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wazlu space (3- f%) navefuiudnwaznis Ladeuitluuni 30 duaotsdviiazaesly
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LTENSIVENLIN LADS wuana e fuuniuanfe luuni 3 3899779090 1Res e it sy
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4.1 woufluudfuuasngefndeeau (MOMENTUM AND ENERGY THEOREMS)

4% A < e o
ﬂﬂnnnnﬁﬁLﬂﬁaunﬂaﬂanmauﬁnﬁu suntInswrdouniu 2 wer 3-{f #Ae

g
I
i

(4.1)

~ & i 4 P - . ¢ oy
vsanszewineglunesuvavnis infouflunazunulu  3- 98 @*m¥umsfidus Taoafiium

(Cartesian Coordinates) lmiih

dzx

w3 = Fx , (4.2)
dt
d2

m —% = F o, (4.3)
dt y

uay

2
dz

m = = Fz . (4.4)
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duna efouftu 208, vimazaeineglune suuovnas  afoufluavusazuny Wlnusunng

(4,2) uwaz (4,3)

-, - . 3
VIN e L) (8viau  (The linear momentum vector) P £

P = o3 (4.5)
aunys (4.1 $awrsodoudy
4 - 4@ | 3
e (mi) 3t F, (4.6)
wazlurosuvoudazunmy iduLAvafusnTe (4.2), (4.3) us  (4.4)
dp
X
3t = Fx, 4.7)
ar
i - Fp (4.8)
d pi
7y = Fz. (4.9)

Fm¥unasipfouluszuun®e  2- o8 fMuifvatudnanuuas fo 19119 an s N
(46.7) uaz (4.8) tﬁ1ﬁh. 5ﬁt11qmiun11 (4.6) mw dt usBuffin<msan
ELLI SR N ty LT MIunT L USouvee Ty iy

- -h
P, - P

2- P = W, -mw, = F dt. (4.10)

1
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aun1s  (4.10) &s uan;na{wﬂéhnntﬁuﬁtn1nﬂnvnquﬁTuLuuﬁh, wacBuffintanveq1le

YBNFUNIT fp BuMad (impulse), tdan1:ﬂ1unan1uﬂa§hvavuia:unulﬁtﬂu

P - P - F, dt, (4.11)

P - P = F, de, (4.12)

P - P = Fz de. (4.13)

Tunranisunisvaeinganas Wowwewmdosqusay  (kinetic energy) i13malalay
nraguaunis  (4.2), (4.3),usz (4.4) ¢y Ver Vgr WRE V. mwahiu.

vl

d 2,

e () = Fy Vx (4.14)
d 2

at (4 mvy) Fy vy . {4.15)
4 wmv?, = F (4.16
dt mv,) z 'z +16)

vJovanaunas (4.14), (4.15), wuaz (4.1b) Léﬁﬁ%uﬁu, LIMTUI

d 2 2 2 ]
< L m(v: + v° + - + +
e { m( vy vz) vax Fyvy szz
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(4,17)

tirefigaanit (4.17)  Tasanaunas (4.1), Teslefuwwevnaguainatiuay

- ~ T o ' A
'ﬁﬂﬂﬂ\!ﬂ"lﬂ‘ﬂﬂ\‘lﬁuﬂ‘ﬁ dot AN LABRY Vv N i ig1F- 1A I.‘ﬂﬂﬂ‘ilﬂvlﬂu

amf‘-%:l L3
ldaUQG m ﬂﬂﬁ
.%t Gs mvz) = F.¥%
a S P s

<

atsgeannas (4.17) aau dt usSuffinansaniasn t, v

Wosun13Bull inInvawngein¥enu

t2,

191l I Rns

(4.18)



149

e ¥ dt = dT  uasusy F ﬁnﬁnuﬂLﬁuﬂhﬁfumavtqnLaa%ﬁanﬂﬁundq T, nvwafe
wonEun1s (4.18)  ter@wnvoFoning i
N
T, -T, = “ff . dr (4.19)
/q

-4 P > -~ o . ! =
aunng (4.19) uuﬁumﬂﬁauﬁﬂﬁamquaauTﬂvwavnwsLﬂﬁauwwavaunqﬂﬂﬂnmﬂuuuv rIIUﬂh

?2. dufinYanwunnfdeesvaunas  (4.18) uwaz  (4.19) Aevqu (work) ¢ifimsn

= []
wsv  F o luszwanviaan t) fiv t2 .

4.2 sxuﬂuua:zaﬂLwa%ﬁaquuﬁTULuuﬁhtﬁwqu (PLANE AND VECTOR ANGULAR MOMENTUM

THEOREMS)
-~ - ]
araynaa L afeuffluszuiun®e 2 99 R R NETRCTITE, VX, ROFEY L, sougw o lniou

Wuauntanalu wuarasiin 19ed iy wuiusaug o nanftatsmandulnanuaguyae sz s
NINIINFA 0 ﬁUTutnuﬂhiuunaunuﬂﬁhaﬁnﬁuLéhﬂaqﬂaﬂnqﬂ o lufveyatrAuia m

ﬁhﬁbuo awnylddaelaly BN 1UARY LAnvavn 1 Imuineiy q P Mlanaruiuasig
Aty Lt (a3l Suuu  uaNunadente Tu s Aoyt iBau L 131979
nimunin i thiuan Wetu cadeuflaw 1fuuating vz i sy idaumpau fiuatine Trooft
LuﬂﬁﬂzﬂqnﬂqﬂiuﬂﬂsTéhﬁTu;uuﬁh;ﬂvqwiu1:u1u fo Twan7 leoefium  (polar coordinates)
aliaymela 9 B9 o Tuaudeseife o v warTyud luwnsmdtfeent

Léhﬂaﬁnaﬁnjﬂ o luuna m wevlnwaiilesefiiunfle m vy (el 4.1) iy

Anaunts (1.82)

L = rm Vg = mr ) (4.20)
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qU__4.1 Components of velocity in a plane

-4 - -
a1 s dounselumangesunuinaqs

F = $F +8F (4.21)

auifu (daunurrmauiseeansunas (1.84)  lusunas  (4.21) AU TDYN1T | AR

L ]
douunoonlunsazunuy Ao

(4.22)

L]
B
=

|
8
a1

@

[l
i
-

ma9=mr9+2mr9=Fe. (4.23)

snaunas (6.20)  dasanaacfouTu i B fie

a4 - Honrié + n r2

dt

A
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Tauniigaaunas  (4.23) s r  31le

2mrrO® + m rz’é = F

e
#atfuannns idFouAousavaunasil Lsagdlana
a.  _ 4a 2 - . _
& - @t mr 9) = r Fg = N (4.24)
v T Fg AonesafliAnsnnisnizntwesusy F ua:uwuﬁ%uﬂmmahvd N. s

Bulinsasuns  (4.24), (e lawesuntitufininvewmguily wuduuu  (integrated

-from of the angular momentum theorem) w®'w¥uUn13iAABUAIUSIUAY:

€, ~mr, 6 = T ]3‘B dt (4.25)

M J - o b
sunasiefoufluswddnieluaits  (space) 13vswAsnlnarwnursweely Ly

- L] L] -
vBw L sauye o 17 U L e fUNIINIAT LN LR T LU LUUATE Y LN LABT LU LuUAUTBURA ©

(a4

. - TxP?P = m(ExV) (4.26)

- - . ' . Y N -
o T iduiinisefuenatiunivangantile o weveynAaa  m. ¥anay Lireulaly

Ao iulu o Beplussun Aeflu o Sapls @ vevgentifin o #1 Al

L3 nune L ua:ﬂﬁﬁﬂﬂﬁstﬂﬁuuwauTuLuuﬁhtﬂvup L in q fo
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dL . - _d o o dT -
T x:xdt(mv)+dt X mv

P
B x (mgp )
wassmnauns (4.1)
L . a2
dt = rxF
nia
d'i - a - _ b
ac rxF = N 4.27)

