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niaeea%a6aslrs~arp1~1~di~3iu 

(Free Oscillations of Simple System) - 

r %nq.r rndoudluul r?m9trnun'olnui~ndoli;un' nq.roardm r ran9anqqdu (mci l l a t i o n  

o r  v ibrat ion)  ana-,dlsa~ n iq  rndoud~~nn~un;ondoI~auana~un;ondo n9a 

diaplacemeat p u b c  ~ ? e ; ~ w o o n ~ ~ r n d d u w u ~ n l &  n-i.run;lsa~*~n& ( p e p  

duluar) nqq0)uurrflwaooaqul?K o h  ( v i o l i n  atring) uqnqt rdoudlwfui;?uu& 

fun:: rado r&n.rtnunqn m9dr mna.roufunaaanqwU9 umd r\);ooan~ina?oaq?~~:: L '17~00 

r f iu lg  fuuqonqll ~ ~ o ~ ~ w o ~ ~ ~ 1 1 ~ 0 " ~ o ~  rn~iffo~quuaoni.r L n d o u f i u ~ n w s l n  hwznd* 

r n d d ~ 1 1 q u  L& L ~ T J ~ u & ? w ~ *  L& ~donr(luou~hr:: rffm~Knulu*l~rndw&tl 

t ~ . r r u u r ' ~ o ~ d r ~ ~ ~ : : ~ m ~ i o I d ~ : :  rhlutJ9uvwnqls~ni (physical qwnti fy) 

I a  nq1alla (displacement) n ' ~ o ~ i n a 9 u m ~ o ~ ~ m ~ o 1 h r u ~ a w a ~ u ~ ~ u a : :  r?m-ilu.r::uu 

l u ( l ~ a d i o n m l & l o i i u ~ k ~ ~ ~ ~ n r i b ( 1 ~  n i . ra l l ~oou~d1a  x,y , z umuii?u*uqa r?n rao i  
4 

(vector)  V(x,y,z,t) u?onqor.r?r~n;i b?nrao;l(~th (vector function) aoo 

x, y, a,  t r& l~~~uuaool~mu~ar~omni110 n . r r u d u a n ~ n n ~ o ~ r ~ f u U - a  rClu*sq l u  
a 

m d u d r n ~ r r l h o ~ r h u u . u r l &  ' & ~ , ~ , z ,  t )  n ~ a u u w d r n S n  ~ ( x , y , a ,  t) 



2 

e.b Wave Motion in  One Degree of Freedom 

;I n73 r nduduwm ~ f ~ 1 1 u ~ ~ ~ ~ n - . ( a i i t 1 ~ 1 e  :.harrmnic motion) I kndo;? S f M  dul r 0u 

niu 
Al 

~dcc~n~nuCic;~ulrinn~un~iwu~au'rb.r::u::niul x wtllulrzdu~ulolun#u (return 

2 
In' o = ~ / m  rilluu*uni.r(~.b)In;r% 



x -' a coeot 

nqu x - b s i w t  

x a coswt + b sinwt (**dl 

fin'~u41nd a uaz b ~31n19qz L U W I ~ I ~ L ~ U  

a - A cos$ uaz b - -A sin4 

A b 1 n d I l  A = m UaL ( bOY1;lnd;?" 

mniy (r . c r )  naiu r 8 u  
I 

x - A cos$ cosot - A sin$ s i w t  

rruniq(..b) r % r r u n i . r k I ~ o ~  SHM, x rbn17u(tn ~windqnuog cos(wt + 4)  rihr 1 

#&u imo~  A r C ) u ~ i u ~ n d ~ n a o ~ n i ~ t ~ ~ n  r 3un;i #udUgn (amplitude) .r=uudgdun~uSult~ 

n~uui>an;i* x = u 



i I 
4 

o-tfiuqinnpniq m d o u d o o ~ ~ ~ u * z I ~  

i 2 
ml ~9 = -mg sin* (wed) 

dtZ 

n.r=*iu SInJl rCjuuuuoyn7utloq rn rmoi ~(Taylorvs series) 

ayn~uih A rras 4 n1'1isinani~zrfuR;r aldi;i 1un~~cugnq;ls=Burruu SHM Ii , 



x = A cos ( w t  + 4)  

r~unniu  adqu rui#uaouil~inuAa~u r ihr K 

miuad . .< (a) rdoadqut~lu'l6~nfiuu3a 

iln?iuui?7=u=%n (relaxed length) a. 

. - 
ua=ad~u;iow?ilu~uflu r Ihr K ( Z ~ - Z - ~ ~ ) ~ U  

fin +Z .,umu#unun Pz 1ufi~1 +Z (leua 



F - -K(Z-ao) - K(ao-2a+Z) - - ~ ( ~ - a ~ + a ~ - + z )  = - 2 ~ ( ~ - a )  

