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qnndu (n11v¥nuazaiiuiia) wazla ¥ Luntmeurovaun13909n11 L doufl LRy AuRen
2
- L] - > J - ’ -
ﬂaaqﬁuanﬁqzx%unuﬁnvnwdv naafioraniaz L Suaunavszuu LiukeIvevanaz L Surufl sen
naoviy ¢1 WAz ¥ Tunnieaineas 1 ingnauinisz e fusu tueaauveenasuin Sum
2
flaonmaoviiu ¢  uaz v, waz i uaunfoudn o 59 uafuraIINEev AN L S L unu
1

-~ L4 L] " - . - (] Ld 1

Amannapeifu wl waz ¢ oo eedui g lush i funewashnoustm fuaniaz  lumugning
2

1] - - 1] -~ J
#n Lw1ﬁ=?ﬁn1ﬂauﬁa:1ﬂﬂ1nn1111uﬁuﬂavnwmauﬁnannanvﬁhanwa:l%unuﬁuaauﬂunnwﬁa

e.n.b Linear inhomogenecus egquation

. ' ‘e )
Luaunasigwads ludum ¥ Yueymau (uAun eI suufifusvniouenns:

- L] - 1] L L] . . .
nasasrevuazusefllu (uisnfuuas ¢ (3und1 force harmonic oscillation fia

mp(t) = -Cu(t) + F(t) (s.n¢)
Wl Fre) uwsvnouenflufumu vt} Sarsnamdnnisiiuiulaflsonassiuaunii (e )
Tativma 1l suudan i srlnuavntouanndsnanassuunaou sy (u F (t) wa F(t) = F,(t)
M aun11 (e.0e) Tanaunsidu v, (t) Hausvarouon iufuulunssnmatzuun sy
Fz(t) n3s F(t) = F2(t) wazn Inaunis (e.oe) Seanauniaiiu b, t) RIERN TN
Fl(t) EH] Fz(t) niznimoszuuniantu Aefussvuszlntsnesdaianfiaonasoviiuniisw
fulafe ¢(t) = b{tr oY (t) 150 s1wruladi el aturzuudtnaufinIsowidney

> e PX P o
Snaauiuaiazilfdn 163\4?4‘5?\61.1591’!11

L]
firaunNy % Spherical pendulum
. R 4
Lﬂuﬁzuun11Lﬂﬁauﬁwaugnﬂuﬂﬂﬂuﬁ1ﬂun1v1nnnﬁHMﬂvuu1:uﬁUhuv(tﬂuuuunﬁv
- o - 4 e L] 1 L] " []
vavIsuumsNAndoonHInou ) ﬁﬂuqautﬂutﬂanﬂ:auiuuu1ﬁvmquunu z na:uaaaqﬁﬂ1unuu

X =y =0 Lﬂa@nauﬂnwﬁunvvnﬁﬂﬁlﬁﬂnwswﬁmLﬁnuau aun11wavnﬂ1xnﬁauﬂwavgnnnﬁa

mdx = - mg x (w.ne)
dt2 1
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m dzx = - mgy (s.20)
dt2 1 .

1 1
FunqivrevL TudwizAaiu natdfs aunnd(e.ne) Sifloy x (Tufudsouav s was

M [ 3
qun1i{s.co) Jiflun y tTumuys iy Lamusmanfasvuevauntvfvae Sudeas

nafiufia
x(t) = A1 cos(wt+¢1) (o.c8)
y(t) = A, cos(wt+d,) (o.cw)
A W = g/l

1dannvd Ay Ay, 9y uaz 9, t3malasananiz i Susurevnasuinuazaaw i 32y
firmaegae X uay mﬁnauﬂﬂuu1ﬁﬂﬁuﬁ1nﬁnaﬁnn1111uﬁh1nuavnﬁ1Lnﬁauﬁ1ﬂnﬁv

fx(t) uazfy(t) o X uar y L Bundsoanieed

() = 2x(t) + 9y(t) (o.en)

o.¢ n1TinfeuflouvBaszvavizuusavinToordna

#rpuavam¥uszuusavinteawInoulussruundiuanuae #ufulanlaunszuu
vovluispauasmanaymafuyag i n1iflsztnunszuuferesian fusevldmuinaien
A iuunfla® {quantum mechnics) (ﬁusﬁuﬁﬂ11uﬁuﬂﬂ < UINUNNAT LT IR M Suiin
Anufliellne3ou) sudooieiiNaogfil szuuswovgnau (double pendulum) Fvfliau
Lﬂanan;auﬁuanﬁhndvua:gnﬁﬂﬁuxWﬂnu é1u5ngnﬁhndvqnﬁnﬁuqnéﬁu1n , TSUURBVgn
ﬁb&nﬂauLﬁauﬁuﬁ1uaﬂ3thﬁﬁ1ndv, szuutiui Bansoufugnin wazszuuABNINeT LC
Lﬂﬂﬂﬁaﬁhnﬂu;ﬂ s szuufinarauafii49devldiauds w #adeadutuNneazaswnas

Lﬂ%uuﬂ'ﬂ’ﬂv’:U‘U LUN 'JJa LL'&QZ\pb

#0091y 1unsﬁmavi:uuanﬁuﬂa1uw1nun5vlﬁunﬂﬁn1v anuiafoudl (moving part)
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L
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M e 1:ﬁuwuvﬂn!aaﬂﬂ1nnniﬂvq

*. .o AUFELTAYDY mode

106

v

" - L]
nvivanfiuuunitu @ mfuszuugnqueaug

a WP by unumhunuveoygnaufeaeslufte
(coupled pendulums) n13u%~n wb 8-}
v, TounuatuniveavRavgnauenzing oy
Tunsfszuuavss LC 1founeMi ny1u¥n v,
Rz Yy Trunudizyuud fudszgfvaemste
ununazualuaves

n11infoufia ldvovszuufl Busoufing
soiinoy L fAinsinnITniulaveerevntu
o3 lufinnfloufllunsouiu wazusngiinuws
Ayvuanluggminuansi untsiadouduuy
g7 Tufinaurvdinisu naaiadeufluvueailugn
wovurafvrovlunsaniufli 3113un31 normal
modes w¥p modes Inuni3ifenaniazity
auflinuazan L sswraninsswufinsoow-
ananfluendy mode nfeuannan Aufuun
sz mode vl ifurvnvmeiuBiviuIningn

fuez i furnevnaiufinay

ruusnzntud i Bu SEM ursauiulalnrwt Koot ua:ﬁﬁu1nﬂuqaﬁw;uuﬁu

nfufl s Ainfusz0ifius mode 1Auainafu wazezluvinng: SulinensKenelod

¢a(t) = A cosut

wb(t) = B sinut (ﬂtﬂai1vﬂu)
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nio wa(t) = A cosmlt wb(t} = B COSw:t (ﬂn11uﬂﬁﬁwﬁu)

walnuialuna1utiulrzovafufeussovnfufululush tudesda wdidafu valniin

mode lana1y mode 1oy mode 1

wa(t) Al cos(w1t+¢1)

wb(t) = B1 cos(wlt+¢1) = %1 wa(t) {o.aa)
1
gurrwluazataefl W Ao Fua mSuFnIsev3naufivaey

nhueviAuatiuly mode 2
wa(t) = A2 cos(m2t+¢2)

wb(t) = B, cos{w2t+¢2) = %2 wa(t) (w.ac)
‘ 2

unaz mode vxOn7wdiTuvouwkiduiee na1afle w, &MU mode 1 uaz wy ¥y

1

mode 2 uatluudaz mode 3zuuszl characteristic "#nwur' nﬂajd§1vdvgnnﬁﬂun
ﬁ1uﬁn11é1uﬂnv§udﬁjnﬂavﬁ1ulnﬁauﬂﬁvﬂav fin Al/B1 #n%¥u mode 1 uwaz AZ/B2
#m¥u mode 2 Indvinni1luntly mode #mirdau wa(t)/wb(t) v Fhunin ol Tt fiu
vra1 wallnqnafiudnanau A;/B) nto A,/B, duonsi Bululake uanuanuaz i tuan

au  nracafoutialuvesszuusz i dunnssuiulnwevaes mode  soaBaianluwznzing

¢a(t) = A cos(m1t+¢1) + Az cos(u2t+¢2)

wb(t) = B1 cos(w1t+¢1) + 32 cos(m2t+¢2) (o.a™)

