PO < >~ o
uunilazAneationas iadoudluuus iaun svuoveynruna m Teoduse Fooufiusy
J o = - 4
Ansmhmonyniell 13 lounu x (luuanns LeBauiiveseynialunuatiu, wazunu y 1 Dusua
P | P = 4 4 ! -4 Py
a3 afouiiavaynaaluwin®y 9z iuaanas uadauiuavayaaafinananail 1 unns Laflaudives
ac A &
oyne lulf Lo e,

3.1 wouiluwusmuasngefnioeau (MOMENTUM AND ENERGY THEOREMS)

& 4 ] > d - '
n1 3 Ladeuiueveynanaluunii L il uraungnis Lafaudneiidaveovingiu nanafie

F = m-—-z‘ (3.1)

nouazfiatseasunas  (3.1) tsnmrmsudenssuiuntsuaver e laahn Fuadutatmanav
nNafan s uaxnﬁﬁﬁqaﬁmqvﬁﬁhjﬁumaunﬂsunﬁauﬁinﬁﬁLﬁUﬁ_ Ty iwuMBviau P (The linear

. [}
momentum) {fig w71

- - dx
P = mv = m at (3.2)

sansun1s (3.1) uar  (3.2) Teethluisafienwae m awdl,  #afu

4 . g (3.3)

1 L " o t
aunis (3.3) naﬁ7ﬂ1u1ﬁdﬂ s AUy avly L uudu imfunssnouan”™  (The time

rate of change of momentum is equal to the applied forck) UREUUMBUTUN T
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(3.3) Fongnmiaindoufhinitsavuesiduiiey  unis1e19 1 fundiimguf (Avive L)
Tuww,  fsguannas (3.3) aae At uss Sufitnanaaniaan t; S, ian

Tavesun1idufininuowmguilu s (The in tegrated form of the momentum theorem):

5~ P1 = F dt (3.4)

¢

re ]
aun1s (3.4)  wanve v ciuBenns iuBoundavues Ty ouduf Lfasanuse F lussnnaviaan
- = r - L)
t, fu t, fufin¥avveande tSuni BuNaw (impulse) AR weBufinYausy F
- - J ] 1~ L) 3
sev i tuitenfuusviaen t fovegvifivs  umen F thuendurey x, AW v, uat
inanr t F = F(x,v,t) LINF@W TR BuNaT @ m3unas Lafauflln q Antmun

x(t), vit) lalavAfiawns

s et a yEnes iy o wiveusay (kinetic_energy) (31

nmunfuwamuuufnayainn  (Classical physics) Tmusunas
T o= 2 om? (3.5)

prsrguanns (3.1) e v,  1sale

dv  _
m v dt = Fv,
n%
d 1 2 . dT -
Et (5 v ) = ""‘dt F v, (3.6)

M3 (3.6) wanvBednsinas iuBouna v uaay #vons Funamgeg (Aive i fua)
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sowndovu  oTguEunts (3.6)  mow dt wazBuflinaneaniaan t fiv t, 111

15wa€hnﬁ1§uﬁLnswmavﬂquﬁwahQﬂu (The integrated form of the energy theorem):

-T, = F v dt (3.7

" 1
sunns  (3.7) (tuna s vUlouva o L Anaannisnazntwause F Tusznaivinan tl

was t2 sufin¥aniveaadovavaunts  (3.7)  fovaud iAnatnuse F lugaviaan L fuadut

- x ) ™ I
sufinameey  F v iiudmsiwowenud ifedulugivinan ¢ fim t WaY L1 SunIInANY

1 2
(Power) &vifinsnusy F. lunsdvhly e F = F(x,v,t) ATSVAAWBINUEWN T
. . - dx
aunalalaod8iawizeavnisiafeudl  x(t), v(t) nfu. smewuattn v o= T

& Mot myes o 1 ™ 1 A [ e
oL IR I NuladinTEniy ﬂqtﬂuﬁaﬁhgﬁuuﬁu 9 oty mwmian Foidulenduwey

X #a

T, - T = F dx (3.8)

3.2 nﬂ1$tﬂ1ﬂ:ﬁfmﬂ1ﬁ%1Uwavnﬁ1;ﬂﬁauﬁﬂuﬁﬁt#uﬁ (DISCUSSION OF THE

GENFRAL PROBLEM OF ONE-DIMENSIONAL MOTION)

- A s
ousy Foitunas iafeuitaquaunts (3.1) Tufsaunnifiv Wo Lsu L Fuaduiy
] -~ ° - & [}
§ONTISLAIUBNATMAAAfReN A sEMALUendy x(E). usy F #131919m5uA e luwuy
“Jd =] L) o
tenduroviiudsle q n3ayn q Muds o,x, wazr v, @miuniintmuanas iafaudie q
aNszuunIwadans  (dynamical system), ﬂhuUsnnﬁﬁwﬁvwaﬂqﬂn{ (x,v,F,P,T,
L) s L) R ] - L
etc) xfimuuiussiuMlulnwaci L duinduusviaan dude urazFauusdnaIntmunan

' ' - . - '
wuueu @ 181t ln q  survlsfauagratons@iduuslumamamians ity wsw F 131
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3 - - - ]
21 Iua lufnvusthnturey X n¥a v Tnonay, wSparvayludnuusientusuwey  x,v,
] ] »~ ¥ -
waz t luenz fioafu #ouqv iou wswluunivwevlan  (gravitational force) #iwgn
- ] » -~ ° '
1hqw1nﬂ1unuvﬂqvuﬂnﬂa Inanawundelilan o1 039Rsen tanazeunizaeTeg L fav
' - I3 @ - + > o P >
av1nifins usv F Aezidumontueey  x uA DN YAt sy tHoamumSousva
A P ~ 3 - < » >~ =
#nesdu 9 uhesuey wew FoAsz i dufendunevaniue i Saane ua:nﬂmm:ﬁﬁhqwnaunﬂtnm

AU BIHIUNINEINAA W3 F Aas L thifenduvey L 1andnaan

fusIntue F o= F(x,v,t) dwsausieey x(t) was  v(t), Hundy
ffisrawnsonmunln Foifusontumes iaatifiovagtvfonla  uwrslunsimlussssiduly
Tula uenifuainirisaswnsountimagevauns  (3.1)  nle.dunau dveraffusfAnnann
Tavaw warfliviodnatmiunaslessnasull  lundd@fictmun F o= F(x,v,t) 1 9
(F o7 uitendunaviulsladmudanily nioosituenduvowimutsfauda)  wunas (3.1)

1 - ~
ooy lunasugavaunisfinive Lsudus #eil

2
& o L op k)

2
dt m
qun1s (3.9)  1OuaunqsEvive syl duadudusey  (Second-order differential
equation) W lwawiwan Fvisrazladnefuafunasuntmiuaznisdszyne aunasil

s miuidevsimavnamansaniy (luuni)

. .
nﬁstﬂﬁauﬁntﬂuitﬂﬂmavaqnﬂﬂﬁLﬁmaﬁnﬂhum:;aﬂ1:wavu5u sun1s (3.9)
- - - 1 ~ 4 - -
awrsatguntimalad  lunsdfilueradnas iafeuiflanatoguuy, wszaunas  (3.9) o
.. -~ - J 4 . ]
2w deulely Lanznsiiesau L s wavaynn ity (e t 1o 9) uineuuowmhunuy
[P »~ N ]
(position)x uazeI w157 v annfusay 07 1IMIIVATUALY X UAZTAIWLST v 28y
[] -~ ] ] > 4~
Turafuuusy, (Jenpvntrmsruaivaveatw L svAswrsmalasnmrauda, wasidersunis
- - M i aa - ' ¢ !
NIWASIEST LInFTmA e nnturus x A3058 fLa My §UAIYeY X 1NL 3B IMANDY

] -

- - 3 o
n3ppranfndvinunt9uft insvaau S noauvile
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= - 4 P a o o P
n135Laszntmath Ldueuna s L afauffuev g eeyn1atudd Lo (T Savd
et ca b - 4 !
sfududounesuais  ansazlunsdituse Foodufenduvevaniuisr v, afwnue X, uazisan
" & 4.4 - - o TR P, -
t  usazifvafuiy (thecSevisrnuanlunisuntimaleane s uanil wSaetsnanslaqunuun
y o~ L A v 4 [ -
v lulniae  wusns@ivnonia nanfie wse Foidulentunaew v, uar x lusws fuaiu
P P ) > - ' a -
fitihu i Seudunnamiuflazlos8nasossunnluntsuntima  95vagLsrarsausnuntgmalane
- [ e ey - L4 -~ = " ' 3 >
1o wafnevlaignrsmieatinaiansgisuntkmanig wasiluvieias suavlsfanuidovsnwey
A ot - & f = Py -
N9 Ladeuf luldf | Ao AT Use T nuapitent WS REnT Lads swv foa1aun Tudszyne lafupe

R oL e T o b £ 51

= e U P o P |
U5 Lasze s Ttwawnas i adeuflueveyraludd (Aus, lunsdilisaawnin
wntignniu38sssunile fo nsiilusy F aqwaunas  (3.9)  (duNenduasviuus ladauds
wils navfle F = F(x), F = F(x), uaxr F = F(t) #sofuluneuneluista:

o LA P | '5
Rasandens@ftus s TuMentunevrhu dsiatmudsmity innu

3.3 wsenousndueyMuioan  (APPLIED FORCE DEPENDING. ON'THE TIME)

sy Fouudenduraviaanifuvegivifiss uaraunisnasiadaufluavaunis
(3.9) (s wrsnuntimanuSsderelul,  sannsguaunis (3.9) sap dt uan
Sufinamanaan L Fusu £, St W g, snis  (3.4)  lunsdlif sy fouls
Turesu :
t
mv-wmv, o= F(t) dt (3.10)

o

4 ~ oy L) - '
B LIIMTIUNRTIIN uﬁﬂlﬁuﬂﬂﬂﬂuﬁﬁ%t?aﬂ, “a:TﬂUanLﬂqalﬂﬂﬂ1uqﬁq1ﬂaﬂﬂ L3 IMAN
Yoy v e ludnwnzeewaunig

dx 1

V=T Y% + - F(t) dt {3.11)
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a1 (3,11 guade  dt,  wasdufivnaninedusan iaan t, v lmq (90

