
6i-l
8.1  nl,un’~74~,;ani7~7d7r~uiiu  ( I n i t i a l  V a l u e  Problem:IVP)

8.1A  WPLPI~~HI~~U~~“I~;~~L~~~~~~U~L~~~

8.1B  %ie4onaraa~  (Euler’s Method)

8.2 Self-Starting Hethods: kna’L& (Taylor) UOa SJLJ-RRRI9 *

(Runge-Kutta)

1.2A  %na9rnb1aa~  (Taylor’s Method)

8.2B  ‘li~~~+yw&Giuga*

(Second-Order Runge-Kutta Methods)

t3.2c ii~~t~-Ranl~uiu~~I
(Bigb-Order  Runge-Kutta Methods)

8 . 3  %~mad~  (Hultistep  Hethods)

u?arnq‘6wiqu~a-~?u~  (Predictor-Corrector Strategies)

8.3A  in”iwhdvi-i3un”titGun “8 ma7md

(Adams Fourth-Order Predictor-Corrector

Method  (APCQ))

8.3B  n’I%H?uqu  Stepsize anJi~~‘Jriw7a-iau~

(Predictor-Corrector (PC)  Hethods)
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ihjw~~ian’h  @W&IL&I~  (Initial Value Problem (IVP))  i+ia

dy/dx = f(t,y), y = y, ,&I t = t,

1) %&uL~I!I?  (Single-Step method) LOU

1.1 %!BaJaeflkaa~  (Euler’s method)

1.2 i&eJb&baei (Taylor’s method)

1 .3  %IFI~!JIJ-?R”~  (Runge-Kutta  methods) tdu

i;aadeaaras;~~Su~~~uil  (Modified Euler method)

ua::  %ia+il?ld  (Ruen’s  method)

2) %uuuw?~~~  (l4ultistep method) tdlb

iihixdia-i7uiiJun  ~~J~I-IRIU~~‘d

(Adams Fourth-Order Predictor-Corrector method (APC4))

2 7 4 OR  2 0 5



lst-order IVP:

I dyldx  = f(t,y), y = y, d8 t = t0
I

. . . (1)

dCyit)l/dt  = fCt,y(t)l  ~8::  y(to)  = y, . . . (2)

y(t) i;a wataaaaaq  IyP &Chaa~  t  ci~1h1nn7~nu  y  &III

y(t) %I  f(t,y)l  R”a  derivative na+  y(t) uar:  y = y(t) kaaea’a&

initial condition ii? y = y, aita t = t,

4U 8.1-l n47Jfla4wabaaflfl85  (Ivp): y’ = f(t,y),  y(to)  = y,‘I
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31np  nmtiuawataaa  i=iaa&diu

1) s l o p e  +m (t,y)  A”a  f(t,y)

2) bihmhhu:n  P,(t,,y,) ?M  ty -p lane

IVP:  dy/dt = -ty’  , y = 1 biia  t = 2 . . . (3)

-y-= dy = t dt

-$ y-= dy = / t dt

l/y = (tP/2)  t c

y = 2/(tZ  t 2C) . . . (4)

7-m (4) y(t)  = 2/(t2  t 2c)

y(2) = 2/(4  t 2C)  = 1

c = -1

c ~a&ilLYiliU  -1

. . . (5)
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dCy(t)l/dt  = -4t/(t’  - 2)’

= -tc2/ttz  - 2)12

= -tCy(t)lZ

= fCt.,Y(t,)l

llas  y(2) = 2/(4 - 2) = 1

i t y  189  y(t)

(I'#)  dy/dt  = f(t,y), y(t,)  = y,

h = itF-tO)/n . . . (6)
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iinawarae~  :  yj+,  =  y,t  h f(t,,yj),  j =  O,...,n-1 . ..( 9 )

I I I
I I

‘I ,,+,=,,+h
I

(t J+,) 1618  Y, + h f(t,,yj)  &I y, = y(t$)
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I

E,Chl

1 . . . (10 f



j=O:  Y,=Y, - lIct,yozl=  1-0.1c(2)(1=~1  = 0.6000 R yf.2.1)

j-1: y,=y 1 - hCt,y~21=0.8000-0.1Co(0.8000~*l=  0.6656 a ~(2.2)

j=Z: y,=y, - hCt,y,21=0.6656-0.1C(2.2)(0.6656~=l~  0.5681 e ~(2.3)

j=3: y,=y, - hCt,y,=l=0.5681-0.1C(2.3,10.5681,P7r  0.4939 L ~(2.4)

t~~e~~~ihiatiul~  h = 0.05 lu (11)  ‘Ii;  4s

j = 0: y =f 1 - 0.05C(21(12)1  = 0.9000 x ~(2.05)

j = 1: y, = 0.9000 - 0.05C(2.05)(0.9000~21  = 0.8170 x ~(2.1)

j = 2: y, = 0.8170 - 0.05C(2.10)(0.8170~21  k 0.7469 R ~(2.15)

j = 3: y, = 0.7469 - 0.05C(2.151(0.7469)21  -1 0.6869 2 ~(2.2)

lkc1

tj Y((j)

r,=2.0 I
2.1 0.8299

2.2 0.7042
2.3 0.6019
2.4 0.5319
2.5 0.4706
2.6 0.4202
2.7 0.3781
2.8 0.3425
2.9 0.3126

tp= 3.0 0.2857

Using h = 0.  I

Yj[Q II Ej[O.l]

