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3.1 Plot a diagram of a damped oscillation whose equation is given in the

3.2 The equation of damped oscillations is given in the form

-0.25¢t m
e sin;t m.

x = 5 2

Find the velocity of an oscillating point at the moments of time: 0, T,

2T, 3T, and 4T.

3.3 An equarion ¢! undamped coscillations is x = sin2.5wt cm. Find the
displacement from the position of equilibrium, the velocity and the acceleratiorh
of a point 20 m away from the source of oscillations for a moment of t = 1l s
after the oscillations begin. The oscillatios propagate with a velocity

of 100 m/s.

3.4 Verify that the solution
x = (A + Bt:)e-rt/Zm
satisfies the equation

mx + rx + Kx = 0

2 2
when r /4m"™ = K/m.

3.5 Show that the boundary condition x = A cos¢p at t = 0 imposed upon

the general solution

- T - )
x . rt/2m(c o't o i t
1 2
for damped simple harmonic moyion, requires
_A i - A 1
C1 7 © and C2 7
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3.6 A capacitance C with a charge 9 at t = 0 discharges through a resis-
tance R. Use the voltage equation q/C + IR = 0 to show tnat the relaxation
time of this process is RC seconds, that 1s,

-t/RC

q=q, e

(Note that t/RC is non-dimenstional.)

3.7 The equation ax + Kx = FO sinwt describes the motion of an undamped
simple harmonic oscillator driven by a force of frequency w. Show, by solving
the equation in vector form, that the steady state solutiom is given by

F sinwt
0

2 K
X B e where W = —
o m

=1
—~
E
|
E
~

Sketch the behaviour of x versus w and note that the change of sign as
passes through Wy defines a phase change of 7 radians in the displacement.

Now show that the general solution for the displacement is given by

Fo sinwt
X = == + A cosw t -+ B sinw t
2 2 o o
m(wo—w)

where A and B are constant,

3.8 In problem 3.7, if x = x =0 at t = 0 show that

x = — 1 {sinwt - % sinw t)
m (w2 - w?) wy o
o
and by writing w = W, + Ay where Aw is small, show that, near resonance,
Fo
x = — ( sinwot - wt cosmot)
meo

Sketch this behaviour, noting that the second term increases with time,

allowing the oscillations of grow (resonance betwaen free and forced oscillation)’,
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3.9 An alternating voltage, amplitude Vo is applied across an LCR series
¢ircuit. Show that the voltage at current resonance across either the

inductance or condenser is QVO.

3.10 Show that in rescnant LCR series circuit the maximum potential across

1

the condenser cccurs at a frequency w = (1 - 1/2Q§)% where mi = (LC)~

“0
and Qo = woL/R.

3.11 See Eq. (3.10) and fill in the algebraic step omitted in obtaining

the result E = Eoe_t/T.

3.12 Show by direct substitution that xl(t) as given by Eq. (3.3) is a

solution of the damped harmonic oscillator equation of motion, Eq. (3.2).

3.13 Show that if xl(t) is a solution of Eq, (3.1) for a driving force
Fl(t), and if xz(t) is the solution for a different driving force Fz(t),
then the force F(t) = Fl(t) + Fz(t) gives the solution x(t) = xl(t) + xz(t),
provided that the initial conditions x(0) and x{0) for the superposition
are also the corresponding sums of the initial conditions, i.e., provided

x(0) = x,(0) + x,(0) and x(0) = x,(0) + x£0).

3.14 Show by substitution that Eq. {3.14), (3.15), and (3.16), give a

solution to Eq. (3.13).

3.15 Verify Eq. (3.21) for the power loss due to friction. Verify that

it is equal to the input power as given by Eq.(3.20).

3.16 Verify that the time-averaged stored energy E for steady-state

oscillation is given by Eq.(3.22).
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3.17 Verify that the half-power points for the steady-state rescmance curve

are given by Eqs.(3.24) and (3.25).

3.18 Show that Eq.(3.30) give the exact steady-state solution to the driven
oscillator equation (3.13), for the case where the damping constant I is

ZEYXO0 .

3.19 Show that if the pendulums of Fig. 3.4 are coupled by slinkies,
they have the same equations of motion for transverse horizontal oscillation

as they do for the longitudinal motion shown.

3,20 Sketch a system of inductances and capacitance that has equations

of motion similar in form to Eq.(3.50), and derive their equations of motion.

3,21 Assume the ionosphere starts suddenly at a boundary, at which the
cutoff frequency vp suddenly increases from zero to 20 Mc. Find the amplitude
attenuation distance § for AM radio waves of frequency 1000 Kec.

Ans, About 2.5 meters, independent of frequency, as long as the

frequency is far below cutoff,

3.22 Using the coupled pendulums as a guide, write down the complete
dispersion relation for analogous system of coupled inductance and capaci-
tances. We want the dispersion law in the pass band and in the two cutoff

regions of frequency.

~

3.23 Show that, if we use the weak-damping approximation and if we stay
resonably near a resonance, the absorptive and elastic amplitudes can be

written (with a suitable choice of units) in the form
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ab
where x = (w - wo)/%P .

3.24 Suppose we have a svstem with two resonances at frequencies wl and

Wy which make equal contributions to the elastic amplitude of scome moving

part. For w far from hoth ml and wz, we can write (in some units or other)}

Show that, {f w differs from wy and w, by much more than their difference

W Wy then A is (to a good approximation) just twice as large as either

of the two contributions. That is, show that

_ 2 2
A, = 3 2){l+e + ....1,
w —W
av
w2 w2
where 2,2 2 L1 T M2
= - e
Vay Tl twyd, e 5 3
W - W
av

3-25 Critical damping. Starting with the equation for the underdamped
free oscillations, Eq. (3.7), show that for critical damping the solution
becomes
xl(t) _ e-(%)rt{xl(o) + |§1(0) + %FXI(O)]t}.
Show that this same result is obtained if you start instead with the equation

for overdamped oscillations, Eq (3.9).

3.26 Coupled pendulums, Consider a linear array of coupled pendulums
driven below cutoff at z = 0 and attached to a rigid wall at z = L, as shown

in Fig.3.5. Show that if y(z,t) equals Ao coswt as z = 0, then ¥(z,t)
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= A(z) coswt, where

EE—KZ - e-KLe—K(L—z?l
* e'-ZKL

A(z) = Ao T

Notice that for L + = this becomes simply Aoe_Kz.