. -~ "
3n¥1ot vuevisuu spherical pendulum 3zifulmafivasy mode wommwaviunas
Daadalann uunu X wazunu y Rauatidu wazfdawf i fivatuniu o = Vgl unufl i3

azlanmouia lus i fvafiusunis (s .0 ) dvaenadaviufeaavarutfdateiu 1s1la
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L4 -
unfin i Nuamr i fiua ﬁhﬁulnnhnnukﬂutiuLﬂu1ﬂbﬂun11(q.tu) uns(e.cn)

x(t) = wa(t) = Alcos(w1t+¢1) W) W
(s.cn)

y(t) = () = Bzcos(m2t+¢2) wy =
#udey modes I w (Auvaifion nldiani3undaifte degenerate
2001y 0 N1se0RBatanuuusadTudnly w 04

nmunlniae n ooAdaL anauvBaTEuuTzuay xy L fun1teoalsian. Smisy
DameRUtviun « Hafusily aUss w Fafdnavdauty K, ogluuuaunu x  uszsuteln
w Avflataviaute K, sgmuuuiuny y  auqu e .« ent1dizunmuwuun110o78a L an

L &nuew L 3ewsnasFensudgnt Feuannants x2/a2, yzlaz WAz xy/a2 in

RSN
N) =
F =
a =K
(ﬁ

v

!

"
UL A

[,

Y e« niseeE@aianluaoudd (a) wnzRuged (b) naiudnunsing

. L] »
Ayrsun1sa¥aniviny x sevifion vI1ln

Fx - ~2K1x (F_=0)
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" - L} -
unngnrsv¥mmavuny y (Aufudn undeaviunttoesdng an Sndou

Fy = —2K2y

- -
trvzlnsunisvovnas ool usrun18 1 Gusmevsuniifie

$uintmouL Sy

mx = -2K.x

1
(®.cx)
my = -ZKZy

= Ajcos(w t+h) 2. x
x pcos{w, t+¢, w) = 2K,
n

{o.ce)
y = Azcos(m2t+¢2) wg - 252
m

L d . L] -
wifulninasoedoflatuun x uez unu vy limougfiu wonArwmansanfula wazeay

fitfuntveostai snuuusr 3 TutnfOsuulyn, Al uazsaneflowe Suvoukaevfeunu x

URZUAL Y 1374 %0n90 Afaund (normal coordinaye)

e.«.0n Systematic sclution for mode

L] L - -
quuf33e s0anvauntInngiud | Susun1a8 1o S LonfusSubuwanlufifia x uss

y fs

2
d ; = -a;|X ~a;,¥ (w.€0)
dt

2

dy = =a, X —a,,y (o.¢9)
de?

L] L] 1]
afeuni 3 wufan nvoerlaianlifluy mode 1Aun natafoLsraauBafywevfind oo

nou x unz y  oewBatani tuuuuets lufinmsnulifivafuwasmafl idminatu 1anlin

A cos{ut+d) ; y = Bcos(wt+d) (e.€0)
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- L] L]
131MBNNIINIUAT © wes B/A %vLﬁuﬁauan]d11¢ﬁavn11aaamatan IINAUNTIT (0. dlo)

viln
dzx = ~w2x H dzz = -w2y {o.cn)
at? d?

. , vy s - .
UNUAIFUNIT (o .en) B9 luFUNIT (s ) waz¥aiFuwnaling 1379z laaunastiflusien-

fus lu x usz y #e

2
(a11 -w)x + ay = 0 (e.aa)
a,, x+ (a *wz) = 0 (e.a¢)
21 22 y e

» 1
08 x uaz y  laonrsmadmsadiuven y/x YBNAUNIS (0.4¢) URE(9.€q)

y/x = wz—all (o.¢%)
212
y/x = %21 (®.&n)

w -322

(UT0UL AuuaunaT (e .5 ) Uas (e.ew) Avlnuaindoufu t3qla

2
w _all_ = a5
a 2
12 wa,,
2 2 _ '
nis (a11 - )(322—m ) - 251859 = 0 (9.q2)

s8dunsinaunis (s.ee) 1nlagmrsnfinoi8iuun (determinant) wavlnlszanduay

AUN7T (#.€c) Unz(s.€c) LTl O

2 2
= (ay-u)(ay,~0") - 3,8, = 0 (s.¢«)
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2
RUNT13 (9. €< )UaETUNTY (9. €« ) 1TUEUN1T quadratic woviault o° J3qnsunisfe
2 2 >~ . 1 ]
Wy uAT w, AounuL 31auuBId Ruenaudius uasinsanauna gL e Tevadud
L]
Al wy tTumrwtuoy mode 1 uaz w, tOurdwduey mode 2 U rantaiinvas
29y X uar y u mode 1 wqlalavwny w” = wy el luaunia (s Juae

(o.2e) #aify

2
(B/A) 4o 1 = By/A; =217%11 (euvo n)

57/%) pode 1 =
12
nhvuovi e
mz—a
(Y/x)mode 2 (B/A)mode 2 = BZIAZ = i 11 (.-‘90 ﬂ)
12

arnaulr LU lAsannassuiulavevfivaoy mode il

x(t) = xl(t)+x2(t) = Alcos(w1t+¢1)+A1cos(w2t+¢2) {0.90)
v(t) = (BllAl)Al cos(m1t+¢1) +(B2/A2)A2 cos(w2t+¢2)
= B1 cos(m1:+¢1) + B2 cos(m2t+¢2) (®e=w0)

T inna1a1L 311 Ranaav Al, ¢1, A2 waz ¢2 1uaun11(o.b-) adﬂvaﬂ1:u51
vinazlusurso fanataei inBaluaunas (s o) 1nedredaazdn Huffinsazan $, uaz
< [ - 1] »
¢2 Lﬂunﬁﬂnnn1nunuuuauua:aavtﬁu1dwwuaun11(o.ho)
a1 Al, ¢1, A2 usz ¢, (Tusnaaz i fusuwevaunis x(t) waa sun13

y(t) ﬁﬂ:ﬁbvﬂnﬁvﬁuﬁﬁuﬂn11=L%uﬁhnﬁu1ﬁu
[]
fIBUIY &  N1I9DRTR L AnTDNTEEVTAY

L4 - .
3N ¢.90 wFnTagaownouduam m, WAz m, Vaufumuaute iuafanas
fause K iadoufloavufusuflusnasanasus duanu redussfuavidevsnause oy

st Aeafinseninatagmaintaginasiafoudl Lirmuufidagudnaivuavuaa (center of
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| @