1 0
0.8000 0.0299
0.6656 0.0386
0.5681 0.0398
0.4939 0.0380
0.4354 0.0352
0.3880 0.0322
0.3488 0.0292
0.3160 . 0.0265
0.2880 0.0240
0.2640 0.0211

-
Using h = 0.05

Richardson (n = 1)

YjL0.W EJO.OS] Yj[o.  ~~llmproved

1 0 1
0.8 170 0.0129 0.8340
0.6869 0.0173 0.7082
0.5879 0.0182 0.6133
0.5142 0.0177 0.5345
0.4539 0.0 I61 0.4742
0.4048 0.0154 0.4216
0.3640 0.0141 0.3792
0.3291 0.0128 0.3434
0.3003 0.0117 0.3126
0.2151 0.0106 0.2862
---_____
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77n F(h)  = y,(h) , h = 0.05 , n = 1 ua:: r = O.I/O.O~ = z

y, (0*05) LmPro”sd = c2$~~0.05~-y~~0.1~1/(2-1~

= 2y,(o.o5)  - Y,(O.l)

8.2 Self-Star t ing Hethods:- tntilaa4’  (Taylor) UPI:  SJLJ-~11-1s-7
(Runge-Kattaf

~s7o77r~i~naJaaslaa~77n  O(h’)  Taylor approximation

y(tJ+l ) = yctjth, x y(tl) t h y’ftj) . . . (1)

Y .I*1 = y, t h @T.1 -MI;  GTal  = f, . . . 13)
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8.2A  %III~LII~LP~I~  (Taylor’s Hethod)

L&ISIB?~~  (3)  ‘ltl~fi~%%ub?!  n (nth-order method) WI&I;?~~

O(h”+* ) Taylor Approximation

ytt3+1 ) R yet,) t h y’(t,) t th’/z!,  y”(tJf

t . . . t (h”/n!)  y’“‘(tJ) . . . (4)

uaatbnu  y”(t,),...,yc”‘(tj)  Saadl~4=UlM~dlMl~r~~a  y,“,..., y,‘“’

Ua+li$n  ~aute~~n~~aa&k~~  II  (nth-order Taylor’s method)

I,..:,. ..(5)

Y ’ = f(t,,Yf  ma:  y = y(t) . . . (6)

t3;auiiu  t

Y ” = dfCt,y(t)lldt  = ft t fv y’ = fb + fv f . . . (7)

-iaait  fb = afct,y)/at

fy = af(t,y)/ay

uas f = f(t,,y)
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Y “‘=  dtf,,ldttdcfy  y’)/dt  = (f+ttftYy’)tCfl  y”t(fvftfYYy’)y’l

Lw5ls~l  f,#  = fyt
Y ::
615’1616

Y ,,,
= ftt t  Zf,,y’  t  fyy(y9P  t  fyy”

t;sU  (Ba)  ldli

. . . (Ba)

Y 19,
= f.<b t  Zftyf t  fyyfZ  t  fylIf,tfyfl . . . tsb,

Y, ” = Cf,.tfyflJ =  f,(tj,y,J t  fv(tJ’YJ)f(tA,YJ)

El-Y 4+i = y, i h o,*,  46lfA  0, e =  fJ t  (h/Z)Cf*  t  fvfl,

. . . (9)

I . . . (10)
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'luIilue~rR'aaiiuL7l7alAY  ~"~,eJ,n;lPe;~~~utlU

(third-order Taylor’s method)

Y ,+I = y, t II  QTe3 ‘Id QTa3 = QT.e t  (h’/6,  y , “ ’
I

. ..(n)

Y ,++I =  y,  t hMy,’  t  (h/2)C-y,2  + i-2t,y,)(t~y,z~~)

=  y,  t  hyja{-t, t (h/2)C-1+2t,2yJl~

j = 0: y(t,)  = ~(2.1)  R  y, = y, t hy,,%t,  t(h/2)C-l+2t,*y,~~

y(tl)  x 1 t o.1~1~z1-2to.05c-1t2~2~*~l~l~  : 0.635

j = 1: y(tzf  = ~(2.2)  i: y, = y,  t hyl ‘{-t,  t (h/2)C-1t2t,ay11)

yet,) * 0.635 t 0.1(0.635~Pt-2.1t0.05C-1+2(2.1~*~o.635,1~

5 0.71077
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j = 0: y(tl) = ~(2.05) 8 y, = lt0.05~1~Zt-2t0.025C-ltz~z~z~l~l~

= 0.90875

j = 1: y!t,)=y(Z.l)  2 y e = y,to.o5y, 21-2.05to.025c-1t2~2.05~zy~l~

5 0.83096 tta&8 ‘1 Iti

yd~o-05’,mP~o”ad  = IZ2  yJco.051  - y,co.11)/(22-1)

= I4 y,co.o51  - y,10.11)/3 . . . (13)
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*i

EXUCf

Y(fj)

