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(Romberg  Integration)

7.4A  n7WUJ~Q~~u&W6t?W~  (Composite Trapezoidal Rul

UWnlTmhl~lladulh  (Composite Simpson’s Rule)

T(h)  uar  S(h)

7.4c  nTm1 s(h) 1in T(h)  uaz  T(2hl

7.4D  n74H7d73u~niaUuu7su,~~n (Romberg Integration)

7.5 nmd%hhmrnl~  (Gauss Quadrature)

7.5A  nl7tWhhh~auuuLnl~  UM  c-l,11

7.5B  n’I5Midli%iniaUwrn’d  uu Ca,bl

7 . 6  Rlamd& 1
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f’(X) = liIBh-_,,Af(Xi/h

%+a+~  af(x)/b  = cfcxthj-ftx)l/h

.af(xj/h  R”a  difference quotient aa\t  f i x

2) d?%in?aiii%~a@  ( D e f i n i t e  i n t e g r a l )  Ia4  f  rwila  Ca,bl

b

J :f(x)  d x  =  lir,--,,R(h)
L

,>
“hnit  It(h)  = EI  f(x,_,)h

l‘=i

Q = limh--,o F(hf  Tfdai  b’(h)  LihijRsiia~n~Ythauss

(approximation formla,  . ..(la)

219



fcxth, =-  f(x)tf’(x:lh t(l/z) f”(x)h’t...

t(l/n!)f’“‘(x)h” I
&/,---J \-.----

t  Rn(xth) .  ..(3a)

Q F(h)  = P_(xth) r(h)

r(h) = R,(xth) = Cl/(ntl)!J f’“*“(x) h””

t  Cl/tntE)!l f’“*“(x) h”” t  .“.
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r(h) = Chn‘clt(l>!C)h~-”  t higher-order terms]

1LPt: Clt(D/C)hm-nt... 1 --> 1 i? h --)  0
,”
61916u  Cl c f 0

r!h) = O(h”,  --> r(h)  = Ch”  &I h fi  0 . . . (4b)

R”?afhJ n th Ta:ylor approximations . . . (51

exp(h,  : lthth2/2th3/6t0(hA~
.: Q

, WMia c(h)=R3(0kh:~:  o(h4)

s i n  h = h-h3/3to(h5)
,: 9

, uwia 7Ch)=R4iOthb=  O(h5)

/i-x x l+h/.?t0(h2) , &A&  7th)=RI(lth)=  Ofh2!

77n  (21 b~ia-17tiau<3

7(h) =  Ch”  tO(h”1  &I Q  = F(h) t  ch” tO(hm) . * . (61

f’(x)  = lim .--,Onf(x)/h  TRH~  Af(X)/h  = Cf(xth)-f(x)l/h

rdssnlfi~  12) r&m?  o r d e r  ~asni~dsrwsna

f’ix) i: Af(X)/h  L&l  h p: 0

OR 2C5



%tl 7 . 1 - 1  %&t&d  Af(X)
s s

7?11Tei liiu .-.,,Af(x)/h  = lim h-_,,cfcxih,-fcx)l/h  =  f’(x)  =  dy/dx

JREi  s l o p e  ileJLib&Gd curve  f(x)  g x  kdb89

fcxth) = f(x,t[f’ix)/l!lhtcf”ix)/2!lh-rf9”(x,(3!l~~

tcf (‘“)tX)/4!lhdt... . . . (7)

f’(x)  = CfCxthI-f(xIl/h  -Cf”(x)/2lh-Cf”“(x)ldIh2

tCf i I”’ . ..(R)
-_.-.2 L--.-.-- .-_.__I  L

ix,/241h3t..  . J
------’

B F(h)=Afix!/h c(h)=f’(x)-lnf(x)/hl

f’(X)  = [Af(X)/hl  $ r(h)  %%?,i  7(h,k-rf” cx)/ZJh=O(hlb . . . (9)

2 2 2 OH 205



n~4Pwmi  f’(x) 4aa Af(x)/h  543-~nLilarr7;7

O(h)  forward diEference  approximation of f’(x) n”l  h>O

Lla::thn+i O(h)  backward  d i f f e r e n c e  a p p r o x i m a t i o n  o f  f’(x) :,I h<O

n”? f”(x)  = 0 ~~~~~~~~~~~~~~~~~~~~~~  0th”)

