
9.1 ~(l~sa1~9~i;UlaJd?L71.95  (Eigenvalues &

Characteristic Values) Uas  LmLsa4kmm

(Eigenvectors  M%  Characteristic Vectors)

9.1A  Characteristic Polynomial p*(X)

9.1B  Similar Matrices uas  Diagonalizability

9.2 Power Bethod

9.2A  Power Method  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(Dominant Eigenvalues)

9.28 nl7i715alnl4~Lil

9.X Inverse Pouer  Hethod  kIH%In1%41d7tW04

~~~U’IRL~B~$  (Saallest  Eigenvalues)

9.2D Shifting Eigenvalues

9.3 iinWu1  Eigenpairs ~~urnuaJLsrinh~4  7

9.3A  Luu%kUu?u7  (Symmetric Hatrices)

9.3B  ruuin&lo~aa4nuaa  (Orthogonal Batrices)

9.3C  %uaWI’Is~  (Jacobi ’ s  Bethod)  ~W%~tuu~n~dUu7~7

9.3D ieA7~i7l~a71Un75~~~;~~~~~na~al~~~

9.3E  Factorization Methods
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dependence 7~ n-space ~~~a&&?nwwn~

9.1

3 1 0

1 .  L1flLtd  VI,..., v * ?nts*sni?  linearly independent n”?

x = a*v 1 + a,v, t...t  a  v” n

*
~47~%mdwid U1,s..,O!n j7 component of x with respect to

{ v *,...* v 1n

3.  auwhd V Plld7A  (nxn) t 4 U nonsingular i%aLi!8Rakdl1a4  V

iTa  v I’..., V” hi linearly independent &a v~,..., vD  t ld5

basis nag  n-space

RBlgU~LUYBJ/iU1aJd7sa7~7J  (Eigenvalues &e Characteristic*
Values) ua:: L-HIIIB~LW~?J  (Eigenvectors  u;a Characteristic

Vectors)
OR 205



9.1A Characteristic Polynomial  p&Or)

d7M~uLUR%d  A , , , In q wRya*w  eigenpairs 1i

i&l: Av = Av  , v f 0.
Av - Xv = 0

(A - XIr,)v  = 0

&A&I  Av  = Av  <--->  (A - AIn)  = 0 . . . (2a)

Ip,(X)  :-  ,A - ;\I_  = 0
I I

. . . (zb)

OR 205 311



L’17thn  p,(A) :-I Characteristic polynomial flaJ A

”

P,(A)  = (-l)“(h - ;hl) (A - X,)...(X  - Xn) = ll (X, - x,
4=x . . . (3a)

n”Ylii X =  0  116  (2a)  liar: i3al L%vwL&kjl

jl . ..(3b.

(3b) i;a Lnaudia&o3 p,(x)

"::
61NUAd7aHl  A-’

t&b A f 0 )
I  I

77n  (1) Av = Xv

>-IA-IA .T A-*A-*>,,

A-‘v = A-‘v
Y ::
RJMM A-‘v = (l/)r)v

(A,v)  L&J  eigenpair h#?u  A (--> (l/&v) eigenpair dlM%l  A-’

. . . (4)
3 1 2 OR  205



(a) A zz

Solution-

r

3-x

p,(X)  = A - XI = 0
I I

1

(b) A--’  =

0 1

3-x 0

0 3-x

318 0 -l/8

0 -l/3 0

-l/8 0 318

-f

. . . (5)

= -~3tx)c(3-x~2-11

= -!3tX)  (X2-6%8)

C A - 41:: 0 1 =

OR xi5

I-

-1. 0 1:o

0 -7 0:o

1 0 - l : o

1

JltfO -1 0 1:o

- - - - - 0 -7 0:o

0 0 0:o

J
3 1 3



VI = cl 0 ll’, ve  = CO 1 Ol’, v, = Cl  0 -13) . ..(6b)

(b)  ~~~~~~~~~~~~~~~~~~~~~~~  (a)  t~iw'li(  (4) uaz (6) L&JA~~-I~~u

LYlKRyil  (1/4,Vl), (-1/3,V,), Llaa  (l/Z,v,)  Lh eigenpairs BaJ  A-’

UIIII~LU?  ~ii~kilYR%l7daU~l A-‘v  =  (l/A,)v,  dln%~  i  =  1,2,3

S.lB Similar Hatrices  Uar  Diagonalizgbility

Diagonal matrix: D

r

x I 0 . ..o

D = diag(AI, A =,..., Am)  = 0 Xe  . . . 0 . . . (7a)

. . .