L] - -
FTWITM1AweY X lalumesy :

t t

-

1 l F(t) dt J dt (3.12)

X~-x = v (t-t)+=
o ) o m

. tc to

niaeniiln ' iduntsfuiinmadiuen, war t" vunqsSui cnsvaduilaev s cfousuna
299 X ladnuuy :

t "
1

X = X +v (t-~-¢t)+-=
o o o m

t. te

- & ' vo 4
aun1s (3.13)  {msvatung x(t) luivsuwevanwSufinda 4wﬂun13ua:n1ﬂﬂ1nﬁnakda

tsmswadnimunuey  F(t)

unrenamrans nadiflusy F (itenduvey 1aan In uinduleaue adBnBua

- . 1
[FIMNAEUEN 'ﬂgﬂuuf\,n'lﬂuﬂnu'lﬂ1=“'lﬂﬂﬂun'\ﬂ

' - L]
ey 3,1 ﬂvnﬂﬁhum:nnsLnﬁauﬁwavﬁtannﬁaunﬂ1:U1:1 ~e wnzfinfvifinnas

ascillate lumuwlvrq (electric field) uuusunu x

MY csmIw luauan T

Ex = Eo cos (wt + @) (3.14)

wIvuud L anasoule

F = -eEx = ~e E_ cos (ut +0) (3.15)

de" F(t') dat" (3.13)
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d
AN TUBNNAS LAl fo

m dv _ . e E cos (wt + 8) (3.16)
dt 0

aunis  (3.16) x dt  uszdudiinanlenin t, = o
dx eE0 sin © e Eo
= == = + sin (wt + © 3.17
M dt Yo me i ( ) ( )
181 dt  gumasawazBudl insvuuuFudnade (sl
e EO cos € e E sin @
= ¥ - + +
x *o 2 (Vo miy ) ot
mw
e EO
+ 5 cos (wt + ©) (3.18)
mw

- - 4 2 R I
018 Lann3au L Juau L ARsuRingang atuuazahunu e L IuR X, o, =munis (3.18)

#n
e E0 cos © e Eo sin © e E0
= e om—— !
X 7 + — t + 5 cos (wt + 8) (3.19]
mw mw

fau

1 + 4 4 % 1) -~ o4 o4 X
0009 3.2 uwuﬁnnﬁuuﬁuﬂuvLﬁUﬂunﬂéauﬁuunﬁx%uuiuuu111Uﬂ1uusnnﬂuuanntﬂuwu
' 1 - 1 > -
pgvAvi Uy @ F = bt n1uwvﬂLnduuﬂL#ﬂnutnﬁauﬂquﬁﬂnqn

el Laan t, = o AWML ST v, uasszozedn x  luimoutndu

YDBILIRD
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38N mnaunis (3.1)
dv
F m at
# ity
dv
mﬁ- = bt
Awavmwiia v fa
o
v = 4 bt dt
m
(!
2
uarmvavizuza¥a  fig = bt
_ 2m
t
x = v dt
fo]
t
2
- bt
= o™ dt
o
. be’
6m ADU

3.4 uswvmiviuegMuaiaui§:  (DAMPING FORCE DEPENDING ON THE VELOCITY)

w3vBnutianil vl lreBuluauns (3.9} #o wiwmuav (damping force) uas

-4 - o ' -y
ws il s Dutfenduyover i 52 (Rovede Fod: tufe
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m-g-‘tl = F (v) (3.20)

eyt iinvazaisiafaufliasusvil aaussnasrelud naunts (3.20)  qanaw

mF (v)]'—1 dt uarfufitnamanntaan t Bv t
[0}

v
t -t
dv [o)
av = 3.21
Fv) m ( )
vo
v
(] ‘v - -~ L] ' -
38n1smaAway Flv) adﬁvuautsﬁﬂavﬂ1ﬂUﬁﬂuav F(v), LR EUNTSYDNHE N

. 3 “x - - [
Nluvswaway v du szaglulnunsdfiaveanly  fisunas (3.21) viaminslamann

1 - -~ - \ -
oy v {mufnastiasisat lufu fulule), sasslnsuntseey v aglurasy

dx t- to
-a—é. = \F (vo’ m ) (3.22)
maffuntseiurnamu x fo
t
t - to
x = X + LP (vo, - ) dt (3.23)
o

! P d 4, . Py ) X ' &
ﬂsﬁwavnﬁstmﬁauniuﬂﬁtﬁuv, Tusvuilaniwiw* My awnfﬁnsmwusvvuaqﬁuﬂdﬁuL%? wswHufe
" i
"uwiv i Aoanula 9 (frictional forces) waz L ImIwainvusvesuiv i fuanaule 4
a P . - e
Lhudraulaga sefuminu i Saunnii o (s n tﬂULaﬂﬁ1u1uL§uu1n) MU in f

udnvazzovnse i Buanaula q deifudendunovaiwi$a, tala

f = + byt (3.24)
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amnas (3,24) #i b tfuAaeeit uszon o e lYiatevwusy  weea n i
vrgiinluiadovmtouan,  am¥usunisl! Jinedresaanids ifarsaussainluntsuntomalang
fodwlngisezntmunln Awey n = 1 qunas (3.24) fezudu £ = - by uenifu

Tangezn®munst n valn

/| - ] L3 '“ - -~ ‘
Mot 3.3 ﬂwﬂ1wﬁtMn1ﬂavtsaaﬂndq dnﬁﬂhsnﬁauﬂﬂqn1Uﬂ1ﬁut§1nu v, wardu iAo

g = o5 ] 3
UURYBDNLIBRTU L8 tO = ouaraunuy Xo = 0 Tnuauuq'nuw

- 3 I3 J
Boanugev i Ioduuhmwesunts (3.24) Wu Awew n o= 1 :

A8nH vnaunis (3.9) wazaunas  (3.24)  (smIvu
m-g% = ~-bw (3.25)

LsreBununimarisunis  (3.25)  atwsbfuuvunaseguiinaauauas sunas (3.29)

femunns  (3.23)

v

dv b "

v - m t, (3.L6)
v,

In % = - % t
o
-bt/m
v = v, e 3.27)

! o
azifiu s t >, v oo durufasennitinfoud, usiSoluarunsommgeidvluiaan
) g P ] = ] - [ )
aafinle q (1 ldleeanfimwiiidee = o sounssy),  #alunissduiuntvew x

(Tmeussutn) #o
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e-bt/m dt

mv
- 0 (1 - e Pt/m (3.28)

-

3.5 uwivoy¥nstuoyMumiunuy, wieukng (CONSERVATIVE FORCE DEPENDING

ON POSITION. POTENTIAL ENERGY)

wrvifewa MpuanSnuianily delveBununisinfeufiovaunts  (3.9)  ludnwus

tannz nanfe waefinhn uinnas cnfeudd Sutneazuovus ot luienduvevTnookiun x e
] . -

auavifins Mouwvevuivelinf (ou wavAvgeuevlen, usveydny  (Conservative force)

- L4 [ '

FmAutEnnaftiznauatuseln dussveydnendolafu  senarafuludiwmvvounoud v

v 1 1]
u11u1ﬂﬂ11mﬁﬁua4nv1ﬂ1ﬂnvu1vduﬂuﬂvndhuaanaaﬁLun x (Ruveurs oy Juney

dv
nyg = Fx (3.29)
vimgefniosn [sns (3.8)],  Mefu tamauda
X
-%-mv2 - %-mvi - F(x) dx (3.30)
X,

. 1
Sufin¥amveaaflevovaunis  (3.30)  #p vl ifinsanuae tﬂnuqn1ntndouﬂwﬂnaﬂumuv

., WX f1tInmaumuivrewmeoufng  (Potential energy) V(x) wuuuu

'
vowwflifnsnusy F udeoynaniatoudlsanntunuy x 1n q Tudenbunusuingiu

X

(standard point) fin‘mun x, ¢
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Xg X
V(x) = F(x) dx = =~ F(x) dx (3.31)
X Xg

nau e Ui s e dng L findutudieiaeadu saneey V(X)) lusunas (3.31)
uzanmunts (3.30)  iswwnanfouBufin¥atngin e

X

F(x) dx = - V(x) + V(xo) (3.32)

vinsuns (3.30) = sunas  (3.32), #nfu

2

e + V(x) = 2

oV + V(xo) (3.33)

N =
N

ﬂ!uﬂmwﬂvﬂ1wﬂuﬁhadﬂnLﬂuu1uLiuih (initial conditions) innfu wiuSurafiezg
pavfinannntsiafoudl dui9n i Tundmievusan  (total energy) E  wazsunas (3.33)
ffleari%unda "ninn ey fnen e’ wievausan E granefififeduianensifuse F

L d L] 1
LuRndnewetiundy X (RovourvBea ¢

e + Y(x) = T4V = E (3.34)

[ X

w1y (3.34) (1 llusBurnimanves v, et

v = 'g*::-‘ = E [ E - V(x)] g (3.35)



91
nrodutunantsey x naneuna (3.35), 1aneenutentl x(t)  mag nenafesuntd
" F
vov x ssoyluvesy :

- %

E -~ V(x) % de = t -~ ¢ (3.36)
o

nlg

X

Tunafluevaunts  (3.36) 1 (daulv i Susut s1eBurnlu insunnefouwduviusay  E

umz x
[o]
vinflynurevaunis (3,31) (srwunIneBuipkselu insuun R e uing
1nfle
dv
F - . (3.37)