Using h = 0.  I Using h = 0.05

Yi[O,ll Ej[O.  Yj Y.JO.051 Ej[O.OS]
Richardson

Yj[O.O5llmprovcd

co = 2.0 1 1 0 1 0 1
2.1 0.8299 0.835 -0.005 1 0.8310 -0.0011 0.8297
2.2 0.7042 0.7108 -0.0065 0.7056 -0.0014 0.7039
2.3 0.6079 0.6145 -0.0066 0.6093 -0.0014 0.6076
2.4 0.5319 0.5380 -0.0061 0.5332 -0.0013 0.5316
2.5 0.4706 0.4761 -0.0055 0.4718 -0.0012 0.4704
2.6 0.4202 0.4250 -0.0049 0.4212 -0.0010 0.4 199
2.7 0.3781 0.3823 -0.0043 0.3790 -0.mO9 0.3779
2.8 0.3425 0.3462 -0.0037 0.3433 -0.OCO8 0.3423
2.9 0.3120 0.3153 -0.0033 0.3127 -0.0007 0.3118

tp= 3.0 0.2857 0.2886 -0.0029 0.2862 -0.OQO6 0.2855

8.2B  ~~~Jt+?WI%kIZlaJ  (Second-Order Runge-Kutta Methods)

~R7a7lr~via’aaJ~n~raa:~~8uslaJ  (Second-order Taylor method) A”a

Y .I+1 =  Y, + h  QT.=  ‘Lwi  O,., =  f> t  (h/2)cf,(t,,yj)tfJfy(tJ,y,)7

. . . (14)

fct,tph.y,+qhf,)  * f, t phf,(to,y,)  + qhfAfy(t4.yl) . . . (15)
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t&aurh  (14) ih (15) IIaali p =  q  =  l/2 WUil

Q .
’ *

t g = fCt, t  (h/Z),y  t  (h fj/2)l  3w O(h*)  e r r o r . . . (16)

qlb (17) i~‘ldv  sample  s lope  fCtJt(h/2),y,t(hf,/2)I  UYIU~  @, e

iJ~i~~~~u~~aJ~u~J~4=U7N  @ T.e iaa  weighted sum ‘da4 sample slopes
.: 4
UURB

0 T.l? i: a,f(tJ,yJ)ta,f(tJtph,yJ+qhf,) . . . (18)

unud?  f(tjtph,yjtqhfj)  wn  (15) tW’lu (18) u~?l%Iu~ud.fl.l.aas

f,(tj,y,)  bta=  fy(t,,yj)  7u (lo)  7zIRyj7

“1 t arz = 1 uar  a,p  = aeq  = l/2
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a1 = 1 - a, ua::  p = q =l/(Za,)  !a, f 0) . . . (19)

%hi7?M  : Y Jt, = y,tih/2)Cfj,f(tJth,yJthfJ)3 . . . (20)

Solution

(a) dlMTu  f(t,y)  = -ty2

3in  (17) y,,, = y,-0.1~t~+0.05~Cy~t0.05f~lz

5aaii fd = -tJyJ2

j = 0: t, 0 = 2 ua::  y,  = 1 RY&  f0 = -2(1)2 = -2

3-m (21) RYii4  y, = 1-0.112+0.05)Clt0.05(-2)lz

=  0 . 6 3 3 9 5  (E,CO.ll  * - 0 . 0 0 4 1 )

. . . (21)

j = 1: t = 5I = 2.1 ua::  = 0.83395y, ciu f, -t,Y*= -1.46049
” ::
awl.! y, = O-83395-0.1(2.1t0.05)C0.83395,0.05(-1.46049)1’

5 0 . 7 0 9 4 6  (E,CO.ll  = - 0 . 0 0 5 3 )

(b) 7711  (20) y,,, = y,tO.O5Cf,-~t~+O.l~~y~~o.lf~~*l

4asnd  f, = -t,yd2

. . . (22)
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j = 0: to = 2, = 1 itw f, = -2 ‘3iny, (22)

Y, = lt0.05C~-2)-(2t0.1)(lto.l(-z~~zl

+ 0.83280 (E,CO.ll  5 -0.0029)

j = 1: t, = 2.1 NW y, = 0.83280 ii&k  fI = -tly,= -I -1.45647 Uac

YZ = 0.83280t0.05t~-1.45647~-~2.1t0~1~~0.83280t0.1~-1.45647~1*~

-1 0.70804 (E,CO.ll  -1 -0.0042)

8.2C  %@~~+~R&%I~~  (Higher-Order Runge-Kutta  Hethods)

Y .J+* = Y, -t h@,.*  TM; @T-4 = f<, t(h/2)yj"  t(h2/6)yj"'

t(h’my,’  ‘“’ . . . (23)

ll~lklmll&l  QT 4 Ima weighted SUP

w,m I t w,m, t w m3 3 + wan, . . . (24a)

461t.d  sa8ple  s l o p e s  m,, me7  ma Llaz  m 4 i;a

I 1 = f(tj,y,)  = f,

m e = f(tjtPeh,yjthCq,lB1l)

ma = f(t,tp,h,y,thCq,,m,tq~~m=l)

ma = f(t,th,y~+hCq,,m,tq,~m~tq~~m~l) . . . (24b)
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weights w ‘ltd (24a)  uas scale factors p uar: q ‘lib  (24b)  wni’lbn

n77un~Cr36din?u  me,  m3 ua::  P, qtb (24b)  ;?a  O(hA)  Tay lor

approximation nag  m :J 3 Ru?  ui9~ihd.J.d.na-4  partials ua+  f ;1”