0 0 ..- A”
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s&Mind  (n x  n) 2  buw%diia A  uar  B  ?nr%ni7  s i m i l a r  n”7u”

nonsingular matrix V Sk?; B = V-IAV  (vl;a  A = VBV-*)

%Aid;  AV = Xv (--> VBV-‘v = Xv <--> B(V-‘v)  = XCV-Iv)

i& simi lar  matr ices  ;d7k~v?6!kv!~aw?M  ( i d e n t i c a l )  39%~  I  u;?

. ..(a)
(n x  n) iuslhd  A  ?nr;ani?  diagmalizable  n”7aukl”%nd  A  s i m i l a r

iiu a diagonal matrix



v = CVl  :v,  :v31  = , v-’ =

1

12
0 l/2

/0 1 0 1

l/2 0 -l/2

I

l/2 0 l/2 3 0 1

V-‘AV- 0 1 0 0 -3 0

l/2 0 -l/Z 1 0 3

1

= diagc4,  - 3 , ) = D

r-

1 0 1

0 1 0

1 o - 3

JL

. . . (lOal

4 0 0

0 -3 0

0 0 2

. ..clob.

OR 205



p*(A) = 5-x 4

-1 1-A

= Aa - 6>  t 9

= (X-3j2

9.2 Power  Method-~

iA,/ :‘=  1~~1 )= /h3j  )=...)=  /A~/

OR 205



ta"nn  x, ua"1a1 x,*% = Ax,  &IM~U  k = o,l,z,... . . . (2a)

nJMM  x1 = Axe, x, = AxI  = A2x,,  x 3 = Ax, = A3xo,...

7inhtlulfZi  1

Akx, = cc~Xlrvl  t a X ‘v t...t 0: X *v22 2 .-. (3a)nn n

= X*rCa,v, + a,(X2/xI)kv 2 t...t  a (AJX1)kv  1 . ..(3b)n ”
I#

= x1  nxvl h6u  k 4~4  7 UP=  a, f 0 . . . (3c)

3 1 8 OR 205



S c a l e d  P o w e r  Hethod  Algoritb  &dr&d’l~I~w&~%  (3)
::

Algorithm: Scaled Power Method

Purpose: To find  the dominant eigenpair (A1,  vl) of a given n X II matrix A to
NumSig significant digits.

