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1998 Physics Olympics Problems

Problem 1: Faster than light?

In this problem we analyze and interpret measurements
made in 1994 on radio wave emission Ii'omawmpound
source within our galaxy.

The receiver was tuned to a broad band of radio waves
of wavelengths of several centimeters. Figure 1.1 shows a
series of images recorded at different times. The contours
indicate constant radiation strength in much the same way
as altitudé contours on a geographical map. In the figure
the rwo maxima are interpreted as showing two objects
moving away from a common center shown by crosses in
the images. (The center, which is assumed to be fixed in
space, is also a strong radiation emitter but mainly at other
wavelengths). The measurements conducted on the vari-
ous dates were made at the same time of day.

Figure 1.1: Radio emission from a source in our galaxy.

_ The scale of the figure

" is given by a line segment
showing one arc second
(as). (as=1/3600 of a de-
gree). The distance to the
celestial body at the center
of the figure, indicated by
crosses, is estimated to be
R =125 kpc. A kilopar-
sec (kpc) equals 3.09x
10"m. The speed of light
isc=3.00 x 10" m/s.

a) We denote the angu-
lar positions of the two
ejected radio emitters,
relative to the common
center, by 8 ,(t) and 6 ,t),
where the subscripts | and
2 refer to the left and right
hand ones, respectively,
and 1 is the time of obser-
vation. The angular
speeds, as seen from the

Earth, are v, and ©, . The corresponding apparent trans-
verse |inear speeds of the two sources are denoted by v’
and v,

Usmg Figure 1.1, make a graph to find the numerical
values of v, and w, in milli-arc-seconds per day (mas/d).
Also determine the numerical values of by v’y and v';,.
(You may be puzzled by some of the results).

b) In order to resolve the puzzle arising in part (a), con-
sider a light-source A moving with velocity v at an angle ¢
(0 < ¢ < x) to the direction towards a distant cbserver O
(Figure 1.2). The speed may be written as v=P¢, where ¢
is the speed of light. The distance to the source, as mea-
sured by the observer, is R. The angular speed of the
source, as seen from the observer, is 0, and the apparent
linear speed perpendicular to the line of sight is v’ .

Find wand v’, in terms of B, R and ¢.
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Figure 1.2: The observer is at O and the original position
of the light source is at A. The velocity vectorisv .

¢
0 . L4

c) We assume that the two ejected objects, described in
the introduction and in part (a), are moving in opposite
directions with equal speeds v=Bc. Then the results of part
(b) make it possible to calculate B and ¢ from the angular
speeds o, and o, and the distance R. Here ¢ is defined as
in part (b), refereing to the left hand object, corresponding
to subscript | in part (a), :

Derive formulas for p and ¢ in terms of known quanti-
ties and determine their numerical values from the data in
part (a).

d).In the one-body situation of part (b), find the condi-
tion for the apparent perpendicular speed v, to be larger
than the speed of light ¢.

Write the condition in the form p > f{¢ ) and provide an
analytic expression for the function f;

Draw on the graph answer sheet the physically rele-
vant region of the (B .¢ )-plane. Show by shading in which
part of this region the condition v', > ¢ holds.

€) Still in the one-body situation of part (b), find an ex-
pression for the maximum value ( v', ) max of the appar-
ent perpendicular speed v', for a given P and write it in
the designated ficld on the answer sheet. Note that this
speed increases without limit when p — 1. '

. ) The estimate for R given in the introduction is not
very reliable. Scientists have therefore started speculating
on a better and more direct method for determining R, One
idea for this goes as follows. Assume that we can identify
and measure the Doppler shifted wavelengths A, and 2, of
radiation from the two ejected objects, corresponding to
the same Known original wavelength ., in the rest frames
of the objects. ,

Starting from the equations for the relativistic Doppler
shift, % = 2, (1B cos ¢) (1-B°)"*, and assuming, as before,
that both objects have the same speed v, show that the un-
known B = v ¢ can be expressed in terms of 2, X, and 7..
as

- Find the numerical value of the coefficient a.