(t,,y,) 1U  (24a)  n”Usl.tl.d.lu  (23)

~aYna~¶~t4-~aalhiU a, (Fourth-Order Wunge-Kutta  Formula

(RK4))  i-b

Y .I+1 = Y, t (h/6)tm1t2(m,tm,)tm4) . . . (25a)

‘IWA  BI = f(t,,y,f

Be = f(t,th/2,yjthn,/2)

% = f(tjth/2,yjthme/2)

m 4 = f(t,th,y,thn,) . . . (25b)

Sample slopes ml,..., mr i;a+iiaa\r  f i sample points P1,. .., P4

hK&4fM~ll  6 . 2 - 1  n"l  f(t,,yj La@ t  LtjllEU  k&l  f(t,,y, =  g(t)

ua”?  (25) 7a(Sun74qalnQBaJ%uIj~~L;3a~lb~LnSn  y’(t) = g(t) 3311
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Y ' = -tyP , y(2) = 1 CWatQaflUiMRYJ:  y(t) = 2/(tZ-2)1

Solution kf&hRY78  to = 2, Y, = 1 7m (25) WY

m I = f(Z.O,l)  = -2(1)2  = -2

BE = f(2.05,1+0.05(-2,)  = -(2.05)(o.9~2  = -1.6605

P =3 f(2.05,1+0.05(-1.6605>)=  -(2.05)(O.!Z~16975)~ 5 -1.72373

m4 = f(2.l,ltO.l(-1.72373,)  = -(2.1)(0.82763)2  5 -1.43843

Yl = Y, -(0.1/6)C2+2(1.6605t1.72373)+1.438431  f 0.829885



dwiiw-min RK4 dw!?u  y’ = -tyZ , y(2)  = 1 (h = 0.1)

y, (RK4-value) y(td) = exact value

2.0 1.000000 1.000000

2.1 0.829885 0.829876

2.2 0.704237 0.704225

2.3 0.607914 0.607903

2.4 0.531924 0.531915

2.5 0.470596 0.470588

2.6 0.420175 0.420168

2.7 0.378078 0.378072

2.8 0.342471 0.342466

2.9 0.312017 0.312012

3.0 0.285718 0.285714
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00100 c
00200 c
00300
00400
00500
00600 C
00700
00800

* * * * * * * * ‘ALRK4  * * * * * * * t * * * * *
CALLING PROGRAM FOR 4TH ORDER RUNGE-KUTTA METHOD

00900
01000
01100
01200
01300
01400
01500 c
01600
01700 c
oiaoo
01900
02000
02100
02200
02300
02400

00100
00200
00300
00400 c -
00500 c
00600 C
00700 c
00800 c
00900 c
01000 c -
01100
01200
01300 c
01400
01500
01600
01700
oiaoo
01900
02000
02100
02200
02300

DOUBLE PRECISION YO
EXTERNAL FTEST
DATA IY, IR IS, 5/

WRITECIW,l)
1 FORMATC'OINPUT (SEPARATED BY COMMAS) TO, TF, YO')

READCIR,*)  TO, TF, YO
WRITECIW,2)

2 FORMATC'OINPUT # STEPS, NPRINT')
READCIR,*)  NSTEPS, NPRINT
WRITECIW,  3)

3 FORMATC6X,'Tt,12X,'Y')

CALL RK4(FTEST,  TO, TF, NSTEPS, NPRINT, YO, IW)

STOP
END

FUNCTION FTESTCT,Y).__-
FTEST = -T*Y*Y

RETURN
END

02lDl  DDIJPJLE PPfmm y

SUBROUTINE RK4CF,  T, TF, NSTEPS, NPRINT, Y, IW)
REAL Ml, M2, M3, M4
DOUBLE PRECISION Y

------------------------------c

Tl'iIS  SUBROUTINE INTEGRATES FROM TO TO TF THE 1ST ORDER IVP C
Y' = FCT,Y) YCTO) = YO (INITIAL T,Y) C

USING NSTEPS STEPS OF THE 4TH ORDER RUNGE-KUTTA METHOD. C
IF NPRINTbO,  IT PRINTS T AND Y EVERY NPRINT STEPS. C
NOTE: F MUST BE DECLARED EXTERNAL IN THE CALLING PROGRAM C
---------------____- VERSION 1: 5/l/81  C

IF CNPRINT .GT. 0) WRITE CIW,l) T, Y
1 FORMAT CF10.3,  3X, E14.7)

H = CTF - T)/NSTEPS
DO 10 J=l,NSTEPS

Ml = FCT,Y)
M2 = FCT + 0.5*H,  Y + 0.5*H*Ml)
M3 = FCT + 0.5*H,  Y + O.S*H*MZ)
M4 = FCT + ti, Y + H*M3)
T=TtH
Y = Y + H*(Ml + 2*(M2  + M3) + M4)/6
IF CNPRINT .GT. 0 .AND. MODCJ,NPRINT)  .EP. 0)

R WRITECIW,l)  T, Y
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Algorithm: RKF4  (Fourth-Order Runge-Kutta-Fehlberg Method) *

