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6.1 Prwo That tho product of tho phamo aad group volocity u/kxD kf akx 

of tho "avo i. c2 . whore c i r  tho n l o c i t y  of ii*t. 

6.2 Show tha t  tho equation fo r  group velocity,  v - dw/ dk, can bo wr i t ten  
8 

am v = c - A(dc/dA). Note tha t  it i r  ovidont a t  m c o  from thir form of 
8 

the equation that tho group &ad i m  1.88 than tho phara rpaed i f  l a g o r  

waver t rave l  ataro rapidly than rhortor waver, aad that t h o  group rpood is 

g r u t o r  than the  p h u a  rpood i f  tho rhortor  wavam t rave l  atare rapidly than 

the longer wave.. 

and %com(wt - kz + #2) traveling in tho +Z diroct ioa and haviag tho ram 

froquoacy i r  i t r o l f  a harmonic t ravel ing wave of tho ram kind. Th8t i r ,  

tho rum cur bo wri t ten i n  the form A cor(wt - k r  + 4). Find out hov A and 

4 are related t o  A1, 5, aad #2. (Hint: t he  umo of  complox numbon o r  

rotat ing vector diagram holpr imwnroly.) 

6.4 Show that f o r  l i @ t  of index a(A), 

whera A is tho vacuum wavelength of the l i gh t .  

6.5 Shou t h r t  f o r  a ryrtom of couplad pandulrrmr tho group veloci ty  i r  zero 

a t  both tho  l w r  urd u p p u  cutoff froquanciam (mini- and mrdoua froqusncior 

foe r i nwo ida l  w a w )  . W l u t  L. tho phase velocity a t  thore two froqusnciem? 

Bhko a rketch of  tho dimporrion ralat ion,  1.0.~ a plo t  of O v o r r w  k. 



Show how o m  can read a t  a glaace the group and the phare velocitfee from 

such a diagram. 

6.6 Derive an expresefon f o r  the group velocity of traveling waves on a 

beaded str ing.  Plot (roughly) the diepareion relat ion for  the beaded s t r ing  

from k = 0 to  the m a x i m u m  value. Plot (roughly) the group velocity vereue 

k and the phase velocity versus k from k = o t o  kmx. 

6.7 Fourier analysis of exponential function. Ccneider a function f ( t )  

that  is  zero for  negative t and equals exp(-t/2r) for  t 1 0 .  Find i ts Fourier 

coefficients A(w) and B(w) i n  the ccntinwue superpoeition 

6'8 Suppose f ( t )  i d  zero except i n  the interval  from t - t l  t o  t = t2 of 

duration A t  = t2 - tl and centered a t  t = 4(t1 + t2 ) .  Suppose tha t  i n  t h i s  
0 

interval  f ( t )  makes exactly one sinueoidal osc i l la t ion  a t  angular frequency wo, 

s ta r t ing  and ending with value zero a t  t l  and t2. (i.e., A t  = To = 2n/wo). 

Find the Fourier coefficients A(w) and B(u) fn the continuous superposition 

OD 

f ( t )  = / [ ~ ( u )  s in.( t  - to) + B(u) c o w ( t  - to)] dw. 
0 

Make a rough plot  the Fourier coefficients versus w and a sketch of f ( t ) .  

6 . 9  Fourier analysis of a s ingle square pulse i n  time. Consider a square 

pulse $ ( t )  which is zero for  a l l  t not i q  the in terva l  tl  t o  t2, Within 

that  interval ,  $ ( t )  has the constant value 1/8tr where A t  = t2 - t l .  Let 

to be the time a t  the center of the interval.  Show tha t  $ ( t )  can be Fourier- 

acalyzed a s  follows: 



with the solution 

Sketch B(w) versus w .  In the limit where A t  goee t o  zero, $ ( t )  is called 

a "delta function" of time, wrift,m p ( t  - to) .  What is  B(w) for  th is  

del ta  function of time? 

6.10 The pulse of length t given by JI = A cosw' t. 
0 

Show that  the.frequency representation 

is centered on the average frequency w and that  the range of frequencies 
0 

making signif icant  contributions t o  the pulse sa t i s fy  the'criterion 

Aw A t  = 2n 

Repeat t h i s  process for  a pulse of length Ax with JI = A coskox t o  show tha t  

i n  k space the pulse is centered a t  ko with the significant range of wave 

numbers Ak satisfying the cr i ter ion Ax Ak = 2n. 

6.11 Nondispereive waves. Show that  any different iable  function f ( t ' )  of 

t ' - t - (zlv) s a t i s f i e s  the classical  wave equation, i .e., show 

Show also that any differentiable function g(t") of t" - t + (zlv) 

s a t i s f i e s  the c lass ica l  wave equation. Make up an example of a function 

f ( t  ') and show explici t ly  tha t  it: s a t i s f i e s  the c lass ica l  wave equation. 
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6.12 Amplitude demodulation and aonl iaear i ty .  Suppoee t h a t  your receiving 

antenna picks up an amplitude-modulated c a r r i e r  wave wj t h  voltage given by 
L 

V - Vo(coaootl ( 1  + am commodt). 

Hnr cau you recover the  modulation voltage,  a cowmdt? A s e m  t h a t  you m 

have st low dispoeal  whatever bandpaee f i l t e r s  you wish, and t h a t  you a leo  

have a t  your diepoeal  a nonlinear ampl i f ier  of the type euch tha t  

(Hint: Expreee the  amplitude-modulated c a r r i e r  wave a s  a euperpoeition, paes 

it through the  noal lnear  ampl i f ier ,  and then f i l t e r  i t  ,) 

6. I3 
Frequeucy modulation (FM). Afrequency-modulated w l t a g e  can be w r i t t e n  i n  

the  form (for  example) 

v - v0 C D ~ [ I ~ ( L  + a m ~ ~ ~ . O d t ) t ]  = vO c o w t ,  

with 

w = wo + ooam C O B W ~ ~ ~ .  

One way of producing a frequency-modulated c a r r i e r  wave t o  transmit mueic 

is by w e  of a "capacitat ive utkrophone." The sound waves move a diaphragm 

which movee one p l a t e  of a capaci tor .  The capaci tor  then hae capacitance 

!<or example) ' 

Suppoee t h i e  capacitaace i e  p a r t  of an LC c i r c u i t  wi th  n a t u r a l  o s c i l l a t i o n  

frequency w = G. The voltage across  the  captacitor is, f o r  example. 

V * Vo coeOt. Show t h a t  f o r  c a s m r l l  i n  m*gnitude comparad wi th  uni ty ,  one 

obta ins  a frequency-modulated voltaga with amplitude am propor t ional  t o  cm. 

Find the  proportionrLity constaut  bstwem cm and a&. 


