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Modulations, Pulse, and Wave Packets
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6.1 Prove That ths product of tha phasa and group valocity .."ll. "'“"‘1
of the wvave is :l s whare ¢ is the welocity of light.

6,2 Show that tha squation for group veloeity, 'I'l = duf di, can bs writtan
vy =e- A(de/di). MNote that it is svident at once from this form of
the squation that the group spesd is lsss than tha phass speed 1if louger
wivas traval sors rapidly than shortar waves, and that Tha group spasd is
greatar than tha phass spasd if tha shortar waves travel sore rapidly thaen

the longer waves.

6.3 Bhow that tha sumof two Eraveling harsonic waves llm-tl: =kz+4))
and .l:ml{-l: - kz + "1] travaling in tha +z direction and having tha same
fragquancy is itsalf s harsonic travaling wave of ths sasa kind. That is,
the sum can be written in the form A cos(ut - kx + ¢). Find out how A and
4 are ralatsd to Ay s "!I:' and g (Bint: the use of complex numbers or

rotating wector diagram balps isssnsaly.)
6.4 Show that for light of index ni(l),

RO

di

j- -
s '

whers L is the vecuus wavelength of the light.

& =

6.5 Bhow that for a system of coupled psmndulums the group welocicy is zero
at both the lowar and upper cutoff frequencies (minioum snd maxioue frequenciss
fos sinusoidal waves). What is tha phass valocity at thess two freguencies?

HMaks & skatch of tha disparsiom ralation, i.s., & plot of & varsus k.
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Show how one can read at a gleoce the group and the phass velocitiss from

guch & diagram.

6.6 Derive an expression for the group velocity of traveling waves on &
beaded atring. Floc (roughly) the dispersion relation for the beaded string
from k = 0 to the maximm valus. Plot (roughly) the grouwp velocity veraua

k and the phase weloelty varaus k from k = o to k‘“.

6.7 Fourier analyels of exponmential functlon. Ccneider & functlonm E(t)
that is zero for negative t and equals exp(-t/2r) for t 2 0. Find ite Fourler

coefficients A{w) and Bz} in the ccntinuvous superposition
£(e) = [ [Aw) sinwt + B(w) cosut] du.
i]

-8 guppose f(r) 1d zerc except in che interval from t = £y o £ = l:z of
duration 4t = ¢, - £y and centered at - H{l:l + tl}' Suppose that in this
interval E(t) makes sxactly one sinuscidal oscillation at angular frequancy W
starting and ending with value zero at t, and t,. (l.me;, AL = E'Ifun}-

Find the Fourier coefficients Alw) and B(u) in the continuous superposition

£(t) = ’! [Atw) stnwe - £,) + Blu) cosu(t - I.'.n',l] du .
Make a rough plot the Fourler coefficients versus w and a sketch of E(t).

6.9 Fourler analysis of & single square pulss inm tima. Consider a square
pulse p{t) which is zero for all ¢t mot in the intarval £y £0 k. Within

that intarval, p(t) has the constant valus 1/at, where At = £y = £y Let

ts be the time at the center of tha interval. Show that y(t) can ba Fouriar-

aralyzed as follows:



246

wie) = [AGe) stou(e -t ) de + J Bu) cosu(t - € )du,
a

wicth the solution

Alw) = 0, By = 5 SR

Sketch B(w) versus w., In the limit where At goes to zerc, $(t) is called
& "delea functlon" of riss, writtem pic - tn]. Whae is Biw) for this

delts function of tlme?

6.10 The puless of length & given By & = A :nuﬂt.
Show that the .frequency representiaticm
plu) = acosu, t + .-.-:“{ul + Swde.. . + lnn.{ul + (o = lj{ﬂ.u}]:

is centered on the average [requency ", and chac the renge of frequencias
making significant contributions to the pulse satisfy the'criteriom

hw &t = Im
Repeat thils procesa for a pulse of length 4x with ¥ = & nu-hnz to show thatc
in k space the pulse is centered at hp with the significant range of wave

nusbers Ak sstisfying the criteriom b4x &k = Iw,

6,11 Hondispersive waves. Shov that any differentiasble function f{t") of

t" = ¢ = (z/v) satisfies the classical wave equation, i.e., show
'It! X 2 ?I 2
£ Ele
- W
Show aleo that any differenclable function g(t'') of ¢'' = £ + (z/v)
satisfles the classical wave equation, Make up an example of a function

F(t") and show explicitly chat it saciafies cthe classical wave equation.
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6.12 Amplitude desodulation snd nonlinearity. Supposs that your receiwving
sntenna pleks up an amplitude-modulated carrier wave with voltags given by

¥ = "ﬂfﬁn“ﬂt}[l +a :nuuﬂt] ;

How can you recover the modulation veltage, - ﬁnm“ﬂ Aspums that you
have at your disposal whatevar bandpass filters you wish, and that you also
have at your disposal a nonlinesr amplifier of the type such that

Vour = *1%4n * Jl11i':|:| T
{(Hint: Express the asmplitude-sodulated carrier wave as a superposition, pass
it through the nonlinear amplifiar, and chen filter it.)

k.13

Frequency modulation (FM). Afrequency-modulated voltage can be writtem in
the form (for example)
Vebv MII'IEH ta cm“dﬂt} = ¥, cosat,

u-uu+ul CoBw Es

om mod
(ne way of producing a fregquency-wodulated carrler wave o transmlt susilc
is by =se of a "capacitative microphone.” The sound waves move a diaphrags
which moves one plate of a capacltor. The capacitor then has capacitance
ffor axample)

C = -E.'uﬂ e tm-dt'.i .

Suppose this capacitance is part of an LC cireuit with natural csecillarion
frequancy w = ﬁ'.F_LE. The voltage across the capacitor is, for exampla,
V= #ﬂ cosdt, BShow thar for € small in magnicude comparsd with unity, ona
obtaine a frequancy-modulated voltags with smplicuds . proportional to L

Find the proportioneiity comstant betwean e and a-