/ Purpose: To solve to a prescribed accuracy on [to.  1~1  the IVP

Y’ =f(t.  Y)v y=yo  when I= to

( irrifialize)

GET to>  IF, yo, (parameters of IVPJ
Rn~rx. (accuracy control parameter]
.Sco/eMin.  ScaleMax  (stepsize control parameters)

h -(Rmax)“’ [initial stepsize)
ffmin  - I1 *10-d (minimum allowable stepsize)
t-  (0; y+yo [(t, y)  is current (I,, yj))

[ i&vale)
DO UNTIL termination test is satisfied

BEGIN

(set next h:  h* ScaleMin i nexi h < h* ScaleMaxl
ScaleFactor+  0.84*(I<max/Rali~~)“4
If ScaleFactor < ScaleMitt  THEN ScaleEbctor  + ScaleMirl
If Sc~leFacfor>  ScaleMax  THEN ScaleFacmr+  ScaleMax
h + ScaleFaclor*h
( termination test:  I = IF or h < ffirnin)
END

IF I = fF  TIIEN OUTPUT (current y approximates y(rF)  to the desired accuracy)
ELSE OUTPUT (h < ffmin  occurred; apparent singularity near current r)
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Rmax = lo-m6 , ScaleMin  = 0.1 Uaz ScaleMax = 4.0 . . . (26)

.I
0
‘I
2
3
4
li
0
7
8
9

1 H Y
2.0000 0.1000000E+00  0.1000000E+01
2.1000 0.1000000E+00  0.8298735EtOO
2.2115 0.1114898E+00  0.6918740E+OO
2.3496 0.1381092E+00 0.5680786EtOO
2.5204 0.1708108E+00 0.4595052EtOO
2.7342 0.2137747EtOO 0.365241lEtOO
3.0050 0.2707763EtOO 0.284499lEtOO
3.3529 0.3478943EtOO 0.2164084EtOO
3.8076 0.4547751EtOO O.l600242E+OO
4.0000 0.1923698EtOO 0.1428565EtOO

!li  8.2-4 d’iWnijW4  R K F 4  ih&  y '  =  -ty=, y(2)  =  1  llld [2,41
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00100
00200
00300
00400
00500
00600
00700
00800
00900
01000
01100
01200
01300
01400
01500
01600
01700
01800
01900
02000
02100
02200
02300
02400
02500

02800
02900

02600

03000
03100
03200

02700

03300
03400
03500
03600
03700
03800
03900
04000
04100
04200
04300
04400
04500
04600
04700
04800
04900
05000
05100
05200
05300
05400
05500
05600
05700
05800
05900
06000
06100
06200
06300
06400
06500
06600

SUBROUTINE RKFLCRMAX,  SCAMIN,  SCAMAX,  NPRINT, IW)
REAL KC10,6)
DOUBLE PRECISION YClO)
COMMON N, T, Tf, Y
COMMON /KCALC/  H, K

c---------------------------------c

C THIS SUBROUTINE USES THE 4TH ORDER RUNGE-KUTTA-FEHLBERG ALGORITHM C
C TO INTEGRATE N CN < 11) COUPLED FIRST ORDER IVPS, I.E. C
C Y' = FCT,Y) YCTO) = YO CTO,YO  ARE INITIAL T,Y) C
C FROM TO TO TF, WHERE TF CAN BE TO THE LEFT OF TO. C
C VALUES OF T, H, AND VECTOR Y ARE PRINTED EVERY NPRINT ITERATIONS. C
C IF NPRINT = 0, NOTHING IS PRINTED (UNLESS H BECOMES TOO SMALL). C
c---------------------- VERSION 1: 5/l/81  C
C INITIALIZE STEPSIZE, MINIMUM ALLOWABLE STEPSIZE, AND COUNTER:

H = SIGNCRMAX**.25,  TF-T)
HMIN = 0.5E-4*H
ITER = 0

C
IF CNPRINT.GT.0)  WRITECIW,l)  ITER, T, H, (Y(I),I=l,N)

1 FORMATCI6,  F9.4, E15.7, E15.7, 9E15.7)
C
C ITERATE:
C **BEGIN LOOP BY SETTING H TO TF-T IF T+H PASSES TF

10 IF C H*CT+H-TF) .GE. 0.) H = TF - T

CALL SUMKCZ;  -25, -25, il., U., U., 0.)

C

CALL SUMKC3,

C

.375, 3.137.  9.132.  0.. 0.. 0.)

**PUT VECTOR KJ IN JTH COLUMN OF MATRIX K, J=1,..,6'

CALL SUMKC4,

CALL SUMKCl.  0.. 0.. 0.. 0..

12./13, 1932.12197.

0.. 0.)