Note that this means that the suggested wavelength
measurements will in practice provlde a new estimate of
the distance.
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Problem 2: Rolling of a hexagonal prism

Consider now a long, solid, regular hexagonal prism
like a commen type of pencil (Figure 2.3). The mass of
the prism is M and it-is uniformly distributed. The length
of each side of the cross-sectional hexagon is a. The mo-
ment of inertia I of the hexagonal prism about its central
axis can be written as

& 2 2.1y
I = 12 Ma

i)

Figure 2.1: A solid prism with the cross section
of a regular hexagon.

The moment of inertia /' about an edge of the prism, can
similarly be written as '

17
: I'=~!Ma
@2) 12

a) The prism is initially at rest with its axis horizontal
on an inclined plane which makes a small angle 8 with the
horizontal (Figure 2.2). Assume that the surfaces of the
prism are slightly concave so that the prism only touches
the plane at its edges. The effect of this concavity on the
moment of inertia can be ignored. The prism is now dis-
placed from rest and starts an uneven rolling down the
plane. Assume that friction prevents any sliding and that
the prism does not lose contact with the plane. The angu-
lar velocity just before a given edge hits the plane is o,
while @, is the angular velocity immediately after the im-

pact. 3
Figure 2.2: A hexagonal prism lying on an inclined plane.

Show that we may write
;= 5o,

PH 111

and write the numerical value of the the coefficient s.

b) The kinetic energy of the prism just before and after
impact is similarly K,and X, .

Show that we may write

Ke=rK; (24)
and write the numerical value of the coefficient r.

c) For the next impact to occur, K; must exceed a mini-

mum value K, ., which may be written in the form
Kimin =8Mga  (2.3)
where g = 9.81 m/s® is the acceleration of gravity.

Find the coefficient § in terms of the slope angle 8 and
the coefficient r.

d) If the condition of part c) is satisfied, the kinetic en-
ergy K will approach a limiting value K, as the prism rolls
down the incline.

Given that the limit exists, show that X, may be written

Ko =xMga (2.6)
and write the coefficient x in terms of 8 and ».

e) Calculate, to within 0.1°, the minimum slope angle 6,
for which the uneven rolling, once started, will continue
indefinitely.

Problem 3: Water under an icecap

Density of water . Py = 1.000-10° kg/m’

Density of ice p, = 0.917-10° kg/m’

Specific heat of ice ¢, =2.1-10°JI(kg°C)
Specific latent heat of ice L =3410'Jikg
Density of rock & magma p,=2.9'10kg/m’
Specific heat of rock & magma ¢, = 700J/(kg°C)

Specific latent heat of rock & magma |L, = 4.2-10% Jikg

Average outward heat flow through
the surface of the earth

Joq=0.06 W#im’

Melting point of ice T,=0°C

An icecap is a thick sheet of ice (up to a few km in
thickness) resting on the ground below and extending hori-
zontally over tens or hundreds of km. In this problem, we
consider the melting of ice and the behavior of water under
a'temperate icecap, i.e., and icecap at its melting point,
We may assume that under such conditions the ice causes
pressure variations in the same manner as a viscous fluid,
but deforms in a brittle fashion, principally by vertical
movement. Data for this problem is below. . -

a) Consider a thick icecap at a location of average heat
flow Jq from the interior of the earth. Using the data from
the table, calculate the thickness d of the ice laver melted
every year.

b) Consider now the yipper surface of an ice cap. The
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ground below the ice cap has a slope angle a. The upper
mrfmofthecapslopeebyanangkﬂasahmmhm
3.1. The vertical thickness of the ice at x=0 is h,. Hence
the lower and upper surfaces of the ice cap can be de-
scribed by the equations .
n=xtana,y,=hy+tan p @.n
Derive an expression for the pressure p at the bottom of
the icecap as a function of the horizontal coordinate x.

Figure 3.1: Cross section of an ice cap with a plane sur-
Jace resting on an inclined plane ground. S: ud‘acc.G
gmwmd, I ice cap.

-
-
Jr ar

y="0
C z=0

In order that the water layer between the icecap and the
ground remains static, show that a. and p must satisfy an
- equation of the form

tan B = 5 tan & (3.2)
and calculate s.