] . L » -
Moudvw 3.4 ﬂﬁﬂ1mﬁtmﬂﬂwavaqnﬂn#gn1=Wﬂn1uu1vu1nﬁh1uu~uaun1v (a linear

restoring force) wu niflowaagnfiafusuty (lufnuss 1 Fuanu)

e
2

innguey  Hooke, (337091 wIvwhndu

F - - kx (3.38)

vlaln x, = o, wi¥svrudngaawaunts (3.31) fe

‘K
Vix) = | (kx) dx
[+]
- % kx2 (3.39)
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nf 370 t, = o Moifu sn11 (3.36) neeid

*
L (E -—%kxz)” dx = t (3.40)

y 4

- L) ’ ' ] g
1o L3 n munna sunuRRay q (muﬂ‘m:m:sm‘wﬂuwm;[uﬂnamw—w) riy

sin @ = KEE (3.41)
w = E . (3.42)

#otfu
~x 0
J—lzli- (E - = kxz)l’ dx = ; de
o o,
1
= ; (0 - eo)o

unznnmunts  (3.40)  duifunia infoufuvuealutereuus s (Simple harmonic

motion)
@ = wt+ 90

LIIRWITMARIYeY x lusunas  (3.41)  1a

x-{—z?"l-;- sin &
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= Asin (ut +6) \ (3.43)

iﬂﬂ

(3.44)

>
|
Y

1999UlA3 M oscillates  wewuas m Yuuuouny x tBunas indeuuvuon1lutin

ALYINNI Y (Amplitude) A, unsarwf (frequency) f = %? 1 Jouly 1 fumu
thimalrsanaanefl A uazay LW L Sumy e, defrutmusMmiesisoy E uRzAh U

1Sumu x, Tnusunas

2 (3.45)

(3.46)

#uno8uusiues v Sy vemaulnensuns (3.35)  wazsunae (3.39) dumn

yoy v fig
v = E (& - 3 k)™ (3.47)

forwey E Remunas  (3.45)
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vinfeuy 304 L9z ivatimagean et L adfowmuroluntnengnasy (square root)
[] 2 - [ "'l
vovmunas  (3.40)  sannsunumn (1-sin” @) . nw  (cos 8) Utuautuff

sl Vlafouonuazsy detuduegtu © Fqegln  quadrant 1wy

tonduvoumuusflutns:  (dependent variable) uszeyMusuin (first
derivative) #ulinnufia'miuyn « nAIMIARUNT AW N L L BusduMudey, 1311 9un3n
Sufin¥srfousn  (first intigral) wpemunat, sauferdu -%-mx2 + V(x) 1914%un7
Sufin¥smivwru  (Energy intigral) wewsunis (3.39)  ustBufin¥auewsunisnag

(afloufluovazuunaenamaens 197 funtunaenn Aamvfluownasinlouf!l (Constant of the motion)

Wun3th 1y Larsunnuntmanay 4 nienemandla 01138 IIMIRIEEY
Sufin¥anfeuan uszernvduounisinfoulle, uweffouifovfoanfifvs.  wiunnsGfsz8ufinda
un1s  (3.36)  AluvioaslunimasmIonnadnsvevsunatluniisduronn  x(e) 1
o luftimi,  dwm¥unsfiinmunaiuoumineiu E viagenaunit (3.35)  ezuiu
Ireymngneiin fnwaznas  afeudlumouny x e V(x) < E  wonswmfu  minui5an
utmdulnunsofunaevwesanivizniae E uaz V(x)  wefutaiswsan  (plot)
nImszmN V(x) Mo x, tsraun sela punssaffatmsuo Suru ey ouna s  ndeudi iy

Tdle Mgt 3.1

V)

1 3.1 A potential-energy function for one-demensional motion
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[ - . I -
Fm¥uinturowwdvviufing saugd 3.1 s inavueudgresew vy E d0duldle e
¥ ' . -
EO uaz w. Awdovau Eo uaqnﬁﬂaqiuanﬁwdww1uﬂﬂundwtfunu X, ufe 13 ifuwdvenu

o ' . '
v E, aymafaaua T Lafoudssnitenhumdy X fluox, uaznqsiafoutlueveynae

v ' ' \ !
v lumudnenznas i afloufluavond Tuliredawiae naafe (Joeynan i afoufl utentiunuy

1 - ] ] 4
3 i x, uIRWIIRITIRALMUY X, uRY X ﬂLGunﬁuhuvﬁwﬁhv1uﬁhuﬂﬁﬁuﬁnﬂqw

2 2

- ) - ) t
n¥awiveussuden tduguiiuiey  wazew L Freeveyntalur e d@ATe Aufuuaz snan

1

. ' > . '
nhunivuownas iaflousdl dahlneynaratuasoceouttenntunyy x, lute x, uss

2

X, uf X, 1n (80 i%unahumdy x, wmz x, 21idugan® (turning point)

1 2

Tuntwev e o3 lg inadalunas ifuwirovududnidy E,  synaafiez cafoufinduly

2

U - -
nduun  (oscillate) IzmatwAtunmuve  x., fiu *, (iuﬁhum:Lﬂu1ﬁUﬁdvnﬂuwdv X

3

P o a . )
fiu Xz) H1Bﬂﬂﬁﬁxuﬂ1ﬁﬂﬂiuﬁﬂﬂWUﬂﬂ1ﬁﬂﬁuﬂuﬂ X

1

5 (o fuwravaunan o I
- ' ' 1 -
Jyenfueyfiv 4 3n wa:nqnﬁnﬂﬂuwﬁnaﬂdnuﬂ1Uu11:ndﬂvﬂ1u5nﬁ§anuunuw§vuﬂuﬂhu.

waz 1ie Cum ey E, Fwatavu E, fardypndufuvynificnfe  x.  (Joaynan

6

L4 Lod 1
Lnﬁaudﬂﬁnqnuiuwu11M1vﬂﬂu (e cafoufinuumawean Tusz Audwsn i Sadausn X
1
uaz  Xg uazfuszandmen ciiawrsvduguuesnis iafeufl, ol an (imdevounan (iud
t [}
fo E. wlouanmin B uszlufiyanduzeunasiefeudlfniay uazeynimes infioudly

1 L] - ]
Tufemg i fion infy ﬂ1un11uL§1ﬁn:uU1ﬂu1Unﬂu€1u§nwahvﬂuﬂhuvevuaaz1n

Turrmuveweufluendul unai Bonsveydnenafmdemuflsventlursousn,

uatucisznrvlnedalsdtuasTooth q Tufu wselmiiduusvoytnd.  (fovffauann
- ' 1 ' ea ™

Vieteummssznaivluumely, insnzusefsznann e uiaetnnn  innas nfoulu

2 wio 3 9% urntavlafeanluundl 1 (37 lnfnealu  fovosianiresuauss.
w1 utein i fuusvayfnem8ely L30%8n 3 amounUwuey 2 18 Fo
- -~ - - v
1. o0 Curl F = o, us F (Tuusvoy¥ny

-

= - -
2, o F.dr = 0 usn F (uwsveydne



96

A

ﬂhodﬂv:is nhnunln ? = ¢c Yz 2 + czx 3 + cxy k, IWUANNIISY F
i svoysnemela?
5&nh
~
1 3 %
VxF ox oy 9z
cyz czx cxy
= 0
uanvituse F (huusvay¥ny fou

3.6 n1ymnvev¥mny (FALLING BODIES)

n13 iafloudlui® L Aua wuus s sunaEn fnvasniledy L3 dawy viulausy Bonas onfeu
ﬁuavn11nnuavﬂhq. Ldnn1wua:n1n111n5uuniﬁhw1Ln‘suﬂﬂﬂuﬁhQsﬁunw1Lﬂdnu#1uuu1unu
y  deifuunuf i910m v luiuaks  waz isanmun Ladewnuateewnis  adeudlne nfirmavesy

Togfanawngindomuns sy Tunemsuturw idetn g adeudfuirwut tafaemoae Seuan

Tunitmganinafalan, uazisrlufnusy idusnauvevenan usvauimIousvivgn

vovlanfinizn'monas o Ae
F - - m8| (3!&8)

sanmunis (3.1), #efu sunqsvesnasinteud fe

d2
m ——% = - mg (3.49)
dt
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- L) o -
musvenfl F o fuftonfuvewiuusiaduuinidy t,v, nin x (sqa1sefundnesnag

iafouflmaesBndye awdlasinsonuaualumey 3.3, 3.4, uwar  3.5.

[ 1 = '
AT LI RL T L Rumnuavenad Tausua@ausy i Jonnauil udraulnensy

fumwi$s v, mwAunas (3.24) deln o n o= 1, mefuusvsn F O Fe

F = - mg - by (3.50)

avaudl b lusunns  (3.50) ﬁhndﬁbzﬂiqvua:vuﬁnﬂnvﬁhq1unﬁ1Lﬁunﬁﬂuﬂqﬂuuu1uduvav

snmunzagniivanawn thwaiiSveylunsfluey  F(v) :

dv
mar = - mg - bv (3.51)
n v, = 0 fivan t = o, 131 ui8nqeedoveanmey 3.4 aunas (2.28)
.v‘
dv_ - . bt (3.52)
v +(mg/b) n

(]

. . -
WNANATNIAT v ngunis (3.52), TawntsBuflininazln

v - -8 (1 - e Pt/m (3.53)

{naun1y (3.53), LSﬂewnnﬁqw1LﬁﬂWéﬁﬁh&hnﬁ1nnunuﬁhq1uL1aﬂ§h 7, taunisveay
exponential function lujuaveyniununna¥y (Power serics):
1

- - 1l bg 2
v gt +5 B 5+ .. (3.54)
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potusm¥ucrafu q (6 << mfb) v = gt (Trvdrzum)  uaslifinusy 1 funnu