-7200./2197.  7296.12197. O..O.)
l., 439.1216, -8.;3680./513,  -845./4104, 0:)CALL SUMKCS,

CALL SUMKC6, .5,  -8.127, 2., -3544./2565,  1859./4104, -11.140)

t **FORM ERREST = ESTIMATE OF ERROR OF NEXT Y(I) FOR I = l,..,N
C **AND FIND RATIO = THE LARGEST OF THE ERREST/H  RATIOS

RATIO = 0.
DO 20 I=l,N

ERREST = K(I,1)/360  - 128*KCI,3)/4275  - 2197*KCI,4)/75240
& + KCI.5)/50  + 2*KCI.6)/55

RATIO = ANAXltiATIO,ABSCERREiT/H))
20 CONTINUE

C
C **TEST ACCURACY OF NEXT Y. IF OK, UPDATE T, Y AND ITER

IF (RATIO .GT. RMAX) GOT0 30
T=TtH
CALL SUMKCO,  O., 25./216,  O., 1408./2565,  2197./4104,  -0.2)
ITER = ITER + 1

C
IF CNPRINT.GT.0  .AND. CMODCITER,NPRINT;.EP.O  .OR. T.EQ.TF))

& WRITECIW,l)  ITER, T, Ii, (Y(I),  I=l,N)
C
C **SET SCALE (BETWEEN SCAMIN  AND SCAMAX)  AND UPDATE H

30 SCALE = 0.84*CRMAX/RATIO)**.25
IF (SCALE .LT. SCAMIN)  SCALE = SCAMIN
IF (SCALE  .GT. SCAMAX)  SCALE = SCAMAX
H = SCALE*H

C
C **TERMINATION TESTS

IF CT .EQ. TF) RETURN
IF CABS(H)  .GT. HMIN) GOT0 10

C **END OF LOOP
C

WRITECIW,Z)  T
2 FORMATC'OAPPARENT  SINGULARITY NEAR T =',E10.3)

RETURN
END
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00100
00200
00300
00400

SUBROUTINE SUMK(J,  P, Ql, Q2, Q3, 84, 85)
REAL K(10,6),  F(10)
DOUBLE PRECISION Y(lO),  SUM(10)
COMMON N, T, TF, Y
COMMON /KCALCI  H, K00500

00600
00700
00800
00900
01000
01100
01200
01300
01400
01500
01600
01700
01800
01900
02000
02100
02200
02300
02400
02500
02600

c---------------------------------c

C THIS SUBROUTINE EVALUATES THE N-VECTOR C
C c
C SUM = Y + Ql*ROWl(K)  + . . . + QS*ROU5(K) C
C C
C IF J = 0, IT SETS Y = SUM. C
C IF 1 C= J <= 5, IT PUTS F(T+P*H,SUM)  IN JTH COLUMN OF K C
c---------------------------------c

DO 10 I=l,N
SUM(I)  = Y(I) + DELE(Ql)*K(I,!)  + DBLE(QZ)*K(I,2)  +

& DBLE(Q3)*K<I,3)  + DBLE<Q4)*K(I,4)  + DtlLE(QS)*K(I,5)
IF (J .EQ. 0) Y(I) = SUM(I)

10 CONTINUE
IF (J .EQ. 0) RETURN

CALL EVALF(T+P*H,  SUM, F)
DO 20 I=l,N

K(I,J)  = H*F(I)
20 CONTINUE

IRETURN
1END

00100 c * l

00200
00300
00400
00500
00600 C
00700
00800 1
00900
01000 c
01100
01200 2
01300
01400 c
01500
01600 3

URITE(IW.2)  N
I-ORMAT('  INPUT',I2,'  COMPONENTS OF YO')
READ(IR,*)  (YO(I),  I=l,N)

01700
01800
01900
02000
02100
02200
02300

HRITE(IW,3)  TO, TF, NPRINT
FORMAT('OINTEGRATING  FROM',F8.4,'  TO',F8.4,

8 ', PRINTING EVERY',IS,'  STEPS'//5X,
& 'J',6X,'T',lOX,'H',BX,'-----Y------>'I

C
CALL RKF4(RMAX,  SCAMIN,  SCAMAX,  NPRINT, IW)

C

00100
00200
00300
00400
00500
00700
00800
00900

* CALLING PROGRAM FOR SUBROUTINE RKF4 * * *
IDOUBLE  PRECISION YO(10)
ICOMMON  N, TO, TF, YO
IDATA  IW, IR 15, 5/
IDATA  SCAMIN,  SCAMAX,  RMAX 70.1, 4.0, l.E-41

IdRITE(IU,l)
FORMAT('OINPUT  N, TO, TF, NPRINT')
READ(IR,*)  N, TU, TF, NPRINT

STOP
END

SUBROUTINE EVPLF(T,Y,F)
DIMENSION F(1)
DOUBLE PRECISION Y(1)

C
F(1) = -T*Y(l)kY(l)

C
RETURN
END
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hi? self-starting method

77n;dwRa~idt777sIi  (6iid  8 . 3 - l )

t J+*

y(tJ+, ) = y(tj)  t J f(t,y(t))dt . ..(2)

Y’ IWope  ofy(r)l
I

= Y(f,  * ,I.--)‘(i,)  ..
,,:.  . ~  I.  ., “.