(initialize}
GET ,I, A, ILO,

NumSig,  MaxIt
To/  + lo- Ne~nSW; x t x o

(iterafe)

(initial nonzero  guess of v,)
(termination parameters)
(x = [x, x2 “’ x,] ‘T is the current xk)

DO FOR k = 1 TO Moxlr  UNTIL termination test is satisfied
BEGIN

x,,, + Ax; BigXi  + ,~;2~ (/ ith component of xnewi)

(scale] x,,, + & xnew (dominant component of x,., is now 1J

dx+x,,,-x
(update] x - xnrw
(termination test: I&) =Z ‘Ibl*max(l,  IxiI),  i = 1, 2, . , n)
END

IF termination test succeeded
THEN OUTPUT (Dominant eigenpair, to NumSig digits, is (EigXi,  x))
ELSE OlJTPUT  (Convergence did not occur in MaxZt  iterations)

OR 205 3 1 9



~‘?B&J *JY?I  4 iterations XIEI~  Scaled Power  Method kIR%IluRh~  A ?U

(5)  saGaiie 9,fA Iaatfdbias  x0 = co ¶ 21”

F

3 0 1 0 2

k = 0: AX, = o -3 o I = - 3

1 0 3 2 62
L _

1131.: :=@ -l/2 C=BigXi x,1

1

I

3 0 1 l/3 2 315

k = 1 : Ax, = 0 -3 0 -l/2 = 3/2 = (1013) 9/20

1 0 3 1 10/3 1

a

C=BigXi x,1

ji&deh  2  FI~J  ia  Ax , = Big-Xi  x,  LL~“V  A x ,  = BigXi  x4:

3 2 0



a scalar mltiple

tida x,/x*  e 0)  i31011Gl

7111  (4) qU 9.1A n”‘l  A Lfild  nonsingular matrix

OR  2 0 5 321



(BigXi = doninant  component SlJ A-lx,)

. ..(5)

wn%?i5  x,,, 8 v_ tlas  B igX i  s l/X,

n”‘l  A L&J singular 1577aWl  A-* ‘IdG  lld6)9+1  A” =  0

n?s‘li Scaled Power Method n”u  A-’ b7'Ik~ani-I Inverse Power

Method  ~IM~VI least dominant eigenpair (X,,v,)  Z??V%I  A

R”?afiW  ~JWI least dominant eigenpair ~‘~6 A n”‘~

F

3 0 1

A = 0 -3 0

1 0 3

3/6 0 -l/8

0 -l/3 0 . ..(6)

-118 0 3/6

Sasldy  Inverse Power Method ~&b~?er  x, = co 1 21’

Solution

Stialii%&-wk  A-lx, = BigXi x~+~ dws”u k  =  0,1,2,..  IT'I'I~

r i- 7

316 0 l/8 0 -114 -113

A-lx, = 0 -l/3 0 1 -l/3 = (3/4) -419

-110 318 3/8 2 314 1

= BigXi x,

3 2 2 OR  205



1 3/a 0 l/a 1A-*X,  = 0 -l/3 0

I I-1/a 318 3/a

3/a 0 l/a

ATle = 0 -113 0

-l/a 3/a 318

-113

-4/s

1

-315

16/45

1

-I 1

-l/4

= 4127 = (5/12)

5/12

.I

-315

16/45

1

= BigXi x,

r

-7/20

= -16/135

s/20

= BigXi x,

BigXi ‘s: 3/4,  5/12, S/20 LiilFj  l/2 (hAna"u!l84  X3 = 2)

II&at:  x, tji’li a scalar multiple aa t7RLRB4171G~J  v, = Cl 0 -11’

9.2D Shifting Eigenvalues

dl114YUdl~~~~1a  1 s

Av = Av  (---> (A - sI)v  = (A-s)v

ii&dwn~ll  9.2-12

1" 9.2-Z ~I~~Iz~~T~FIJ  A UP:  A - s1 (s >  0)

(A,v)  :a eigenpair ~‘M%I  A

<---> (A-s,v)  zf~ eigenpair dW?U  A - s1

. . . (‘7a)

OR 205
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~a”?  (A*-s,v-)  W&~U least dominant eigenpair s?‘M=%I  A - SI

kh4  ((AD-s)-’ ,v-1 7zL&  dominant eigenpair !iBJ  (A - s11-’

so lve  A7  Xa  k%llRy

A 8 =  l/CdlL7la?J~~~~lAqM[~~ana~  (A - sI)-*I  t  s . ..(&I)

‘iiinlw~  (Xl,vs)  wtilnii  Shifted Inverse Pover Hethod

iaadw  303 Shifted Inverse Power Method Tnar&R”?a  x, =Cl  1 11’

3 0 1

A= 0 -3 0 hii A - s1 = A t (5/2)1 =

1 0 3
2

Solution

1112 0 1

0 -l/2 0

0 0 1112

%v.inl%1~ Scaled Inverse Power Method n”u  A - s1 %‘li

(A t (5/2H)-1x, = (-2)C-7.69231E-2  1  -7.69231E-21’  =  BigXi  x1

(A t  (5/2)Ij-‘x,  = (-2)[-5.917168-3  1  -5.917168-31’  = B i g X i  xe

(A t  (5/W-‘x,  = (-2)C-4.551663-4  1  -4.55166E-41’  =  BjgXi  x,

7inn75~777mi;7~uian~au4n  uaGadnbsaa9  x, ~~I~au~e~amw~adh~s

ltlall  uamwila~  L%1&~1  VI = co 1 01’ 118: C-2,  dsui1131wiki

iitJ1R-h@!~ABBJ  (A t (5/2)1)-’

dkilfl  (6) dlb7W~fla9  A  ?na”  s =  -5/2  ;a

A = c1/(-2)1+(-5/21  = -3m

3 2 4 OR 205



n”lrueI%d A 161 7 %IJ~IIM’M  ta x n) tta”?