The line y,= 0.8x in Figure 3.2 shows the surface of the
earth below an ice cap. The vertical thickness h,atx=0
is 2 km. Assume that water at the bottom is in equilib-
rium. Draw the line y, and add o line y. showing the upper
surface of the ice. Indicate on the figure which line is
which,

Figure 3.2: memdon of a temperate ice cap resting on
an inclined ground with water at the bottom in equilib-
rium. G: ground, I: ice cap.
L
v

ot

=t
(1]

c)Wlthmalameweslwetonhnrmulmmdmd.
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originally of constant thickness

D =2.0 km, a conical body of water of height // = 1,0 km
and radivs r = 1.0 km is formed rather suddenly by melt-
ing of the ice (Figure 3.3). We assume that the remaining
ice adapts to this by vertical motion only. Show analyti-
cally and pictorially on a graph; the shape of the surface of
the icecap afier the water cone has formed and hydrostatic
equilibrium has been reached.

d) In its annual expedition, a group of scientists explores a
temperate ice cap in Antarctica, The area is normally a
wide plateau, but this time they find a deep crater-like
depressiun formed like a top-down cone with a depth 4 of
100 m end a radius r of 500 m (Figure 3.4). The thickness
of the ice in the area is 2000 m.

Figure 3.3: A vertical section through the mid-plane of a
waler cone inside an ice cap.

S: surface, W: water, G: ground, I: ice cap.

r
&

y=D

Figure 3.4: A vertical and central cross section of a coni-
cal depression in a temperate ice cap. S: surface,

G: ground, I: ice cap, M: magma and water intrusion for
the student to draw.

' After a discus-
sion, the scien-

¥ 2 tists conclude that
i 7 most probably
there was a minor
volcanic eruption
below the icecap.
A small amount
of magma (molten
rock) intruded at
the bottom of the
> icecap, solidified

8% and cooled, melt-

v m=0 ing a certain vol-
ume of ice. The scientists try as follows to estimate the

dr ll-l'

_ valumeofﬂlcmtmnoumdgetmndmofwhalbecameof

the melt water,

Assume that the jce only moved vertically, Also assume
that the magma was completely molten and at 1200°C at
the start. For simplicity, assume further that the intrusion
had the form of a cone with a circular base vertically be-

PH 111
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terminals is the one marked COM. For the voltage, fre-
low the coriical depression in the surface. The time forthe  quency and resistance measurements the other terminal is
nmgofthemmwshﬁrdmuwihemfwmc the red one marked V-0, For current measurements the
exchange of heat in the process. The heat flow is assumed  other terminal is the yellow one marked mA. With the

to have been primarily vertical such that the volume central dial you select the meter function (V~ for AC volt-
melted from the ice at any time is bounded by a conical age, A~ for AC current, Hz for frequency and Q for resis-
surface centered above the center of the magma intrusion. tance) and the measurement range. For the AC modes the

Given these assumptions the melting of the ice takes measurement uncertainty is = (4% of reading + 10 units of
place in two steps. At first the water is not in pressure the last digit).

equilibrium at the surface of the magma and hence Tlows
away. The water flowing away can be assumed to have a
temperature of 0°C. Subsequently, hydrostatic equilibrium
is reached and the water accumulates above the intrusion
instead of flowing away.

‘When thermal equilibrium has been reached, you are
asked to determine the following quantities:

1. The height H of the top of the water cone formed un-
der the ice cap, relative to the original bottom of the ice

Function generator

Tohunmthegenetﬂmyouptmmmeredbuﬂon
marked PWR. Select the 10 kHz range by pressing the
button marked 10k, and select the sine waveform by press-
ing the second button from the right marked with a wave
symbol. No other buttons should be selected. You can
safely turn the amplitude knob fully clockwise. The fre-
quency is selected with the large dial on the left. The dial
reading multiplied by the range selection gives the output
frequency. The frequency can be verified at any time with

cap. :
2. The height b, of the intrusion, its volume ¥y andits o For e multimeters. Use the output marked MAIN,

mass m,. A 3 .
mass m” of water that flows away. Ferrite cores _ ‘ .
Plot on a graph the shapes of the rock intrusion and of Handle the ferrite cores gently, thev are brittle! Ferrite
the body of water remaining. Use the coordinate system is a ceramic magnetic material, with low electrical conduc-
suggested in Figure 3.4, tivity. Eddy current losses in the cores are therefore low.
Experimental Problem Banana jacks
Equipment Provided ' To connect a coil lead to a banana jack, vou loosen the

colored plastic nut, place the tinned end between the metal
nut and plastic nut, and tighten it again.
Part I: Magnetic Sheilding with Eddy Currents

Figure 1: Experimental arrangement for part .