;. .‘. ‘_ i
‘I

‘I I,+ I = I,  +  I,

5” 8 . 3 - 1  ni&Grnm f*(t)  = fit,y(t)f L&WI  y(t,+l) - y((tj)
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8 .i+1 =  y, t  h cp(h,  t,, y,,  fJ ua=il77ii  y ’ s  ua=  f(t,,y)‘s  d’ld  1 &I,

i..----- _ v-.--  .- ---.--...---..---

Othn+’ ) formula iiwYu73tn4n  f(t,y)  on CtJ,tJIll

. . . (3)

n?%‘Idy  tntl)st-order quadrature formula Itb (3) Wli  nth-order

met hod

(Adams Predictor-Corrector Hethod (A&%4))

7lnn?%lG h@  ?U  (31  ttu O(h5)  Adams  f o rmulas  C(17) ua:: (18)

Iladhia 7.3Bl  L 4’1xIi

iwiwma~ainwd (Adams Predictor)

P .I+1 = 8, t  (h/24)C-  SfJ--3  t  3 7 f J-Z - 59fdml i 55f,l . . . (4a)

e J+IChlp .=  y(tJ+I) - p,,, = ~251/720)yc”‘(Xplhs

‘Iad  t J--3  (=  xp  <= t,*, . . . (4b)

c .t+1 = Y, t  fh/24)cfJme  - 5 f d -. 1 + 19fj  + 9fj*11

e ,+lChl~ :=  y(t,+l)  - c J+1 = (-19/720~y’“‘(Xt)hB

mi t j-e  <= xc  <= t .4+1

. . G (5a)

. . . (5b)
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n”l  8 .I** iv71 c J+I liuiudlLihua  L41al77rdlula  cd+> =lMd -iwIlt

f(t,+,,c,+a ) L:a&hsrullnaa~  f J+i  ~uiu6l”ili~~l~lula-~lu~

iwi71dulhi~~  (4) tta Y (5) pk;anii  iih~a7nwd~uau-iI

(fourth-order Adam method (APC4))  M;aawt%ni7  iiawwi-uu$Jah

(Adam-Bashforth method) M%  ia”awwd-@iu  (Adams-Xoulton  method)

ii’Hri7J  7Jqii  APC4 on C2,31,  h=O.l  ~lvI%l  IVP

Y ’ = -ty=  , y(2) = 3 cwaraaauiuw*iYa  2/(tP-2)i

wala7uw7d7Rau~J~~~u7a 4s uaa~ia~&ih%h7s ?il~d&~kG~  (to  7s)

iallli

t, = 2.0: y, = Y(2.0) = 1.0000000, f, = -t,y,g  = -2.000000

ta = 2.3: y, = ~(2.1) 2 0.8296755, f1 = -t,ylD  5 -1.446256

t, = 2.2: y, = ~(2.2) s 0.7042254, f, = -t,y,= * -1.091053

t, = 2.3: y, = ~(2.3) ; 0.6079027, f, = -t,y3’  * -0.6499552
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Solution

j =3:  p, = y, t (h/24){-9fo  +37f,  -59f,  t55f3>

* 0.5333741

Y, =  y,  t  (h/24)lf,  -5f, t19f, -9(-tJ$I

f 0 . 5 3 1 7 1 4 9  (=c,)

a4 =  !-39/270)(y4-p,)  5 0 . 0 0 0 1 1 4 4

j  =  4 :  f4 =  f(t,,y,)  = -(2.4)(0.5318739)’  * - 0 . 6 7 8 9 3 5 8

P, = Y, t (h/24)(-9f,  t37f, -59f,  t55f,)  + 0 . 4 7 1 2 6 4 2

YE4 = Y, t o.I/24)Cf,  -5f3 t19f, -9C-t5p,2H

* 08.4704654 C-c,)

S5  = C-19/27O)(y,-p,)  5 0 . 0 0 0 0 5 6 2

YE =  y,  t  (h/24,{f, -5f3  t19f4 -9C-t5(0.4704654)‘11  * 0 . 4 7 0 5 3 5 8

ua=  a5 = C-19/270)(0.4705358  - 0.4704654) 2 -0.0000050
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The values obtained by performing at aost one correction of

Y 1+1 are as likely to be accurate as those obtained using any

general strategy for iterating the corrector formla.  If more

than one  correction appears necessary, decrease the stepsize.

RI113  8.3-l

dvmfa!as  Apc4 uaz Rx4 h?u y' = -tyZ , ~(2) = i th = 0.1)

r,
10 = 2.0

2.1
2 . 2
2.3
2.4
2.5
2.6
2.7
2.8
2.9

IF= 3.0

using APC4 (h = 0.f) Using RK4 (h = 0.1)

Yj E,[hl Yj Ej[hl
l.oooom Exact -
0.829876 Exact -
0.704225 Exact -
0.607903 Exact -
0.531915 0.531874 o.wOO41
0.470588 0.470536 O.OOOo52
0.420168 0.420114 o.ooOO54
0.378072 0.378020 0.000052
0.342466 0.342419 o.ooOO47
0.312012 0.311971 O.CJOOO41
0.285714 0.285674 o.oooo40
---__-.--

Exact
0.829885
0.704237
0.607914
0.531924
0.470596
0.420175
0.378078
0.342471
0.312017
0.285718

-

-0.oOcQo9
-0.OooO12
-0.000011
-0.cmOo9
-0.OOOCM8
-0.c0oOO7
-0.OOOC06
-0.ooOc05
-0.OQOQO5
-0.OOOOO4

A"a  polynomial of degree <= 4 7u t
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Algorithm: APC4 (Adams Fourth-Order Predictor-Corrector Method)

Purpose: To solve, on the interval [lo,  tf], the IVP

y ’  -f(t,y), y=y,whent=to

using a specified number of steps to obtain NtrmSig  significant digit accu-
rac,y.  The three preceding slope values f;-,,  &, and J-3 will be stored
as simply A1, fez,  and &,.