YENOINIM,  MENvIn LR Eu i une R 1o 19 R 1mnaunag (3.53) 11191
v & -Z& 4 e g

LTS O %5 foniamauifiuriy  (terminal velocity) wevihwnenisanuoving
d » ‘ > 1 £ : >
wwul  ormgEauaan L afiouflln Py voveu LR uneuiary t = /b weaian

w110 lgnvnsevtafamau L Saury iflentmaranedl b 1, (e it1vBufinTanunas

€3.53), Tnoln x, = o «=ln

2
x = ng (l_l_az_e—bt/m)
b

(3.55)
m
Truna3wune  exponential function wuna1  (3.55) tuguuoveynsuunn i,
137ln
.- =12 1 bg 3
x 2gt: + i t + ... (3.56)
- - L 1 2 [ N 4
1 t<<mb usm x = - 3 8t ‘Fuuﬂun11 (2.29)] wnnn  t >> m/b,

2
x.-(i;z-g-ggt)

[ J - ]
natstruatouunsineyutnovuowmay s fauraelatyuan

1y ™ Y . -y
nsiqiin 9 wunfilfmtndwwnawwanieniwidieiegs Lo inevesu Iy

tfuavuiuunnlnfindn  navafe ausunas (3.24) ntwuele n o= 2

f = bv2 (3.57)
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uaﬁwé’.umﬂmmmavfnqﬁ'uwtaunmu Mosuns (3.57)  orsale x, = o,

v = 0, Aiamn to = o f

0
v-—d—m; tan (@t)

- gt, 01t << %8 , (3.58)
- €3.58)
—1|E‘E , 1t >> %8 ,
- D \|'_=.E
X b in cos ( ot )
-1 gt2 M te< B
2 ’ bg °*
- (3.59)

:]
=
=
»
|
-

t
-]
w)
(ad
v
v
o
gle

Snuuunilvwaemau i Tadsae fo udonmuniaen t = (E"E);i LRUITIE LY RYI CRY s
[~ ] -

Twrron lauvemaiucideauin®  (ouae i fuanudnn iiafucasTiudavees  (gravi-

N~ -~ - ]

tational force) wuafwauuan usy Liunmuuazmwﬁhtdu\n'\nm“nuav‘hqmvﬂm

UINND

- [] -~
Tunafuovtagansanfigenin v, uwseTuutaese i Musgunaugedana
Tunattffan i3 lumnuss ifoanturaveanas (o lvErunTafinen fovirvoamdvenln)
URZLIIRAWEY Y sngaguonatvuenTan My mawsunas (2.11)  o1i31tn

M Thenswevian ues motDonsvesiaginnsaneawge v
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unzeinwunag (3.31)

Y

V) - - Fdy = - SBM

(]

muns  (3.61), 1111w x, = = foflzlntnArinoufiaeflu  V(x)
oy minas (3.35)  Seneedl

ca [T g.cmty
v 3t + «j; (E + " )

(3.60)

(3.61)

falu

(3.62)

iadammurvuinuaneiaifunas cnfouutivuy, saunfosmaosy i dunas infeufaviaeat

voving (nufliavln i non munlinouuan)

Vi)

W 3.2 Plot of V(y) = = (cﬂy)
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sanmamsen  (plot) Munduwes V(x), Megu 3.2 tamuadnnaindeuny 2 vin
fenraiefouflude E Gun fumsonfouflide E cdusu.  Tunsad B (BuanezWitiyn
n#u  (turning point) wewnsiafeufl wazon ey tusu ondouffum i vz undoud

fuvssumeenld  mom-wi fafanavsunszistiogneitmyeunau 52 v, (limiting

2E
v, = \l - (3.63)

unnsti E 13usu, Suszfiyanfuftmmauge

velocity)

- 2 (3.64)

neafe emetuintouuvrouy, Muszfimauida = o wionyanaa infoufinonas
Ahunuy Yo uasatiumivmugel iosiiuanuatefulan  naaunteudfemevelinnrufingn
urifu sz ihefulanne udomumivifumy  wazmraw Famvesnsinfoud ud E = o
agenfuognawmtiumivgnetun  (Infinity) duies Mguafoufuvievu (fuvedteifion

[ . - - P
URSUFNNIIMI LTI Vi = o ™ E = o ummn q mugey n 9

l 2 MG
Ve ™ = (3.65)

mwiTilumunis  (3.65) 1%undv  eascape velocity (mrwiFnflussTunnae )

m L Fveaduss 1Oy

veving mauge Y Amvinpguinantwessien  unanaseentsintagiadoufinaunanu s
v, siwwtumismuge v shuueceedinteen oo fens uafeufinelvsde i

{(Liifau 39 Beamuvevernan)
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Fmunamann y(t), tsmilnsnniiBufinsesunia (3.62)

y
dx 2
= = t, (3.66)
+(E+GmM)35 m
- y
Ye

o | ] 1 d 1
ey, (Dumaugefiinar t = o, ifentmarqde E tduau,  vatunuen

cos © = —;ET-% (3.67)

rofusunts (3.66) Sunawidu

Q
€ ulf 2cos’0 do = |3 ¢, (3.68)
(-E) "
9,
3V e demu s tunsBufinan i dhiuan Aofu @ ssufdude £ ufu)  arEanae

nale TeoldendeBotinwnzih q Ty n Y, LTugandu Yr urenferagde (Bt

- ‘ . J .
Yo alifuseu q uanszn wenarnuavfvgerevlanifuved v ifiss  (fonwunidoule

- f ]
n E < o. #Muiu e, = o ua

G mM 2
3 (@ + sin 6 cos ©) \~ o t,
2
(-E)
nio
e + sinz2e = |E2E o (3.69)
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(Y H

Y = Yy cos2 ] (3.70)

[3 -~ ™ -
I ams (3.69),(3.70) afluswaseleswmtunann y(t) lnogaednisy s
het F-3 o el -~ F 4 ) ¥ -~ - 1
nsunimaiierwiln Taoln 8 Hutuifou q fanefMu wamamuduiusyewen y uas t
- -~ ]
snsunagil.  ns@imaugeven ¥y lunas iadaufieentadnduaelan Tayorvauy@rwasvevlan
' y >~ * - -
sfn x = o  tmaifdedvlvin ( w3zl lnnaafumusTetauntieewnas iadoudd

- [] -
LﬁuauuvﬁnusvxiunnﬂuﬂavaﬂnﬂﬂuﬂLﬁuusvnsznﬁvavihqLﬂnuuﬂbTan)

Tunstfl E G fuuanmte s Sugud n1veBuontentsuntimasaursnletnaslu

vhuesvifuatuide E (Suau,

3.7 usvfuds i 8visu LINEAR RESTORING FORCE) manfoufliuuerslute

(HARMONIC MOTION )

n11infeuflvevTaguiooynnludf ludetmgSnuvunts Be nqgondoudinauluy

- - - - . -, -
nHunmasuaiuk luuuaiaunsy  naseefeutuuudian i sunaa  Bunqy edeuduuueas Tutin
(hormonic métion) Tum3irfoufuuverilafnd  usePuds Be iiu SudmduTnun ey
Isusuin x. Maeuvuownisiafeufludnwaet (W nwsLniauﬂuavuqaqnﬂnﬁnaﬂﬂv U

fudvnvaute iiulumunguesge  (Hooke's .law)
F = -k (X-a) = - kx (3.71)

o x (lumamunfoun,  a (duaawueufEuivialGentonn (1000 win), uas

1
tﬂun71uuﬁﬁﬂ1hw1niﬁunﬁwiuan (equilibrium position) wasfwwSvin #auus x
flAn = X-a. #@wm k la‘ﬁnvdpfon71uu§vun{v (Stiffness) wvwewwUIv. BynIn

vinm ervgnfinflualieluuursumteluuufefiln Koz 3.3 (a) waz 3.3 (b)
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Equilibrium
position

- X Equilibrium o + .‘;(!!

pap—rriiw i —

x

g%icxvavvu
3

ol g .

m

(a) (®)
{uU_3.3 Ilustrating the linear harmonic oscillastor by mean of a

block of mass m and a spring (a) Horizontal motion;

(b) Vertical motion

Wouhoynmune o gnfinfusy®aluuua st faqu  3.3(a) wiefinszrhmpoynan Ou
Tunwsunas  (3.71)  unifeiswhoynimnn o wgniafusutalusafs  #egu 3.3(b)

wistwfonunfinsznimeoynnd fo
F = <k (X-a)+m (3.72)

vrfounurouan waneaa Ldunas unfouflaveteae (xiu;ﬂu1ﬁhnuuﬂu55) Wnsffl v
sunadvovnUdeez 1y infoufunsfiveeniiafiouMunuaau neaRentumisunst ez LUouly
(dovsrnusefegruevlan, 07 luluse (Fusmnle 5 Jianrznefonruavlan tAuvouy 1fud
Anszmmeeynamaa o § L wasantmunlan x = X - (a +-E§') uaz 1o 1311600
sunis (3.72)  mi Tnolveglunsowwse  x. L3792 TnusvFuivoeduivluuu Ry 1ou s

unar1afouMuuwn s untesunay (3.71) fe F = -kx.

o}
1ﬂnnnnﬂ1;nﬂauﬂﬂnmﬂavuavﬂqiu wazaun1y (3.71) LIEWTONIFUN T

Avivio L sutBusuounag mﬂnuﬂﬁv'luumﬂuua:uuaﬂv‘l; indlouu Fe



105

E

mxX+kx = o. (3.73)

> L) - L4 [} .
nfl s lafneR@nai lunauas 11 mswletufag sunas (3.73) B aunsiv e L su i dus
ﬁ -, - ] ] g ° -~ - L -
vown1s tafoufluuuar s lufireutveauthi ey . aun 151 LAl Uladsslovuuazunthimlang
Ty W 1] - ) ) - E
NINNAFIEAT LAUANLIY LU n3lvey iwufdueyveie (Simple pendulum) NIBATSIUNRIN
wougnRuuaing, Physical pendulum, torsion pendulum,  uszluSu uuindnlvn