= -2K$ (t) ~ v n v i b  SHM b b u f i  

~1ct i iq  n ~ ~ a u a z ~ v h n m ~ ~ v ? u u u ~ r C ~  

qd .a nwaadttannmamq 
M 

(a) l,aimmni 

(b) ni.rsqmmzbq 



T = KfL-ao) (m.  m c )  

aflunlou~up(vtuiuiufluu3~ln'n~lu~msr?un~uuuqa~~ndo 

Fx = -2T sine 

nixlq=uirurruuaaufl (Slinky approximation) lnunisauu~;? a <<a nqo a <<1 
0 --O 

a 



n i  7 t h  zuimrruuni7oorQa r an L $n;ou (Small -0sci1la ti ons approxima t ion)  

oiqlGIn'# o;i\rI7iiniu L 7 i o i q I G  x 11XiCou~ rdo r~luufiuP;i a nyo L rde L ar ; i th \ rwn 

u i ~ 0 ~ 1 ~ ~ ~ o \ r  ~ihrq\rn'~d (even function) m\r x miug\l, .r. r . m i l ;  

L2 = a2 + x 2 



I&u rnm;i u2 n'flar\~o~un~udon;?un7a'tl~nR'and~uu~an11n ai~9uniqoea%a ram r 5n;eu 

uquliarnfiflo 2Tosin0 = 2T0 f niauqnr3U x ua=u?afla m 
a 

a w210ng - 
a-a 

w2 tr 0 

l d  r .b(a) r ~ u u . r n ~ l ? r n ' u ~ = ~ l l d ' ~ = ~  Q un=u?m~rfh rde r?a i  t < o ;irqimu?fl<rde 

r ? a i  t = 0 I ~ n - ~ d q = ~ I u  ~?aidau~uub(? r h d a z 9  

I n ~ l & ~ l ? a  rmnplou rne<woh (Kirchhoff's voltage law ) r~ iuuaun i . r ' l ~ rb  



( a  1 48 
1d . .b (a) lu . . r ldi  LC bd7uu ~RuuCFu.rruuu?oa~~?u (b) ' b, 

lud6 Q Clod.rzguuOl? rfiud.rrg C uar dp = r auniq (r .la<) naiu L%J 
d t 

rdo xo ~oni .ru~m r 6 6 u ' ~ o u m  m ~inn?r~ntiuau~r; 



u h u u o r h  ;(iud.reI~i*<iudo Q, diu ~n 

~h:~ l~ l (uu;  uunorh r h d r s ~ - ~ r u ? i d a  Q2 

i i un?n~?u i  L um rndouIAi rndu?u\ 

i i u m  idd n ~ u o v ~ c l u ~ ~ u ~ i u - ~ n  Q~ l%iau idd ;7 iq= IG 
dt d t 

-1 
- -l ' - C Q2 LdI = C Q1 
dt 



( i n e r t i a )  b d u r u ( l u n ~ u ~ o ~ r u r ~ ~ a u I ~ ~ ~ i  2c-'Q l u i d  p Ooni7v%d-=q Q+ uar L 

#on-J1urdoud3=~ figfiu u2 = ZC- '~ /OL  

..r, rfluqff un=n#nni?.r?ufiulG (L inear i t y  and t h e  Superpos i t ion  P r i n c i p l e )  

0 .  ~ i l ~ ~ n i ~ ~ u d . r i ~ ~ i n n ~ ~ d u 1 ~ & ; U f i u  g ~~uadAI~u~~i i~aun176u L L homogeneous l u  

ni~m.r~fiuu'iun11~n~~B~I~Bufiu g .r?uo~rTunuuni~Gir r h  inhornopneous LA 

f ( r )  = a; + bx homogeneous 

f ( x )  = ax  + bx + c inhomogeneous 

ff?a;iu rhaun1.r ( . . r l )  ~h nonlinear LW.~I=;I r ~ i s i u i ~ n n ~ = ~ i u  s in$  r h  

. n . . Linear homogeneow equations 

nun.? .royffu6 l inear  homogeneous ~~ru~uff8'Cld~irrulq LL a ra i  ~ ~ ~ u i n o ~ ~ a n d u  

du~bqtuarrfl~rani=dl?#a {I g a $ r h ~ i n a u n i . r ~ a u a u n i ~ a y R u ~ ~ u u ~ ~ u a o u  .. 1 2 

JI = - w 2 ~ , ,  u;;7 J, + JI fi r h ~ i n 6 1 ~ n i ~ ~ o u a u n ~ ~ B u 6 ~ ~  E;?uauni~ nonl inear  1; 
1 2  

aqruaurnbfio nn.r-Juuouuau3inuuni3 nonlinear 1;~ h3inauni3olouaun1'1~~70u L ou 

L 7iszflq-&oq? 1u;iu~u1 dw<oufiJi\1uavn3tI ( l i n e a r  and nonl inear)  



#~d~=hFnb a,B ,ye.. . ~ I ~ C J ~ ; I  rftuuu~uuni? (. .no ) r f h  l i n e a r  ua= homogeneous 

u i k k f f u d ~ = ~ n b l i  r h g u i u u n i ~  (..no ) r h  nonlinear ;o l~auuf i i~  q1 ( t )  LOU 

'aJ1 - cry2 -c($l+$2) (q  .m6) 

3 
0 ~ ;  + 04: = B ( $ ~ + + , )  , . . . . e t c .  (q  . n ~ )  

l i n e a r  u7dln;'~nduln7uo~ndus=~?u.hirl;;R'o rdondu r n d i h  r f tul~hiul iuni~ l i n e a r  

homogeneous un=niui~nu>ui~~ffununi~uo\ini~onu%a r amlm7d r ftusruni~oy%ui l i n e a r  

homogeneous ~=l&>mouuuu r qu?ffu&\r;u dqna'i?l;ii r h l ~ i u n ~ ~ l o \ r n i ~ ~ ~ u f f u ~ ~  



daonnn'o\rfiu JI uar JI rra=~fu~urrnloudR;un-,iu r i - ,  riifiuua~-,uun\rm-,iuri~ rfuiu 
1 2 