[ [ - P -
aun1t (4.27), wsvleveagitha "Rt cUBuuees 1an 1ee s Ly Lundl Lduueveynnn

flan afiu 1an resuawe safluanseny” Sufin Yara surewged lu wwudu ey #p
tl
L2 - L1 = N dt : (4.28)
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4,3 n117sﬂ1ﬂ:ﬁﬁwnqﬁhldﬂnvn11tHﬂnuﬂ\uﬁnvua:wquﬂﬁ (PISCUSSION OF THE GENERAL

PROBLEM OF TWO AND THREE DIMENSIONAL MOTIQN)

owse F lunstvh luiumendusevarwi§a, 1anieedvenahumde, uaziien [F = F
(v,r,t) ] sun1In1T Ladoud (4.2), (4.3), usz (4.4), ﬂ:aﬁ1uﬂhuw:nduunv
sFwaun1s sm¥unascafeuflu 3 87 (dwunaaedoulusewid adTuﬁhuw:néuvavaavaun11)

Ll
waznguaunsivine L UL Juadufudeveeoaiiu fe

d2x
m ) =Fx(x,y,é,x,y,z,t),
dt
d2
wsg = F (& ¥, & x5, 2, 0), (4.29)
dt
2
d =z - ..
'm_z' = Fz G, ¥, 2, x, v, 2, t).
dt
>~ N -~ v - 1 -~ - s *~
L3I MUA W LN LHDSUBNA N NN L SURY ro= (xo, Yo zo) WRZAIIN L TIAL
30 = v, v, ) #8130 t, (s7erwaan T, ¢ luea t a9 la.
o] y0 o]
- el bl . - -
Tunsfiild [ F = F (r, r, t)] Luntsuanuanfazunaun1ivss iand wina e

- Y d ap o ~a -
MWW T uAT r fow. senedeufluddidun 13195 1R snaunia (3.9)

n3iflusy  Sufenduueuihudsswmions (o fa X, vV, usr t, nawnaun (3.9)
tHunasernuandszunaunasla nienatn e wnuazunthman 10330 19n1ARRAERT 51 91UAN
Wlaas  dviudeiduntsieoulu 2 w3e 3 S&FTwmIawenbedn  nadesunis
Ao L Buadudusevunuisedaunis vt tdusunis (3.9)  Sunfudfesweunis dmbu

nysefoudly 3 03 (wardavsuntsamiunasiafeutly  2- 08) duszfinnvitionnan

d ! ) P A - Y o= e
R X 5, ¥ 5, 2,V , V , A (ﬁﬂﬁﬂvdaﬂﬁaﬂnﬁhnﬁsLﬂaauwiu 2-308) wazaiinsaov
o © o
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» :l -l ’
Tndnavluszifiudn $uds T uaz T wsvudazaunat sannquaunas  (4.29)  ®uk indadl
LilaflevAdaznouflpvsnu i Bun udlovrlaznoutvromtoswums Seffvifutymiluniaun
aunrsundudn 1918 iR ansed m¥unat adouun g 1t

- ¥ '
nafinguann1s  (4.29)  gaisuenfsrien waeluudasuny  naqafie

F, o= F_(x x, t), (4.30)
F,o= K G,y ), (4.31)
Fz = Fz (z, z, t). (4.32)

- ' -
L3I TONENNIRTUEN x(t), y(t), umsz z(t) Troo1edas: oy Lfuafiunis  adeufl

Tudfea. dvﬂﬂﬁﬁmaﬁw!un1ﬁﬁha wivin'munnney  Tuffenduoy 1aan i fuvedae LAua :
Fo=Fo - [Rw, RO, F, 0] (4.33)

0 '

1ousv L Tutenduveviaafuved e fun L3WWAINREANIRINI9NTT LATRBuAEY X, ¥ uas
L] he e F 4 . -~
z flazsule Taule3Snasifivafiusen 3.3 (nsfiusuniouantusyfuiian).  lunsd@ifuse
L L]

ummw duinduTnorseifuaaw 5928 udnvz viunidya mSuannas (4.30), (4.31), uaz

= = e -
(4.32) LiMEWATIUEMARUN1InA S L ABouuevew L S TuuRazuny Be X, ¥, uUAT

. hd - of

z Yo Voo vy, uar v, 1n Tno3fnqsuevesu  (3.4) wewund! 3. &nnad

nihiforsiinduln Ao wavitumnfvowstumia wgu n11uafaufluaveyntruuuzailuila

coa@ataimeilu 3 O8  dvusew'm¥unisiedeud &
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F = -ky , (4.34)

- - ’ - 3 -
nsfuavutet tufarduroesiumint] (1@ wAToLEnUNEINIMAAREY X,y uaz z 1A
- U -
Teulot8nsvenren  3.5. Feawni@naioua feusviduinduzesinat, aawidauas
- ! < L] 1 - -
Ay 3z w1 luswsmaemsauntsuey x, y o uar z luanziduafila uen
~ J . ~ . oot he
IeTIEn11vevunil 3 uunriflazamleflazsuniinau A BILATEN1TEEN LR AR Ul 1
- . ) - L]
squwemAswwEunIs 1i1nufy  (Ronaseaudinsunis tadeunlu 2 nie 3 OF. WRAN3EN
wivi Tuienduvo vt i da, shuniy, wazioat, luuezifoaM (3113 it luuanlunen

- . ' - ] - [} . )
3.2 3Jvlunananatedn ua:nsﬁuanLnﬂaaﬂnﬁnaﬂdunuaq 131 lud L ATsn (ouiu.

4.4 pr1lufiressdaiainoslu 2 waz 3 0@, (THE HARMONIC OSCILLATOR IN TWO AND

THREE DIMENSION)

Tumoufiuazrouraly 1313Rs1ranetimast auauranduiinvusfuse s il vewannia
(4.30), (4.31), war (4.32). Hlasiesznlivuana (119 w1019 3E NI N edRAERT

g ¥ L J
wonmauntininfieufluey  x, ¥ uat z umazmisuaBwir.

4.4.1 pasvedoufluvusilutiroos@aiainetinizuuidvonie 2 08

- ’ y
aunasﬂﬂtﬂat1utﬁuavﬂvn11tnﬁauﬁtﬂaluﬂuivnuaw fin

(4.35)
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. .
dudtnwuznasinfouduey x usr y agluvesy

x = A cos (th + Qx),
(4.36)
= A cos t+6).
7 y (wy y)
& 2 kX 2 }1 (] : -
e w = =, yar wo = .ot AL, A, 0, uwar 6  witwlesan
x m y m x* Ty Tx y

4 4,0 doudua o & 4 ot
Waulu i fuswwavnis crauflusasns@,.  nasranav  fugevaunisiu VIR LRV LRI IN N

sovsun1seenlu waznisuntimaflis1naunasifeevuevaunis  (4.38) aglunasy
= A +
y v {cos wyt + Qx 91)

6, = Oy—ex, warin Ly = ey = w

&
I

y = Ay [ cos (wt + Qx) cos 8, - sin (wt + Gx) sin ©

i i

FANFUNVIUINYENEUnTT  (4.36) L1t

2
L = X cos0, - 1 - );2 sin ©
Ay Ax i Ag i
X
Jounnhdusevasen  131la
X 2 cos Gi 2 2
Yyomw —— +%, = stn” e, (4.37)
A X'y A
x y
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aun1e (4.37) Besunttmdonuwsfing (quadratic) wew x war y.  dvauniihlu

aovmenuifin fla
2 2
ax” +bxy +cy +dxt+ ey = f

deuanvluquey  ellipse, palabola, w3n hyperbola, duagfuIiATeY b2 - 4ac

Vuau, un, nfouan, wawsifu.  @m¥usunis (4.37)  ewen b2 - 4ac =

-{2 8in gile Ay)2 Foituau  Mefuuangr v L Aurounitoead@a tanluTzuiu Linmss

#ovdfiduuvy  ellipse MU 4.2

) _4%4.2 Elliptical path of motion of a two-dimensional harmomic

oscillator

1
1un1ﬂﬁnaﬁﬁvuavqutﬂﬂ o R T Tun1ivewy N Wiuseveynan e

i

X xz
=+

Az A2
x Y
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v usunvey ellipse ﬂ1=u:ﬂﬁhuawunuﬂhﬁu. Snuuunily Eﬁuaﬁqvuavuytﬂi