A ’  IriillMllR  (n  x  EI)  7Rfl<  ith  row g61 (co1  ,A)' , i=l ,. . .,n

IlIt::  dlH%J  A Uat:  B

(A')' = A,

CAB)' = B'A' . . . (1)

9.3A  LddlJIJM~  (Symmetric Hatrices)

9.3B  tun%daa&raTnuaa  (Orthogonal l4atrices)

OR 205 3 2 5



. . . (4b)

(W)‘(W)  = (V’U’)(W)  =  V’(U’U)V  =  V’V =  I ”

LI~RJ~I  waftaaaJluRin~aa~=e~nuea  t Ihr aaCaeTnuaa  haq

x.y  = x ’ y  =  x’y,  t  x,y,  t...t  x,y,  Cdot  produc t  889 x  118::  yl

---(5a)[Euclidean length IlaJ  xl

. . . (5b)

L’X,Y’  = cos-lEx.y/ IIxII  Ily(  II  cylww~1.l  x  uar:  y  tn”1 x,y  t 0)l

. . . (5C)

lluxj  I = I Ii/ I dlaiu~n  x. -

L(Ux,Uy)  =  L(X,Y)  ih44YM x  ua=  y  ndrh!  0

. . . (6a)

..- t6b)

. . . (6~)

-4;-4  1 uaY?rudala!  (5a), (1) LIB:: (4a)  b97Wu<7  i41wGi  x  LLar:  y  1R 1

ux.uy  = (UX)‘UY  = x’U’Uy  = x’y = x.y

nl&d (6a), csb) ua:: (6~) ~llhi8R%9~ln (5b) uaz  (5~)s

7indi~7ih~~w  (5) (4b) WI~RIIU~I  rows cM;a  columns) aoJku+h~

aaha’lnuaa  141~  un i t  ve c to r s  ~iidaih~w~77~ iii u 1) hdi~am-tkiuuaaiiu

(mutually perpendicular)

3 2 6 OR  205



ii?afii4  Rotation Hatrices

Rotation matrix R,  i?yItiiMunSaa

R,  = cos e -sin 8
/ 1s-in 0 co9  e

. . . (7)

R,,(B)  =

1 o..:  Q . . .

: :

0 0 . . . c0s  e . . .

: : :

0 O...sinO...

: : :

0 0 . . . 0 . . .
-

0 . . . 0

:

-sin e . . . 0

: . . . .