4 LH—
-
WA m kdau'\')u

ol — 7U s.e0 TRQUAR m 2

YA - 2
U7 7777777777777 77777777 7 77777 7777777

1
FUTedataeflsuly K

mass) nqmﬁv Magu o, Uar m a:ﬁunﬁu1ﬂnﬁuu1ﬂuﬁu£ﬁuﬂuﬁnﬂ1vwavu1a1uﬂﬂn1v

2

1 vadoufl limavaqude , aziafoudliniveands uazuaafivaovily

faszozuanfgeuesniatafoudluiraniAvatu As13m1sagy e.so Tusmzlaquaa m,

b
sevtiueay s n

. . + L] L] 4 L4 z
agianuniy X GAINIe m, agfintunig %, fipanuieaveneda fiviuRIeetIzeN

aUsvluunslag vl Xy=Xy deinaiiuawerasaugad £ venlAmunisudn x

.R+x = xz—:rc1

x = xz—xl-i {®eon)

n1svdn x ﬁﬂﬂlﬂuu1ntﬁﬂﬂﬂ%vnnﬂmaan ua:ﬂﬂ1LﬁuauLdﬂﬁﬂ%vgnnﬂtéHﬂﬁnﬂnﬂa:Unﬁ

. L . .
In F, usz F, s ievsinauivnsznhnauaanuwadauan i nafiu uazfiemienseiiu

Y iy

F1 = Kx 3 F, = -Kx (o.oc)
v lnsuntswavnistasaufuavuraivane L Su
2
m, dx, = Kx (o.5)
dt
2
m, dx, = ~Kx (a.9%)
2 —=2
2
dt

[ Ld Ld L
aun1sivaavauisnsiula Tavgaaunisuenans m, WaTgEAUNIIMENAIY m) LAzAY

FUNNIANNIINFLAITHSA 1 591R
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2
mm, d zz - mlm2 d ;l = ~m1Kx - msz
dt dt
. y - m,m ) 2 .
Boulnule 172 ((d%., - d%, ) = -Kx (o.0m)
m.+m 22 21
172 dt dt

IINFUNIT (o590 ) WroyfusifouiutIaa t wevady war £ Aonrusqivevaudvi deay

- e .
nadefuntaed 1371h

o
”

d2x2 -d LY (o.5a)
2 .
dt

ac®

B

dt

‘ Z he Jh ' =
WUANENNIS (0.9 ) 1uﬁun1s(o.bw) fvtulasun3fdiudives x suavifing

mlm2 dZX = —Kx
mptm,  ge?
2
LR 1)] pd™x = -Kx (da u o= m,w,
dt2 ml+m2

P ‘ EV PN P P - = g

H t3un9n reduced mass vavIzuu Wufanisindoufivevsavingaiunsnaduqolanau
< = . o o ' = o
ﬂnnﬂiLﬂuvﬁﬁnﬂsLﬂaauﬁﬁauﬁwqLﬂu1ﬁuuvaanﬁu W ognlafuguiesa L foafiu dieiu

ﬂdﬂuﬁmavn11aaﬂﬂaLaﬂmavﬂauﬁhqtﬂu

0019 ¢ N1T00aTRLAanaUY TN aNda I aRug iy

Jdnahmautavisuuinh laaavsgaed
~ L] - L]
T3uinlUn1IA1Anziy 3IAN13AINAZ LNL TSI aviiaay modes  iwinza1IruL T
= dq ™ £ !
Uy 1w AnSeawrdnon (ﬁaﬂﬂavﬁiud1ﬂ1ﬂ1unﬁ1aﬁu1unﬁsLﬂﬁauﬁﬂakuaavUOR) unaz
Y d e : - | - o '
dupdeun (moving part) axfnasinfeuitduwuusasTufin wazlu mode (RusMuun

azuaalaqiudoify fol 42 ivafiu wivfunFunemnuuianenuiunisuia ity dei
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\‘r = a 0 a . a |
N
@ LLRRRRRRTY
&W\\ %QS\\.QW&§SS§¥N S
| |
N I |
N : e i
X
N
o Y TVTTTTTVI V) ) 3U .09 N1390303 189
N .
NN TR Tﬁ&\\ey ENNAN \%§. SR ANANW auuna (a) wm:auqaﬁ
Py =%,

{(b) nasu¥aunzing

1 SE N - P L ' L . = '
ﬁ%vTudﬂﬁzLUuﬂuuﬂnﬁaaWﬂsﬂanﬁsaLﬂuﬂduuaUﬂavs:uu?n@ﬁuﬂnﬁaaﬂﬂﬁﬂauuﬁnndﬂﬂdv
F
Aulufnnu

5 L4 z 1

A3nInLI1in Iwa| = |wb| (Hauqafivaavidnasedninafu (wa = wb)

' z 2 - oo 4
LIAIRAT LA ETe e LA oul LA fuafiy suswinanv iy laeenu s Audiug auindeu

L] 1] 4
#ulufauseinaty feaswnilazuaassnuatusenssniug a uay b uded

2 b
Kwa-(- _)-K(wb—q)a) = Q(wa_wb) = Q0 4'-" K\pb
lpa ll’b
-+ >

rl 0. e waavfirmivvavuivinizninedag

(TuuaunisvavnasLafauillnfia

W, = K, M ;a =Ky,
m
™y T K > b = Ty
137y mode v
mode 1 : wa(t) = wb(t) ’ w% = K (o.5«)
m
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in’ldn'\mnﬂ:Luénn’?\mﬁuﬁam-mode 2 Lsraundin a (afoud i uszusnae 1]
Tz was b iafoufluldussuenavinatunalinavaiude #eifu mode 2 «zf

wa = —wb

(ﬂ) ’B U ! = l /W‘[odel

\\\:

a

o ﬁfm m*nﬂ!@nlqm u'wwqgmwea W ooen Nommal modes

s P ////’[ PR T YDINTTDOFATR LANMWUIN
»L"“"’l ! .,
¥, —V, (a) modem‘mﬁriqn

\

{b) moden 'nuﬂﬂ\:
AR1ININIVNTINWUER DY

a b
Ky« . + Kb Hy) = 2K, K(y,+9,) = 2Ky '+ Ky,
- wa ¢b+

U e.ad uanvfirmvravussinazniaaaglu mode 2

VBousun1saovnist adaudla Oy

b = Kb - KW+ ¥) = -

a a a b a

oy, = -K'J’b - K(Wl’a + ‘llb) = -31(‘1’b

b
wa = X wa ' q’b = X ll'b
™ m
- 2
t1ln mode 2 : 'Pa = -"’b ; w, = 3K (w.70)
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szifulainaunasvesfivaoy mode lunsugiu Fullinsazaa sanamuadn Iwal - ]¢b|
uRen |¢a| # Iwbl auntwaviivaey mode vzmugfula SZnasuntignii s naverdly
A8n1imnormal coordinate #Hwmoluil

n1afinmunln lv,| < (v, | vnnafiidourafvaoviafoud lnavifuafuniugy o ee
wiwnsznhivu a = -Kwa + K(wb - wa)

Funq11vavn1indoufly fu

B
€
1

a “Ky, * Ky, - 9,)
nin I.J;a = -K (2¢a - lbb) (9.re)
™

wsdnIzviuu b = ~Ky - K(\Pb - ¥,)

FUN19989N19 L Alauf L T

mpyy = K (2p - v)) A (s o)

m

UINTUNIT{®.0s JURE (9.mia) LT A20AUL I 1A

at vy T Ry - ) - K@y -9

dzélg ) = _'E' G, + ¥,) (o .00e)
dt

#UNTVT (o .o ) FUAILAUNIT (0.00) 13710

by ¥y = K (-9 +K 2y - )
m m
ne ) = =X G, - w) (o.0<)
'—_2 — m
dt

. . 4 L g -
NI {s.0n) Uaz(e.oc) luasugiu ua:mﬂvﬁtﬁuﬂunﬁsﬂtﬂustnnﬂhqiu#1ud1

wa+wb was wa-wb Hoifunmouvavauni sfvaavda
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vy, = wl(t) = A cos(u1t+¢l) , u% =- ‘E (o.rc)
V¥, = wz(t) = A, cos(m2t+¢2) . ug -35- (o)