- » - - ’
0, uguumiaimfu 1 uan AN I Meveyansy L Tuvy LauRTIna e

“
[
1+

“>+<>
H

[] v [ ] 1 4
tadavnunouan wanvluns@fuantveovu i durgud  shuirdewmuoauusnviaeasvu oy
[ ] . e . -~
ity 1 @mtuna@hld v v Bt uunn x aquuanuuua oy

(Foqu 4.2)  auntmavfiveeveyniaiduiuy  ellispe s

tan 2y = —% > 1 (4.38)
A - A
X
4.6.2 pviafaufuvuaslufia sosdaiaipasiu 3 0@
aunswavns adeuilu 3 S8Tecluduyemuqeilse
mx = -k x,
X

m y = — ky y’ (4.39)
mz = -k z.

waruuuravnas L adeuf gy 4.3, (hudnunzaenaesd induuuia m dvqnﬁﬂﬁhﬂﬂivﬂv
-t 4 ]
a1 I uwnunuitfvanmifvawuny mufunezniscafeufuevnquaunisuuusasluida

4 1] . ] ]
poafalalnes WAsSUNUAN LﬁdﬂuﬂkkUU'ﬂ"l;IlJﬁﬂ‘ﬂfJ NN G
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k
- 2 _ x
x = A cos (mxt + Qx), w, = =,
2 _ &
= A ¢ (w t + 6 = 4 .40
y y CO8 kmy y)’ wy —- (. )
2 kz
z = Az cos Lmzt + ez), w, = =

]
araaitiannan (Ax, Ay, Az, e, 6

ax L] [) -
x* Oy 8. # Fusyffurifua X s Vo1 2o X s

o (o]

’ ' - ' ' - F] '
Yor 2o+ uwnarlasafiiun ses@aianeu1udus: wwusiiludeeuinie Aauenw didusgiy
fdisnfuovusviuFiuazine o waw1ﬂwavn11tﬂﬁauﬁuuuaaaﬂaLawwavﬂqn1ﬂu1a m

] - - - ] -
awlunandindon AilurnTnaansaquinarende origin wovumarsauidu 24, 2Ay,
~ ] L) - o .
war 24 . el w, Wys AT W Lt & S UA AU S AU LamuB @ L ey YNy

LAUUINYR

(4.41)

|
i
< L€
"
nIN

- ’ - | S 1 -~
uam N L Augown e o ludiriduguln naqsfis n1rfeufuavuia m ITNAUYAIURLN L Fumu

Tnuauiaan  (period) wovwnasiafeud ity

2n 21n 21n
T = X = L = z, (4.42)
w w w
X y z

> % d [] 1 L
TunrvnTeiug Tl R PV TR S EH Ws my, war  w, Tutﬂuﬁhﬂquﬁﬂhﬂuﬁﬁulwwﬂauuam
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UL wanae fusesra o lus el i Tuqutn wazew ratmeama e St ke

1 4.3 Model of a three-dimensional harmonic oscillator

4.5 Tusianlva  (PROJECTILES)

Ntz Bmanivoentsfnuriuanamians tmaflankyedontds #8 nasfneifuau
n11 tafoufuavlih ianlng dvidunasinfeudnrulausniznituidesursanuasTiudieling 4

mlan. 6191 10BAkse L Ruanunoeeanis wun13nae . afoufiuuuTuscanlng fe
m = = - ng k , (4.43)
Boln z iduunuvevnatiafoulunuafy  weduvevmunasluuaazunu 1 Gouln 1Oy

m —> = 0, (4.44)

dzx
at?
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ndZ = o, (4.45)
dt
2

m-9—§ - - mg, (4.46)
dt

Sneacnatiafoufovauns  (4.44), (4.45), uas  (4.46) s

X = X + v t, (4.47)
(o3
m gty & (4.48)
z = z +v t:—lsg':2 (4.49)
) 0 z - L[]
o
nloluMesuwevianisred
T = i?o+§r'ot-—55gt2'ic. (4.50)

a3 uuinnas afeufuvuTus i sanafl ifusanga  dumu (0, 0, 0)  srwumw L famy

Tutzuwu x-z  flufle vy = 0 #ufudmenznis afouduevTus ienlnantuswnis
o)

(4.47), (4.48),(6.49) Sunaquiiu

x = v ot (4,51)
[o]
y = 0, (4.52)
2
z = v, t- % gt (4.53)
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aun11pd (Tunsedurunis iafouluavlttienlng lrsorveuysa amuns@laTuse s foanu.
amrd £ duaunas (4.51)  wasarldumudalusnas (4.53) calasunaanas

ol x-z D

Vz0 £ 2
z = 5 x - Y , X (4.54)
x v
o x
o
an11 (4.54) 1@ waIndninegluvesy ¢
2 2
v v v v
%5 %o )2 2 *o ( %5 ) (4.55)
(x 2 = - . z 78 . .

aun13fl M aunaswewnsaluen  (parabola) wWinvasy detimwgeuandgeiatiumy

z = e | {4.56)

2v v
20 %5
X = —— (4.57)
m g

oz Tanegluuua 11y Awes x  fofifu  (range) nfaszu s Inaffqnluuii i weeunas

tafloufluvuTutisnlna
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dﬂluﬁﬁt1qWQ1sm1n11taﬂauduuuTuitaniné Tuns@ffus v Juanuesvanan vfe

uwﬁnﬂuﬁ’mﬁu’imnwﬁumm1.1‘1 ﬂllﬂ'l'i?]il\]n’ﬁlﬂ#ﬂu# fin

dt2 r (4,58)

- 9 - - -
Lﬂaauuﬁ1ntﬂunﬂsnﬂﬁauﬁiuizuqu X~z (Lﬂutﬂuqﬂhn1m1ﬁuu1uLﬁunn1uwava1nﬁﬂ) V37

Tnsunaslurpiuuny x wazunu z

2
“““2‘=-"§—’:, (4.59)
dt
m dzz b dz
--—_2 = - mg - EE (4-60)
dt

5ﬁnﬁ1LnﬁauﬂuuuTU1haﬂTnitfuﬂanﬂnﬁsﬂwﬂtqaﬂ t = 0 #vifulmwaznasiedeufuey

Jun1s (4.59) uaz  (4.60) Ao (gsinmeu 3.4 uas 3.6 )

. bt
v = vy e & . (4.61)
x X
o
mv bt
*o Tm
X = o d-e ), (4.62)
- bt
= g : m_ mg
v, C p v, ) e al (4.63)
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2
z = cE;§+ b") A-e ") -2E ¢ (4.64)

snnsunmns (4.62)  flewarn t wanunuda t lusunat (4.64)  1e1lnmunas

smiuntsiafeudSlay  (trajectory) f#o

v, 2 mv
- g g g o
z ( + 3 ) x 3 In (- — bx ) (4.65)
X, X, b X,

219 L Fuanueanamisunteaganlussusdi, e (bx)/(mv_) << 1 13707%007w

o
Tuqusun1sunnifvey Cbx)/ﬁnvx ) i
(o]
Ve
x v mv
o x x
o o

Foffu s adouiflaves ifuialumenusn q nfuiiugumasalua wdide x SAwandu

L] [ ] - - J ]
war v (huvannawen z asanavedavianidr v lnstinatafeufluasuts o gy
o]

[ ] [ 4
AT luRIapIIUNedN,  wavivauwIneevauni:  (4.66) az Ui indauMuRunT  (4.54)
' )
g1 lBnuav L Buanuzevenar sumsuflswuazineuse q 1 iAo sutsineuznas

tniauﬂ1ﬁﬁniﬁvﬁﬁuﬂhnﬁ1ﬂu1u1u1dﬂun11unnﬁahuav (bx)/(mvx ) Adamioy q i
[+]