cos  e . . . 0

: 0

0 .-. 1
-

<-- row i

<-- row j

co1  i

OR 205

co1  j . . . (8)
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3

cos(r/l) 0 -sin(a/6) r 3/z 0 -l/Z

&,,(r/B) = 0 1 0 =Ol

sintr/fi) 0 costrl6) l/2 0

. ..(9)

ym  x = cx y zl ' R"w R,,(l/6)  wil1ilUM  x n?urihnB"nukwl1 s

116 L  1  thAhUnM-y  ‘ild  3-space

B = U’AU

L7lLhl  B ;‘I orthogonally similar n”u  A

. . . (10)

Symmetric Diagoaalization Theorem

n"l A rhruwin%hu7~s ui??ai~uain~sa~na~nu9a  U %JtiYl~

U’AU = diag(A,,..., A_)  thh+~,~s~na~  A kl~~ulaai?u?u7iJ

ua=nea”u~  u*,  . . ,u n 889  U 7~~816  basis rmaJ  mutually perpendicular

unit eigenvectors (M?ai?an~i  Orthonormal basis of eigenvectors)

3 0 3

ii'MilJ LUW%iidUUlR4 A = 0 -3 0

1 0 3

uas U = R,,tr/4)  ~&G&aTnuaa

B = U’AU = diag(4,  -3, 2)

OR 2053 2 8



I-

lIJ-3 cl l/J? 3 0 1 l//T- 0 -l//T 4 0 0

0 1 0 0 -3 0 0 1 0 = D - 3 0

-1/p 0 1/p 1 0 3 l/F 0 1/p 0 02

A- J

B = R ,,‘(O)A  Rtj(S) . . . (Ila)

uia  B w~uu-1~4~18  uazslnnl7tpdasii

b id = bj, = a,, CcoszQ  - sin261 t  (a,J-a,,)sin  S c o s  S

. . . (Ilb)

b 1k = bkl  = a,, cos S t ajk sin 8

dl#%.i  k  f i ,  j (row*B, col,B) . . . (1lC)

b .s)r = bkj = -a,, sin 6 t aA,  cos S

dlV%l  k  Z  i ,  j ( roulB,  co1 iB) . . . (lid)

b = a11  11 cosp6  t al4 sin28  t Za,, sin 0 cos 6 . . . (lie)

b = a.#.I  II sin’8  t aad cos’e  - 2al, sin e cos e . . . (llf,

ii? e nni&mr&i7Gsl

a ,j  cos(28f  t  (l/Z)(a  - a , , )  sin(2S)  =  0J.4 . . . (12a)

Ua”7  (77nnlYihlm!i  lib)  E = R,J’(S)A  Rfij(e)  7aGtmiaJiiu

b I4 = bd,  = 0 . . . (12b)

OR 205 3 2 9
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Algorithm: Jacobi’s Method*

Purpose: To  find all eigenpairs of a giveo n X  n matrix ,4  to a prescribed accuracy.
The method uses the rotation matrix Rij(0)  defined in (8) iteratively
to form an orthogonal matrix U such that  UTAH  = diag (Al,  ,
h,)  1.0 the desired accuracy.

(iPtif;diZe)
GET n.  A, [matrix parameters}

MoxIr, NumDec (termination parameters)
U-  I , ;  AbsTol- 10-NU”‘UeC

DO FOR .k  = 1 TO Max11  UNTIL termination test is satisfied
BEGIN
Get i, j of the dominant superdiagonal entry, 0~ [ii j}
MaxOjjDiag  - ) (1  rj)
lrotate i, j)

BEGIN

/termination test: MaxOJDiag  < Ab3Tol)
END

IF termination test succeeded
THEN OUTPUT (The eigenpairs of A arc (a,], co&U), j =  1, , n)
ELSE OUTPUT (Convergence did not occur in A4axlr iterations)

3 0.01 0.02

A = 0.031 2 0.1

O.Oi! 0.1 1

L J
OR 2 0 5

..- (16)

3 3 1



Solution i3udnlId  superdiagonal ~?‘h&~naa~  A &I 0.1 = a,,

Taa  (13a)

3 ,  =  (l/Z)  tan-lC2a,,/ta,,-a,,)3

= (112) tan-‘C2(0.1)1(2-1)