11414  7.1-l

f11fl1  F(h)  =  Af(x)lh  r&l%u~d-~  d(el)/dx  = ex ~uda x  =  1

Approximation F(h) Actual error Approximation

af (X,/h t(h) truncation error

h =[el+h -e’l/h = e’-af(x,/h -l/Z e h  z r(h)

- ---- ._--_li_----_

0.2 3.009175 -0.29oe93 -0.271828

0.02 2.745650 -0.0273Ci8 - 0 I) 2 7 1 8 3.-_--

0.002 ~.721000 -0.002718 -0.00271R- -

-0.002 2.715500 0.002782 i~.noz~lrt- - -

- 0.02. 2..G91~300 0 02698". IL u 0 " 7 1 R %f c i-.

.^ 0.2 2.4637r/Z 0.?54577 P.271820----_



RI714  7.1-Z

n?.:ii  7 s  arithwtic  r&dw?cr af(x)/h  $WI?U  h  &L&I

/if (x,/h Actual error Approximate truncation

= Ce’+“-ell/h t(h) error

h = e’-Caf  (x) Ihl l/Z e h  i: r(h)

0.0002 2.7200 -0.01718 -2.7E-4-

0.00002 2.7000 to.01628 -2.7E-5-

0.000002 2.5000 to. 21828 -2.7E-6

0.0000002 0.0000 !! t2.7183 -2.7B-7
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-.-;;e-pp---

7 0

-2 Actual error >: Truncation error t Roundoff e r ror

OR 205 2 2 5



F,(h) = Crm  Fl(h) - FI(h,,,so,)l/(rm  - 11 . ..fllc)

‘iani:  r = h Irr*ar/h  LdULhl

226



Q  =  f’(x) LLI:: F!h)  =  af(x)/h

77n (12.1 a57mwd7

f’(x) = Caf(x)/hl  t  C h  t  Dh’ t  Eh3 t . . . . ..(12)
c-i ~-w -__y J

Q F(h) 7(h)

thiu  r(h) =  ch’  t  o(h’)

ri!alt/&isilsd~dlidu  n”u  n  =  1 ,  m  = 2

dlM%YUdl  FrO.2,  =  3 . 0 0 9 1 7 5 ,  F ( 0 . 0 2 )  = 2 . 7 4 5 6 5 0 ,

F(0 002)  =  2 . 7 2 1 0 0 0. . . . . (13)

7m6\7%73  7.1-1

F,!h!  q ClO’  Fthj  - F(lOh)l/S  ~8:

F(h,=Af(x,/h FI(h)  i n  (14) F,(h)  i n  1’14)

h Cr(h)=o(h’.ll Cr(h)=o(hZ!l Cr(h,=och3)l

r-10, I 0.2 3 .009175

0 . 0 2

r -10  i  0 .002

2.745650 2.716369-P-

2 .721000 2 .718261 2 .718280- - - - -

OR 205 227



ll75d'l~?~dl~URl4lJ F1(0.002j  z L10(2.721)-2.7456501/g

2 . 7 1 8 2 6 1

uaz Fz(0.002)  7 L100~2.715261~-2.7163691/99

= 2.718280

7.1F  o(h”) C e n t r a l  D i f f e r e n c e  A p p r o x i m a t i o n  f’(x)  2 6f(x)/Zh- - - -

a u  (15a) aamln  (15h) ‘1f4ai

ftx-h, = ftx, - f’tx,h t  Lf”(x)/2!lh2 - Cf”‘(x)/3!lh3 t . . .

t Cfc”*’ txi/611hR  t . . . . . . (15&j

fcxtb) = f(x) t  f’(x)h t  Cf”!x!/z!lh’ t  Cf”‘(x)/3!lh3 t . . .

t Cf(“l’(x)/6!lh=  t . . .  * . . . (15bl

mori%  h ri~i~!armd  @iwwn9
f’(x) = Lftxth)-f(x-h,l/Zh - Cf”~~x~/61h2tCf’~‘(x)/lZOlhd

c-__,  ---A
- Ef’“*”!x)/50401he  -... . . . (16)--i L-----~---- -yI-- J

Q F(h)=  Sf(x)/2h rth)=f’(x)-CSfix)/2hl

6%&4s  411:

228 cm 205





RI414 7.1-4- -_-.-

nidi  7 s  arithmetic  r&i~zu~d?  f’(x)=e’  7aa  Sf(x)/Zh

6f(x)/2h  = c(h) = -l/6 eh’ IZ.  r(h)

h Ce1*h-e1-h]/2h f’(x)-c8f~x)/zhl

0.2 2.736440 -0.018158 -1.8E-2

0.02 2.718475 -0.000193 -1.8E-4

0.002 2.718250 -0.000032 -l.RE-6-

0.0002 2.720000 -0.001718 -l-BE-8

0.00002 2.725000 -0.006718 -1.8E-10

0.000002 2.750000 -0.031718 -1.8E-12

0.0000002 0.000000 2.718282 -1.8E-14

7.214  O(h)  Approximation f”‘(x)  * a*f(x)/h’

?l71'1[11 Taylor expansion
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f(xth,  =  f(x)  t  f’(x)h  t  Cf”(x)/21h2  t  Cf”‘(x)/61h3

t Cf(‘“’ (x)/241h*  t . . . . . . (1)

um h A”?a  zh;

fcxtzh,  =  f(x)  t  zf’cx,h  t  zf”(x)hP  t  c4f”‘(x)/31h3

t CZf(‘“) (x)/31hA  t . . . . _ . i21

24(1)-(z);

zfcxth,-ftxtzh)  = f i x ,  - f”(x)h’  - f”‘(x)h3

t (7/12,f”v’?x)h’ t . . .

11iaun"  (3) l&IV11  f ” (x) l%lli

f”(x)  = [frx)-2f(xth)tf(xt2h)I/hZ  - f*“fx)h

i- (7/12)f”“‘(x)hP  t . . .

. . . (31

. . . (4)

f”(X)L.- S-G  I\=fix)/h* = Cf~x~-2f!xth~tf~xt2h!7/hz

r(h) R;  -f”‘(x,h  = o!h,

1

. ..(5.

t47ti8n  three-point formula a2f(x)/h2  ;‘I

0th)  forward difference approximation of f”(x) a?~  h>o

uasb;an-ii

O(h)  backward difference approximation of f”(x)  I?I h<O

7in (4) 7z~~u:i7  n2fix)/b2 t Miwtiu6)445 CexactJ  ~7wYuGlJ~&G7SJda3

c3mla~~~a&l  f”” = 0)

OH 205 23 I



^--_.“----_- --_--___---

f
<Cl 1x1 E al’f(x,/h’  -:  (l!hjLcr-‘f!x+t~,/bL~‘-.~k~~‘f~~~/hh~’l~

IL )= 11 T!hi  =: athi

_-_-.-- _..-.---  __-  _---  ---.- i- -

I. . . (8)

i”?ililJ  El f(xi  eX’, x = 1 ~8%  h q 10.1 WHI..__-

(a) C>(h)  f o r w a r d  d i f f e r e n c e  a p p r o x i m a t i o n  119s  f”o(),h  = 0.1

difference approximation 1183  f  ’ “)Cx),! b 1 0 i hl backuard

h -0.1

S o l u t i o n

(a) f”(l)  i: (l/O.

(b,  f’“‘(x’

. . . (9)

lOen.*  t  lOeD.’  - 5e”-e  t  e”‘51

. . . (1D)

:: ,l/-0.1,5r-e’.0 t 5e O.O

G  2 . 1 2 1 4
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f
c*,

(x) (8  F,(h)  = CrF(h) - F(rh)l/(r-1)

B~f!i~  F(h) =  akf(x)/hk  UA= r  > 1

7.2B Higher-Order Formulas ~IH?U  f”‘(x)-

f, = f<XZl, f ,  =  fcxth),  f-, =  ftx-h,,  f, =  fcxtzh,,...

fe.3  f-, f-, f, fl f e f3

-.-.-.-.-.-.-.- x

x-.3h  x-2h x-h x xth xt2h xt3h

OR 205

. . . (11,
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o(h2)  Forward/Backward Difference Formulas

/'W=&3h+4~ -ji]

/"w+2&r5~+4/1-~]

/"'(d5~[-5/0+18/;-24~+~4~--~]

f(‘“‘tX)=;  [3fo- 14f +26f2- 24f3 + llfi  - 2&.]