Tudtd A, uaz ¢E fofuulignuazaiavfinavay mode 1 war A, ums ¢b foduulign

2
ua:ﬁﬂnuﬁsﬂaﬂov mode 2 s111:tﬁu1551 Y&(t) ﬂannanvﬁun11tnﬂauﬂvnvquﬁnaﬂu
vovwaa 1fe (YY) flomunuovguunatvue v aiaovius oy uaz ¥, fedou

favtvgnini fiufusinatumivaugadi foulafuszuzednuesurafvaey fy Vﬁ usz Y,

.
t111%un21 normal coordinate faunisvewnq3iafoufl

51 = Ky, = -wiwl T mode 1
m
-3X 2 -
1{;2 = —;wz - -mzlbz mode 2

1uﬁmﬂ1unut1ﬂtdai normal coordinate 4a3 (37moa0punduluna coordinate Ru

uONUARZUIA Tnun11uﬁiunﬂ1(o.d¢) was (o.om ) tanle

2y = vty = 4 cos(m1t+¢1) + A, cos(mzt+¢2) (o.eim)

a
29, = ¥y~¥, = A cos(u t+d;) - A, cos(w,ttd,) (v.ne)

Indsinaanrszuulnasiafouflifiuy mode 1 suqviBuauan Az = 0 IMFUNTI (e.nin)

wns(e.me) t31ln ¢ = Ponwevifuatuly mode 2 131ln A, = 0 uas
) a 1

bﬂ

= -y dufifouvuiAradufinalasnmunas (s .o¢) uaz(e.vo) dutes

¥

a

15haevi Tunan Systenmatic method
a1fusnaun 1usvn1 3L afoud (oo} unz (o .e)

wa¥a = w4 KRGy - V)
2
dt




28

nd™ = -y - KGy - ¥
dt2

- L] L] - 5
Lﬂaﬂwﬁvﬁu1ﬁ1uuna: mode a ua: ba:nﬂﬁﬂuﬂn1un11uﬁtﬁu7ﬁu fiviiu

dzwa = —-w Y H dzwb = —mzw
2 2 Z b
dt dt

VSou L flovAusuniseavuut 11 le

2
‘Pa(ﬁ(_'w)'ﬁwb = 0
m m
. 2
—Ewa+(2_l§—w)lpb = 0

m m

(.0}

(o.c0)

(o.da)

luntsmastmau s99enm¥n Vv, WAz fiv Tnumazandnsasu walwb nian1an

determinant wav¥uussanduay b, uew wbtﬁnﬁu 0 Alanaiyutduafiu

Va = &k = —(ml-2K)
wb mw2—2K K
2
n%a m ~2K K
= 0
K muz—ZK
17.1—'?;'\ W ﬁ‘\'.lﬁ‘
(w222 - k2 = 0
2 2
(mw "= 2K-K} (muw “= 2K+K) = 0
(oo 2 3K) (mu 2=K) = 0
o = o, X
m ™
vZonarm it i mode 9 fo -
2 _ 2
Nl = K uay m?_ = 3K

m m

(9.c1)
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1natmoustu

Vo= A cos(mlt+¢1) nio v, = AZ cos(m2t+¢2)

war Y = A

a 1 c.os(wlt+¢1) + A

2 cos(m2t+¢2) (9.xm)

Feamavialuaz i funtssufusavahaouivaoy nhuev fuafiu

vy = B, cosiw T 1) n3a wb = B, cos(u2t+¢2)

wWaL xj;b = B cos(mlt+¢1) + B cos(m2t+¢2)

1 2
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nmuainszuuatnil e.e¢ ooadalanniulugsu laruuszuIUYANNIEANY
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\ S ARIRRIIR. Sonee

§f@’§ﬂ’ﬂ ) . } V07 Mode 1
(c) §

§

e N
(4 §‘ 92) ,\ﬂ’\’ﬁ?ﬂ
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AUt v L uautveting Kusfiu Saqavflsuts K uazmawurafazusdn
v a fufunitmruurivazaugad a A gl e.eca TSvunstusede T, oo
ferrean Ui Snwasaunan i lanaaaz i ulaa uszuudesinToonnSnount 10wy
mode #n walwb = 1 uaz walwb = -1  (Aufifntmunin |¢a| = |wb| waz Oy
n13ooafaianifinies) i mode 1 (mode fifinrwlainan navafa mode Afusufu
nﬁuﬁand1un11w¥nﬁund1uu1aﬂavuia:u1aﬁéuﬂqn) ﬂ1ﬂ§1wn1u1ﬂ s.e¢ ¢ AUIuM
navlulnoonusvifufudn wainilmunsnfugarugacke -T sin® (¥m¥uniithzuw

wuun1Teeadaiantiniey T = T, uaz sind = 6 #wiu 1 = a)

mp, = -T  sin® (s.cc)
= =T = T ¥ 0)2 = T [
Va Lo Ya Lo Ve i 0 L, (eeee)
m a ma ma

L} L 4 »
teresfgauan o lenasdssuruvuadefiduag Gusty

U s.ec ¢ 1onratnasudncAufuninuautvifiufuliu 1 Avfunsefeiusute

% 9]
T = K(l-ao)
Taulunisdssunuuuadel T = Ki(l-a ) = Kl
1°
wazifuuseftelumitei T = K(a-a) = Ka(l-a ) = Ka
o o 2°
x
Fauu T = Tal (w.%)
wsefundu T T sind = Tl
2 2
1
- T,v,
a
wivfiundiu - T0 wa - To (o.re)

n3393%% X U
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Kl w = o afflatalurrsz unqsdszurmeuInfing

mode 2 ¢a/¢b ==1 a3y ¢.eq¢ d A rsurnTen s sniuaan g eleffinasvin
. oy - . -
wa(t) na¥vatinfunigaiiui 3y v, u1uﬂunﬁuiﬂuqa6;ﬁnw1nu1wﬁvwavadﬁvﬁvﬂnv

Fuifugunisvounitiafouflifio

mp = =T, sing - T

a 1 2 s8in2® {wece)

tJouanin1soanaranifioviindos  sing - 0 T=T, #un11 (e .cc )naufu

- _ L "
my T, © 2':'.‘0 8 r, ‘a

a
a
l;a = -__3__?_0!# (®.ce)
ma
vl wg = 3 (9.co0)
ma

-1 - L]
#ulmn Pm¥unqsseadaiannuyany Al mode OfnwusiuuiRusfuniseonlal annw

L] . L]
v fiusuaiUou K dm¥unqseenfaiannworndu To/a  luntieea@aisnniuyaneing

ffu

mode 1 : U-‘f=32 ’ ia_=+1
ma wb

mode 2 wi = 3To ’ _w_a = =1
ma ‘pb

L) '
#8818 se  @OVWINRT LC maugfiu

A9rIunFEeNIveT LC nauéﬁuwﬁuju s .9% LMD IMATUNIIRDNNS Lo
UszTonszualirilunstd gavamaemugiule wrviadoulwifiquandiwn L oofu
LdI_/dt vizquin Q i L Auussqunetdaln emf 1 C_IQ1 duntlinazua I

eufunnfmgnasd sauizquan Q, uu i fudszyiinareln emf oOu c"lQ2 gt
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Tmnszus Ia anav Mduisla

L dIa = C“lQ - C“lQ (weete)
- 1 2
dt
nhuaviL Rgafiu L'ifb = C—IQ2 - C"‘IQ3 {e.«i0)
dt
[a Ib
L L
Q, Q4 Q3
= c== C== - '
-0, -0 -IZCE Y 2.en @avIveslihin LC maug

JUNTUNT (9.«s ) UAL (9.<0) MIBYFUS LHULIAULIRA t

2
L d Ia = C_l 58} - C_l ESZ ‘ (®.¢n)
dtZ dt de
a? -14d -14d
e T R S et L E (v.xc)
o2 dt 3t
R e O S T R S
dt dt dt

MAUFHNTY (9. &) aNIUTUNAT (o.ea) WAL (0.42) L3 lAd@vaUN1sUBYRY alaudnau

éﬁuﬁvﬁ
2
- 471 -1 -1
L a = =( Ia +C (Ib—Ia) {o.e%)
2
dt
2
d'I ~1 -1
L 2b = =C (Ib—Ia) - C Ib (o.an)
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tdalnﬂun‘rma\m‘n mﬁauﬂum nu'ldn'maum'm“ma\s normal modes L3711 la