- - \
dvLﬁuﬁqadqvﬂﬁﬁs:TUﬂuianqsnsaaaaunaﬂln 11nﬁﬁtﬂhﬁhadﬁvﬂnvnﬂ1ﬂ1=unmﬁﬂtdav1u

-~ LA m ¥ » »
aoniafuaumwaunis (4.65). 01 x Jﬁvtuﬁqnﬂﬂav BV AN Z LUNLYIG
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’ - -~ £ o .
Aotunlufimaay waznay iiieo i il aefiezfugnay mgaz i aflguinnawanmunuafin o Ahundy
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(4.67) 191azlanvtzuraduudaee i

e
0e

*o %o 8 0 o
. -3 (4.68)

J L4
Lnauﬂaavﬂauﬂunﬂﬁﬁ%:LﬁutwauuﬁiwﬂuﬂUu1n U 1 HDWWIIINATINATUN TUTDNENTA USRS
' -~ 1 -~ Y - bd
qo9 tneuwantaz L dunsuszuanna e ieded emdunt@ififuse fuamuuaveanimey 9

L] * ' -
duimonfinadegenianely wwrssflszauala lponrsunus X néu e ludnadalu



166

an1T  (4.67)  #effuisrssmuiafwey ) flaz 1 Buaynau iawunndeeay b, Tunae
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. *o 25
xm = "—-'b— s (F >> 1) (5.69)

U 4.4 Trojectories for maximum range for projectile with

various muzzle velocities
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Goanmhfifwevswuds x, y, z.
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W o= 3 (4.75)

sunrrvove il (i lunamemieeudng VE) = Vix,y,z)  wwanzdinuas
Tnafuefusunis  (3.31)  wewnasindoufludfiAus dear s lnemdifinsanuseiniin
aqnﬁn;nﬁauﬂaﬂnnﬁunﬁv T lutesumbaynssy ?S finmun sunqTEENRANNLANG D
r
V() = - F(¥) . dF (4.76)
%

nanauudinfunduyeeuse L F o= f(x,y,z) wanra LaudufnYalusunis  (4.76)
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e £+ df  fu vwflifinvanuey F ghqiduau soifu
v = -F.af (4.77)
sinflvwuevins oy (gradient) uazsunas  (4.77) v3ln

-F = grad V,

w%o
F = - (4,78)

1y (4.78)  ususnouawlunAazunu 1ty
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Fx B ox ?
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F = -, 4.79
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= . 3v
Fz B 3z °
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dounh (7 x V) w1 lolufinvasfenfuvammaviuting V 1sla

) Y

VxV = curl (grad V) = © (4.80)
Fun13  (4.80) uwazsunas  (4.78) wawqiefgaulaan

3 =y -

VxF = curl F = 0 (4.81)
aun1s (4.81)  lafavsanauu@igmeevniinaamisewsnoniala caulevevusedvegiu
Unduuay  Flx,y,2)  waziirwwriouaneiiannis  (4.81)  (duauni1sdiidouly
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Bugdon € 1a 9 lumidy vwilifiasanuse FE)  Tumumagifugdnd Ao

F.dr = n. (7 x F) ds (4.82)
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o s (TuRvevaidy dvasussumudnim ¢ aouffas ifumafsweevsung (4.81)

vhiste e Awmaverafouevaunts  (4.82) iiugue Mo mustndimas yfuvey

WO C v q fio

e
F . dr = 0 (4083)
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vENEYNIA

n

4y 4,5 Two paths between';l and ?2, forming a closed path
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T, HVED - Tyt v&‘z) (4.85)
Canaunis (4.85)  usevaamdenausaw (T + V) Saaaef n3ondavwluni@inga
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v 3 08 u

T+V = % m(;i:2 + &2 + 'zz) + V(x,y,2) = E (4.86)
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r
V@E,t) = F(E,t) . a2 (4.87)
%
e -V‘xf'(r,t) = 0 iy
F(r,t) = - 9V(xr,t) (4.88)
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24 ogffetumiy ¥y = o, x = + A uazquff it duuaneienieeuiing Taofndeuiing

ad1uuﬂ1uwav 1512 \8n waz E < —46 x 10712 184n.

Y 4,6 Totential energy of electron in electric field of two

protions 2 A apart (Potential energy in units of 10—12 erg)
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anl (4.6)  azidua Sifemiougnatiffrusuivatey o urazlvsmeu natiafeufiuey
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b) 18 Fuaffutuve a) 1a
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n11duflLngan Cl’ LI M

a A
y =2 =o0, Fx-Fy-—Fz=0, dr = dx i.
it
o]
-

F . dr = dex = Q.

Qi ¢
nridufiinsnnu CZ, L33y

X = x_, z = o

3 2
Fx = ay, Fy = Jaxy, Fz = 0,
A
dr = dy j.
ﬁvﬁu
Yo
F.df = F dy = ax_ y-
y oo
cl o
n18ufi LnInau C3, L3 IMsU
X = X, Yy = Yo
2 2 _ 2 2
Fx ayo(y - 3z7) , Fy = 3a:h:o(y0 ),
Fz = —baxoyoz,
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mafiu
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F . dr = z dr = -~ 3 =X Y, 2,
cs o
thife
Vx zZ) = - ax 3 + 3 ax z2
0 Yo? o Yo o Yo %
tﬂaﬂhﬂhﬁbuo YN X,¥,2 aan  wiwwdng  Vix,y,z) Faiy
3 2
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- [ »
od1uuu1Lﬁuaﬁhxvntnasuannﬁunuv r ua=u1vﬂ61ﬂﬂﬂnw1vtﬂ1ﬂ1ﬂ§aaanﬂ1n1ﬂnﬁLﬂh o.

4 Spherical Coordinates s o 1Ougantitin,

F = F@)t (4.90)

rd v [ rd
avAUssnouvevnififua  (Cartesian Components) YEVUIVHUGUENEIY A

(s T = )

"t Iy

X

Fx = 'r_ F(r)’

F, o= ;"- F(x), (4,91)
b4

Fz T T Fx),
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r = (,xz + y2 + 22)35 (4.92)

(fn.‘.,g',)

w

(711, 80,000

7Y 4.8 Path of integration for a central force

. - - .y ' - s - ] ]
awevifiavevusy F 4 swrsofignilaiafariduguo luaatendusay  F(r)  szfansuavla
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vy (I°,90.¢o) mMIdufinsaay oW Cys
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Faifu
|
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1
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r
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(4.93)
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4.7 p3iefeufnielausedquguonany  (MOTION UNDER A CENTRAL FORCE)
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Tumauil i 31azna e thimwswnas iadeuflustuau  fun ey dvttmaifazFanms
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wnt (4.107)  Jdunqamantnou @ wmdunqsunsunaTuey ().

waw O(t) wmnaun1s  (4.103), ale
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mr = F() + — g (4.110)
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v uinofunsen e fevewsunas  (4.110) s

L2
' (r) = - F(r) dr - 3 dr
mr
L2
= V() + (4.111)
2mr

» . - . - -
ineuflasvuay V luaunsil fe wahvﬁuﬁhuﬁL#uvwavahﬂuﬁﬁhusnnuquunanv.