,o(h*)  Central Difference Formulas

I WC4
f’w~w’+Oj++]=~

/"wfJ~I-2fD+~]=y

/"'(3=~I-f-.+2~~+o~--zj;+x]

f”“(x)=~  [/;~-4jll+  6&-4f,  f/2]

0th”)  Central Difference Formulas

ml)

(12b)

mc)

(12d)

U3a)

(13b)

u3c.j

(13d)

f+)+f-z-  8/1,  +Oji+  8f -/;I f14P)

rw+,[-/-z+  16J,-3O~i+16/;---fi] fl4b)

/"'(x)=~[f-8-*~-1+13~1+0~--13/1+81p1--/3] l14C)

f”“(x)=&[-f-o+  12f-,-39/1,+56&-39fi+  12fi--h] (laj,j)
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n”?aa’lJ  liWA6& f(x)  = ey  7MhuWdlLIaJ  f”(l) = e1 k 2 . 7 1 8 2 8 1

Solution O(h’)  foraula (13b),  h = 0.1 'I&I

f”(l) L:  (l/O.l)Pceo~O - 2E?'.0 t e'.'l = 2.720548 . ..(15)

(3s accuracy)

daIJ'li  azf  (x)/h*  , h = 0.05 &ii

f”(1)  k l/(0.05)2Ce0’05  - 2e1-O  t  e’.=l =  2 . 7 1 8 8 4 8  .  ..(16)

(fi  4s accuracy)

~~aIQ~aaa~iti~L& TaalJ  r = 0.110.05 = 2 uaz n = 2

f”(l) p.  lC22(2.718848) - 2.7205481/(2’  - 1)  =  2 . 7 1 8 2 8 1

(7s accuracy) . ..(17)

$,;a  0th”)  approximation, h = O.O5(14b)

l4ll’tnLUR  (ntl)-point  formulas %A (12)-(14)  alWl~~'+ln9

f ck’(x)  I:  PCk’(X) , k = 1, 2, 3, 4 . . . (18)

7~18;  p(x)  ~snls~%=UiNdilMd?JMuu~w~~~t~aa7UrU  (nti) knots  $4

~uiXud~ao&il~~~u  (ntl)  d? RuJEld

(n t l)-point  formulas (12)-(14)  &iWi?A”a polynomial of

degree <= n

”

P f(x)  d x  R u,f(x,)t  w,f(x,)t...
a

t  W_f(X”)  =  X Wkf(X,)
I‘=0

. . . (1)

OR 205 2 3 5



weighted BUD r: wLf(xk)  $nthh  (ntl)-point f o r m u l a

$RT%XL~U  closed formula i?n”~ a ua~ b 18~ sample points

Illa Wt 5M open formula n”7iJ a ua:: b ‘l;i&d  sample points

P,(XO,f(X,)),  P,(x,,ftx,)),...,  P,(X,,f(X,))

LHWWBL~BJH~J  quadrature formulas thuda,

. . . (2)

b b

n”l f(x) * p oq_(x) UM Ca,bI ui? j f(xjdxtij p,.,(x)dx . ..i3)
P P

sample weights &i’l’iG  (l)~?iu  exact &WI&  polynomial of degree <= n

~uu7r~~lsl7n~~uuu~~J~~n~~~~  (Lagrange form) aa9  p,.“(x)

b b n

UbG~UFi~  j p o ,(x)dx  = J c x f(xk)Lk(x)ldx.
D P k=O

n b

= x C J L,(x)dxlf(x,) . . . (4)

236 OR  205



Quadrature formula (5a)

n

w,fCx,)  4 w,f(x,jt... t  Wnf(Xm)  =  II  Wkf(Xh)
k=O

.-* (5a)