Runfuavsseavivi e

g o -~ oo Y | » P-4
nasunaunas (3.73)  ®wasontlenaus58.  SEnlvvovnasunaunasi laons

o trial method v Wendu P (Ou  trial solution, s q itusreid

saenaamn, a1 x = aedt (uade, Aafuamiuyn q Atwey t sansunas (3.73)
fa
2 qt
m d A; ) + k (Aeqt) = o,
dt
nieinianan  Common factors eanly  sunisazeylufinuuzyey  auxiliary

equations (Funavoan®ifuF)
qu +k = o

thitke

- ‘ k - .
qQ = + i = = + i W, (3.74)
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k -
Mo i = {:T s war w, = J /m mduaun3hvive L dea (8 au

Tugaell  nasunthymarew sTungedlunasundgm i LAy (Mufia, 01 £, wm £, Y]
Solutions, ui f, + f, fiidu Solutions saw), #oifun1suntgmafalu (general

solution) wevaunas (3.73) fs

x = A e % 4+ A e (3.75)

aun1s (3.75) mlasanniseBuiunn x luSnwnsvevaunas  (3.74)  naiafelunas

vdoufluuuen s lutindu

iw t —imot

X = A* e s X = A_e
smnmunis (3.75) dnafy, e eiu = cosu + 1 sinu, vsraaunen iUfon
wosuvevaunas  (3.75) 1audh

X = a gin mot + b cos wot (3.76)
»30

X = A cos (mot + Bo) (3.77)
AR INn I IBuR namvevaunts (3.76), (3.77) walseanidoulecSumy  wRzaunas

X, . - e
ﬁiﬂavulnn1uaun1an11unﬂmnﬁuawaunﬂs (3.73)

-~ o ad - -y ~|-—-
nrsunaunts (3.73) (11877195800 q fla Melanaraunusna1588 0 Ros

Py | o . 4 - J

Snilvinuu, T miurav W, ﬁutsun{ﬁnaﬂuﬂ‘ﬂvqu (angular frequerncy),

Jl L] ﬂ - L ] - - L] J

Wanr x JewnfigeiSenitrivniy (Amplitude) w3o A, savivey A Tusunas

2 ' .
(3.76) % (a” + bz);5 #u Bo ﬂaqutﬂﬁx%unu (initial phase angle).
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) T, flanuinan (period)  wownasunavasu 1 oseu Auyy 3.4 Aedu

’ ) s
AU LIRIYENNISUAINASY 1 spusenay (29 sifou)  fe

—
T, = % = 29 \E% (3.78)
[0}
]
|
‘i
o]

U 3,4 nemevszozu¥a x MR t waﬁnﬂstﬂﬁauﬂuUUﬁﬁﬁTuﬁﬂ

- - ' d . P
trmufli®uidu  (linear frequency) wawnisunivie fo Funlranatuausoud

o .
vafoutllamontlauno Laaiu

waz
1 1 l
£, 0= EL = 20 k/m (3.79)

' ' - - ' o - »~ '
oty 3.6 wiudimBouuaam Avauivinudunininbreenls ctuszoziquinatu b
d 4 A - . ! -
o oF inBunfieauIeavluiuafy (duszuznae 1 Imneunuvannes  (u

n' ’ ) ) -
uudﬂu) TaoiSuvssowe inBo iaiven £ = o, v nadwsuowns
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ol -
cafaud Ty inauiendunpeiaas t.

-~ ; ) ~ ' = ~
18nn Twanft LsweemBariaefuovausy luunefins m gafivindasan futzos

59 b dwna m adﬁuﬁhuw:ﬂuﬂaﬁuuuaﬁﬂﬁ (Static equilibrium),

Mfusinaunts  (3.48)  waraunas (3.71) (791la

f = -mg = ~kb
#roiTu
= g
k b

4 ! . -
AW L PagumeaNnisuniey (oscillate) #e

—

w =k =\]%

! .
1unq1n1ﬂ1nvﬂaﬁn€uaun11ﬂaenw1Lﬂﬁnuﬁ, mnauns (3.77)
x = Acos (wt+86)
o (o]
]
Feismawaa fiasn t = o,
x = 1 WRS X = o0

waluiamr t 1n g

Xx = -Ay_ 8in (w t +8)
o o 0
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dannu

A = 1 uwax 6 =0
o

LR
FIRUN1TYDIN11 L Afeudl W insufinndunav iaan fe

x = 1 cos ( q-% t) waYy

3.8 @Avsnndeviuroennsiafoufiuvusnsluila  (ENERGY CONSIDERATIONS IN HARMONIC

MOTION)

- ~ -~ o
n1ﬁn11tﬂﬁauwwavaqnqﬂnﬂu1nu1vﬁuﬁﬁ F = -kx. fdaismownssiuin

eit

* g . 5 o . 1 -
WAIAONNI W Jeifndqnugenieusn F nwn1ﬂaqn1ntnﬁaun31nw1unuvauqau (x = 0)

\ ext
Tubweumde x 1n 9. 13meusn FoO0 = =F = kx,  #wafuvufiAndu #s

g X
W = Fe‘t dx = (kx) dx = 3 kx2
‘ 0
Ao ludd fo AtuownSevufndussausutu oy
2
Vix) = W = X kx", (3.80)

dv

ax = -kx,fwvmvevaunis  (3.37). ¥t E fp Aqwpv

pofiu F = -

WML AN UINAUN S uAnY

E = %mx? + %kx? (3.81)
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_Lﬂmﬂuﬁ'mm-s (3.81)  manmw L5 luinsuiunthpevizuzudn x viln

2
2= (B kX G.82)

wn1s (3.82)  swAreBufinam Teentmuniniaes ¢ (udenduves x 1n, wed :

dx

\l (2E/m) - (k/m)x>

t

m -1 .x
- Y | cos q{ ) +¢C

o

unz C fiominefenniatufinam.  §1isqunmunasiflenany x ludnvasfonduuseian 131
wrlnmudufusuuufiefiugd 3.1, wnerianlerees A demwasomalnsnaunis (3.81)
Taud vAtuee x Onrazwine V2E/k v - Y2E/K  iflovzlamuey x nlonawidofl
ey, didunaoBuingy 3.5 deusavlugtiomBonudng V(x)  ussyanduey

n13 iafoutladm I untveanasisuflunnn et

’ -’
Inmun1s (3.81) w¥owuntsveunduvu  vXiMunaa x w:ummnﬂqmﬁu
L]
izusudn x = o dv x ﬁﬂummt‘f—:ﬂﬂmmndﬁn \armx 'D'una\:. wofu L3 mau

11

E-!smv:ax = 3 k:A
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n%o

- k -
v = \l o A woA (3.83)

% 3.5 Graph of the potential energy function of the harmonic
oscillartor. The turning points defining the aquitude

are shown for twoe vallues of the totel energy

3.9 nsiafeudluuuueunenslufn  (DAMPED HARMONIC MOTION)

[ ) ]
sinmou 3.7 war 3.8 s1fferritunas iafaufivaveyniensa m 1n q Mul
. ~ &4 o . '
w39 L uAnIusInanouen s wARauAs L a3wuas nTiAdauiuesTageae q (tauaw o §
- ] »~ g ¢ L} -~ ) ] 8
gndaffumuly  w3antsunivesegnauuaftnn  Tulusrawaso infeutlan tulreurvlungnds
(] - . ) - x
wrwme (Amplitude) wavnisuniwnulunfuutszren q sraveunseieitugue Kol
1 L - .
(dovendusy iBuanruntousuwuay  (damping froce) wnm unasiafoudl  wswdaN
+ *
r¥outviBummrusrsssuinusvludinenceay 9 tou wiviFuariuveveind  wivifuanau
AiAns1nusyinandovanina  niouseniwuvesingioy LI IMIWUAIITUNIAUDIUTY
[ "3 1. - » o4
L Rumnudn L udmauTasnsviiumni §o usiifanivasefuein,  Fagrnilvesnad indeudl

wwuurungas ludin Bogu 3.6, Fviluntsinfouduevuna m Agnfinfususyluuuafy Tnud
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L 4 -y L
w3v i fuanuteveninasuntunisiafeusl nhlneeey A anavluifes 9 sunsz ugue

[]
wasw#yviuraunvzanay Louiiy

Equilibrium
pasition

3,6 The damped harmonic oscillator

fafuaun13fivine L L fua

- &
ANy 3.6 musvifumnubavemam = -bv =  -bx,

voun3 infauiluvuununeasTudn fin (1381 mtwevifenfusunts  (3.73)

n3e

mXx + bx + kx = o. (3.84)

- L] Ld »~ 1]
NITIUNKUNIMINT X wpvaunis  (3.84) n111w%5n11Lﬁuqﬁuﬁunnﬁunaun11uﬁﬂ1 X
o - ooy . N g
lusunas  (3.73) uaw, Taule8n14way  trial solution ForanTu i Zuatndy
( qt . . = het
exponential function) Ae \Du trial sclution , uﬁaanﬂ11waunwsunﬂ@nw

(HM¥uNn q An ¢, o

a“ (a 9t
m 5—32—1 + b f;' a e’ + ke Sty = ¢ (3.85)
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o ¢ oyluresuvevaunisoon® Bu?  (auxiliary equetions) 1s1le
2
mq- + bg +k = 0
AwBN q nﬁ15ﬁﬂﬂan1ﬂawﬂ1anu1ﬁn (quadratic formular) #{antfuf fe

_ - bt (%~ 4mk)®
1 = 2m

(3.86)