Time-dependent
magnetic fields induce
eddy currents in con-
ductors. The eddy
currents in turn pro-
duce a counteracting
magnetic field. In real
conductors, this field
will not completely

LT R BT L counteract the applied

A Platform with six banana jacks ' ' field inside the mate-

B Pickup coil embedded into the platform rial. To describe the

C Ferrite U-core with two coils marked "A" and "B" shielding effect of alu-

D Ferrite U-care without coils minium foils we will apply the following model

E Aluminium foils of thicknesses: 25 pm, 50 ym and B=Be™ )
100 o where B is the magnetic field beneath the foils, B, is the

F Function generator with output leads ; A B
G Two multimeters magnetic field at the same point in the absence of foils, a

H Six leads with | plugs an attenuation constant, and d the foil thickness,
I Two rubber bands and two small pieces of grease proof Ezperiment
paper ' Put the ferrite core with the coils, with legs down, on
Multimeters the raised block such that coil A is directly above the
The multi - il dicviond it i i pickup coil embedded in the platform, as shown in Fig. 1. .
experiment are used for measuring AC voltages, AC cur-
rents, frequency and resistance. In all cases one of the
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Secure the core on the block by stretching the rubber
bands over the core and under the block recess. The un-
certainty in the thickness of the foils can be neglected, as
can the error in the frequency when measured by the mul-
timeter.

. Connect the leads for conlsA and B to the jacks.
Measure the resistance of all three coils to make sure you
have good connections. You should expect values of less
than 10 Q.

2. Collect data to validate the model abow: and evaluate
the attenivation constant a for the aluminum foils (25 -
175 um), for frequencies in the range of 6 - 18 kHz. Place
the foils inside the square, above the pickup coil, and ap-
plv a sinusoidal voltage to coil A. -

3. Plot o versus frequency.

Part II: Magnetic Flux Linkage

The response of two coils on a closed ferrite core to an
external alternating voltage (V,) from a sinusoidal signal
generator is studied. With the equipment provided, we
may assume that saturation effects can be ignored, and the
permeability p of the material is constant,

Theory )

In the following basic theoretical discussion, and in the
treatment of the data, it is assumed that the chmic resis-
tance in the two coils and all hysteresis effects in the core
have insignificant influence on the measured currents and
voltages. Because of these simplifications in the treatment

" below, some deviations will occur between measured and
calculated values.

Single coil

Let us fist Jook at a core with a single coil, carrymg a
current . The magnetic flux &, that the current creates in
the ferrite core inside the coil, is proportional to the cur-
rent [ and to the number of turns N, The flux depends
furthermore on a geometrical factor g, which is determined
by the size and shape of the core, and the magnetic perme-
ability 1 =y, p,, which describes the magnetic properties of
the core material. The relative permeability is denoted |1,
and i, is the permeability of free space.

The magnetic flux @ is thus given by

@ = ugNI = eNI (2)

where ¢ = pug. The induced voltage is given by Faraday's
law of induction, .

o) _ y dl (1)

=~ NIZT L (3)
(r) N—— % ~eN " —

The conventional way to describe the relationship be-

tween current and voltage for a coil is through the self-
inductance of the coil L, defined by,

di(r)
)= = ——
s(f) p “)
A sinusoidal signal generator connected to the coil will
drive a current through it given by .
542

I() = I, sin of (5)
where o is the angular frequency'and 1,is the amplitude of
the current. As follows from equation (3), this alternating.
current will induce a voltage across the coil given by

E()=wcN ,cosor (6)
The current will be such that the induced voltage is equal
to the signal generator voltage ¥,. There is a 50° phase
difference between the current a.nd the voltage. If we only
look at the amplitudes €, and J, of the alternating voltage
and curyent, allowing for this phase difference, we have