= 0.0986978 (L%Lihd)

c, = cos e1 = 0.995133

uaa  s, = sin B1 = 0.0985376

unudlt~il~~u

RI =  R,,(B,)  t%?K;  A ,  t%:

1 0 0 3 0.01 0.02 1 0 1

A, = R,‘A,R, = 0 C1 S, 0.01 2 0.1 0 c, -s,

’0 -sl c, 0.02 0.1 1 O St Cl

=

3 0.011922 0.018917

0.011922 2.009902 0

0.018917 0 0.990098

i

. ..(19)

lilM%yunl4  r o t a t e  R3Jll4n  U, 1%11  R,  hba4

adl~I&i  dominant superdiagonal entry tie4 Al CR48  aI3 = 0.018917)

&b&n<? dominant superdiagonal entry PBJ  A, (ia a,, = 0.1)

?i16iaKlJ  L n7aY~

Be = (112) tan-1C2a13/(a11-a33)l

= (l/2)  tan-*C210.018917!/(3-0.33003t3~1

= 0.00941079

ce = cos Be = 0.939956

ua:: S, = sin Be =  0 . 0 0 9 4 1 0 6 5
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CE 0 se 3 0.011922 0.018917 c, 0 -s,

A , = 0 1 0 0.011922 2.009902 0 0 1 0

-se 0 ce 0.018917 0 0.990098 s, 0 c,

A-

3.000178 0.011922 0

= 0.011922 2.009902 -0.000112

0 -0.000112 -0.989920

ua= 1 -nG u, = U,R, = R,,(9,)R,,10,)  id

J

. ..(20a)

1 0 0 0.999956 0 -0.009411

u, = 0 0.995133 -0.098538 0 1 0

0 0.098538 0.995133 0.009411 0 0.999956

L i

0.999956 0 -0.009411
1

-0.000927 0.995133 -0.098533 I ..* (20b)

0.009365 0.098538 0.995089

"IY?~I;IA~J~ 3 =iM~ii  R, = R12C93)  bVlj: e3 = 0.012035(L%LihM)

wdhi~sa~  A, = R,'A,R,  Ila= U3 = lJ,R, ii&i

3.00032 0 -1.35E-6

A, = 0 2.00976 -l.l22E-4

-1.35E-6 -l.l22E-4 0.989920- -

. . . (21a)

OR 205 333



. . . tzlb)

<1.4E-6; I X,-2.00976 <1.13E-4; I <1.14E-4

00100
00200
00300
00400
00500
00600
00700
00800
00900
01000
01100
01200
01300

SUBROUTINE ROTATE(I,J)
DIMENSION A(6,6),  U(6,6)
COMMON N, NROTAT, A, U

c--------------------------c

C THIS SUBROUTINE PERFORMS THE ROTATION REPLACEMENTS C
C A (-- RTRANSPOSE*A*R AND II c--  U*R C
C WHERE R = RCI,Jl(THETA)  MAKES A(I,J)  = A(J,I)  = 0 C
C - .- - - - - - - - - - - - - - - VERSION 1: 5/l/81  C

THETA = ATAN(l.0)
IF (ASS(A(I,I)-A(J,J))  .GT. l.E-6*ASS(A(I,I)))

8 THETA = .S*ATAN(Z.*A(I,J)/(A(I,I)-A(J,Jjjj
SIN = SSNCTHETA)
COS = COS(THETA)

01400 c
01500 C ROTATE: A <-- RTRANS*A*R  AND " <-- U*R
01600 C
01700 DO 10 K=l,N
01800 UK1 = U(K,I)
01900 U(K,I)  = UKI*COS  + U(K,J)*SIN
02000 U(K,J)  = -UKI*SIN  + U(K,Jj*COS
02100 IF (K.EQ.1 .OR. K.EQ.J) GOT0 10
02200 A(K,I)  = A(I,K)*COS  + A(J,K)*SIN
02300 A(K,J)  = -A(I,K)*SIN  + A(J,K)*COS
02400 A(J,K)  = A(K,J)
02500 A(I,K)  = A(K,I)
02600 1 0 CONTINUE

4,ti  9.3-3 ROTATE: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

3 3 4 OR 205



02700 AI1 = A(I,I)
02800
02900

A(I,I)  = AII*COS**2  + A(J,J)*SIN**2  + 2.*A(I,J)*SIN*COS

03000
A(J,J)  = AII*SIN**2  + A(J,J)*COS**2  - 2.*A(I,J)*SIN*COS
A(I,J) = 0.