7~1 M exact t&a b?i~n"ud,  $‘IVI%~U  polynomials of degree <= nii

ny7L-il1dy

b

= j L,(x)dx  ,461ai  L,(x)  = w ( x - x , ) / ( x , - x , )

i*k

.-. (5b)

polynomials of degree (=  n

b

(a) J f(x)dx  x w0fL(atbJ/21, Cn = 0;sample  only the midpoint]
L

.b

(b) $ f(x)dx  c w,f(a)  t  w,f(b),  Cn =  1 ;  s a m p l e  o n l y  t h e
/L

1
endpoints (a and b)l

CC) j f(x)dx  fi  wOf(-1)  t  w,f(O)  t  w,f(Z),  Cn =  2 1
0

1 1

ua”l’ii (a)-Cc!  ~&ll-rtaxu J x d x  ua=  j xzdx
0 0
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b
b - a = j 1 dx = u, .l kh n 0 = b - a

.

wai?aKi  open formula Ayd

b

J ftx)dx  e (b-a)fC(atb)/Zl C~I&$WIPW  da Midpoint, Rule1
.

. . . (6)

tb)  Lagrange polynomials &II.&  x0=  a, x1=  b :8

L,(x) =  (x-b)/(a-b)  uar  LX(x) =  lx-a)/(b-a) .,.(7)

9711  (Sb) w e i g h t .  &e4117sh&1  (b) cia

b 1 bUC% = J L,tx)dx = (x-b)2/C2(a-b)l = (b-a)/Z;
P P

b
W f = J L,(x)dx = (x-a)P/C2(b-a)l

P I

b
= (b-a)/2

L

waihh closed formula

2 3 8 OR 205



,Y  =/(\-I

.: .:,:  .;.’ . . . . . . . :::.:.:...  . ...:. . . . . I;‘.::. .,,’
,;:~:~:...::.,;  .:. I/.::  .:. ..‘:.2:I::c:  ‘i  :. . . . : : : . : : : :  :.:  : : ‘I.

‘?!-

~:::~:::. ::::.:B:y~ .,,,.‘I.’ )
:>:.  :‘.  ..:A&  ,J...,::._. .;  ..:. ,.::.  . . :
:: :If “ii’  rrctanghr  lC!g”,, ,i
::.;.:.g (b - u), ,iLF)

: . i’.

tc) Lagrange polynomials x0  = -1, x, = 0, x, = 2

!x-0)(X-2) ixtl)(x-z) (xtl)(x-0)

L,(x)= ; L,(x)= ; L,(x)=

(-l-0)(-1-2) (Otl) (O-2) (2+1)(2-o)

. . . (9)

rilyY&&.uta-T~a~~  csb)  t ~31;

I

I

I
w o = J LO(x)dx  = (1/3)C(x3/3)-x2 = -2/g

0 0

1

U1 = s L,(x)dx  = 13/12; u,  = JILzCx)dx  = 5/36
0 0

~&A~R&EIWW  c~~‘li~h&  open M!CI  closed formula) ;a

i
j f(x)dx  k (-2/9)f(-1)  t  (13/12)f(O)  t  (5/36)f12)

0
. . . (10)

4Aanl.11# (6), (8) MI= (lo) ICI  f(x)  = x uia f(x)  = x2  t co,11 -4zrA”
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1 1

(a) J x  d x  = (l-0)(1/2)  =  l/2;  J x2dx TC  (1-0)(1/2,’  =  1/4

1 I

(b) J x  d x  c: Ccl-01/2lCOtll  =  l/2;  J xpdx  5 C(1-Oi/21COZt121
0 0

= l/2

cc) 1 x dx * ~-2/9~~-1~t~13/12~~0~+(5/361(2~  = 1/2;
(I

J x’dx  B (-2/9)~-1)2t(13/12)(Oz)t(5/36~(22)  = l/3
0

Midpo int  Rule1 tha.111dl  s x*dx = l/3 l&dudln~l$i%  (8) [ t w o - p o i n t

T r a p e z o i d a l  Rule1  o

7i;  L ., _(t) ;B ith Lagrange polynomial dlGE1  Cntl)  integer

nodes t, = i, i-0, 1,. . .,I~

?I-  1
.*k-++--Lt . ..(n)

[,-I tn

kJi&~tdU  2nd Lagrange polynomial d~w?u  t, = O,..., t, = 3 ;a

cubic polynomial

2 4 0 OR 205



(t-o)(t-l)(t-3)