. . n .b Linear  inhomogeneous e q u a t i o n  

ni9;ol:uuuatrrl\rdl; rhfl\rrhuuo\r $ r qun;i f o r c e  harmonic o s c i l l a t i o n  #o 

l;fl\r&~ldt! a u u l l ~ i ~ ~ i 7 ~ r r ~ n i u u o n n ~ r n ? ~ o ~ : : u u ~ - , u ~ ~ ~ \ r  r h i  F~ ( t )  nqo ~ ( t )  = F~ ( t )  

~~?odi \ r  b S p h e r i c a l  pendulum 

rhxuun iq  L n d o ~ 9 1 ~ o \ r ~ r ; ~ u d a i u i ~ 0 ~ ~ n ~ \ r l ~ ~ n ~ ~ n i ~ ~ u ' 1 ~ ~ i ~ ~ d \ r  ( rhrruund\r 



unulur ar)auatw;noynin6uyavu n i ~ d . ~ z ~ n u ~ ~ = u u f i u a o u f f ~ ~ r  3U4ou'lu'n-~iuiniu~i 

n?iuffu r u r r n ~ n ~  (quantum mechnics) (du r &5srilu#ud d u i n r r ~ n i . ~  r61lqaLln~uiln 

finuif/fiu;sl;lir 4uu ) rjau#ao;iud;iu7iid 7=uuuougn& (double pendulum) dull r i& 

rqon yn~ouf iuanr i jundu~~~=Yn~nf i~  rwniu iaulngn+ndu yn~nnirgnCu~~m , 7zuuaougn 

iurndou rdouf~ukuaflv r u i ~ m d u ,  3zuur & r 4on;oufiugnCIm ua=7=uuaou~u~7 LC 

~ d ~ ~ o f i n i u ~ d  9 .(: '1ruudnd~7uiff~ '11ioul<#?~rda b # ~ ~ d o o ~ u i ~ ~ l n ~ = t ~ ~ ~ n i ' ~  

rndmduou3=uu rdu hrary 
b . b  

+1+7oci7u LA Iun~tOuou~zuuan~uduiu i in~~n~uIn 'v ln~m~u d m  L ndoud (moving part) 



I (ooupled pendulums) ni.ru1 "n $,, uar 
i 

A uae ib I<unurkrluu#? rhrkr#uuow~o 

u i ~ u ~ n o d i d n  L 1u n i1  L ndouduuum;I~on 

uouu~a45urrouItln;uufiuff L 31 r1un;i normal 

modes n9o modee 1nuni.r r ~ o n u n i ? ~  L ~ U  

iud rnuirm, r ~ ~ u ~ u ~ t n I ~ ~ r w h n i ~ o o u -  

Uar aw rqutmdu mode n9ouinn;i #u&u; 

a:: mode qrld rdu-&u~oflu%uuu'u-aa rndi 

hrr  rdu-aubu;ofluCkaiu 

IJ r .r ~ r u u u o w l i n l o o ~ n o u ~ i u ~  

qm-anu mode 

nduuiazndud ~h SHH ui.r?rrfluIan?iud r UUMU uar ;iugnauaauir<ouflu 

n d d ~ n d h a ~ a t t u  mode rllu? r;i#u uar'~rI&hinp ~ b ~ h l ~ ~ r ~ ~ u ( ; o l J d )  

$,(t) = A corwt ~ ) ~ ( t )  = B siwt ( ~ t k ; i ~ f l u )  



mode 1;n;nn-I~ mode r& mode 1 

dgamiuduart;-Imd rdnr fiu?fiuain'lufin~oor~~mou#guog 

nfiuog rlu?fiu'lu mode 2 

$b(t) B 2 c 0 s ( ~ 2 t ~ 2 )  ' E 2 $ a ( t )  ( * O d g )  

A2 

u;sr mode q r d n i u l ( r h w o ~ ~ ? ~ u ~ o ~  n i i ? l o  u l  u9nh.h mode 1 uae r2 uLnYu 

mode 2 uazIuuia= mode ILUUP~SI c h a r a c t e r i s  tic "Slnmr " n JoId;igdvgnn?num 

h u l l n 3 i ~ ~ u w ~ ~ ~ d l ~ n u ~ ~ ~ ~ u ~ n d o & b i ~ u o ~  l m  A1/Bl u3nTu mode 1 us; A2/B2 

fin'lu mode 2 IGffg rnnk Iundg  mode am3,hu p,(t) /$b( t )  r b ; i n g d l i # u ~ ~  

L - J n  n m ~ l ~ i r * i ~ i F u & r i i . r u  Al/Bl nJs A2/B, dgom ~ h l J l % g  r b i i u 7 n u a r  rOu41 

au n i 3  r n d o u d j j ? I ~ ~ w o ~ ~ r u u ~ =  r 3uni3~?ui~u'l&oguog mode o o d a  r a m l u o ~ s l n ~  

