function of time?

6.10 The pulse of length t given by y = A cosw t.
Show that the .frequency representation

plw) = acosmlt + acos(w1 + Sw)t.. . + acos[wl + (n - 1)(6m)]t
is centered on the average frequency w, and that the range of frequencies
making significant contributions to the pulse satisfy the'criterion

Aw At = 2w

Repeat this process for a pulse of length Ax with y = A coskox to show that
in k space the pulse is centered at ko with the significant range of wave

numbers- Ak satisfying the criterion 4x Ak = 27w.

6.11 Nondispersive waves., Show that any differentiable function f(t') of

t' = t - (z/v) satisfies the classical wave equation, i.e., show

1 2
of(e!) _ 2 9f(t")
?tz '}zz

Show also that any differentiable function g(t'') of t'' = t + (z/v)
satisfies the classical wave equation. Make up an example of a function

£(t') and show explicitly that it satisfies the classical wave equation.
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6.12 Amplitude demodulation and nonlinearity. Suppose that your receiving
antenna picks up an amplitude-modulated carrier wave wjth voltage given by

vV = Vo(coanot)(l + a cosmmodt).

How c¢an you recover the modulation voltage, am cosumodt? Assume that you
have at your disposal whatever bandpass filters you wish, and that you also
have at your disposal a nonlinear amplifier of the type such that

2

Vout ™ MV T AV -

(Hint: Express the amplitude-modulated carrier wave as a superposition, pass

it through the nonlinear amplifier, and then filter it.)

6.13

Frequency modulation (FM). Afrequency-modulated voltage can be written in
the form (for example)

V=V cos[wo(l +a, coswmodt)t] =V, cosut,
with

w =, + Wy CO8W gt
One way of producing a frequency-modulated carrier wave to transmit music
is by '1se of a "capacitative microphone." The sound waves move a diaphragm
which moves one plate of a capacitor. The capacitor then has capacitance

{for example)

C =
C CO(I + cn coswmodt).

Suppose this capacitance is part of an LC circuit with natural oscillation
frequency w = JI7EEL The voltage across the capacitor is, for example,

V= Vo coswt. Show that for S small in magnitude compared with unity, one
obtains a frequency-modulated voltage with ampliftude a proportional to S

Find the proportionality constant between cm and am.