1 J L] L] 1] 1 ] -
o sununnaedl (flonaan @ lusunns (3.86)  azifiudanwey q Suegfuinesesey
2 e e ‘ ' . 2
b” ~ 4mk, @wuluntsmana @ tsyuuvoaniate 3 nefl fe @ (@) b > 4mk,
2 2 & '
(b) b = 4mk, usr (¢} b" < 4mk. Fumwni8Tdnwaznasineufuovingluuna:
' o = - ! af
nsfiazumnnateiulu,  Tunsé (@) uwazr (b)), FvisriSoniBunttiadeufiuuy  Over
. ' o z ’
damping war critical damping eawuevw g 7 itustetiuszdianqzaaf sy #atfu
‘o o & o . o 2 2
$eludinnsoeada L an | Anduaniunsifl b7 > 4mk uay b = 4mk wasssutu¥n X
- U ) - - -
vowfemawniiinz anavauniziv tugus (naduduiushiuLaey t) w1anw1nndeuﬂwnvﬂhqﬁh
d -~ . [ . ' - ) 3 [ - []
Juszin nuﬁLmﬁﬂwmnunuvﬂunautwuuauwvLm91 WNTEIN (IRIMUND  TUNSTOYRTIRIUNLY

augat (x = o). nisefeudlunifl (a) war  (b)  umneaefiu mauflned (a)

& ] - - L ] -8 ]
WUAIBY X ITEASNEUINYT 4 uaziwagehunuvausaputniansfi (b), fogu 3.7

x

Critically
damped

0

U 3.7 Graph of displacement versus time for the overdamped

and critically damped cases of the harmonic oscillator
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nsfiwovw over damped Ly N nuRRANiFauAwey q fis -r, uar -T,
dvlm ¥ At
olrsnwunas  (3.86).  Hviusuntinasuntgmaily (general solution) 87%

voule T

-1t -T,t
X = A1 e + Aze (3.87)
sm¥unsfluey  critically damped dwatwev b2 = 4mk u.  FunAINIUNTMA
T luszegluwe u
x = et (A + L) (3.88)
do r = %; . uazaunas  (3.88)  fleawmmalavannisunusnlnumay.

Lunafiflusot Fummubnvouwesmiu b2 < 4uk  dvegluna@  (c)  umz
1171 3un7 i dunvsinfoufluvy  Underdamping unsti q ga1 1 Iuaswisuanuassu,

A1NFONYDY b2 - 4mk Yusunis  (3.86) umasuya, Fousuntsnia ondeudlamay

nrsunigmthluke

x = A e + A e , (3.89)

lﬂﬂ

- w? - 12 (3.90)

ﬂ#w\1n1§ias .1u = cosu + 41 sin u, L3 muaEwaInfousunas (3.89)

o
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-t lw,t —iwlt
X = e (A, e Y4+ A e )
_ -rt
= e [(1A+ -1 A”) sin mlt + (A+ + A_) cos mlt]
na
-rt
X = e {(a sin wt + b cos wlt) (3.91)
e a = i(A+ -~ A) war b = A+ - A uszeanaunas (3.91) 1
ﬂauﬂsnLﬁuuﬂun11ﬁavn11uﬁfhmﬂlﬁfnnuu fin
-rt
x = Ae cos (wlt + %) (3.92)
o A = (a2 + bz)% uag 90 = - tan—l (b/a)

wosuf i dustvuavaunit  (3.92)  wsmvinifusanasiafoudluvu Undetdamping
> -rt -
In1S0eRDA AR UASAIUENEINAI Y (Amplitude) Ae fuuszasy T ARV LAURURUS
Vs > - 1 ] - | - 1]
#u e Fhudy, ﬂhﬂﬂauuﬁn11ﬂqﬁuﬂLivuuwavnﬂsaaaﬂatan Wy pavdauouniiniwd

By w0 (mwreuflufintsunn) 13 Funnoul o a1 AW BT TLYR

(natural frequency)

‘ i ! - 1 Ld -4
un+ff i innsenum iun q na1afie naidl ¢ fawepunafe (Avufiy W,

e lnmuduNus Inoussun

W, = owey "2y (3.93)
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aun1afotuiulnean Amavenafavewsunag  (3.90) Tremgufluiufbus  (binonaid
theorem) uazfinianizAtvevAaN INEULIN YL

NIINTENNIIMIENI NS LEedn X fuiran t (fousavdnuusns infoufllunsfives

Under damped # glaaanqu 3.8

T— /g-~"ﬂ
A
l

o

13 3,8 Graph of displacement versus time for the underdamped

harmonic oscillartor

; ' -rt -rt
PvINmNIT (3.92) 13 mswaafrnegRewsifa x = Ae WAz X = ~Ae

1 - - ] 1
dv;ﬂuﬁ1uTnviunﬁsaau1nuﬁhsm:nﬂ1Lnﬂnuduuu Under damped., iwy1:7191vwew cosine
Jhtssminy +1 M -1 wfa -1 My +1, ®w mwow cosine it duge 1 Fumy

] » -~ - [
uuvn11LndnuﬂvoqaauTnvﬂqnauu1au. nn Aulaveeunts iafeuflezuns fu taussy sy

i D -
yn q r¥wmidvvevnuiasn  (perfod) nfo —~ , sunuzf x = o wnie¥taqlufnas

1
ndoufine 1y,

ﬂﬂ11mﬂt#avuavwﬁvv1u (Energy Considerations) w&weufwmunuownis
L d -, ”, [] L4 2 -
cafauflivuununs 19 lulnees®aiaimostuiaan t in 9 infundiveusau k mx©  vaneau

wigeufng X kxz :
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) . L4 1 1, -~ <
Lswua 1 lun i ludnasununtiy Arvewwdveusaun unlunsduavniscadoud ide Annas
'z 1 [] N
waumiuetwawdeusuezlunedl, (amalelaunasinine cTufren TuntIT DWW AN NI

»~ - ° -~ 4 -
(vruu) Wouiuiasn vAilnismauadesants iufuusesndv s E A

gi = mxx + kxx = (mx + kx) X

[} L4 ”
Wf, IMNAUNIIANLHe LU L FuanewnT L feufiuuusuwen T 1ulla

mx + kx = - bx

#Fratiu

e

dE _ . .
ac - b x (3.94)

) - - -~
sz fovavannis  (3.94)  {usuvisue, wazmunvtfuaaeiv viutednsanas iuBuuvee

4 > o -
Wi uwreegy L e luiflaveainmuseusewnis (Jund,

L] -~ " - J— 1] - J
#eu1n 3.7 eymeuaa mognfelafusuieidataedl = k. 0nqsAfleuilavwaa m §
w
- -4 d [o) ' o -~
inndsummau lasl © = % Ywmazavaludsssuend,
28nH snFunis (3.90)
m2
w, = w2 - r2 = w2 -2 =
1 o 16
_ 15
16

. k ’
= E nay
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L] -
#0079 3.8 nfasev 3.7, SwmAdRIIeIuneNtiNnTay (Ampiitude) wsvaBINT

poaBa anfiae (o vy

3Enh FmIsuuey Amplitude Hyaavfie
-rT
Ae 1 ) e—rT1
A
e
1 2
W f ° E,l
1 1

[ ] ]
A @, WAz w, Indrau 3.7

2 e
1 w 15
(o]

[
1]

21 [16
4r 15
n3e
=1 (16 _
rT1 =3 15 1.56
. -rTl
Motiu Ae _ e—1.56 0.21 aBy
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3.10 nsinfeufuvusslutteidatusensonn (FORCED HARMONIC MOTION)

€ d L4 [ J
urauf] 312z fnefunis iednFuevuranons lula seslaiawesfifinean
- » ext
wyvenilufim  (harmonic force) anwuen, o1t FuuBInuivnuuentife F gy
L] - 1]
Srouufifuy w wezfaduutygamtatavnitefludusu inau F . L TE R TR RS LY

U TR Tul e L T

Fext = Fo cos (wt + ©) |, .

- - P -~ o N
Tavn1slavesuvevianin iuuifoa  13IRWATIRARNN IR INAWREAIND vELRe

ext

F - F ei(mt + @)

o]

J - ht Vol . - J- ‘
Tun7 undeuiuuuununen s ufief wivsufonuafia nufinnas iedeudideogauute fe wav
' ext
fufvovaBy  -kx, usvnuav  (damping force) - bx, uRsusewniuuen F .

~ &
nngnis i nfauflvsaevuavladu Medusundsfiv W L su 1 Buagownis iafeudl Re

»¥o

ext

% + bx + kx = F = F ellut+e) (3.95)

[s]

auntsfirive tauiduaiduian (3,95)  f Uerneumnu wauanwavusy 2 won fe
wanuan i uusefumeovaBy  -kx  Muswmiie -bx  duauniriAnive i u 1 Fusvouiufie
oX + bx + kx = o wnissun1s  (3.84) wewwouflusa, shuwanflapedue fovuseifus

Ext . U »”
fa F Aiantmunaimwt @i o wazfrieniteuountseasda Lenfluduoy | i F,.
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3 N & ~, . = ~
FLAWAITEUNS - (3.95) T 1steadleSfnamtuey  fpafuaunas (3.84)  (Faunmunas

. o . .