E,=wch ], @)

From now on we dmpthesubscnplo
Two coils

Let us now assume that we have two coils on one core
(see Figure 2). Ferrite cores can be used to link magnetic
flux between coils. In an ideal core the flux will be the
same for all cross sections of the core. Due to flux leakage
in real cores, a second coil on the core will in general ex-
perience a reduced flux compared to the flux-generating
coil. The flux @, in the secondary coil B is therefore re-

. lated 10 the flux @, in the primary coil A through

D = kD, - (8)
Similarly a flux component & created by a current in coil |
B will create a flux ®, = kd, in coil A. The factor k,
which is called the coupling factor, has a value less tha!n
one. ’
The ferrite core undet study has two coils AsndBina
transformer arrangement. Let us assume that coil A is the
primary coil (connected to the signal generator). -If no cur-
rent flows in coil B (/y=0), the induced voltage €, due to
I, is equal and apposite to the generator voltage V,. The:
flux created by I, inside the sécondary coil is dete:mmed
by equation (8) and the induced wllngc incoil B is
Ly = okeNGNGL, 9)
Figure 2: A transformer with a closed magnetic circuit,
If a current I, flows in coil B, it
- will induce a voltage in coil A which

P db " is described by a similar expression.

| The total voltage across the coil A
| will then be given by °
| Vy=8a= 0cN' Wy~ okeN,Noly
(10)
The current in the secondary coil
thus induces an opposing voltage in the primary coil, lead-
ing to an increase in [,. A similar equation can be written
for €;. As can be verified by measurements, k is indepen-
dent of which coil is taken as the primary l:ml
Experiment
Place the two U-cores together as ahown in Figure 2,
and fasten them with the rubber bands. Set the function
generator to produce a 10 kHz sine wave. Remember to
set the multimeters to the most sensitive range suitable for
each measurement. The number of turns of the two coils,

PH111

T

A T

%

o



A and B, are: N, = 150 turns and NV, = 100 turns (+ 1 tum
on each coil),

1. Show that the algebraic expressions for the self-
inductances L, and Ly are,

L,=¢,/(ol,)whenl;=0

Ly =&p/(wlg) when I, =0

and that expressions for the coupling factor & are,
k= (Nplg)(NAID)

when €, =0 _

Draw circuit diagrams showing how these quantities are
determined. Calculate the numerical values of L,, Ly & .
2. When the secondary coil is short-circuited, the cur-
rent ; in the primary coil will increase. Use the equations
above to derive an expression giving I, explicitly in terms
of the primary voltage, the self-inductance of the primary

coil, and the coupling constant. Measure /.

3. Coils A and B can be connected in series in two dif-
ferent ways such that the two flux contributions are either
added to or subtracted from each other.

3.1. Find the self inductance of the serially connected
coils, L,.p, from measured quantities in the case where the
flux contributions produced by the current [ in the two
coils add to (strengthen) each other.

3.2. Measure the voltages ¥, and T}, when the flux
contributions of the two coils oppose each other. ; Find
their values and the ratio of the voltages. Derive an ex-
pression for the ratio of the voltages across the two coils.

4. Use the results obtained 1o verifv that the self induc-
tance of a coil is proportional to the square of the number
of its windings.

Fig 3: The ferrite cores with the two spacers in place.

5. Verify that it was justified to neglect the resistance
of the primarv coil and write vour

:E——Q_F.. arguments as mathematical ex-
q~1___ pressions.

6. Thin pieces of paper in-
serted between the two half cores
(as shown in Figure 3) reduce the
coil inductances drastically. Use
this reduciion to determine the
relative permeability m, of the
ferrite material, given Ampere's law and continuity of the
magnetic field B across the ferrite - paper interface. As-
sume m = m, = 4p’ 107 N5°/C* for the pieces of paper and
a paper thickness of 43 mm. The geometrical factor can be

.|

determined from Ampere's law
: Bdl =1
§';' = L iora (an

where I, is the total current flowing through a surface
bounded by the integration path. Write the algebraic ex-
pression for m, in field 6.a on the answer sheet and the
numerical value.
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