03100 A(J,I) = 0.
03200 C
03300 NROTAT = NROTAT + 1
03400 c
03500 RETURN
03600 END

IF a,, = a,,

THEN sin 0 = CDS 0 = 11 2 {El = r/41 . . . (22a)

ELSE BEGIN

t a n  28  :: C  Zatj/(a,,-a,,)1 t-r/z < 28 < r/z) . ..(ZZb)

cos  20  z: l /C  lttan’29  1 ices 26 ) 0) . . . (22C)

cos 9 :=  l/C  (1/2)(3tcos  28)l  tcos e > 01 . . . (22d)

s in  e ;: (1/2)(tan  2 6  c o s  2O)/cos  e

rlfl~o9w-1a~H;aufiu t a n  28) . ..(22E!)
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I Algorithm: Jacobi’s Method with Thresholds

Purpose: To perform Jacobi’s method more efficiently by using fewer superdiagonal
scans and more rotations per scan. The parameter Fraction (between 0
and I) controls the frequency of rotations, with the number of rotations
per scan increasing as Fraction + 0.

(initinlizrl
GET n.  A, NumDec, MaxIt, (as in Jacobi’s method algorithm)

Fraction (0 < Fraction < 11
U +- I,,; AbsTol 6 10-Num”rc
MaxOJJDiag  + (largest superdiagonal (ai,  1) (i < j]

DO FOR k = 1 TO Maxit  UNTIL termination test is satisfied
BEGIN
Thresh - Fraction * MoxO&Diag; MaxOJ,?Diag  * 0
DOFORi=lTOn-1 (scan ith row of A)

DOFORj=i+lTOn
BEGIN
If la*,1  > Thresh THEN rotate < j (as in Jacobi’s method)
IF l~tjl > Ma.rO@iOg  THEN MaXOfliUg  + IQ~~I
END

(Now MaxO/fDiag  = largest unrotated 1 aij / scanned)
(termination test: MaxOAT)iog  < AbsToZJ
END

IF termination test succeeded
THEN OUTPUT (The eigenpairs of A are (ojj. colj Li), j = I, , n)
ELSE OUTPUT (Convergence did not occur in MaxZt  iterations)
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JACOBI'S NETHOD  UITH  THRESHOLDS (FRACT=  0.300)  FOR THE RATRIX

3 . 0 0 0 0 0  0 . 0 1 0 0 0  0.02ow
0.01000 2.00000 0.10000
0.02000 0.10000 1.00000

SCAN # 1 (THRESH = 0.030000): 1 ROTATIONS. C A : U I IS:

3.0000000 0.0119221 0.0189173 1.0000000 0.0000000 0.0000000
0.0119221 2.0099019 0.0000000 0.0000000 0.9951333 -0.0985376
0.0189173 0.0000000 0.9900980 0.0000000 0.0985376 0.9951333

SCAN # 2 (THRESH  = 0.006coo):  2 ROTATIONS. c A : u i IS:

3.0003215 -0.0000021 0.0000000 0.9998833 -0.0120387 -0.0094088
-0.0000021 2.0097583 -0.0002277 0.0110524 0.9950612 -0.0986460
0.0000000 -0.0002277 0.9899200 0.0105499 0.0985305 0.9950781

scAN  # 3 (THRESH  = 0.000068~: 1 ROTATIONS.  I: A : u i IS:

3.0003215 -0.0000021 -0.0000000 0.9998833 -0.0120366 -0.0094114
-0.0000021 2.0097583 0.0000000 0.0110524 0.9950832 -0.0984238
-0.0000000 0.0000000 0.9899200 0.0105499 0.0983083 0.9951001

;zti  9.3-5 nl5nllAR579  3 R~~~lu%%la~a~K~h~a~ thresholds

9.3E  Factorization Wethods

(a) Householder's method

%%I~  (n-2) Householder transformations

A, q P,'A,-,P,  'Ia&  P, = I - Zu,u,’ . . . (23)