17 Tnenaswowqueduioatuey x Aneyluwesy :
i(wt + e

Ae("LJ e')

. .
nqaqﬁaﬁuquqnwav, v usanaunas (3.95) 9

t L}
m_d_2 l:Aei(mt+e)J +b%t [Aei(mt+6]+

. '
K A el(cut + e') - Fo ei(wt + 8)
Sm¥mn 9 A1 t. deunauniae  weslaunasdrovausznoussuaaf 13lA
2 L}
- mo?A + iwbA +ka = F_ 100 79

o]

1 i
F0 cos (6 — 6) + 1 sin (0 - 8)

& - ' ' ' |
Mty ;3 TeoadsudSouifiouuunaiusewe 3un:r  (Amaginary parts) uwasaunpeniaty

tile
Ak - mmz) = F_ cos ¥ ‘ (3.96)

buwA = F_siny (3.97)
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oy tifwedavuevine  (Phase difference) wimyuiwy  (Phase angle) ¢ - 0

wemmasaunas (3.97)  aapsunas .(3,96), 1ela

tan ¢ = (3.98)

Tavnisannh@vaevsunts  (3.96) wazwunas  (3.97) uﬁﬁ#ﬁﬂavﬂunﬂsﬁhdnﬁu, URe

Yoa1  sindy + coszw = 1 157w

i
A° (k - mmz)2 + bzm2 A2 = Fz
wnaunasnaen A la
FO
A = - (3.99)

y LI1EWATOTUANNTS

n| o
<]

[ L] 1
3nft L s supa I w, = k/m? war r =

(3.98), waz (3.99) lasnuwu fe

(3.100)

nas

A = (3.101)



122

sunny (3.101) i fumauduNugveydienday A M driving frequecy w.
(F 1]

-

m de1mma,
12 d=116mw,

1 3.9 Graph of amplitude versus driving frequency

Ld ] - .
nswsangd 3.9, usmelniusvaenine A suufianwanfgeegnemhumiy mmautifuiueu

w 3w, 21itunautin®mou  (resonant frequency)

r'

mMmanwulin®meou W, Lernaninean %% vevaun1s  (3.101)

- - ] [ ] L 4 L - -
kazdnlnwaimodn inffuguy.  wENSINUATUNAIIEY © wad 13U am At mounalssan

w o= ow = @ - 2rd)H (3.102)

r Q

1 - ' ) g -
Lun3tifidnr s wisy 9 (Weak damping) na1afe idearavifunwnaamiae b Janisounn,

- [] - - -
b<<2 vak wioimfu, dwar r << w, 1119z NU I dntmen . o na L fue
- 3 - ”
umafifluintamiae wye I BuvIm e ereweunas  (1.102)  TnumpedlvTudua
(binomail Theorem) uazavliiawazwovinouusn, 131ln
2

- ) o

w f=-4 m - a—
w

o
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aunis (3.102) waz  (3,103) ifeitriBoufiuumisunas (3.90)  war (3.93),
azlamwdeovniseaadaian wy Asaszlunrteeafa i annaen1amidae. 1310 € i

Mo nvemuy3uan r2/mo e 15180uladn

w, = W - %- € (3.104)

w, ¥ W =€ {3.105)

L) d [ )
Fm¥urilayUszurnmavaludnvey

by g 2 s . ) '
YWANNINRRAZe A 19 RTa Lan Aaaulntvou 1s113unduna A uas

FWITONNAA A Mavnaunis  (3.101) uar (3.102) wadng Ao

Fo/m
A =
max 4 2 2
2r w_ -
o
Fo
= (3.106)
b mz - r2
o

- ¥ -~ (] 2 g - - []
lunsdmovnismuivuee q, 39man - Mele wazifousuntslnd iy

max 2r mmo



- | | (3.107)

3 - - . J > ' '
m?u YINNINYBINI TR AT R L IR 1@9u‘lun‘\1n’mau flamnuiy ﬂ'lﬁ']ﬂ\!#?]ﬂ\lﬂ']?ﬂﬂ'l\lﬂﬂ"l

- - - v [ 1 LG
ussuAn  lunnfutu araenawieauan aaaefluesnaaniivissdaves.,

- Ld ] ) L4
e tsaRnsanfunsfin1ions@a i arnauaaefivounismivieouan T << w,
o (L) - 1 ' " '
fiu, nrveBuwamduarivnaaefuuueuiusunas  (3.101) crgursonaea flowh Tuunuaa

Tusunq9ii fie

W, w = (mo + w) (mo - w)
= 2mo (mo - w)
Tw = Tw
[#]

) J L - [ 3 i
uaz e Lsununn A Tusunas (3.101) aap (s lasunaTvovgavnm v lunesy

A.max r
A = (3.108)
2 2
(wo = w) +rx
auns (3.108) uaEnvlnuiuan ide |w - mol = r w358, o
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wag

[ ¥]

- .
fu, vuaemawta roduniitesansuniveesdaulsentmeu  (resonance curve) ity

' - 1
2r ﬂqquﬁunnn1w1:m§1vqn1n 9 Pwmimdnufanay Tasavadszneuvey PR

wounsntmeu Welf idovs i Sudmsdulnunsemu A2 #olnedunliuainiugy 3.10

- ] ' . -
Fonrwnilovnisszyduduvevnisntmouflvenunanuawn s111nnd1utnauﬂav

ﬂﬁﬁmmﬁhvﬁ Q@ waziIonduan quality factor wavizuun*wou wazAteNdUNAlasan
Q = =% (3.109)

. ]
nfe, @mFumismiiviun 9

1 -~ . ’ o o -
Moty ®aunae  Aw #nﬂunuv rivnitvrewndveu danlrgtssyn

Aw = 2r = 62
way, vJe w = 291f,
Aw Af . 1
" 3 * Q (3.110)
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1 ] . - -
HARNTOV NG ¥ STmaanTnTsnhvaInuswauuenfiun s lasaudwma lasnauns

(3,100), Jouhwunasfiumsen  (plot) Tewin ¢ (Dumentuwey w, #egu 3.10

4
r
by
e el b-uu.:q
N e

41U 3.10 Graph of phase angle versus driving frequency

ngU 3.10 3z LHUIIRRAINUEY INTRMRuE AL ©  AdAusy  wazinalanauuow i WaU
driving force fmudniweu, ¢ Janduduiih '% iaraunaslagsu e 90, BvAd
SvluinasTarousan ey driving force  #in1s nweuil, gannoam3u o Adauan
Aoy ¥ otoag T valnnasiafeufluevisuuit 180 avan azludnqaseeulavew ety

driving force @n.au,

#nuad 3.9 awmaAvevaawintvou  (resonance frequecy) uasz quality factor

- - [ ]
Fm¥untseaada Land L Anndunun adety 3.7

5anH sansun1s (3.102) arwbntveu fe

w, o= (“5 - 2r2)%
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[} 1]
€
fﬂ4 ©
-~J
~ ]
~I x©
~
[0 +]

Aau
nEuni1s (3,109) quality factor #e
Or
Q = 5
1
. wo(7/8)
2u_/4)
= 2 7/8 = 1.87 #DU
' [] - mO
#pusy 3.10 sankeunv 3.9, 01 driving frequency = > INATUIGM A

yuina  (phase angle)

38n% maunis (3.100)  yuude Ae
2rauw
tan ¢ - 2 2
W, - w
o
w
2r 32
- w
W - &2 )2



andpday 3.8 tvmTwu r o= 0 i

9, w,
2 63) )
tan y = 2 w 2
w. - [
o (—2— )
- 14
3/4
- 1
3
o ¥ = tsn—l (—%)

-  18.5° 28U
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wuudndnungt 3

a) A certain jet engine at its maximum rate of fuel intake develops
a constant thrust (force) of 3000 lb-wt. Given that it is operated
at maximum thrust during take-off, calculate the power (in horsepower)
delivered to the airplane by the engine when the airplane's velocity

is 20 mph. 100 mph. and 300 mph (1 horsepower = 746 watts).

b) A piston engine at its maximum rate of fuel intake develops a constant
power of 500 horsepower. Calculate the force it applies to the

airplane during take-off at 20 mph, 100 wph, and 300 mph.

A particle of mass m is subject to a constant force F., At t = 0 it
has zero velocity. Use the momentum theorem to find its velocity at
any later time t. Calculate the energy of the particle at any later

time from both Egs. (3.7) and (3.8) and check that the results agree.

A particle of mass m at rest at t = 0 is subject to a force F(t) = Fo
sin2 wt.
a) Sketch the form you expect ofor v(t) and x(t). for several periods

of oscillation of the force.

b) Find v(t) and x(t) and compare with your sketch.
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3.4. A high—-speed proton of electric chaige e moves with constant speed v,
in a straight line past an electron of mass m and charge-e, initially

at rest. The electron is at a distance a from the path of the proton.

a) Assume that the proton passes so quickly that the electron does not
have time to move appraciably from its initial position until the
proton is far away. Show that the component of force in a direction
perpendicular to the line along which the proton moves is

eza
F = (mks units)

2 2.2.3/2
41h:° (a vt )

where t = 0 when the proton passes closest to the electron.

b) Calculate the impulse delivered by this force.

¢} Write the component of the force in a direction parallel to the

proton velocity and show that the net impulse in that direction is zero

d) Using these results, calculate the (approximate) final momentum

and final kinetic energy of the electron.

e) Show that the condition for the roiginal assumption in part (a) to

be valid is (e2/4ﬂe°) << %mvg
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fe

0 —_—

4U 3.11 Force in ploLlem 3.5

A particle of mass m, initial velocity v, is subject beginning at t = 0

to a force F(t) as sketchad in Fig 3.11
a) Make a sketch showing F{t) and the expected form of v(t) and x(t).

b) Devise a simple function F(t) having this form, and fin8 x(t) and

v(t).

A particle of mass m is initially at rest, A force F is applied that
increases quadratically with time: F = ctz. Find v and x as functions

of t.

A particle of mass m is initially at rest. A constant force Fo acts
on the particle for a time to. The force then suddenly doybles to the
value 2F0 and remains constant at this value. Find the total distance

the particle travels in a time 2to.

A particle of mass m 1s initially at rest, A constant force Fo acts
on the particle for a time to. The force then increases linearly with
time such that after an additional interval to the force is equal to

ZFO. Show that the total distance the particle geces in the totla time
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2
Zto is (13/6) Fotolm.

A particle of mass m is initially a rest at time t = 0, A linearly
increasing force F = ct is applied to the particle for a time tye The
force then decreases linearly with time dropping to zero at time t = 2t:o

Find the total distance the particle goes in this time.

A block slides on a horizontal gurface which has been lubricated with
a heavy o0il such that the block suffers a viscous resistance that varies
as the square root of the speed:

f(v) = - cvl/2

If the initial speed of the block is v, at time t = 0, find the values

of v and x as functions of the time t.

A block 1s projected up an inclined plane with initial speed Ve If
the inclination of the plane is 8, and the coefficient of sliding
friction between the plane and the block is H#, find the total time

required for the block to return to the point of projection.

