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L] - ) » - - . L d
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» . []
flan¥u/iums.  (n) Smticirvevnfunweaivinafuinals?  (9) mraueraefuitinnler

Aoy, 30.5 wums/3uqf, 0.13 uas.
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Truguges Tuinaladvaug nilsawainlatunarudte 10,000 Bva? mou, 200 (Bne,

Toutaesinudl 49,

L] —3 L] -
2.4 @mmanenn L = 1 wums, maaumudwuy 8 x 10 nTaniunuanu1ﬂntun1, ondv
13sema1vian 2 au.  aanddfunumaqutindnga 200 oBnd.  (n) owaatnatiSwesedu

a 1) - . -2
auvavvevaand i tuinalae (v) nwn11uL1vivqnﬂ1nﬁwnn1vuava1n = 800 m.s ,

nﬁuiﬁﬁudﬁsnﬂinﬂvnaﬂvLﬁﬂﬁhuﬁ111? neu. 400m.s-1, 5x 10-4m.

2.5 wuifonfumipaiutninyga 30 (tnuifefeun160  Leuliuas, ﬁhﬂﬂ}nﬂ antinode
= 3 wu. wwBonfluan 3 x 1072 nn. (n) Fas1Frwounfupwurviluniuionitu

1laz  (v) wetwamanrudslusiuifon. wou. 36 wuma/Muafl, 64.8 GaRu.

2.6 Show that the potential energy of two identical simple pendulums
coupled by a spring may be expressed as ax2 + sz, where X and Y are

normal co-ordinates and a and b are constant. Show that the kinetic enexgy

2

may be expressed as ckz + dY° where c and d are constants. Evaluate.a, b, ¢
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and d in terms of K, 1, m and g.

2.7 Express the total energy of problem 2.6 in terms of the pendulum

displacements x and y as

E = (Ekin + Epot)x + (Ekin + Epot)y + (Epot)xy

where the brakets give the energy of each pendulum expressed in its own
co—-crdinates and (Epot)xy is the coupling or interchange energy involving
the product of these co-ordinates.

2.8 Consider the case when the number of masses on the loaded string of
this chapter 1is n = 3 and show that the normal vibrations have frequencies

2 2 2
given by w; = (2 - Y2)T/ma, w, = 2T/ma and wy; = (2 + v2)T/am.

2.9 Taking the maximum value of

2T sT
ms ma (1 - cos n+1 )

at 8 = n as that produced by the strongest coupling, deduce the relative
displacements of neighbouring masses and confirm your deduction by inserting
your values in consecutive difference equations relating the displacements
Yrb1? Yo and Vel Why is your sclution unlikely to satisfy the displace-

ments of those masses near the ends of the string?

2.10 Expand the value of

2T ) sm
8 ma (1 - cos n+1 )

where 8 <<n in powers of (s/ntl) to show that in the limit of very large

values of n,a low frequency
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where p = m/a and £ = {n + 1)a.

2.11 Standing acoustic waves are formed in a tube of length & with
(a) both ends open and (b) one end open and the other closed. If the particle
displacement
¢ = (A coskx + B sinkx) sinut

and the boundary conditions are as shown in the diagrams, show that for

(a) ¢ = A coskx sinwt with A = 2¢/n
and for

(b) ¥ = A coskx sinwt with A = 42/(2n + 1)

Sketch the first three harmonics for each case.

(a) (b)
2 _ 1 L1 -
X 0 9x 0 9x 0 v 0
- L —» - L -

2-12 pind the three mode .configurations and frequencies for transverse
vibrations of a uniformly beaded string having three beads and four string
segments, given the boundary conditions that both ends are free. (the end
string segments have massless rings at their ends and slide on frictionless

rods.)

2.13 Derive the classical wave equation (Eq.2,14) in the following way:
Start with the exact Eq.(2.62). Now go to the continuous approximation.
Replace subscript n by location z, taking into account the bead eseparation
is length a., Use the Taylor's series expansions of the right side of Eq.

(2.62). Include one more term than is necessary to obtain the classical
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wave equation. Give a criterion for neglecting this and higher-order terms.

2,14 Find the mode configurations and frequencles for transverse oscillations
of a beaded string of 5 beads with one end fixed and one free. FPlot the

five corresponding points on the dispersion relation w(k) of these 5 beads.

2.15 Show that, for the system of coupled pendulums shown in Fig. 2.13,

the equation of motion for the nth pendulum bob is given (for small oscill-

ations) by
2 ¥ -y yoo—y
dy _ =g ak ,‘ntl n, a 'n n-1
d£2 4 wn + M ( a ) M ( a )

Show that the general solution for a mode, without regard to boundary
conditions, is
wn(t) = cos(ut + ¢)[A gln nka + B cos nka].

S8how that the dispersion relation is

2
- 8 f5K ;7ka
W N + M sin 2

Show that, for the boundary conditions shown in Fig. 2.13 (i.e; no spring

coupling the end bobs to the wall), the above sclution relation reduces to
wn(t) = cos(wt + ¢)B cos nka,

with the nth bob located at z = (n - %)a. Show that the lowest mode has

k = 0, Sketch its configuration. ‘What would be the behavior of the system

in this configuration if the gravitational constant were gradually reduced

to zero? Sketch the configurations for N = 3 and give the frequencies for

the three modes.

2.16 Go to the continuous limit in the coupled-pendulum problem (Prob.2.15)
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Show that the equation of motion becomes a wave equation of the form

2 2
3y _m2 + vZ 2y

2 0 o . 2"°
at 9z

2~17 A half-wave rectifier removes the negative half-cycles of a pure

sinusoidal wave y = h sinx. Show that the Fourier series is given by

h U 2 2 2
y “(1 + 1.2 sinx - T3 cos2x = 3.5 coghx - 5.5 cosbx...)

2.18 Show that f(x) = x2 may be represented in the interval itw by

2
f(x) = %-n + E(—l)n &i-cosnx
' n

»2.19 Use the square wave sine series of unit height f(x) = 4/v(sinx +

%sin3x + %sinSx) to show that

I ER

2.20 Prove each of the following numbered statements using two methods:
(a) the "physical" method that makes use of the normal modes of a continuous
string with appropriate boundary conditions, and (b) the method of Fourier
analysis of a periodic function of z.

(1) Any (reasonable) function f(z) defined between z = 0 and z = L
and having value zero at z = 0 and slope zerc at z = L can be expanded in
a Fourier series of the form

f(z) = g Ah sin nk,z; n=1, 3,5, 7, «...; k1 =

1
{Note: In using the method of Fourier analysis you must first construct a
periodic function from £(z) so that you can use the formulas of Fourier

analysis.)
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(11) Any (reascnable) function f(z) defined between z = 0 and z = L and
having zero slope at z = O and zero slope at z = L can be expanded in a

Fourier series of the form
£(z) = Bo + E Bn cos nklz; n=1,2,3,4.... le e T,
(1ii) Any (reasonable) function f(z) defined between z = 0 and z = L and

having zerc slope at z = 0 and value zeroc at z = L can be expanded in a

Fourier series of the form

= M = 5 = —
f(z) g Bn cos nklz, n 1,3,5,7.... le 2