~ i n # ? o ~ i ~ o o u ~ z w  s p h e r i c a l  pendulum qr rfiu'l;;;?#guo\l mode n o n ~ i h ~ f i u n i 3  

ooaQaramn-Iurmu x nazunu y m-IunSIlli, ua=i~n?iudrfiu?fiu&u w = unudr31 

qe'l~nfinod-1'1 d r  h r& r liu?fiuwn-13 ( a  .& ) d \ r a o n n ~ o ~ l ~ u d i ~ ~ o ~ n ? i u r l d ~ i \ ~ f i u  r 3-11; 



&am modes a w rfluq{i rlu? n78br 71 rgun;? rnn degenerate 

(4 PI 
r 

l d  9 .rl ni7ccdta r a m ~ ~ a u ~ i l ~  (a) utu=aur)a; (b) n?~zl4nwazlm7 



qr ~fiuI&iiniq r ndnudr r iu~n~  x unz unu y Idn-Judfiu u u n ~ i \ m i n ~ i n f i u I i i  u a = i i v  

uarunu y r 31 r7un;i flClrrdnQI (normal coordinate) 

. Syetematic solution for mode 

2 d x  = -a x - a  y - 11 12 ( 9 . ~ 0 )  

dt2 

ncu x uar y c o a ~ ~ a r  an r6uuua1~'lu~n;;?un?iud r fiu?mrraziin\rd rduri i f lu L 111i; 



ffui 'lu x uar y (lo 

nWn x uaz y I n u n i ~ n i ~ m ~ i ~ ~ u u o u  y/x uoununi~ (,.ad) uaz (, .a=) 

Y/X I - &21 (*.ad) 
2 
-a22 

r ~ u u r ~ u u a u n i ~  (, .el uar (..=dl dq?n;tarni~oufiu ~311; 

2 

-all -- a21 
a 
12 2 

-a22 

~adud~13inauni3 (o . t z ) l ~ ; l n u n i ~ i n f i r n d r u u ~  (determinant) wo\r~lud'1=3nfiwo~ i 



UMI, (+.ar:)uaruuniq (+ .a) rduuunir quadratic .oqK,uh u2 i17in.uni.rlos 

n-aiud w l  rbun-~iudwou mode 1 uar u2 ~hnqiudaaq mode 2 a d i m ~ a ~ n w r  

n ? m ~ u 0 / ~ I d I ; ; 9 i n n i ~ ~ ~ u r ~ u ' I ~ ~ a ~ b i ~ u a ~  mode K ~ U  
, 

x(t!) = xl(t)+x2(t) A1cos(u lt+( 1)+A2~os (u2t+02) (+  .b+) 

I& tns;ikrqi ~~onAinqcl A ~ .  A~ uar (2  Iuuuni.r (+ .r+) a;iqaa.rrfih 

r ~ i r r ~ ~ a i u i ~ n r h n n ' i n ~ d d r n ~ ~ t ~ u u n i ' ~  C+ .w) 'ik;i.raa.rrt!n k d r n q i r i i  uar 

(2 ~ h r . ' i d ~ n n ~ n u n u ~ u r m u a r ~ o ~  rh i l~ iuarmi . r  (+  .be ) 

& Als O 1 ,  A2 bar ( 2  ~ C h l u n i - ~ ~ r ~ u ~ a ~ ~ n i ~  x ( t )  u;? aun1.r 

y ( t )  f i ~ r & \ t u n ~ ~ ~ u ~ ~ u u n i ~ r  r duGur IIu7rTu 

qinld + . oo rranq~mqao\r&ullu?a m uar m2 rdrmciu&ualnu r u i d a h  

olafllr K ~~ ldouo l Inauuf fu~ iud~~ i t l ~ inn~ iu  raunniu ~durrarrqr  rdolrrinndq\r rquv 

ad19 L l i ~ ~ ~ n ~ z n ' l ~ o ~ m q ~ 1 ' l 1 H ' ~ ~ ~ ~ n i ~  r ndoud L ~ i ~ u u ~ ; i ~ u ~ n a i ~ ~ o ~ u ~ a  (center of 



1 ~ a ~ a d l m ~ d ~ m  K 

mass) nyndu KVQU ml uar m2 ~ s d u n ~ u l ~ ~ u u i ~ u ~ ~ a ' ~ ~ q ~ u ' n a i u ~ ~ o u u ~ ~ I ~ ~ ~ n i u  

Ii F~ uar F~ ~ h u r u ~ d a v ~ i n a ~ u n r r a ~ ~ o u ~ a S i u ~ a \ ~ ~ u u i m ~ n ' i ~ u  uarnmiun.ruciu 

u;u ~ u b u  



p r l u n ; ~  reduced mass uov3zuu duflon13 r ndouduovao\i3~ga1um n o ~ u l u l & u  

nun13 r #u?flunw r ndouduov3mq ~iXu?di~u?a L ~'ICFU p gnfinfiua*vK? r #u?fiu 0~vGu 

n-Jquduovn~qooa%a r aatlovaov~ag~iiu 

71n1ninoutlov.r = u d n i ' l ~ a ~ v ? ~ ~ v t ¶  

71u3nl<n13n1nnz ru  w n n m n ~ n n z  rur 31nq1~;1;0\1fiaov modes LVI~I=;I~=UUL h 

rruu b #nqoodAnou ( f lot jaov#~rrd~dl3 lun~~o~u1un1~ r ndoudtlovJj\raovu~a ) rrXa= 

b?ur ndoud (moving part) qzfin13 rndoud r 3uuuua1;'lu~n uazlu mode r lu?ffurr~ 



7lJ 9 =*9 n1-fJoaQs ran , 

miuui1 (a) uarrurja; 