Tnet3n11n7ansiu n¥alau systematic method (Holeigiedtndvistasin

2 -1
mode 1 : Ia = Ib R wy = %
2 _act
mode 2 : Ia = -Ib ’ w, * 57 (o.ac)

ndvinaanlu mode 1 #aifiudszgdanaavlissunisdseyufinfuian wazawrsnnonds
AudszydanaveenialnolaiffnantInns afeufl i ulousdsy wazussy Q; uaz Qg
fuurnnafuatsiunsviadovmsusmfuly mode 1 swlu mode 2 Uiy Q, uwz

Q, ganafius ayefiveutauat tadawnay @ Q, faurauinnatit v inauaedounuae

.
n1eiiu

«.€« Un (Beats) ‘

L4 ] L4 -
ﬂaﬁnﬂsnﬁuﬂanauﬂnuﬂuﬁnwsLﬂﬁauﬁLﬁmﬂ1nn1111uﬁu1nwnuaavﬂﬁua11Tuﬁn
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ﬂﬁﬂ1ﬂuﬁtﬁvqu w, WaL w2 Ay sovafuaiilufindanass Suroy mode VDNITUUFDN

1
- L -
#nToarninay ndaaraazlaannuiviafouniuueniinsznineszuuinsovntseesda i and
[] - - L] - . - =
Saszmefu amuivevaauivanvaeiutay nainlnafusou fou Tutuntedu Ao
1] - L] . - -~
LTUNTT LA s Tou L JuvFavdu urasTuniinifinnisoealatantuuandiutin Avudueanaa
-~ LI ] »
a39ud L anwdeu L fueina 3 Ulsunlavdvazunsdw T lueanaanao Suatuiduy dunay
- - L] 1]
wovauaznt i Annas s uiunavaiu Jueiaay virazuonfluaen iwinzatarw duavaiu
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11uﬁuua1L11t1un11ﬂmﬁﬂﬂLﬂﬁﬁuwaﬂﬁvﬁavﬂaquﬁwaWﬂﬂuﬁuﬂavﬂuﬁsauﬁu
- . » . .
afluzi lufnfvaed luntuelina a5l fneazaatofuan Hanruszadnisn

auuﬁ515uﬂ§3nwanﬂﬁuﬁvaavxﬁqﬁu werauud Inaova dudaaed i inafusaiodv cs1in

inafugun ﬁuﬁun1ﬂnﬁuun11squﬁumavaawﬂ5u Py WA g, vy asnaf

v, = A cosu;t , ¥, = A cosw,t (o.ex)
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Yy o= 1[»’1 + \Pz = A COSu)lt + A COszt (g.ooo)

Ao lUL 310 BuaNN 1S {2 000 ) Ind lusnuuzshitauladeiu Taunmunattuf 1Buu ety Wy

wazAwd i Bvusy (modulation) Wrod fin
Uay = oy +wp) Vnod = (W) * wy)(s.s0s)
HRTILUREHARTIIBNATNREN I InAT
“I T Yyt e ’ Y27 Yav T “nod (s-s0w)
ﬁvﬁussqtﬂuuaunﬂﬁ(g.aoo)Tuwaﬂwav Wy W8T @ o fo
y = A cosmlt‘+ A coswzt
= A cos(w  t + wmodt) + A cos(mavt - wmodt)
= (2A cosmmodt) cosw, t
y o= Amod(t) coswavt . {o.9om)
Amod(t) = 24 cosw__t (9.%0¢)

UTANIAALI I U In1seesdaianaiundud Iy cade w, wazJHuUlyn Aa dalula
. . A - - [} -
AR WAL LURUNLURNAREA L IRIA8AIUE @ood frA7qud Wy URZ W, daqfeaulna

L o - o)
LRowfu feiurrulnauilaurauso e tioufiuaanud L aldy

w << w
mod av

€
[
£

Tuns@isuuaynumy A g ﬂnnsxﬂﬁuuuﬂauauqvﬁqﬁwm:ﬁ cosw, t finq3 (ouuday
88193797457 FUN13 (s .00m) FNUSAUNISAEETALRANLY " tfiauifuanTluan” Aaonanu

L] ~ L] 1 - L4
i Wy, Nansfia a0 Amod Lﬂunﬁﬂuﬁauqvuﬂa%vua1aun11(o.eon) sznanwitunisaaa-
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-, L[] - - - - .
a1 anuuusad lulnouvuns3vmiuniwl ®_y i Wy =W e, de A4 1duna
nvfineide Wiod ™ 0 uazm wy fam1eean w, Rovt Snuoe nas1wfulavessauntu
o713 Tulin W) wAT w, v3una " s evi i1 uln" (Yalmost harmonic") wnia
"almost monochromatic" peowdalanniuniud ©o wnzdBuutyed LUfsuuuaveuy

-
U1
] -
%outy e OnifimwnadouJuviosiiu

Lﬂanﬁutauvuﬂﬁvus1qﬂhw=nﬁ1ﬁnvwnﬁuawn1ﬂﬂu1|1muﬁvu (eardrum) fn13
tuUllouuusvle n ¥y uaz v, ununanuﬁﬂd:ﬂﬁg (guage pressure) (Anflusinmanun
RIS RUVNNILLRY » KR b AR ooy Bunfivaesgniinsaufiuniuuse in iy
nﬁ\ﬁhﬁuﬁﬁsnua:ﬂ1nvﬁ|ﬂawawndﬂuiuﬂ1ﬂnn V) usz ¥, Gn inJoutiu Kaiiuauni (v .k)
Ttununiwiusinimfvaeyln n11uﬁh11uum:ﬁxﬂunq111uﬁUIihavhﬁqu*uﬂ11ngﬁuﬁnvd

uavnaeu L Rov p = #1 + wz
v = A cosu, t + A cosw,t
v o= Amod(t) coqmavt

uaz Ahod(f) = 2A cosw .t

- - L] [ ] L]
tmndvovaent Busienev i V] was v, Femrefuuanniadszuan 6% voua iafy
- - - L] - -~ L]
Vov voviduuan unaunavtswﬂ:1nﬂuLﬂuvﬁvnunﬁvuuﬂvuﬁqnauuanﬁvuav pitches
. - 1] - L) ”» L]
inadu wazoq vy waz v, aavfiuueunn 10 cps uwo yrov I lwawatoiuenTun

aeninuananidnaundflinfodmutou viuas

gquare law detector

tlavsnZuuiyauay Ag ooafatanmiund L Buw Wpoq ‘B 4t

Sivimifiufunio 2n (9 fou Suulyn A d dnlulnnauntvsouvevnisoontaanneh
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nafeduniunsu TsuravniTeaadal aneuinganiea 1wl Wood wazniuuafinn BuBnnfy
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Aianfeaenseniqneiou Abodtﬂuguu ﬁsvawuuuﬂaun111u1nnulauva:11 ST
szma9au L Juufesave 913 1adu tuvivfia tafoues pith  nannftede cosw it
smvinguo Uiy +1 uaranse Sugudnazsmguolidu «1 wesndului uguesnua
viaduife 41 (ucsuillumseaiaan 1anasifivlaan A 4 1 atoenuuAneiiuuase
tiimi Auvivuaazafy aUﬂvisﬁw1uuﬂavL1ﬂ1ﬁﬂﬂn11nuuntﬂuvﬂvﬁvaauﬂguaanlﬁ nann
foluamsnuunaivanuINeanInATALLEY A d aonla (HuvuALUNTUIRLDY A4
tTunaaan (1luds ) whvAwoe (Llovasy) duflenantesovees A 1iuAwamsenn
- - 1 . 2 L]
usy  Twgainguoveuiih square law detector iwsnzan A, ganuanflgaaes
- ' 1 ] -
ﬂ?uannfbnnqndwsauwaw wmodulation (1:n1wvﬁ Woodt faifiutiunog 27 131fivu)
fins1 repetition @' m¥u sequence “#v-mApy , MA-Ady , Ky -nou PN v 1