A particle of mass m is released from rest a distance b from a fixed
origin of force that attracts the aprticle according to the inverse
square law

F(x) = -kx—z
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Show that the time required for the particle to reach the origin is

3
1 (-tg—lt: )1/2

The force acting on a particle varies with the distance x according

to the power law
F(x) = -kx"

a) Find the potential energy function.
by If v = v, at time t = 0 and x = 0, find v as a function of x.

c) Determine the turning points of the motion.

A particle initially at rest is subject, beginning at t = 0, to a force

t.
F = F &  cos (wt + 0).
a) Find its motion.
b) How does the final velocity depend on 9, and on w ? Hint: The
algebra is simplified by writing cos (wt + 6) in terms of complex

exponential functions.

A boat with initial velocity v, is slowed by a frictional force

a) Find its motionm.
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b) Find the time and the distance required to stop.

3.16. A boat is slowed by a frictional force F(v). Its velocity decreases

according to the formula

2
v = C(t - tl) s
where C is a constant and t is the time at which it stops. Find the

force F(v).

3.17. The engine of a racing car of mass m delivers a constant power P at
full throttle. Assuming that the friction is proportional to the
velocity, find an expression fér v(t) if the car accelerates from a
standing start at full throttle. Does your solution behave correctly

as t > ?

3.18. a) A body of mass m slides on a rough horizontal surface, Thé
coefficient of static friction is Hgs and the coefficient of
sliding friction is y. Devise and analytic function F(v) to
represent the frictional force which has the proper constant
value at appreciable velocities and reduces to the static valud

at very low velocities,

b) Find the motion under the force you have devised if the body starts

with an initial velocity Vo
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3. 19 A particle of mass m is repelled from the origin by a force inversely
proportional to the cube of its distance from the origin, Set up and
solve the equation of motion 1f the particle is initially at rest at

a distance x from the origin.

3. 20, A mass m is connected to the origin with a spring of constant k, whose
length when relaxed isl. The restoring force 1is very nearly proportional
to the amount the spring has been stretched or compréssed so long as
it is not stretched or compressed very far. However, when the spring
is compressed too far, the force increases very rapldly, so that it is
impossible to compress the spring to less than half its relaxed length.
When the spring is stretched more than about twice its relaxed length,
it begins to weaken, and the restoring force becomes zero ﬁhen it is

stretched to very great lengths.

a) Devise a force function F(x) which represents this behavior. (Of
course a real spring is deformed if stretched too far, so that F
becomes a function of its previous history, but you are to assume

here that F depends only on x.)

b) Find V{(x) and describa the types of motion which may occur.

3. 21. A particle of mass m is acted on by a force whose potential energy is

vV = ax2 - bx3.

a) Find the force
b} The particle starts at the origin x = O with velocity Vor Show that,

if v, < v, where v_ is a certain critical velocity, the particle
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will remain confined to a region near the origin. Find V.

3, 22. Ap alpha particle in a nucleus is held by a potential having the shape

shown in Fig. 3.12
a) Describe the kinds of motion that are possible.

b) Devise a function V(x) having this general form and having the value

--Vo and Vl at x = 0 and x = + 3T and find the corresponding force.

Vix)

w312

3. 23. The velocity of a particle of mass m varies with the displacement x

according to the equation

¥ o

Find the force acting on the particle as a function of x.
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Given that the force acting on a particle is the product of a function

of the distance and a function of the velocity: F(x,v) = f(x) g(v).

Show that the differential equation of motion can be solved by integration.
If the force is a product of a ffunction of distance and a function of
time, can the equation of motion be solved by simple integration ?

Can it be solved if the force is a product of a function of time and

a function of wvelocity ?
The forcé acting on a particle of mass m is given by
F = kvwx
in which k is a constant. The particle passes through the origin
with speed v, at time t = 0, Find x as a function of t.

A particle of mass m 1s subfect to a force given by

,a2 2835 27a8

G558 )
X X X

F = B

The particle moves only along the positive x-axis.

a) Find and sketch the potential energy. (B and a are positive.)

b) Describe the types of motion which may occur. Locate all
equilibrium points and determine tbe frequency of small oscillations
about any which are stable.

c) A particle starts at x = 3a/2 with a velocity v = -v _, where v

is positive. What 18 the smallest value of v, for which the particle
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may eventially escape to a very large distance ?
Describe the motion in that case, What is the maximum velocity the
particle will have ? What velocity will it have when it is very

far from its starting point 7,

A particle is subject* to a force

f F = -kx+2

a) Find the potential V(x), describe the nature of the soluticns,
and find the solution x{t).

b) Can you give a simple interpretation of the motion when E2 >> ka?

Find the solution for the motion of a body subject to a linear repelling
force F = kx. Show that this is the type of motion to be expected in

the neighborhood of a point of unstable equilibrium.

The potential energy for the force between two atoms in a diatomic

molecule has the approximate form:
Vix) = ==+

where x is the distance between the atoms and a,b are positive constants.

a) Find the force.
b) Assuming one of the atoms is very heavy and remains at rest while

the other moves along a straight line, describe the possible motions.
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¢) Find the equilibrium distance and the period of small oscillacions

about the equilibrium position if the mass of the lighter atom is m.

A particle of mass m moves in a potential well given by

*Voaz(az + xz)

Ba.4 + x4

V({x) =

a) Sketch V(x)} and F(x).

b, Discuss the motions which may occur. Locate all equilibrium points
and determine the frequency of small oscillations about any that
are stable.

¢) A particle starts at & great distance from the potential well velocity
velocity v, toward the well. As it passes the point x = a, it
suffers a collision with another particle, during which it loses a
fraction x of its kinetic energy. How large must x be in order

that the particle thereafter,

A projectile 1s fired vertically upward with an initial velocity Ve
Find its motion, assuming a frictional drag proportional to the
square of the velocity. (Constant g.)

2i6

Starting with e = (eie 2

, obtain formulas for sin 20, cos 28 in

terms of sin 8, cos 6.



3. 33.

3. 34,

3’35 .

3.36.

3.37.

140

Find the motion of a body projected upward from the earth with a

velocity equal to the escape velocity. Neglect air resistance.

Find the general solutions of the equations:

b) wXx - bx + kx = O,

Discuss the physical interpretation of these equations and their solutions

assuming they are the equations of motion of a particle,

A mass m subject to a linear restoring force —kx and damping -bx is
displaced a distance x, from equilibrium and released with zero initial
velocity. Find the motion in the under damped, critically damped, and

overdamped cases.

A particle executing simple harmonic motion of amplitude A passes through
the equilibrium position with speed Vo What is the period of oscillatio:

osciliation 7

Two particles of mass m; and m,, respectively, undergo simple harmonic
motion of amplitude Al and Az. If the total energy of particle 1 is

twice that of particle 2, what is the ratio of their periods: T1/T2 ?
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A particle undergoing simple harmonic motion has a speed Vi when the
displacement is x; and a speed v, when the displacement is_xz. Find
the period and the amplitude of the motion in terms of the quantities

given,.

Two springs having stiffness k1 and kz, respectively, are used In a
vertical position to support a single object of mass m. Show that the

E

angular frequency of oscillation is (K, + k. )/m if the springs
1 2

3

are tied in parallel, and klkzl(kl +‘k2)m if the springs are

tied in series.

A spring of stiffness k supports a box of mass M in which is placed

a block of mass m. If the system is pulled downward a distance d
from the equilibrium position and then released, find the force of
reaction between the block and the bottom of the box as a function of
time. TFor what value of d will the block just begin to leave the
bottom of the box at the top of the vertical oscillations ? Neglect

any air resistance.

The time average of a function f(t) is defined by the expression

T
f(t) dt

V1

&
Show that the time average (over one period) of the kinetic energy of

an undamped harmonic oscillator is equal to the time average of the

potential energy.
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Show that the ratio of two successive maxima in the displacement of
a damped harmonic oscillator is constant. Note: The maxima do not
occur at the points of contact of the desplacement curve with the

-rt
curve Ae T .

Given that the amplitude of a damped harmonic oscillator drops to
1/e of 1ts initial value after n complete cycles. Show that the ratio
of period of oscillation to the period of the same oscillator with no

damping is given by

T =+ A% . 1

o 4ﬂ2 n2 2 n2

81

The terminal speed of a freely falling ball is 16 ft per sec. When
the ball is supported statically by a light elastic cord, the cord
stretches by 2 ft. If the ball is made to undergo vertical oscillations,

what is the period ? Assume a linear law of air resistance.

In the above problem, find the number of oscillations such that the

amplitude drops to one percent of the initial amplitude.

Find the natural frequency and the resonance frequency of the ball in

Problem 3.24. 'Find also the quality factor Q of the system.
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3.47. Show that the driving frequency w, tor which the amplitude of a driven
harmonic oscillator is one-half the amplitude at the resonant frequency,

is approximately w Tr 3.

3.48. Find the driving frequency for which the speed of the forced harmonic

oscillator is greatest. Hint: Maximize the quantity v = wA{w).

3. 49. Show that the quality factor Q of a driven harmonic oscillator is
equal to the factor by which the response at zero driving frequency

must be multiplied to give the response at the resonance frequency.

33.50, Solve the differential equation of motion fo the harmonic oscillator
subject to a damped harmonic driving force of the form
‘ -bt
F = F
oxt 08 cos {(wt)
3.51. An undamped harmonic oscillator (b = 0), initially at rest, is
subject begimning at t = 0 to an applied force Fo sin wt. Find the

motion x(t).

3.52. Use the above result to find the steady-state motion of a damped
harmonic oscillator that is driven by a periodic square-wave force of
amplitude Fo' In particular, find the relative amplitudes of the first
three terms AI’ A3, and A5 of the response function x(t) in the case
that the third harmonic, 3w, of the driving frequency coincides with

the resonance frequency of the oscillator. Let the quality factor Q = 100.
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3. 53. A critically damped harmonic oscillator with mass m and spring
constant k, is subject to an applied force Fo cos wt, If, at t = 0,

X=X and v = v, what is x(t) ?