(b) n - t ~ u 5 n u ~ z l n ~  

~-?IGnd\r mode du 

2 i mode 1 : $,(t) $b(t) s o1 1 K ( m . b d )  - 
m 



.'old1 mninnr ru8nnQvndurdoni mode 2 r.riuuu~1; a rnhdrUu.reu=niu )a 

ldni.su~iflo un= b r n $ o u d l ~ r 3 u . r = u a n i u r ~ ~ ~ u u ~ l ~ i u ~ i u d o  ~ u a u  mode 2 q=d 

JI, -Jib 

(a) moden~wdhqn 

(b) modenmudqq 

f l ~ i ~ ~ ~ u ~ u n . r = n i u u n 7 a b i ~ ) a o ~ )  

ad . ..d u a n ~ m i u a c u u . r ~ d n ~ ~ n ~ i c ~ n q ~ u  mode 2 

~duuuuni.raoqni.r r ndoudI;ir 3U 
1 





ludd Al uar (loifu~~~nua;n'~nsd~vkru~u mode 1 uar A2 unr q2 b(ludQn 

ua=riin*d tvtawag mode 2 I I Y1 t uonnbo~unir  rndnud~ag(lubnig 

uogux~  do 4(Ya+Yb) l l o m ~ ~ n ~ ~ w ~ ~ ( p l & n ~ r n ~ v u ~ & v a n v ~ u  100 umr Y2 i l n i w  

du*-~~nijn t b b u ~ ~ n ~ i ~ ~ n ~ ~ u u ~ a i ~ f l u u I ~ ~ u ~ r u r w ~ n u a ~ u ~ a J i ~ u  Jig q unr v2 
L ~ I  r1un-h normal coordinate ilaun1300vn13 ~ n d w d r  3u 

2 
$1 I - $1 I -O1q1 b f h  mode 1 

m 

-3K 2 
$2 = $2 = -292 I mode 2 

lutkp~uog r 31 bdoi fiormal coordinate u;;? b31h.~~ounflu13nq coordinate rllu 

lG#v ~nmiik3ruuiln-13 rnrioudbfiur~ mode 1 niigrfiu3uh n2 - o -mn.un~.r (. .d.) 

a ( )  I 9. - ~ b n ~ u o ~ r I u ? K u ~ u  mode 2 ~311; AI = 0 uar 

= - drii~o~~uu~liu~fiudn~1n'~,nuun13 (. .w) uar (. .do ) duroo 

q~dao\rr 7un-h Systematic method 



rdon~~ufiu;iluttqiaz mode a uaz bs= L nBoudhun?iudr liu-dfu K U ~ U  

l u n i ~ n i n ? n ~ u ~ ~ - 1 ~ z n 7 % m  ya uae +b k l n u n - ~ s - ~ n ~ ~ - ~ d ~ n r  )a/+b nq~n-Iq-In 

determinant wouhd7rllnbunu $, uar +b~n'~t iu  0 f i ~ h a t d u ~ f i u ~ i f u  

+a - -K 2 - - = -(m -2K) 

*b mw2-2~ K 



$a = A1 C O S ( W ~ ~ + ~ ~ )  nqn $a ‘= A2 C O S ( W ~ ~ + ~ ~ )  

uaz $a = A1 cos ( ~ ~ t + t $ ~ )  + A2 cos ( ~ ~ t + + ~ )  ' (o .dn)  

d w i m o u i 7 ' i ~ ~ =  ~ ~ ~ ~ ~ ' I ~ u ~ u ~ I o ~ P I ~ R o u ~ ~ ~ o ' J  w+uag r?iu7Ku 

uaz 4~~ I B1 C O S ( W ~ ~ + ~ ~ )  + B2 c 0 s ( w ~ t + 4 ~ )  

n+nunli'I=uun7uld Q . ~ a  mags r amn7uluuou rumuu~=u~uua~n~::n~u 



mode (lo - 1 uaz / - 1 (luddndnhunln' 1 1 - I*,, 1 ~ a z b b  

n17uua~a ,an r # n t h  ) l u  mode 1 (mode dflnmuditln;~ ndi?lio mode dflu.rg~u 

~ n u ~ ~ n 1 7 d 7 t u i ~ u w ~ ~ f !  T = KL(I-B) = KL 
LO 

uaz r k u 7 g l g l u a f l g  r br To .- K(a-ao) = Ka(1-&) = Ka 
a 

u7rClunmrh T sine 



mode 2 $a/$b -1 qinqd ..& d ~ ~ i m i u . r v n ~ e n + w ~ a n ' ? ~ a ' i u f i o d ~ ~ n i . r ~ i n  

+,(c) n+~vai~n6u;?un?w L h ~ n ~ u n u n c h ~ u u ~ a ~ ~ ~ n ~ i n u . r v A v ~ o v u ~ v b i v ~ v  



l k ~ e u i l  1. nnar ~ r f i u ~ ~ l l . '  



~ d o I ; h n i ~ u o ~ ~ i r  rndoudui? ~ o I ~ ~ t ~ i & u n i . m i a a o u  normel modes r . n o q m q I i  
/ 

' Inu~ni .rnqnnr ru ngolmu systematic method rdoI<i%In~findu r ~ i q z I i  

mode 1 : Ia f Ib * o2 rn c-l 
'i; 

mode 2 : xa .I -Ib s 
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\ 
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1.1 Find the b. arde fr&cies in cps (cyct per eecond) for the LC 
' 

network ehown in  Pig. 1.16, with L - 10 E (henrys) and C - 6 pF (micro 
farads). Also, sketch the current configuration for each aode. 