SufinFavevaunis  (4.107)  vaeafmhmawaatalasan wazusnsaaelusanniastuaa
Tunuufindn wazdeoana mdunisktaunamasn  £(t)  usuafsivesmiunan e
nraman Muveveyntalua i Sufsaunaanas1aT8Mnn e nfeud s ek rflwav (aan na1afie
LerguaToasuionae L fureaveyninlauniintvun 1 (8) 5En19fABUYNAEYIE 11 L3N MR

A
n13unun 2

(4.112)

Jolgaunas (4.103), 13ale
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r = P '&3 e
. - 24 Qu
%
L 4
= - ;g , (4.113)
2
¥ = —% 9—% )
de
- _L2 W2odh (4.114)
m2 dez

umin r war ¥ lumunas  (4.110)  wazqumsu o/ @A) L lasunasv e L dus

Tm¥unn L RunSenlassluinoueoy U@) 1

*

L . S 2 (4.115)

ct

1
Tunsif L = 0o aums  (4.115) sz (uaun19wowni14nisang uaL s mswuainsnis

(4.103) 74 © Favaedl wazniviFuuevaynn L isuR I iNIUgANY Lnlln

aseBusurhnauuavannas  (4,107), (4.108) w%s  (4.115) unnn#ﬁ#éﬁuuquﬁn
uﬁL11aﬁu11nuaﬂvU%uﬂmﬁaﬁﬁmwavnﬁﬁ1aﬁauﬂwan r nuavouwivvudng "Y' Antmun
Tavswnis  (4.111)  Feidunrsiafoudurud®ava, Taonamaen  (plot) 'W'(r) 191

-y - - - 1
dwInaginivo s E e valnnasiafeuflain r asuaslasmdaly  13qe19szuany
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. ! (
ahumiveswyndy  (turning point) wazaw1I0nBuinas A Lutham w1 s Ufsunuay
4 5 ﬂ t - o) L ﬂ. ! > .
T mnsvafeuflegels. an V() Saashgafinhunuy r wamdmaw E f
! ! e
AUINLINNIN 'V'(ro) du arazflounisn warniteesds Lanuuuaai ludalnedssuaa

WU T mum oy o ntwunlae

o’ = % (<55 (4.116)

(4.117)

4U_%+9 An apericdic bounded .orbit

Bnsnamuazanavitle ©oofudu,  lunitd ¢ cafouflinsuaeTass usn @ 4 0 wuzdl
r+ % uar niamueaveynireise: | tuntmyudsuysmTe WanraMaveas it cadoud
WAg r o=« fuogiuan  Jhfusdwls,  fenaiefeutiuey r atuanless awaan
r azlalufnuneih Luindeutiuntu irarsenamyu AnfursTasiense W itiaelassqutn

wraduez iiunonfouluacve (qU 4.9)  9rdRarEnmevAuLaen ( perdod) vEN
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1 " >
avinfoufluey ¢ AOAW LIR1N PWILn I T L Awdap lnvsaz dugun wazardnia
' ‘ . -~ - -
SERUTELTEUESTETIE YRR TY ST, SVRY, VER-9y Frony NV 9 Tauaw etz duius mdudt
vavvlaag, tﬂaaqn1ﬂtnﬁauﬂd1utﬂuquLgn s de fuuov¥ad r ﬁn11na1n1nnﬁnnﬁh

(ed 4.10) 't

ds = % r° gde

ds _ 2, L :
ac = X r'e 5o (4.118)

7U_4.10 Area swept out by radius vector

- o - o - . ' - -
uadnstut uaTeam fuaynanla ¢ ﬁLnﬁnuﬁn1u1ﬂn11n1:nﬁwauusvn1uquuna1v a1n13

] > of
mﬁauwnsu’nﬂ AFIURT HITIUAIDAAU LI RTINS maﬂuﬁ l‘i'lﬁ'lll‘l‘iﬂﬂ'lﬁllﬁﬂﬂ\l L'Uﬂ'l\ﬂﬂ‘i‘l

Taan

s = LI (4.119)

& g ! - " 1
o s (Thffuiveviemelnes waztnismIwe s LTI W TRANIGM ARIYB VAT L A

-~ &
vaNnImyu lnsnauni af]
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4.8 uﬁvdﬂuauﬁnanvLﬂuﬁﬂéauunﬁuﬂh1:U:n1unﬂavaav (THE CENTRAL FORCE

INVERSELY PROPORTIONAL TO THE SQUARE OF THE DISTANCE)

e nuevntsiadoulu 3 an A nﬂSLﬂﬂauﬁﬂauaqnﬂﬂuda m avpin

» [] v ] . L4
n11n1:wﬂwawusuwﬂuﬂuunaﬁuﬁtﬁuﬁﬂaquuﬂﬂuﬁhizu:wﬂuun1ﬁhaavﬁ1n1ﬂquunawu
= ~
F = 5 T (4.120)
wara@mlun e wdng fa
K
V(r) = = (4.121)
r
[] ) - I [ » ] Ll
ﬁdauﬂvwauuivﬂuﬁhumzmauuﬁuwﬁuﬂuunaﬂuﬁﬂaﬁduﬂﬁ vy wswlunnay (mau 2.5)  simany

-~ 1 '
BYNIN 2 aynnauaw moousr m, Fofszusvnnemu r Taoaunas (4.120) awev K

fla

K = —‘Gmlm2 (4.122)

-8 -2 ' o o> < P
da G = 6.67 x 10 dyne ~g = - cm, K aﬂhﬂﬁau;ﬂausvluuﬂqunﬂuusvﬂvaﬂ.
ﬁdaﬁﬁvﬁnuuunduﬁau5vw1v1ﬂﬂ1ﬁ:uﬁ1nd1:j 2 1suy q; -uaxr g, fdszuznaeiy T

Thoaunas (4,120) quaq K fia

K = ql qz (4.123)
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- YK4m LY

u 4.11 Effective potential for
central inverse square

law of force.
40 4.12 Sketch of unbounded
inverse square law or'oits

L) [}
ATREAN KA AN N L ASIAW G TIYAA L adunfunifvae v 39 (Faqu 4.11) ViU

Nnunzn1INSaNUEIH Nuu ARy

' - K
V' (r) - 2 (4.124)

1
+
|

am¥uusoundu  (repulsive force) (K> 0), v lfnelaasnaTiadsufhiay
' ' ‘

r usniBunsndminvausin E seffaniduuan uazeyan ipfouflan r = = udeyendy
win edoufigntumiy = anafy.  na@ntmusAwsandee E uasTuwudinidap pnduss

L[] “ -~ x »~
Fofatumiy ¢ foumuannia K = o (Wifuse) n1siafeuioveyntnluuuudezuie

. - 5 tm [ >
Aev.  am¥uuwefivgn (K < o) d L#o miue suflazlufwashd a1 E > o
utluns@ff andusztedulsdesuineee © usenIn K = 0, yLfurenayniauane 3
gy 4,12, tswunelugy 4,12 ueavlniiuiendulsedad r. 0 K <o was
2 2

~%K“m/L° < E < 0, resfiun r a:aaaaauaﬂ1=u{1Qﬂnnah 290, nsfi E = -4

2 - -
K m/L2 aqﬂﬁﬁﬁ:Lﬂﬁauﬁnﬂu1vnauﬂquﬁhﬂ L, = L2/~Km n11uﬂnv1ﬁnﬂuqm1un1&f

Tuuuvufndin,



189

R duinatuaunay  (4.107), (4.108) aﬁn&hnnd1unﬂunﬁﬂhaavﬂnvu1vﬂ=

. g by J
g lum OB uacsmalalaoldm i featunisiafaufuuusssun decrudun

auns (4.115) wavavless lunsiffaunas  (4.115) gavavlassas i

o,
[+
H
=

|

|
+
e
I
i

(4.125)

[= 1Y
(7
N
[
o

- -’y J
aums (4.125)  faziiwe st Thiuuu i FunMinasumvauueas Luds (ﬂﬂvﬁﬁﬁun11uﬁ) e

wivaed wazife 6 Tuflffunu ¢, sunas homogeneous uWazn1I98UWANRBUYBIRUNTS

wuuthlu fe

d2
—; + u = 0 (4.126)
doe
u = A cos (9—90) (4.127)
ide A ua: 90 el seffusunas (6.125)  Sedrhmeud L dunaeaed
w o= -2 (4.128)
L .
nvetuqsaminasuuuih Ttevaunas (4.125) #e
1 mK
=7 = -3 4+ A cos (,9-90) (4.129)

L
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aunts (4.129) Busunqsgmasnaan (ellipse, parabola, or hypobola) &y
Trittsngd r = 0. #rneufl 8 szumingufenmuanaalassluszuay dwmed A dy

v unasusavaanFuvevauniinasadouuey r dun muning
L S oo om L, (4.130)
T L2 T ‘1.2

- 2 - - o . — .
01 A > - mK/LT ((uldlade K > 0)  uaaszfiganduifioein tioaam sy ) o r
Ligadhsy, wszdn © Tl duuan amiuda 8 e 9 uss A LuSwaedrwoonda