. . 2 ‘'
Favinigavaudusy fnsn repetition wavAAuINbOY Amod V3unaa muiite

(beat frequency) nanrifieyn beat cycle Tuumziiyueveuladuituvivdiu 1
nils modulaticn cycle & 2 beat cycle w3oa2wdtn. tuwevinivevarwnay

03U e.e0 1373z 1RULATN

“beat oped T W] T W

5 - L] L] 1 - z
#viiuaruveedaiinn in fiusaniveavarwfuovaduinaaveuuiu

i '5‘\'&11”'111’1{'F\ulﬂ"’mHaﬂ'l\lﬂﬁﬂﬁ’lﬂﬂﬁﬂ’luﬁﬂ

Amod{t) = 24 cosw .t
2 _ 2 2
Amod(t) = 4A" cos wo gt

2 ‘
URZIIN cos’® = K {c0529+ sinze + cosze - sinze} = k{1 + cos28)

2
ot (A (0 = 24%(1 + cos 2up48) (o.90¢)
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uAvINEun11ueN beat cycle awnaifinagiih
(A (0¥ = 24201 + cosu___t) (v.v0%)
mod beat ; '

2
c (] L] .
A 3EWI1vA1 L0l = 2
LN ) 20488 L AAIENITNAT La L Turov i nvevaw BN Wpeat @ood

w; = o, a7UlA71 nsaufugeviovafiuot s Tulinfarud L ReuinamunyIn indnvazOa

AU . o0

0 3 10 20 25 30 N

v WAAMAAARAAAAN lllllllllllllllllllli
S VAVAVAVAVAVATAY ATAVIVAVATAVEVAVAVAVATAVAVAVATATAVAVA/ATA IR

L-——l modulation cycle !

(Al

JI——

I 1 beat

W e.on dn P, uaz v, Lﬂuﬂvﬁuﬁusuﬁuuuuavﬁu3lﬁmuﬁﬁuﬂutﬁnﬂﬁnﬁbuLﬂuv w Bu
ﬁﬂﬁﬂ1ﬂﬁ1uﬂ1ﬂuﬁtﬁ1ﬁbu1/v2 = 10/9. arudiwienunfoniisuiulauay b, v, g

iau i huaiTufin oesdaandasnud valu Vav ua:ﬂﬁuﬂﬁsﬂﬁluduuuUavadﬁviﬂ Amod(t).
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szuuflsrlontsdinasiu 8y normal modes 144
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mode 1

flandunf v = b szimulaauselule
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panuINLANAU LAY Avdauutatividaeylu
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annzaugau wIvAunFulvifinanusviuyaivinais

Inurafeaaeduluw soumily

2 uavd

w = e—
1 IR
mode 1

mode 2 Ynuradunsoutuluftrnsviiunnu

a

Fuavsnifiutu wa + wb uaRasiiusenszvhaoy

wivinhIndunfugaugacde winidavsanaulvuaz

uwsvluunw

un iy - mgd
X n1ivdn mlo
. 2.8
: wl =31 Y

yoo= - fAsen oz anigeqodia auisssun
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mgté + K(wa + wb)

my
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2

=~

mode 2 w, = -% + s wa - -¢b (s.90¢)

2
2
nrwllvavfvaoy modes W) kA ﬁzﬁ:ﬂﬁqininﬂuvﬁhlﬁﬁaLdﬂ1iﬁdﬁvﬂﬂﬁ1nvﬂa08vﬁhu
nfonUsSvoeu Swinlnuuuntsfiuveuivasy modes iatufiuuazvnateMuneln An¥nenzd

Iuna10aln L3mown It sen innzOnuavzuudls ¥y wes ¥, tiunisudnveizu

W 4 L
ﬂ%n11tnﬂnuﬂﬁdq1duuvn1aﬁvaavnﬁ1nﬂﬂnnﬁ111uﬁuwauﬂav mode fuaaviuiay

Vo = ¥4 ¥, = A Cos(u1t+¢1) + A, cos(w2t+¢2)

(o.Qod)

wb - wl - wz - Al cos(w1t+¢1) - A2 cos(u2t+¢2)

ﬂfn,11»uavu1aﬁvaava:15uasﬁuﬁnum:ﬂﬂ1ﬁu1nﬁqntda1ﬁ modesfvazoll i URgAL RS | WW
i (aie A n%a A, iﬂvﬂﬁwﬁnUtﬁausﬂuquﬁuﬂand%uuLﬂuuﬁhﬁﬂﬁﬁndv Juazly
Usangravenlniag (w3131 sz ifiniRusuantsoes@at anuuuzid Tudn innffu une-fs
#ov modes nﬁuuagnsﬁ1ﬂundﬁvd1:unm1:nﬁ1ﬁ;ﬁnﬁhww:ﬂﬂadﬁvﬂntwu)

#oiluian1n Al = A2 = A ua:nﬂ1u§anéﬂnvﬂuﬂﬁ ¢1 way ¢2 (snevi Inlnden
Aapsiiuantaz i Suu TeouSonin $, = ¢, =0 N34 JanAn Al Ay ¢ uaz 9,

AUN13 (v.v0)NA L

wa(t) = A cosw,t + A cosw.t

1 2
{(v.0%0)
wb(t) = Acosut-A cosu,t
waz i Irvewfvsavunar
$ (t) = dwa = -w.A sinw,t - w,A sinuw.t
a —_— 1 1 2 2
Jdt
(w.ovs)

bo(t) = oy, . —w,A sinw.t + w,A sinw. .t
b FTS 1 1 2 2

Asrswiannzitumilioan ¢ = 0 MNAUNTT (s 900 ) UAZ (s.00e) NTIVTRLSLAULAS

ﬂ11HL§1l’”ﬂ“ﬂa“ﬁ“ﬁﬂ“ﬂ?ﬂﬂhﬂ“ﬁﬂ?ﬂ
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b0 =28, y(@ =0 , V(=0 , ¥ =0

¥efunous Susut novieiag a Wndnrsedmde 24 dwlag b pyfntuuvaunag ues
1ﬁu1aﬁvaavHQﬂdvﬂLaantﬁuaﬁuxﬁu t = 0 wivendudasulning a wnavuad Induine
L1MUn N1 100ada L ank sl UTURgauognau 3@ Isanawnfl ﬂwzlﬁu1ﬁugnﬁh b f#uURyn
ufu aunsciivgnau a nqaduﬂmﬁunﬁvauqaﬂéauanéﬁ b aosdaianniududfigauazniiyeiu
iiffugngu a mous dumuinivafeusn waneimMENMIINgNaN @ finsauinouwundu
hungngu b 1 AunA3sLAR 1209 50 L 3732 L lAn ABnasdenent L unaly wivetuney
nﬁsaaaﬂaLaﬂﬂzlnanﬁuaﬁnanﬁu b u1ﬁanﬁh a 3na¥entdy Tnas01 vimEeeuniulundiu
PAITAIINGNANANTDIAABAL IR taagavnasnsusounidednaz L arfinas o e

san a lug b wazooundiuan b uag a wofmuarwds 13uiulandaly

Wy =gy Ty WA By T 04y Woy Tuaunii (s -es0) 131lAN1I0aaRa L an
vAsuitthionslufin
wa(t) = A cos(wav + mmod)t + A cos(wav - mmod)t