\ 

1.2 h v i a e  a damping mechanism ("friction") tkat will damp only mode 1 

of the coupled pendulums of Fig. 1.18. Devise another that will damp only 

mode 2. Notice that friction at the supports (hinges) damps both modes. 

So does air resistance. These will not work. 
7 

1.3 Suppose one pendulum consists of a l-meter string with a bob that 

ie an aluminum sphere 2 inches in diameter. a second pendulum consists 

of a 1-meter string with a bob that is a braes sphere 2 inches in diame- 

ter. The two pendulums are set into oscillation at the same time and with i 

I 

the same amplitude A, After 5 minutes of undisturbed oscillation, the 

aluminum pendulum is oscillating with one-haif of its initial amplitude. 

What is the oscillation amplitude of the brass pendulum? Assume that the 

friction is due to the relative velocity of bob and air andzthat the in- 

stantaneous rate of energy loss is proportional to the square of the ve- 
b 

locity of the bob. Show that the energy decays exponentially. (Show that 

4 for any other velocity dependence, say o , the energy does not decay ex- 
ponentially.) Show that for the assumed exponential decay the mean decay 

time is proportional to the mass of the bob. The final answer is 0.81A 

for the amplitude of the brass pendulum. 



1.4 The amplitude of harmonic osci l la t ione i e  50 mn., the period 4 e and 

the i n i t i a l  phase kw. (1) Write the equation of t h i s  o sc i l l a t i on  

(2) Find the displacement of an osc i l l a t ing  point from the equilibrium 

position a t  t = 0 and t = 1.5 8 .  

1.5 In what time a f t e r  motion begins w i l l  a  harmonically osc i l l a t ing  point 

be brought dut of the equilibrium position by half the amplitude7 The 

osc i l l a t ion  period is 24s and the i n i t i a l  phase is zero. 

1.6 The amplitude of harmonic osc i l l a t ion  i e  5 cm. and the period 4 a. 

Find the  maxidm velocity of an osc i l l a t ing  point and its maximum acceleration. 

1.7 The eqution of motion of a point i e  given by x = 2 e i n ( h t  + h )  cm. 

Find : (1) the period of oscill 'ations, (2) the maximum veloci ty  of the 

point, (3) i ts  maximum acceleration. 

1.8 A point performs harmonic osci l la t ion.  The period of osc i l l a t ions  is 

2 s, the amplitude 50 rmp and the i n i t i a l  phase is zero. Find the veloci ty  

of the point a t  the moment when it is  displaced from equilibrium by 25 mm. 

1.9 The i n i t i a l  phase of harmonic osc i l l a t ion  is zero. When the point 

deviates by 2.4 clqfrom the position of equilibrium, its veloci ty  i e  3 cmle, 

and by 2.8 cm-2cm/s. Find :he amplitude and period of t h i s  osc i l l a t ion ,  

What is the r a t i o  between the kinet ic  energy of a harmonically osc i l l a t ing  

T poknt and its potent ia l  energy for  the moments of time: (1) t = 12 a, 

T 
( 1  t = S (3) 4 = $ a? The i n i t i a l  phase of osc i l l a t ions  is zero. 

1.11 What is  the relationship between the k ine t ic  energy of a harmonically 



omcillating point and its potent ia l  energy for  the mo~mntm when the dimplace- 

. cu t  of the point from the position of equilibrium isr (1) x - A , (2) 

x = )IA, (3) x = A, where A is the amplitude of oscillations. 

1.12 A body of  mass 0.25 kgm is acted on by an e l a s t i c  res tor ing force 

of force constant # - 25 n/m. (1) Conmtruct thegraph  of e l a a t i c  potent ia l  

energy E a s  a function of displacement x, over a rahge of x from -0.3 m 
P 

t o  f 0 .3  m, Let 1 in.  = 0.25 joule ver t ical ly ,  and 1 in. = 0.1 m horizontally,  

The boclv is set in to  osc i l l a t ion  with aa i n i t i a l  potent ia l  energy ' 

of 0.6 joule and an i n i t i a l  kinet ic  energy of 0..2 joule. Answer the following 

questions by reference t o  the graph: (2) What is the amplitude of osci l la t ibn? 

(3) What is the ,potent ia l  energy when the displacement is one-half the 
I 

amplitude? (4) A t  what displacement a re  the k ine t ic  and poten t ia l  energies 

equal? (5) What is the speed of the body a t  the midpoint of its path?' 

(Answer: (2) 0.253 m) 
I 

3 

1.13 The general equation of simple harmonic motion, 

can be written i n  the equivalent form 

(1) Find the expressions for the amplitudes B and C i n  t e r m  of the amplitude 

A and the i n i t a i l  phase angle +. (2) Interpret  these expressions i n  term 

of rotat ing vector diagram. 