Z .- . '
mK/L™.  a'wmFuntanimuaat E andu i unqsesuiusunas

2
W () = k + L = E (4.131)
r 2
2mr
watwofla %o
R
1 L L L
(4.132)
1 K, 2 2mE ) %
— = - — (_. +
r, L2 2 2

Taunsulfouifiouaunts (4.130) My (4.132) VSR8 A Ty e aunaNY Y

E wazluiuusniuyn L fe

+ 22 (4.133)

2 - nFKZ 2m E
L4 L
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asuthalassarusangluinauvesidouly v dunu

W 4.13 Geometry of the ellipse

-t o - L - -
W5 (ellipse) wavnﬁs;ﬂﬁaunwﬂvaqnﬂﬂuwumduLauTﬂvﬁvuan thufie waulnwavIzuznIy
- . b / . t / ]
singandoniIn F uaz F oaefl shumde F uas F 1%umiq focl wawied wazIngu

4.13  ismsw
r +r = 2a (4.134)

o a 1 u¥efueviusitgquinavdufingflqgruevaed TuinevuevIna13l neediunflilyn

- L - / -
quuna1v9dﬁ1ﬂﬁa F uszunuy x aweptiuIwtfs F, sannguaw  Cosine (311w
r - 2+ 4a252 + 4rae cos 8 (4.135)

e a e (fuszuznivsinyeguenaen e TludnTnta F ey € 13un71 eccemtrocotu
- L 4 -
vovvd 01 e = o yutRuroveynmst iluawnay wdor e + 1 qeFaziufouiduqu
- - ] [ ] N '
n171Tuan ne auntedaumile FuiffusgMuanszusmivaninme F' M F Sueuwusstianseld.

IINNISUMIAY T wevaunts  (4.134) lumun1s (4.135) (smuan

2

r = 2 -e) (4.136)

1+ ¢ cos @
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1 _4.14 Geometry of the hypobola

/o x

11 4.15 Geometry of the parabola

aun1s  (4.136)  feaunsvevreiluinanilasofiun flignntindnatmifulnfteifios o b

tﬂu!hﬂvavLéud1qu6&1uﬁ5uﬂqnﬂﬂv1v1 ngd 4.13 viln

b = al - D)t (4.137)
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ﬁhﬁwavan? aﬂuqsnnn1ﬁﬁqnnﬂsuwuﬁﬂiﬂuﬂ1n ann1sdufivnaas
S = fTab (4,138)

1o o5 TuamAlasan il Avaenme L Aureveyns Tufia Han1veavs sy snNNYaN AT
(foci) fa3uli 2 qefe F waz F ifumaaefl (geanqu 4.14) dvlevesTuasfivany

= -
uuufluqlasan

r-r = 2a ( + branch)

(4.139)

r-r = =-2a ( - branch)

1 -~ -~ -
31 Tunmulavitaouser F andusauunuuan (mvaefeqy 4.14)  ussmasuanfie il
] L4 L
duunuau.  aun1s  (4.135)  (Susuntavevloiuesluant iwufu uAm eccentricity e

] -, -,
fuannamie ey Mdfuaunisvevle ttesluansiulna i lresfitun £

2
r = %’——11 (4.140)

+ 1+ ¢ cos ®
vadoumouinluaunts  (4.140)  uame®y + branch  duiafeunupauuanediy
- branch. (auletvsrwavloidedluans (g 4.14) v = Nuunuwew  foci.

. v '
o « (Turwey 6 amfuna ¢ Alufvouienshim:

cos « = = (4.141)
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1emaaTuanidunw i Au i a] svvonaynan Aafuasosneaaniaundl D (directrix)

WAattuszazn sy e F, g 4,15 45l

a
F T TTse (.14

o a thusosnwin e F directrix D

p N - - - -
Lien T L fouana s Teefe s wauufinariuauss Inaglunesu WIg WA

fp

M e

= B+ A cos & (4.143)

N b \J - J
o A i wan,  Arvrntmunntees A ues B edlelud tislaansluiuuen 9 Ko

B > A, ellipse,

B = 1 5 R A = '———22—-—-; (4.144)
a(l - ¢%) a(l - %)

B = A, parabora

1 1
B = 5 A = o (4.145)
0 < B <A, hypobola, + branch,
1 €
B = — A = 5 H (4.146)
a(e” - 1) a(s“ - 1)
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-A < B < 0, hypobola, - branch,

A = — (4.147)
- 1) a(e” - 1)

[

a(e

TmiuniBR B < -A a:'lu'ﬂwwM‘uuw;fu'[n'wwnqmmﬁwﬂu.

4.9 waelnvsuwvuavy  (ELLIPTIC ORBITS). {iwavimUiani (THE KEPLER PROBLEM)

-~ ' - -
noununaa sl 17 nﬂuﬂﬂ'nﬂ‘u‘a:nuwunnmﬂnﬁau# (The laws of motion) tAUisasd
reButeng 3 we 1Auatunas inBeufluaunt insaen Tauauntamasanna 1 Lnaves Tycho

Brahe #vlamiwmeung 3 vole

L aminsazniadouflidoed Taulnavefing Suyn s

L 4 - - []
2. fuidnianlne ianinedeeedrml sannavefingtentn tAT7En U s N IR

Rt N
3. "I (period) nhvsevven L TudnauTauntefuSadnhdosw.

ngrefasvuanin viulnlngsunas (4,118) uazidunaniinifinnasoydndly Lamd i@ag

Lﬂavﬂnuwﬂnwmmﬁﬂvmnﬂ vz Lﬁua’num:vmu-s\su"mmufnmun%'nqu'mﬁnaw .

ngreuIn L1 lAuans LA AL 310 33U e T RN RRY e A o 1o | udnshunn iy
TUINUNAARNTEY FIUNQUERIN L1 MIWAINAI W T e Taudhy s Sudnau Tauasety

[ 4 - -
U0 LATEn Suaameln i ladaef

lunifimwTassifugihe? 1w wrrmas i smesnasiafouflasaneunis (4.119)

unz (4.138) :
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K

T o= B ogap = B g2 (- Y
L. L
2.2
1" K m
—Z—'FE'-;—- (4.148)
a = |E| il
[VWIN 2E NUY
= 4?43 ll‘il (4.149)

» - L | ] ]
Yunstivesingiién q s n tafeudnielansedegrussuavTuumeifalnganiify m

warlousunis  (4.122)  vsalasunqsesvaiuiaaniiu

2
2 49 3
= —e——— g 4.150
T VAR ( )
< 3 J - 1 >
Wi Fguuey a (A Funn tasazayn q oalufn L3geudunguadiuuey
4 . - T~ > []

imUines, wwnqs (4.150) LIRS0 MM I RVBNAINB AL LA 011 TINIIURIDY

a3 tyfeglunuuingaund 2 ¢ 11

] - - LN}
AAINgreY LAdLeD S Lﬂuiﬂnqunauavu1wnﬂunun11Laﬁauﬁwawuqﬁuua:ngusvTuunqv.
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] J U a
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INNGueN LAaUL anTUIN uwnﬂnngﬁhjwuﬁhwln111waQ:a1ﬂ1w1ﬁ ﬂqvaﬁwﬂua:nqyaqﬁuﬁ1uwm:
e L - M
fn1z 1aTznRAy 9 1asssauaivefing gl an L sandusedegativa A Tizniou Aoy
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a1 gy wazaringlalagnmmunat inguafinaauiua nannfie avlessuewiuss
flurofenafiun iasrzneaedu q amgialalagnrumtu a,n, 1787 um L3 e wasnedune
Snwaznigidos tuuvevae Tassvsails, aﬁnn115tﬂ11:ﬁiﬁuanﬁvaﬁnﬁ1aniﬁav Adam ue
Levevrier whlnisnawasamiveyenny q veunnygiala wasawsaniumivuesnaen 1l

