
column vector In’U  x =

roii vector rdu x’ =

r*G&h~dau  (Pruspoee  h

Xl

Xe
:

X n

cx,

rix)

a’1  A iiruln  tr  x c) Ui?  A’ (Li’HA~l A transpose) u’nu?61 (c x r)

i~~lIimm7rdau  row Id~hwGhri

OR 205 3 5 5



LIM  (Trace) ~iu&uu main diagonal &&W&flW  a,, 4UtUAin$w?iI
I

wau?naastul%nuu  main diagonal  l~lthil rnrti na+ A (tr A)

”

tr A = x a,, iI A hula  (n x n)
a= *

3 5 6



.

r

a I 0 . . . 0

Dta,)  = 0 a, . . . 0

. . .

0 0 . . . ap

Dta,,) = diag(A)  A”a  diagonal matrix ~Nl¶~naU~?Rdul%n~ln

main diagonal no+~unind  A

triangular matrix

OR 205 357



1

t II Cl . ..o

t e1 tee . . . 0 191JL  u ower triangular matrix

. . .

t P1 tp, . . . tPP
L

0 o...o

o= 0 o...o

. . .

0 o...o

-I

Unity Row  Vector zil  row vector ~&udnt$llh  1

”3 = Cl 1 . . . 1 1

3 M 1

r

1 l...l

E= 1 l...l

. . .

1 l...l

358



AiB=

. . . UP=  B = . . .

ikrl . . . aE-C b r-1  *-* b l-s

a 1% tb,%  . . . alctb IS

. . .

a,*tb,,  . . . acstb n-c

a II -b,l  . . . a,<-b 15
A - B = . . .

a Pf -br,  . . . arc-brc

n7su?nua~aurS~YJA7un~~n~~~~~

l)AtB=BtA

2) A t (B t C)  = (A t B) t C

3) A - (B  - C)  = A - B t C

ca,,  . . . ca Sk
CA = . . .

car,  . . . car,

OR 205 359



ii?&+ A =

1(6)t2(-l)t3(0) 1(5)t2(1~+3(2~ 1(4)t2(-1)+3(0)

I

= c

(-1)6+0(-l)tl(O) (-1)5,0(1),1(Z)  (-1,4+0(-1)+1(O)

-6 -3 -4

12 3 ,B=I I-1 0 1

65 4

-1 1 -1

02 0

1

~141  BA r;r~lw47~i7u?uRa~u~aa~  B ‘hiLril~ui1u7u  row llil~  A

Distributive law  Mat: Associative law 7~‘l~hnl~~f#  &;a

A(B  t C)  = AB t AC

AtBC)  = (AB)C

3 6 0 OR 205



ii3Rli=N  A  =

[:  :]*B=[m:  -I]

AB hL?m;-~  premultiplication nag B A”?8 A M;a

postmultiplication naJ  A R”?a  B

~sa&abh~rsniht~  (Identity Matrix)

R’II~CUIUU  preautiplcation :?a diagonal twinii

dlo  . ..o

0 d, . . . o

. . .

0 0 . ..d r
1

I),x,(d,) A =v-xc

OR  205 3 6 1



d, 0 . . . 0

n”7 D CLiXE(d,)  = 0 d, . . . 0

. . .*
0 0 . . . dS

L

d,a,l  --- dcalc
A D Cd,)  = . . .rxc  cxc

%a,,  - - -  d,%,

2 0 0

ihark DSx3 = 0 3 0 , A,=, =

0 0 4

J

1 2 1

4 3 5

AD= 2(l)  3(2) 4(l)  =I 12(4) 3(3) 4(5)

I
I

126 48 9 20 1
3 6 2 OR  205



Y,

x’y = cx:,  xe  . . . xpl y,

:

Y,

P

x’y  = y’x

P

x’x = SC  x =1
*=*

7~ p-dimensional coordinate
44

El = uu~wilJLl+-i9
CDS  e = x’y  /C(X’X

Normalization ~anl5Hl%L1A

L

L

*a%”  x eta= y
l’=(y’y)“23

inner product aa normalized k?ALma;  = 1

inner product iia~~aa~naf~~~a7nib  = 0

OR 205 363



iimh  %A 3-dimensional  space

x7 = Cl 0 01 , x’x = 1

Y’ = co 1 01

2’ = co 0 1 1

e’ = Cl 1 1 1 , e’e = 3

cos 0 = e’x/C(x’x)“*(e~e)“B 1 = l/fi (x’x  = 1, e’e = 3)

zz

(O,O,l)(O,O,l) (l,l,l)(l,l,l)

li.
j:

00
XX

/ (l,O,O)(l,O,O)

/
(0,l.O)

/Y

Transpose ~0WdanamaJLunin~

CAB)  ’ : B’A’

-bk?  “1  Iti (A,...A,f’ =  A , ‘ . . .  A , ’
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=hai  A,, R”fl  cofactor ElBJ  a,,

A id = (-l)i+s (minor aawh4lihaa~  at41

Shaii-4  7m1  A n”l
I I

3 0 0

A= 1 2 0

-1 -3 2

5 4 3

t aI, xc3
a ae*  ee
a a31 3B

a I Iaeeass - a,,a,,a,,

t a *!??a,,%,  t a*,a,*a,,

0

1

-1

2

- a,,aela33

- a *3a3,a,,

OR 205 3 6 5



I A I = 3t 2 2 -1

3 2

- 0 - 3 -1 + 1 -3 2 )

4 2 4 3

ilna%uuuina+  upper triangular matrix 7awaypia~~udnuu

main diagonal

rminCnA  (Inverse matrix)

rmirdwniuna~~us~n~  A &I A-’

AA-= = A-IA  ; 1

Nonsingular matrix
I I
A SO ---) 147 A-’ ‘6

Singular matrix
I/
A = 0 ---> 7aM-1  A-’ ‘li’fi

1 .  ruRin~wn~~‘tbaaJtuain~~~~~~q  9rkSu  ru6iidduu7b&a

2 .  buaindunGuaa~aa* A ’  ia (A-‘)’

3. (ABC)-’  = C--‘B-‘A-’

4. i’b c L 5U nonzero  sca lar  Ui?  (CA)“  =  (l/c)A-’

5. LuainiuniuaaJaaJ  diagonal matrix ita  diagonal matrix

A=

2 0 0 0

0 4 0 0 , A - ‘ =

0 0 3 0

0 0 0 2

A

l/2 0 0 0

0 l/4 0 0

0 0 l/3 0

0 0 0 l/2

366 OR 205



rank SIB+  X A”a<?U?u  row vector i linearly independent I?M

c,x* = CIIX, t . . . t c*_*x*_I  t c,+Ix*+i  t . . . t c xt *

hadilr x’ = cl -1 21

Y ’ = CI! 0 -11

2’ = CON -2 51

2’ = 2x’  - y'

"::
RJMM  x', y' r1az 2' liihrtinaa~L?fi~~a&i  linear’ly independent n”u

?M0awtl t’ = Cl 0 01

u’ = EO 1 0 1

bat: v ’ = co 0 11

t 4 urSnaa~t?flima&!  l i n e a r l y  indegendent  n’u

OR  205 367.



1 2 3 4

3 6 9 12

ih&J rut&-d R = 4 3 2 1

-1 3 7 11

8 6 4 2

I.

; rank = 2

I ’ = 3r,’c

f’=r’-f“
4 e 3

r ’ = 2r,’s

r1’ uar: r3’ bh% linearly independent h

1. rank n61-1 A’= rank aa+  A

2. rank 1184  A’A  = rank P~J  A uas

rank aa+  AA’ = rank aaJ  A

3. rank Ida-4  A ?iitiiau;q pre 160 postmultiplication A R”?a

nonsingular matrix

Elementary Row USE  Elementary  Column Operations

rank aaJ,uRin~Y~r~~auK~~7~~  elementary row  ua::  column ia’ttil

1. ditl~JiiNd741~ 2 rows (columns)

2. pd-iaa~  row  (column) MfJi?adwJ~

3. A@  row (column) H$Ji7ad7RJ~ui?u?n~u~n  row (column) a;-~.

~l7Ul~Ua%thdn~urlna~$  Abbreviated Gauss-Doolittle

El  A ~UUI@  (n x n)