= (24 coswmodt) coswav:

= Amod(t) cosw, t {a.99W)
uaz ¢b(t) = A cos(mav + wmod)t - A cos(uav - “mod)t

= (2a sinmmodt) sinmavt

= Bmod(t) sinw_ t (s.90m)
A IATUINRINTNNIY

aaluis1azmaunisdmunive i (nivyuasuuankiueuiing ) YDVWARZ PN

qu L3 duuign Ahod(t) woun13aeadal andanifaurvillunttsiovvasnisoaadaian
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8093 51 wazi 1w InazfivFevuidntanauinaznivautveou viauTovfugnay
Fenow Fofuluszmitntlytouvevnisoosdnianes1viani 32 111fnagnan a (i
209081 aLADIUULEA S Tulnvavadrnrl Wy mutiuign A, tiunraed aefuisauiule
Q1u51ﬂ§vvﬂuﬁ:LﬂuﬂnvtﬁﬂﬂavﬁnLﬁiuwavwﬁvv1uﬂa£ (;aﬁu1umdv1anmaunﬁ1anﬂﬂatnﬁ

.
s NIINLTI)

n¥yvau = 2 <kinetic energy>

»2
Ea = 2 <%m¢a>
-2 2 2 2
m <wa> m <wav Amod sin wavt>
= 2 Az <sin2m t> {o.00c)
av mod av
2 T, 2
> =
<gin w t 6sin wavt dt  _ 1 6gin2m ¢ de
I T av
£ dt
URZAINAIITINNINAARANAR S

27

n
o
B
S
=]

oJ’sinmx sinnx dx

= 21n ¥ 1. m=n (9.99¢)

2

Filu <sin2m W= 1.T = 1

2 T 2 2

2 2 22 2
= ! =
Ea m_ Amod 2mA w_, cos wmcdt (w.now)

. 2 2 22 2
nuav R E &mmav Bmod 2m A Wy sin‘u .t

n¥evfonunvesfeaavgneu  funned L3R w30 et alasuanw Sveuvewaafivaesion

nauiu

22

2 2
Wy (sin W ogt *+ o8 “modt)

E,+E = 2mA
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E = 2mA2m2 = panvfl (e.00n)
av
wanivuewnFveufivaovda
Ea - E‘b = 2mA2w:v(coszmmodt - sinzmmdt)
= E{cos Zwmodt) N
= E cns(m1 - Wyt (o.00)

FWAUNTT (0. 00) URE (9.00c) (€720 MULI 1A

(Ea + Eb) + (Ea - Eb) E+ E c:os(m1 - wz)t

2Ea = E{ 1+ cos(m1 - mz)t}

E, = %{ 1 + cos(u; - wydth  (w.eeen)

Use (Ea + Eb) - (Ea - Eb) E - E cos(u; - mz)t
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1.1 Find the two mode frequencies in cps (cycle per second) for the LC
network shown in Fig. 1.16, with L = 10 H (henrys) and C = 6 uF (micro

farads). Also, sketch the current configuration for each mode.

1,2 Devise a damping mechanism ("friction") that will damp only meode 1
of the coupled pendulums of Fig. 1.18. Devise another that will damp only
mode 2. Notice that friction at the supports (hinges) damps both modes.

So does air resistance. These will not work.

1.3 Suppose one pendulum consists of a l-meter string with a bob that

is an alumiﬁum sphere 2 inches in diameter. a second pendulum consists

of a l-meter string with a bob that is a brass sphere 2 inches in diame-
ter. The two pendulums are set into oscillation at the same time and with
the same amplitude A. After 5 minutes of undisturbed oscillation, the
aluminum pendulum is oscillating with one-half of its initial amplitude.
What is the oscillation amplitude of the brass pendulum? Assume that the
friction is due to the relative velocity of bob and air and-that the in-
stantaneous rate of energy loss is proportional to the square of the ve-
locity of the bob. Show that the energy decays exponentially. (Show that
for any other velocity dependence, say ua, the energy does not decay ex-
ponentially,) Show that for the assumed exponential decay the mean decay
time is proportional to the mass of the bob. The final answerx is 0.81A

for the amplitude of the brass pendulum,
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1.4 The amplitude of harmonic oscillations is 50 mm., the period 4 8 and
the initial phase %7. (1) Write the equation of this oscillation
(2) Find the displacement of an oscillating point from the equilibrium

position at t = 0 and t = 1.5 s.

1.5 1In what time after motion begins will a harmonically oscillating point
be brought out of the equilibrium position by half the amplitude? The

oscillation period is 24s and the initial phase is zero.

1.6 The amplitude of harmonic oscillation is 5 cm. and the period 4 s.

Find the maximim velocity of an oscillating point and its maximum acceleration.

1.7 The eqution of motion of a point is given by x = 2 sin(mt + }4m) cm.
Find : (1) the period of oscillations, (2) the maximum velocity of the

point, (3) its maximum acceleration.

1.8 A point performs harmonic oscillation. The period of oscillations is
2 s, the amplitude 50 mm and the initial phase is zero. Find the velocity

of the point at the moment when it 1s displaced from equilibrium by 25 mm.

1.9 The initial phase of harmonic oscillation is zero. When the point
deviates by 2.4 cm, from the position of equilibrium, its velocity is 3 cm/s,

and by 2.8 cm-2cm/s. Find the amplitude and period of this oscillation.

What ies the ratio between the kinetic energy of a harmonically oscillating
poknt and its potential energy for the moments of time: (1) t = %f 8,

T
2)t=3gs, (3 t= T 67 The initial phase of oscillations is zero.

6

1.11 What is the relationship between the kinetic energy of a harmonically
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oscillating peint and its potential energy for the moments when the displace-
ment of the point from the position of equilibrium is: (1) x = %'. (2)

x = %A, (3) x = A, where A is the amplitude of oscillations.

1.12 A body of mass 0.25 kgm is acted on by an elastic restoring force

of force constant K = 25 n/m. {l) Construct the graph of elastic potential

energy Ep as a function of displacement x, over a range of x from -0.3 m

te +0.3 m, Let 1 in. = 0.25 joule vertically, and 1 in. = 0.l m horizontally.
The bodlv is set into oscillation with an initial potential energy

of 0.6 joule and an initial kinetic energy of 0.2 joule. Answer the following

questions by reference to the graph: (2) What is the amplitude of oscillation?

(3) What is the potential energy when the displacemen* is one-half the

amplitude? (4) At what displacement are the kinetic and potential energies

equal? (5} What is the speed of the body at the midpoint of its path?

(Answer: (2) 0.253 m)

1.13 The general equation of simple harmonic motion,
y = A sin(wt + ¢),
can be written in the equivalent form
y = B sinwt + C coswt.
(1) Find the expressions for the amplitudes B and C in terms of the amplitude
A and the initall phase angle ¢. (2) Interpret these expressions in term

of rotating vector dilagram.

1,14 Find (1) the period T, (2) the frequency f, and (3) the angular
frequency w for the body in problem 1.12. (4) What is the initial phase

angle ¢ if the amplitude A = 15 cm, the initial displacement X, = 7.5 cm,
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and the initial velocity v, is negative?

1.15 A body is vibrating with simple harmonic motion of amplitude 15 cm
and frequency 4 vib/sec. Compute (1) the maximum values of the acceleration
and velocity, (2) the acceleration and velocity when the coordinate is

9 cm, (3) the time required to move from the equilibrium position to a

point 12 cm distant from it.

1.16 A body of mass 10 gm moves with simple harmonic motion of amplitude
24 cm and period 4 sec. The coordinate is +24 cm when t = 0. Compute

(1) the coordinate of the body when t = 0.5 sec, (2) the magnitude and
direction od the force acting on the body when t = 0.5 sec, (3) the minimum
time required for the body to move from its initial position to the point
where x = ~12 cm, (4) the velocity of the body when x = -12 cm.