1.14 Find (1) the period T, (2) the frequency f ,  and (3) the angular 

frequency w fo r  the body i n  problem 1.12. (4) What is the i n i t &  phase 

angle + i f  the amplitude A * 15 cm, the i n i t i a l  displacement xo - 7.5 cm, 



and the  i n i t i a l  velocity vo is negative? 

1.15 A body is vibrat ing with simple harmonic motion of amplitude 15 cm 

and frequency 4 vib/sec. Compute (I) the  maximum values of the accelerat ion 

and velocity,  (2) the acceleration and velocity when the  coordinate is 

9 cm, (3) the time required t o  move from the equilibrium posi t ion t o  a 

point 12 cm d i s t an t  from it. 

1.16 A body of mass 10 gm moves with simple harmonic motion of amplitude 

24 cm and period 4 sec. The coordinate is +24 cm when t = 0. Compute 

(1) the coordinate of the  body when t = 0.5 sec, (2) the  magnitude and 

direct ion od the force act ing on the body when t = 0.5 sec ,  (3) the  minimum 

time required fo r  the  body t o  move from i ts initial posi t ion t o  t he  point 

where x = .-I2 cm, (4) the velocity of the  body when x = -12 cm. 

(Ans: (1) 17cm; (2) 4.17 dynes; (3) 1.33 sec;  (4) 232.6 cm/sec) 

1.17 A pa r t i c l e  s i tua ted  a t  the  end of one arm of a tuning fork passes 

- 1 through its equilibrium posit ion with a veloci ty  of 2 m.8 . The amplitude 

i s  loW3 m. What is the frequency and period of the  tuning fork? Write the  

equation expressing its displacement as a function of time. 

(Ans: 318 Hz, 3 .14~10-~sec,  x = 10 -~e in (2x10~ t  + h) m. 

1.18 A p a r t i c l e  moving with eimple harmonic motion of 1.5 m amplitude is 

vibrat ing 100 times per second. h a t  is its angular frequency? Calculate 

i ts  phase, i ts velocity,  and its acceleration,  when i t 8  displacement is 

-1 n 0.75 m. (Ans: 628 rad.s , rad, 816 m.s-', -2.97 x 10' m.sm2) 

1.19 A par t i cu la r  simple harmonic motion has an amplitude of 8 c m  and a 



period of 4 s. Calculate the  velocity and accelera t ion 0.5 s a f t e r  the  

-2 -1 
p a r t i c l e  passes through the extreme of the t r a j ec to ry .  (Ahs: -8 .9~10 m . s  

1.20 The motion of the  needle i n  a sewing machine is p r a c t i c a l l y  simple 

harmonic. I f  the  amplitude i s  0.3 cm and the  frequency is  600 vib/min, 

what w i l l  be the  elongation, veloci ty ,  and accelera t ion one- th i r t ie th  of 

a secbnd a f t e r  t h e  needle passes through the center  of the t r a j e c t o r y  

(1) i n  the  upward o r  pos i t ive  sense, (2) i n  the downward o r  negative sense? 

( h a :  2.60 x 1 0 - ~ m ,  -9.42 x 10-~m.s-', -10.3 -2.60 x l ~ - ~ r n ,  9,24 

-2 x m,s-', 10.3 m . s  .) 

1.21 What should be the  percentage change of length  of a pendulum i n  order  

t h a t  a clock have the same period when moved from a place where g = 9.80 m/s -2  

t o  anotherwhere g -  9.81 m ~ s - ~ ?  ( h e .  0.1%) 

1.22 A simple pendulum whose length is  2 m i s  i n  a p lace  where g = 9.80 

-2 0 
m / s  . The pendulum o s c i l l a t e s  with an amplitude of 2. Express, a s  a function 

of time, (1) i ts  angular veloci ty ,  (2) its angular accelera t ion,  (3) its 

l i n e a r  veloci ty ,  (4) i t s  c e n t r i p e t a l  accelera t ion,  and (5) t h e  tension on 

the s t r i n g  i f  the  mass of the  bob i s  1 kg. 

1.23 A massless spr ing with no mass at tached t o  hangs from the  ce i l ing .  

Its length is 20 cm. A maas M i s  now hung on the  lower end of the  spring.  

Support the  mass with your hand s o  t h a t  the  sp r ing  remains relaxed, then 

suddenly remove your supporting hand. The mass and spr ing o s c i l l a t e .  The 

lowest posi t ion of the  mass during the  o s c i l l a t i o n s  is 10 cm below the 



place i t  was rest ing when you supported it. (a) What 13 the frequency of 

osci l la t ion? (b) What is the velocity when the mess is 5 c r  below its 

original  rest ing place? Ans. (a) 2.2 cps; (b) 70 c d s e c .  

A second mess of 300 gm is added to  the f r i s t  mass, making a t o t a l  

of mass M + 300 gm. h e n  th i s  system osc i l la tes ,  i t  has half the frequency 

of the system with mess M alone. (c) What is  M? (d) Where is the new 

equilibrium positi,bn? Ans. (c) 100 gn; (d) 15 cm below old position. 

1.24 Suppose a and b are two coupled oscillatore.  Consider three different  

i n i t i a l  conditions : 
/ 

( i )  a and b are releaeed from r e s t  with amplitudes 1 and -1, respectively; 

( i i )  they are releaeed from r e s t  with amplitudes 1 and 1; 

( i i i )  they a r e  released from rest with amplitudes 2 and 0, respecriwly. 