, [
(gun1i tulgule

Trssvavninmy duindouflseunivenmdazusang v inuusazafuld i amaunnn

S asweviusz iafdouffuuulo L e slusmdenasnTuan s taBeud LhneTledne uagn
- a ﬂ . - gaﬂ
A iaszrneBufegaiiu tenimsfusenssnisanaieamdu q Tussiadpuflawsunas
! 1 4 [
(4.143) uafitdnas e inlunsintousleg Tnuth luiasiegnizminanaluatee il
- ’ - -

ATIMen3anT 1AL -1 wsvkuguunay  F(r) az 1 Tudadunnduifussusnisennad

qay (rz)

-l - L4
tymvevd L Sanvouft L afouflsoulls L aBusd inflautunas i afaufivewnts LAsAENIBY
- - - & - o ¥ -
v fing 81871 L Tveef L iansou L lumungnaa iaReunveia M unikgdun1an v
n13 i afoufluned L San sout I anninrevnaniaas mouMs  (Quantum mechanics)
nounIIAUNLURQEnaNnantaad areudl  Bohr  lantimammasvlavluntsdeinangfinis
. L -

vovorsey Troauufiad Sansoumpuluivlnssftn®munuuusy susuunartassvoedd

tgthmqefjuee  Bohr fmaldng v vl neeasevoversounu Lo,

4.10 naviatoufveveyninlusuw inSnlsdn  (MOTION OF A PARTICLE IN AN

ELECTROMAGNETIC FIELD)

- - ' ] -
n11n1n11tniauﬂunvﬂ1:1uavﬂup1naqu1nn11nﬁuunn1ﬂﬂvu1vnqvunxnﬁniﬂﬂﬂ

(Bt limrnemand e, unennbbhdiuazy q deeyd o awmia © e

F = qE@ (4.151)
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e EE)  1fumwisuvaveum bidiaumd £ Tnath e ouvesaiw e
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Mo’ mvuninan . B(E)  Taoaunas

Fo=d5x3@ (4.152)
e ¢ BomwiSavovum = 3 x 108 ¥,30/5uf  wazynuUSunmsreglu  Gaussian

units ay Uszegluming electrostatic, B aglunviuvavudindnlwih  (Gauss)

(] - 1 1o ] - 1
U ¥ uaz F adiuwuauﬁav cgs. uatmiseflaitumiae mks  swna1ezured

-
F = qv x B(r) (4.153)
[ S ' - -
aun1s (4.151) vduszlufumuan Gaussian  w¥enuny mks  Ale ludidisaszfsisan
— - .
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- - -~ . o !
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B te

F = qf + $3x3 (4.154)
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t o 1 - -
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B = Bk, E = EJ + Ek (4.171)
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c y '
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a = —L (4.178)
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y = C + in (Wt + 8 R 4,183
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U 4.16 orbits in xy-plane of charged particle subject to a magnetic field

in the z-direction and on electricfield in the y-direction
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wuufindpund 4

4,1, A particle moves around a gsemicircle of radius R, from one end A
of a diameter to the other B, It is attracted toward its starting
point A by a force proportiomal to its distance from A. When the
particle {s at B, the force toward‘A is Fo' Calculate the work
done against this force when the particle moves around the semi-

circle from A to B.

4.2, A particle is acted on by a force whose components are
F. = :—u:"3 + 'bxy2 + cz,

F = ay3 + bxzy,

F = cx,

Calculate the work done by this force when the particle moves along
a straight line from the origin to the point ‘xo, Yo zo)
4,3. A particle of mass m moves according to the equations

x = X +at2,
[.]

y = btao

z = ct,
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Find the angular momentum L at any time t. Find the force F and
from it the torque N acting on the particle. Verify that the

angular momentum throrem is satisfied.

A particle of mass m moves with constant speed v around a circle
of radius r, staring at t = 0 from a point P on the circle. Find
the angular momentum about the point P at any time t, the force,

and rhe torque about P, and verify that the angular momentum theorem

is satisfied.

A moving particle of mass m is located by spherical coordinates
r(t), 0(t), ¥(t). The force acting on it has spherical components
Fr’ FB’ Fw. Calculate the spherical components of the angular
momentum vector and of the torque vector about the origin, and
verify by direct calculation that the equation

&

ae - N

follows from Newton's equation of motion.

Give a suitable definition of the angular momentum of a particle
about an axis in space. Taking the specified axis as the z-axis,
express the angular momentum in terms of cylindrical coordinates.
If the force acting on the particle has cylindrical components

F Fp, F@, prove that the time rate of change of angular momentum

zl

about the z-axis is equal to the torque about that axis.
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A projectile is fired from the origin with initial velocity v, =

(vxo’ Vyo? vzo). The wind velocity is v, = Wy. Solve the

equations of motion (4.70) for x, y, z as functions of t. Find the
point X5 ¥y at which the projectile will return to the horizontal
plane, keeping only first-order terms in b, Show that if air
resistance and wind velocity are neglected in aiming the gun, air
resistance alone will cause the projectile to fall short of its
target a fraction Abvzo/3mg of the target distance, and that the

wind causes an additional miss in the y-coordinate of amount 2bwv§o/

me?).

Find the maximum height Z ax reached by a projectile whose equation

of motion is Eq. (4.58). Expand your result in a power series in
b, keeping terms in Zax UP to first order in b, and cheek the

lowest 'order term, against Eq. (4.56).

A projectile is to be fired from the origin in the xz-plane (z-axis
vertical) with muzzle velocity v, to hit a target at the point x = X s
z = o, (a) Neglecting air resistance, find the correct angle of
elevation of the gun. Show that, in general, there are two such
angles unless the target is at or beyoun the maximum range.

(b) Find the first-order correction to the angle of &levation due

to air resistance.
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Show that the forces in Problems 1 and 2 are conservative, find the

potential energy, and use it -to find the work done in each case.

Determine which of the following forces are comservative, and find

the potential energy for those which are:

a) Fx = 6abz3y - 20bx3y2, Fy = 6abxz3 - 10bx4y, Fz = lBabxzzy.

) F_ = 18abyz> - 20bx’y>, F, - 18abxz> - 10bx‘y, F, = 6abxyz’.

¢) F = S )+ §F (1) + 5F, @),

Determine the potential emergy for each of the following forces

which 1is conservativa:
a) F = Zax(z3 + y3), Fy = 2ay(z3 + y3) + 3ay2(x2 + yz),
F = 3a22(x2 + yz).

b) Fp = ap2 cos ¥, Fw = ap2 sin y, F = 2322.

c) F_ = -2ar sin 0 cos ¢, Fo = —-ar cos 0 cos y,

e
[

ar sin 0 sin .

Determine the potential energy for each of the following force

which 1s conservative:
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4.16.

a) Fx = axe—R, Fy = byeﬁR, Fz = cze-R, where R = ax2 + by2 + czz.
S a -
b) F =Af(A . T), where A is a constant vector and f(s) is any

suitable functiom of s =hi . T.

Q) F o= (xh fA. D).

A particle is attracted toward the z-axis by a force f proportional

to the square of its distance from the xy-plane and inversely
proportional to its distance from the z-axis. Add an additional

force perpendicular to-% in such a way as to make the total force
conservative, and find the potential energy. Be sure to write
expressions for the forces and potential energy which are dimensionally

consistent.

Show that F = $F(+) is a conservative force by showing by direct

calculation that the integral
(

L

Y

-
F . dr

.
\
along any path between"f‘1 and ?2 depends only on r,; and r,. ‘;Hint:

Express F and dtf in spherical coordinates.}

Find the components of force for the following potential-energy

functions:
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a) vV = axy223.
2
b) V = % kr”,
e) Vo= 5k x’ + 5 kv? 4Kzl
X y z” °

Find the force on the electron in the hydrogen molecule ion for
which the potential is
2 2
e e
T I

where T, is the distance from the electron to the point y = z = 0,
X = -a, and r, is the distance from the electron to the point

y=2z=20, x=a.