(initialirej

GE-I-  lo. TV, yo, (parameters of IVP)
NumberOfSteps, [from to  to r,;  at thejth step, 4 = to  +j/t)
NumSig.  Maxlt (maximum number of iterations of corrector)

h t (tF - t&‘NumberOfSfeps; RelTol-  10-NUmsig
I+ lo; Y +- Yo ((1, y) is the current (~j, yj).]
DOFORj=OTO2 (Initialize &, &, f-,.)

BEGIN
A-3 -f(t  J3
Use a self-starting method to get Ynew 1 Ynew  approximates y(t + h).)
t+f+  h ;  y+  Ynew
OUTPUT (‘+ 1, r,  y,  h-3)
END

(Now  t = f.lr  y = JS. and Ja,  J-2, f- , are slope values at Lo, I,, f2 respectively.)
f-f(l)  Y) (fis jj,  the slope at (tj.  yj).)

DO FOR j = 3 TO (NumberOfSteps  - 1)
BEGIN

[predict] p +- Y - $ [-9&  + 37&  - 59f11  + SSf]

DO FOR k = 1 TO MaxIt  UNTIL termination test is satisfied
BEGIN

(correct] c ‘- y + %  [fml  - 5fi1f  19f+  9f(t + h, p)]

Delfa  + --g(c-  p) (estimate of e,[h])

P+-C (prepare for another iteration)
[termination test: IDelra(  < RelTol*lclJ
END

O R  2 0 5 3 0 3



IF termination test was not satisfied
THEN OUTPUT (Smaller stepsize  may be needed for desired accuracy.)

(update)
r-f-t/l; Y’C
f - 3  -f-2; f - 2  -A; f-1-f;  f-Al? Y)
OUTPUT (j + 1, r. y, f)
END

IF termination test was satisfied at each step
THEN OUTPUT (They values should be accurate to NumSigsignificant digits.)

_-p-~---- -I

!L’ 8 .3 -3  4khhidlW~U;~~a~~;  APC4

8.3B nl’IR?u~U  Stepsize aa4%i??iwla-iw?

(Predictor-Corrector (PC) Hethods)

R a t i o  <-- 81+1  fh
I I

IF Ratio ) BigRatio  ~;a Ratio < SmallRatio . . . (7)

THEN h (-- h CDesiredRatio/Ratiol’/”
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f =,-‘ilZ=, (11128)C-5f,-,  t  28f,-, - 70fJ_,  t  140f,-,  t  35f,11 . . . (8a)

f =J-<3/bT, (1/64)C3fd-&  - 16f,_,  t  54f,_,  t  24fd-, - f,l

. . . (8b)

ua”wii6ia-din  (td,yJ)  i?a hi2
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(A)  y’ = (y/t)  - 2, y(l)  = 2; h = 0.1

CW~t9BFNiMW4J:  y(t)  = Zt.(l-ln  t)l

CR) y’ = (l/Z)C(y/t)t(t/y)l,  y(l) = 3; h = 0.2

CW~~WfHliM159:  y(t)  =  t2 t  8 t l

(C,  y’ = y , Y(O) = 1; h = 0.2

CWtiLPaSU9iMA4J:  y(t)  = (t  t 2jp/41

8 . 1  79116615’il  y(t)‘s  ?U (A,-(C)  i%WalaaEaas  IVP ’ s  &i~~-~‘lii
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-

8 . 2  (A)

(B)

CC)

8 . 4  (A)

fB)

CC)

8 . 5  (A)

(B)

CC) I

Ipprox. o f (a)(i) Using h (ii)  Using h/2 Cb) Improved

y(l.1) 2.00000 1.99524 1.33048

Yil.2) 1.98182 1.97228 1.36274

Y(1.2) 3.33333 3.32797 3.32261

Y(l.4) 3.64711 3.63735 3.62759

ytot. 2) 1.20000 1.20488 1.20376

y(O.41 1*41309 1.42931 1.43353

Y(l.1) 1.33048 1.33036 1.33032

Y(1.2) 3.32262 3.32264 3.32263

Y(O.2) 1.20376 1.20994 1.21000

Y(l.1) 1.33031 1.33047 1.99032

y(1.2) 3.32356 3.32288 3.32265

Y(O.2) 1.20955 1.20988 1.20999

8-6 Y, =  1 . 9 3 0 3 2  f o r  (A); 3 . 3 2 2 6 5  f o r  (B); 1 . 2 1 0 0 0  f o r  CC).

YE =  1 . 3 6 2 4 3  f o r  (A);;  3 . 6 2 7 6 7  f o r  (B); 1 . 4 4 0 0 0  f o r  CC).

8 . 7  (A) y, = 1 . 9 3 0 3 2  R ~(1.:);  y,  =  1 . 8 3 6 0 6  I y(1.42856)

Ch=o.  326561.

(B) Y, =  3 . 3 2 2 6 5  s ~(1.2);  y, = 4 . 4 7 2 1 6  R y!2.0)  Ch=o.81.

(C) Y, = 1 . 2 1 0 0 0  k y i O . 2 ) ;  y P =  2 . 2 5 0 0 1  = ~(1.0)  Ch=O.El.
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