(Ans: (1) 17em; (2) 417 dynes; (3) 1.33 sec; (4) +32.6 cm/sec)

1.17 A particle situated at the end of one arm of a tuning fork passes
through its equilibrium position with a velocity of 2 m.s-l. The amplitude
is 10"3 m. ﬁhat is the frequency and period of the tuning fork? Write the
equation expressing its displacement as a function of time.

(Ans: 318 Hz, 3.14x10 3sec, x = 10 >sin(2x10%t + 47) m.

1.18 A particle moving with simple harmonic motion of 1.5 m amplitude is
vibrating 100 times per second. What is its angular frequency? Calculate
its phase, its velocity, and its acceleration, when its displacement is

0.75 m. (Ans: 628 rad.s™’ , I rad, 816 m.s!, 2,97 x 10° m.s7%)

1.19 A particular simple harmonic motion has an amplitude of 8 cm and a
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period of 4 s. Calculate the velocity and acceleration 0.5 s after the

-2 -1
particle passes through the extreme of the trajectory. (Ans: -8.9x10 “m.s

-0.14 m.s"2.)

1.20 The motion of the needle in a sewing machine is practically simple
harmonic. If the amplitude is 0.3 cm and the frequency is 600 vib/min,

what will be the elongation, velocity, and acceleration one~thirtieth of

a second after the needle passes through the center of the trajectory

(1) in the upward or positive sense, (2) in the downward or negative sense}

(Ans: 2.60 x 10™%m, -9.42 x 10 2m.s"}, -10.3 m.s"%; =2.60 x 10 °m, 9,24

-2 -1 2

x 10 “ m.s 7, 10.3 m.s “.)

1.21 What should be the percentage change of length of a pendulum in order
that a clock have the same period when moved from a place where g = 9.80 m/s_z

to another where g = 9.81 m/s—z? (Ans. 0.1%)

1.22 A simple pendulum whose length is 2 m is in a place where g = 9.80
m/s—z. The pendulum oscillates with an amplitude of g. Express, as a function
of time, (1) its angular velocity, (2) its angular acceleration, (3) its
linear velocity, (4) its centripetal acceleration, and (5) the tension on

the string if the mass of the bob is 1 kg.

1.253 A massless spring with no mass attached to hangs from the ceiling.
Its length is 20 cm. A mass M 1s now hung on the lower end of the spring.
Support the mass with your hand so that the spring remains relaxed, then
suddenly remove your supporting hand. The mass and spring oscillate. The

lowest position of the mass during the oscillations is 10 em below the
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place it was resting when you supported it. (a) What is the frequency of
oscillation? (b) What is the velocity when the mass is 5 ¢ below its
original resting place? Ans. (a) 2.2 cps; (b) 70 cm/sec.

A second mass of 300 gm is added to the frist mass, making a total
of mass M + 300 gm. When this system oscillates, it has half the frequency
of the system with mass.M alone, (c) What is M? (d)} Where is the new

equilibrium position? Ans. (c) 100 gm; (d) 15 cm below old position.

1.24 Suppose a and b are two coupled oscillators. Consider three different
initial conditions:
(i) a and b are released from rest with amplitudes 1 and -1, respectively;
(i1) they are released from rest with amplitudes 1 and 1;
(1ii) they are released from rest with amplitudes 2 and 0, respeccively.
Thus the initial conditions for case (iii) are a superposition of those
for cases(i) and (ii).
Show that the motiqn in case (iii) is a superposition of the motions

for cases(i) and (ii)

1.25 Prove the general case corresponding to the example of Prob. 1.24

(Include the velocities as well as the displacements in the initial condition.)

1.26 Write down the three equations for a system of three degrees of freedom
analogous to the general equations (1.50) and (1.51). Show that if one assumes
a mode, one gets a determinantal equation analogous to Eq. (1.58) , except
that it is a three-by-three determinant. Show that this gives a cubic

2
equation in the vdriable w . Since a cubic has three solutions, there are
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three modes. Generize to N degrees of freedom. This constitutes a proof
that N modes exist for a system of N degree of freedom. They must exist,

because here you have a prescription for finding yhem.

1.27 Nonidentical coupled pendulums. Consider two pendulums, a and b,
with the same string length 1, but with different bob masses, Ma and Mb'
They are coupled by a spring of spring constant K which 18 attached to the

bobs. Show that the equations of uwotion (for small oscillations) are

a4y, . 4 2 -
M M, F v, KO, - V),

M S = o B - xey, - v,
Solve these two equations for the two modes by the method of searching for
normal coordinates. Show that wl = (M,alpa + Mbtpb)/(Ma + Hb) and wz - Wa - *b
are normal coordinates. Find the frequencies and configurations of the modes.
What is the physical significance of wl? of wz? Find a superposition of the
two modes which corresponds to the initial conditions at time t = 0 that
both pendulums have zero velocity, that bob a have amplitude A, and that bob
b have amplitude zero. Let E be the total energy of bob a at t = 0. Find an
expression fbr Ea(t) and for Eb(t). Assume weak coupling. Does the energy of
bob a transfer completely to bob b during a beat? Is it perhaps the case that
if the pendulum which initially has all the energy is the heavy one, the
energy is not completely transferred, but if it the li{ght noe, the energy

is completely transferred?

2 J:4 2 £ 1 1
Ans., o, = &, w, =8 4+ K{—— + —),
2
1 1 1 Ma Mb
- M _ . M
wa = A(ﬁa cosw, t + ﬂb cosmzt), wb = A ﬁa(coswlt - cosmzt),
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where M = Ma + Mb

After defining wmod = %(mz - ml) and mav - &(uz + ml), one finds

, M- %
= (Acosmmodt) cosmavt + (Ar*—ﬁ———

" sinmmodt)sinm

t
a av '’

M
wb = (ZAﬁa sinmmodt) sinmavt.

The energy of each pendulum is easily found in the weak-coupling approximation
where we neglect the time varistion of the sine or cosine of wmodt during

one cycle of the fast oscillation at frequency Wy because we assume

w << w We also neglect the energy stored in the spring at any instant.

mod av
Then you should find

Eb = E(ZMaMb)[l - cos(w2 - ul)t]
e

: Mi + Mi + ZMaMbcos(mz - ml)t
E = E
a i

Thus the energy of pendulum a (the one with all the energy at time zero)
varles sinusoidally at the beat frequency, oscillating between a maximum
value of E and a minimum value of (Ma - Mb)/M 2E€

The energy of pendulum b oscillates at the beat frequency between a
minimum value of zero and a maximum value of (4MaMb/M2)E‘ The total energy

Ea + Eb is constant (since we neglect damping).

1.28 Using either the slinky approximation or the small-oscillations
approximation, find the two coupled equations of motion for the transverse
displacements v, and wb of Fig., 1,15. (a) Use th systematic method to find
the frequencies and amplitude ratios for the two normal modes. (b) Find

linear combination wa and.wb that give uncoupled equations; 1.e.,
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find the normal coordinates, and find the frequencies and amplitude ratios

for the two modes. Ans. See Eqs.(1.85) and (1.90C).

1.29 O0scillations of two coupled LC circuits. Find the two normal modes
of oscilaation of the coupled LC circuits shown in Fig.l.16, with equations
of motion given by Egs.(1.96) and(1.97). (a) Use the systematic method.

(b) Use the method of finding normal coordinates.

1.30 The system is shown in Fig. l.ll. The equations of motion are given by
Eqs.{l.71) and (1.72). Use the systematic method éiven in Eqgs.(l.54) through
(1.62) to find the modes. You should not simply plug into these equatioms,
however, you should go through the analogous steps 'without locking'

Ans. See Egqs.(1.85) and (1.90).