368 OR 205



lihi74luAhhIu7GI  tn x 2n) i?a  CAmL_  Inxnlnxen
I

ll~??fl  elementary row (column) operations 7161;  CID,,  A,,,-ll,,e,I

C A I !I

-I

1 I 2 1 0 0

_v--. ) 0 I -I -2 I O

0 - 4 2 -3 0 1

-l

I O 3 3 -1 0

___- > 0 I -1 - 2 I 0

0 0 - 2 -II 4 1

I 0 0 - 1 3 . 5 5 1.5

_--._ ) 0 I 0 3.5 -1 -.5

0 0 I 5.5 -2 -.5

L

I -13.5 5 1.5
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I

- - - - )

5 1  3 8

10 5 -2 0

0 0 3.2 1

0 3 12.8 3

0 -1.5 4 8

10 5 -2 0

0 - 3 - 1 2 . 8  - 3

0 0 3.2 1

0 0 10 .4  9 .5

10 5 -2 0

0 -3 - 1 2 . 8  - 3

0 0 3.2 1

0 0 0  6 .25

370 OR 205



“::aadu I IA = (lO)(-3)(-12.6)(6.25)  = -600

Simultaneous Linear Equations

r~naoJlun79~Jn~lu!~aaJ  x,, xi,...,  xn

a x t alexe  t . . . t al,x,  = c,li 1 ‘lauuna4  m-simultaneous

a zlx, t maeex, t . . . t aenxn  = c,

i

linear equations 7%

..* RY?lrin4ludl  n Ry7

a x t iim,xm,  I e t .., ta x = cmnn m J

A mxr,xnx  f = c”=*
TRRi: x’ = CXl . . . x-1

c ’ = Lc, . . . cm1

ua::

a 11 a le --* a,n

A = a,, a,, . . . a,=

. . .

a Ial a ne . . . almn

61 A khrNA%d7?% LLazLh  nonsingular matrix (RI A-’ -Iti)

uallaa;Itl~R?  (‘unique solution) & x = A-‘c

iid Ax = c-w-
A-‘m = A-‘c

x = A-=c

ibad x, t x, - x, = 1

-x tx,tx =-11 3

x, - x, t x, = 1

OR 205 3 7 1



c
r

1 1 -1

A = -1 1 1 , A - ’ = , c = Cl -1 1

1 -1 1

1 J

l/2 0 l/2

l/2 l/2 0

0 l/2 112

x = A-=c  = A-=

1

-1 =

1

r

1

0

0

(2 x 2) ~u&dee~aa~nuaa  A"a

.I’

0 1

I

%;Ge  transformation matrix

1 0 ihiuquu"M  xy Kll 45 flJd1

3 7 2 OR 205



r -I

12 x 2) ~uhdaa&raTnuaa  &I cos e sin 9

I I

S;a transformation

-sin 8 CDS  0 ~wiY&yunu  x y  KII

1 JlAyI  e

hhn”7 (x,y)  18,  coordinates aaJpauuunwti7  $UPS; coordinates

(u,v) ~:a,~auiiuunraluiluyurll~~nunurri1r5uarrnl~  I3  awh trigit,
rotation) 1nfA

u = x cos e t y sin e

v = -x sin e t y cos e

orthogonalization process

badi4  Hermert matrix ---> ruGhiiae&m~nuaanu7~  (3 x 3)

l/$6 l/Ji l/fi

T= l/&/i -l/J2 0

l//i- l/fi -2/h

,

313



Quadratic Forms

Quadratic form x,,.,. .,x,

f(xI,...,x_) = aIIxIz  t  aegxeP  t  .  .  .  t  an,x,’

t 2azexIxp  t . . . t 2aImx,x_  t . . . t 2a,-lSnxn-Ix~

x’ Ax

* n n

i2ah II (x, - 3” = XI x,* - (l/N)( z xi?
I=1 ,=I I=,



A=

uac x’ =

(N-1)/N -l/N  . . . -l/N

-l/N (N-1)/N  . . . -l/N

. . .