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(b) Elementary Transformat  ion Rethod
.-A
?au'lrn7~ri77U51naJLn7huni~t17  (n-2) transformations

A,=EA  E -’ %td 6, gin elementary matrix . ..(24)k k--l k

A, - Sk1 = e,a,,  A,+, = R,Q, + Sk1 . . . (25)

Taai  4, ~&&tWIouaa R,  iia  upper(right)-triangular

matrix uau  s, R’a shi f ted scalarCi (7) no&is  s.zcl&?n

~&mr$aSl~

A IS+1 ---) diag(X%,...,A”) adw??aL&iia  k --->a  . ..126)

?inasthanaJ  erGmethod  iuti!a?ia+iiu  factorization nethod

$J;la  t;an<?  LR-method
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9.1 lid  (a)-(b)  ?WI characteristic polynomial LL~Y  eigenpairs

~WW1fla4  A Ui?7J117  eigenpairs Pa4  A-’ R”7a

(a) A =

9 . 2  zfw%~  A  lu (a)-(b)  m&a 9 . 1  ~JM~LUR%  V  $Jti-i?ii

v-‘AV  = diag(Al, Xe)  n"l  v ElmlAY  UPs7wl777tmJil

V-IAV  = diagOrl, AZ)

(a) 74H7  x1, xe,  x3, x, T@a‘ta(  Scaled Pouer method

cb)  39~7  x1, x2, x3, x4 Stia’L#  Inverse Power Method

(~~dR¶dlW~U  A-')s
(cj 74Ml  x,,  xe,  x0, x,  Saa’ldY  Shifted Inverse method uaaSdY

sh i f t ed  s ca lar  s  (?#dR4km?ti  (A - sI)-*)
9

s-3 A=[ -; -;],xo=~~~],s=3

Eigenpairs: C 2,
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9.4

A = i 4 5

3 2 1 ,x0= 1 2

1

Eigenpairs: C  -1, I - 1  1 1 I
Ansuers:

9.1 (a)  p,(A)  = A2  - 1 ; eigenpairs A’ti

(1,Cl  11’)  uaa  (-1,Cl  - 1 1 )

(b)  p*(A)  =  A’ - 6A - 7 ;  e i g enpa i r s  i9

(?,C5 31’)  llaa  (-1,Cl  -11’)

9.2 (a)  V = 1 1 , V-‘AV = diag(1,  -1)

I I

1 -1

(b)v=  5 1

I I

, V-‘AV = diag(7,  -1)

3 -1

9 . 3 Xl’ 5 x3’ x.’ lim x,’
k

(a) C-O.7500 11 C-O.6897 11 C-O.6732 11 C-O.6665 11 C-213 1 1

(b) cl -0.33331 Cl 0.38461 Cl 0.78671 Cl 0.93511 Cl 11

CC) co 11 C l  1121 CO.8572 11 Cl 0.96151 Cl 11
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9.4 X,’ 5’ xs’ x.’ lin x,*
)I

(a) Cl 0.61541 Cl 0.59761 Cl 0.60031 Cl 0.60001 CO 0.61

cb) cl/2 1 1 Cl -0.62501 C-0.9316’ 1111 -0.99011 tC1 -11

(c) Cl 0.714311 Cl 0.51 Cl 0.71431 Cl 0.51 None
I

9.5 ~Wb~Vil  CAB)'  = B'A' da  A  = j:  +NB=[:  1 :]

9.6 i-h& x = 11 -1 11’ UQt: y = II?.  3 -11’ 3JHl  cos L(X,Y)

9.7 lu (a)-(b) ~~~~%EI~~I~~~  ~&WI  rotation matrix U ILW

diagonal matrix D = diag(A,,xe)  $J  U’AU = D

(a)A=  2 1
[ 1 jl

-8

1 -1 2

9.6 i?h#%~ai”ii A = -1 1 0 7wii 2 iterations na+

2 0 2
a

Answers:
I

9.6  CDS  L(x,y)  =  x'ylllx((  (lyll =  -21fi
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9.7 (a) U = l/&i  1 -1

[l jvD=[:  :]

9.8 ~&I~  R, = R,,(-0.662909)  Uhi/  R, = R,,(0.395664)

-0.561553 -0.788205 0

II, = -0.788205 1 -0.615412

0 -0.615412 3.561553

-0.890226 0 - 0.236853
1

A , = 0 1.328674 -0.568008

- 0.236853 -0.568008 3.561553

J
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