Thus .the i n i t i a l  conditions for  case (iii) are  a superpoeition of those 

for  cases(i)  a d  ( i i )  

Show that  the motion in case ( i i i )  is a euperposition of the motions 

fo r  cases ( i )  and ( i i )  

1.25 Prove the general case corresponding t o  the example of Prob. 1.24 

(Include the veloci t ies  a s  well a s  the displacements i n  the i n i t i a l  condition.) 

1.26 Write d m  the three equations fo r  a syetem of three degrees of freedom 

.rulogow t o  the general equations (1.50) and (1.51). Show tha t  i f  one assumes 

a mode, one g e t s a  determfnantal equation analogow t o  Eq. (1.58) , except 

that  i t  is a three-by-three determinant. Show tha t  t h l s  gives a cubic 
2 

equation i n  the variable w . Since a cubic has three solutions, there are  



three  modes. Generiee t o  N degreps of freedom. This cons t i tu tes  a proof 

t h a t  N modes e x i s t  f o r  a system of N degree of freedom. They m u s t  a d s t ,  

because here you have a prescr ipt ion f o r  f inding yhem. 

1.27 Nonidentical coupled pendulums. Coneider two pendulum, a and b, 

with the  same s t r i n g  length 1, but with d i f fe ren t  bob messes, Ma and %. 
They a r e  coupled by a spr ing  of spr ing constant K which is attached t o  t h e  

bobs. Show t h a t  the equations of m t i o n  ( fo r  smell osc i l l a t ions )  are 

Solve these two equations f o r  the two modes by the  method of searching f o r  

normal coordinatee. Show that E (Ma$, + l$$b)/(Ma * M,,) .nd tirZ - 9. - qb 

a r e  normal coordinates. Find the  frequencies and configurations Of the modes. 

What is the  physical significance of Of $2? Find a superposit ion of the 

two nodes which corresponds t o  the  initial condit ions a t  time t = 0 t h ~ t  

both pendulums have zero velocity,  t h a t  bob a have amplitude A, and that 'bob 

b have amplitude zero. Let E be the  t o t a l  energy of bob a at t = 0.  Pidd an 

expression f o r  Ea(t) and f o r  %( t ) .  Assume weak coupling. Does the  energy of 

bob a t r ans fe r  completely t o  bob b during a beat?' Is i t  perhaps the  cue  t h a t  

i f  the  pendulum which i n i t i a l l y  has a l l  the energy is the  heavy one, the 

energy is  not completely t ransferred,  but i f  i t  the  1Cght one, the energy, 

i s  completely t ransferred? 



where M = M i  + E6 
After def in ing cJmd = h(02 - ul) .  and w = %(u2 + ol ) ,  one f inds  

av 

The energy of each pendulum is e a s i l y  found i n  t h e  weak-coupling approximation 

where we neglect  the  time v a r i s t i o n  of the  s i n e  o r  cosine of w t dur ing mod 

one cycle of t h e  f a s t  o s c i l l a t i o n  a t  frequencv o because we assume av' 

o << w We a l s o  neglect  the  energy s tored i n  t h e  sp r ing  a t  any ins tan t .  mod av 

Then you should f ind 

Thus t h e  energy of pendulum a ( the  one wi th  a l l  t h e  energy at  t h e  zero)  

va r i es  s inusoidal ly  a t  the  beat  frequency, o s c i l l a t i n g  between a maximrrm 

value of E and a minimum value of 
2 

I (Ma - %)/M 

The energy & pendulum b o s c i l l a t e s  at t h e  beat  frequency between a 

2 minimum value of zero and a maximum v a l q  of ( ~ M ~ M , / M  )E. The t o t a l  energy 

Ea + Eb is conetent  (since we neglect  damping). 

1.28 Using e i t h e r  t h e ' s l i n k y  approximation o r  t h e  smal l -osci l la t ions  

approximation, f ind t h e  two coupled equa t ionsgf  motion f o r  t h e  t ransverse  

displacements Jl and qb of F ig .  1.15. (a)  U s e  the? systematic method t o  f i n d  a 

the frequencies and amplitude r a t i o s  f o r  the  two normal modes. (b) Find 

l i n e a r  combination Jla and qb tliat give uncoupled equations;  l e e . ,  



- 
find the normal coordinates, and find the  frequencies and amplitude r a t i o s  

f o r  the two modes. Ans. See Eqs.(1.85) and (1.90). 

1.29 Oscil lat ions of two coupled LC c i r cu i t s .  Find the  two normal modes 

of osci laat ion of the coupled LC c i r c u i t s  shown i n  Fig.l.16, with equations 

of motion given by Eqs.(1.96) and(1.97). (a) U s e  the  systdmatic method. 

(b) Use the method of f inding normal coordinates. 

1.30 ).,me system is  shown i n  Fig. 1.11. The equations of motion are given by 

Eqe. (1 d>7 1) and (1.72) . U s e  the  syetematic method given i n  Eqs. ( 1.54) through 

(1.62) t o  find'the modes. You should do t  slurply plug i n t o  theme equations, 

however, you should go through t h e  analogous s tepe "without looking'.' 

Ans. See Eqs.(1.85) and (1.90). 