-1IN -l/N  .  .  .  (N-1)/N

cx, x, . . . x,1

Positive Def ilnite

LT’&‘I?~?  quadratic form x’Ax  uae A b ilu positive definite

n”7  x’Ax  > 0 ~*Gmn nonnull  vector xI
;I x’Ax  :I= 0 t711~&1f1il  positive semidefinite

dlt??r%  (Eigen  Roots %&I  Characteristic Roots) ua% tmbma~bwrw

(Eigen  Vectors &a Characteristic Vectors) rna~~ucl’ind

di~7iz+me4ruR%d A m-w4 (p x p) ~euat~aaaa~dun7~

I IA - X I  = 0

A”a  pth-degree polynomial ‘lu  A LIB=  A ~z%?L?-w~J  p ia

7wl Laplace  expansion BBJ  A -XI ~l6lslt~aM

Characteristic polynomial ‘&i~t
I I

I IA - AI :: (->)p t  s,l-x)p-l  t  s,(-A)p-z  t . . . t  sp--l

Kna;f S, &waU?RBOJ?n  Ci  x i) principal minor determinants

g&d  SI ~ewau?nae+lui%md  diagonal BaJ  A A”a  tr A

OR 205 375



ihariw A=

7 1

2 1 1

1 2 1

1 1 2

sI = tr A = 6 ua::
I I
A =4

3 (2 x 2) principal minor determinants udsri’&?thh

2 1 =3

1 2

SE =3+3+3-g

p=3

(I 2 3 = 3 ---> row,,rou, ---> 1 2  1 2  1 I

rou,,row,  ---> 2 1/ 11 2
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~A - X

A3 - 6A= t SA - 4 = 0

Y
5vlii.l 3 aaMI"T&l  1 , 1 118::  4

( 1 t 1 t 41 = 6 = tr A Ua:: (l)(1)(4) = 4 =

rou,,row,  ---> 2 11 11 2

I = c-x)= t S,(-XP  t s&-d tI
I

= -X3 t 6X= - 9X t 4

-X3 t 6X' -SXtQ=O

A =

25 30 -10

30 40 -6

-10 -6 17

tr A = 25 t 40 t 17 = 62

tr= A = 25 30 t 40 -6 t 25 -10

30 40 -6 17 -10 17

= C(25)(40)-(30)(30)1  t C(40)(17)-t-6)(-6)1

t c~251~17~-~-10~~-10~1

= 1069

tr, A = A = 400
I I

RYJEU characteristic equation A"a X3 - 62X2 t 1069X - 400 = 0

s7naawlnTYiL  3 I& d7wl"& 3 &I

x 1 = 65.66108, XE = 15.75339 uas x3 = 0.36553

ofl 205 377



~Jfk  tr AB = tr BA

5. d?t~?c~~na~  diagonal matrix ~$4  iiadudnuu  diagonal ha+

CA - X,11x,  = 0 da Ax, = A,x,

Ax, = A*X, Mar: Ax, = AdX,

X,‘h, =  A,x,‘x,  ttaz  x,‘AxxJ  =  h,x,‘x,

“C
RJUIA h ,x,‘x, = AdX,‘X4
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qndul7~Hd,,~aa~ruRin~~~~~~~  ~AIIU~I~&I  quadratic forms ~IL-TI

‘la orthogonal transformation

x = Py

n”u6mtis  p G?lu  quadratic form x’Ax

“::
AWU X’AX  = y’P’APy

= y*Dy

1. ch(A  t UI)  = I t ch(A)

2. &CAB)  q : ch(BA) anb%i All Ga BA imu”

additional roots tyh% o

3.  &(A-=) =  llch(A)

4 .  ii1  XI,..., Am  dhddl~‘4l~Waa~  A Ua”a

n

= x1
= tr A

1

OR 205 3 7 9



”

mA,=  A

*=* I I

5. ratio na4 2 quadratic forms (B  1 5u non-singular matrix)

A'a  u = x'Ax/x'Bx  7~1~  dlb3-wJXiaJ  B-*A

380 OR 205