Find the frequency of small radial oscillations about steady circular
motion for the effective potential given by Eq. (4.124) for an attrac-
tive inverse square law force, and show that it is equal to the

frequency of revolution.

The potential energy for an isotropic harmonic oscillator is

V = k& krz.

Plot the effective potential energy for the r-motion when a particle
of mass m moves with this potential energy and with angular momentum
L about the origin. Discuss the types of motion that are possible,

giving as complete a description as is possible without carrying out
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the solution, Find the frequency of reyolution for circular motion
and the frequency of small radial oscillations about this circular
motion. Hence describe the nature of the orbits which differ slightly

from circular orbits.

A particle of mass m moves under the action of a central force whose

potential is

V(r) = ke, K> o0.
For what energy and angular momentum will the orbit be a circle of
radius a about the origin? What is the period of small radial

oscillations about r = a?

According to Yukawa's theory of. nuclear forces, the attractive

force between a neutron and a Proton has the potential

V() = s K < 0,

a) Find the force, and compare it with an inverse square law of force.

b) Discuss the typas of motion which can occur if a particle of
mass m moves under such a force.

c) Discuss how the motions will be expected to differ from the
corresponding types of motion for an inverse square law of force.

d) Find L and E for motion in a circle of radius a.

e) Find the period of circular motion and the period of small fadial
oscillations.

f) Show that the nearly circular orbits are almost closed when a is

very small,
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Solve the orbital equation (ﬁ.ilS) for the case F = 0. Show that

your solution agrees with Newton's first law.

It will be shown in Chapter 6 (Problem 7) thét the effect of a

uniform distribution of dust of density p about the sun is to add

to the gravitational attraction of the sun on a planet of mass m an

additional attractive central force

F = -mkr,
where
49
k 3 pG.
a) If the mass of the sun is M, find the angular velocity of revolu

b)

tion of the planet in a circular orbit of radius T and find the
angular frequency of small radial oscillations. Hence show that
i€ F 1{is much less than the attraction due to the sun, a nearly
circular orbit will be approximately an ellipse whose major axis
precessas slowly with angular velocity

r3 G 1/2

Q
mp=21lp )

Does the axis precess in the same or in the opposite direction
to the orbital angular velocity? Look up M and the radius of
the orbit of Mercury, and calculate the density of dust required

to cause a precesslon of 41 seconds of are per century.
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4.23. (a) Discuss the types of motion that can occur for a central force

F(x) = --=_+

/
Assume that K > 0, and consider both signs for K,

(b) Solve the orbital equation, and show that the bounded orbits

have the form {if L2 > —mK)

a(l - 52)

l + ¢ cos x®

(c) Show that this is a precessing ellipse, determine the angular
velocity of precession, and state whether the precession is in
the same or in the opposite direction to the orbital angular

velocity.

424, a) Discuss by the method of the effective potential the types of
motion to be expected for an attractive central force inversely

proportional to the cube of the radius:

F(r) = —53 K > 0.
r

b) Find the ranges of energy and angular momentum for each type of
motion.
c) Solve the orbital equation (4.115) and show that the solution

is one of the forms:

H |-

= A cos [ g(® —~ Oo)] . (1)

M

= A cos [B(G - OO)] _ 2)
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1 = Astoh [ 80 -0 ) (3
2 = A(@-8) )
r T Fo’t
+
% - 1 80 (5)
[

d) For what values of L and E does each of the above types of
motion occur? Exprees the constants A and B in terms of E and

L for each case,

Explorer I had a perigee 360 km and an apogee 2,549 km above the
earth's surface. Find its distance above the earth's surface when

it passed over a point 90’ around the earth from its perigee.

Sputnik I had a perigee (point of closest approach to the earth)

227 km above the earth's surface, at which point its speed was
28,710 km/hr. Find its apogee (maximum) distance from the earth's
surface and its period of revolution. (Assume the earth is a sphere,
and neglect air resistance, You need only look up g and the earth's

radius to do this problem.)

Mariner &4 left the earth on an orbit whose perihelion distance from
the sun was approximately the distance of the earth (1.49 x 108 km),
and whose aphelion distance was approximately the distance of Mars
from the sun (2.2 x 108 km). With what velocity did it leave relative

to the earth? With what velocity must it leave the earth (relative

to the earth) in order to escape altogether from the sun's gravita
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tional pull? (You need no further data tc answer this problem
except the length of the year, if you assume the earth moves in

a circle.

Mars has a perihelion (closest) distance from the sun of 206 x 108
km, and an aphelion (maximum) distance of 2,485 x 108 km. Assume
that the earth moves in the same plane in a circle of radius 1.49 x
108 km with a period of one year, From this data alone, find the
speed of Mars at perihelion. Assume that a Mariner space probe is
launched so that its perihelion is at‘the earth's orbit and its
aphelion at the perihelion of Mars. Find the velocity of the Mariner
relative to Mars at the point where they meet. Which has the higher

velocity? Which has the higher average angular velocity during the

period of the flight?

Two planets move in the same plane in circles ofradil I, - T, about
the sun. A space probe is to be launched from planet 1 with velocity
vy relative to the planet, so as to reach the orbit of planet 2.

(The velocity vy is the relative velocity after the probe has escaped
from the gravitational field of the plamet,) Show that v, is a
minimum for an elliptical orbit whose perihelion and aphelion are T,
and r,. In that case, find Vi and the relative velocity v, between
the space probe and planet 2 if the probe arrives at radius r, at

the proper time to intercept planet 2. Express your results in terms

of T;sT, and the length of ‘the year Y1 of planet 1. Look up the appro

pelate values of r and r,, and estimate vy for trips to Venus and
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Mars from the earth.

430, A comet is observed a distance of 1.00 x 108 km from the sun, traveling

toward the sun with a velocity of 51.6 km per second at an angle of
45° with the radius from the sun. Work out an equation for the orbit
of the comet in polar coordinates with origin at the sun and x-axis
through the observed position of the comet. (The mass of the sun is

2.00 x 1030 kg.)

4.31. A sataellite moves around the earth in an obit which passes across
the plles. The time at which it crosses each parallel of latitude
is measured so that the function 8(t) is known., Show how to find
the parigee, the semimajor axis, and the eccentricity of its orbit
in terms of ©(t), and the value of g at the surface of the earth.

Assume the earth is a sphere of radius R.

432. A particle of mass m movaes in an elliptical orbit of major axis 2a,
eccentricity e, in such a way that the radius to the particle from

the center of the ellipse sweeps out area at a constant rate

4s
dt
and with period t independent of a and . (a) Write out the equation

C,

of the ellipse in polar coordinates with origin at the center of the
ellipse. (b) Show that the force on the particle is a central force,

and find F(r) in terms of m,T.
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Solve Problem 34 for the case u = qBolmc.

434. A particle of charge 4, mass m at rest in a constant, uniform magnetic

435.

field B = Boﬁ is subject, beginning at t = 0, to an oscillating
electric field

- A

E= on sin wt,

Find its motion.

A particle of charge q in a cylindrical magnetron move3 in a uniform
magnetic field

B = B2,
and an electric field, directed radially outward or inward from a

central wire along the z-axis,

-
E =

N
P

|

where p is the distance from the z—-axis, and 6 18 a unit vector directed
radially outward from the z-axis. The constants a and B may be either
positive of negative.
a) Set up the equations of motion in cylindrical coordinates.
b) Show that the quantity
w2¢+%§p2-K
is a constant of the motion,
¢) Using this result, give a qualitative discussion, based on the
energy integral, of the types of motion that can occur, Condider

all cases, including all values of a,B,K, and E,
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d) Under what conditions can circular motion about the axis occur?
e) What is the frequency of small radial oscillations about this

¢ircular motion?

A charged particle moves in a constant, uniform electric and magnetic

field. Show that if we introduce a new variable

= —»
- - Ex B
Tr =T ] ct,
B

the equation of motion for ¥'is the same as that for T except that the

comporient of E perperdicular to B has been eliminated.