L e =(t)  = = (-l/z)(t=  -4t=  t3tj

(Z-01(2-1)(2-3)

b114lJ 7.3-1 L, n (t)‘s 61wiTu  n = 2, 3, 4

n = 2 L&i(r)  = grz - 31f 2)
f.,,z(f)  = -l(P - 2r)
f.*.2( 1) = +( 12 - t)

n-3 L,,(r)=-t(r"-6t*+  llr-6)
s&(f)  = $(P - 51~ + 6r)
J&(t)  = -h(f" - 412 + 3r)
f&(r)  = i(13  - 312 + 21)

n=4 L,,,(r)=&(t"-  10t3+35r2-5Or+24)
L,,,(t) = -Q(" + 9P + 26fz  - 24r)
f+,(t)  = f(t' - 813 + 19t2 - 121)
f&t) = -i(P - 7P + 14P - 8t)
f&f) = &(t" - 6P + 11 t* - 61)

L , ,(t)‘s  rudl%i~~r~n‘l~~&a~ quadratic formulas $x!% (ntl)h-spaced

sample points ?R 7 R”FI  xj+*  = xj t ih, i=O, 1 ,..., n

. . . (12)

General (ntl)-Point Quadratic Formula ~‘&h$1~~~4h~k!h1 b

n”~  a  =  x1  t  tmh UB= b =  x, i t,h  U~?n79ti?zU%!

b

J fcx,dx  s hIw,f(x,)  t w,f(xJ,,)  t...t  w,f(x,+,)l
D

OR 205
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WL ;i u~&~?~J~w?II polynomials of degree <= n n”~

k

y, = J L,an(t)dt  , i = 0, l,..., n

t *

. . . (13b)

Il~a~adriatd  177L771il  n  = 3 ,  tl =  0  (a = xJ)  uaa  t, = 3 cb  = xJ+=)

1M (13a) t7lIRy

J fcx)dx  =  htv,ftx,)  t  u,f(xJ,,)  t  u,f(x,+,)  t  u,f(x,+J)l

X4 . . . (14a)

Inand  w e i g h t s  rlth-mna~m~  7 . 3 - l  4aanls9i  (13b)l  A’a

. 3VIA = I)L ..,(t)dt  = (-1/6)(tA/4  - 2t= t  llt=/2  - 6 t 1 = 3/a
0 cl

SIMPSON~S  f-RULE:  Q$L--...-..
XJ Xi+1 Xj+2

f(x) dx = i (J(xj) + 4f(xj+I)  +~(XI +z)I (15&I)

where xi  d 6 G xi+2 (15b)

CD al
SIMPSON’S ~-RULE:

p
J-

Xi xj+1 Xjtr Xj+S

I;1”  f(x)  dx = f/ IJ(Xj)+  3f(Xj+t)  + 3f(Xj+d  +flXj+dl
1

(16~1)

2 4 2 OR  205



7x4  = G-3 h”f”“([), (Mb)

@@@@

ADAMS O(V)  PREDICTOR: e r-

I
XI-3 Xl-2 xj-* x f xj+1

I
=‘+I  f(x) dx = ; (-9f(x,-3)  + 37f(xj-2)  - 59f(xj-I)  + 55/(Xj)J
9

7[h]  == F; h6f""(& where .xJ-~  < 5 S x,+,

(179)

(17b)

ADAMS O(h5)  CORRECTOR:
@@(q@

L 3 -
Xj-2 Xi-1 xj xi+1

I

zj+l
f(x)  d WhO=,

,
X = i (/(X/-z) - 5flXj-1)  + 19f(Xj) + 9f(xj+l)J

7[hJ  = - 6 h”f”“([), where ~~-2  6 fj 4 x,+, (18b)

2 4 3



7-u-i x = x, t th Gk t  =  Il/h)(x-xj)

dx = h dt dt  =  tl/h)dx . . . (20a)

;”  7.3-3  ylttd61~  x  =  x, t  t h

b tb

/ ftx)dx  =  1 fcx,tth,h  d t
ICP

t=t-

t b
= h J cD(t)dt Sasnd  o(t) = ftxJ  t th,

t=t*

riia477ni7  Q(i)  = f(xJtih)  = f(x,)  51wiG  i  =  0 ,  I , . . . ,  n

$I4  (13) 7a~~Ul4RE?# (5) n”u  quadratic formula

t b

j @(t)dt  =  u,,@(O)  t  u,@(l)  t...t  u_@(n)

t.

. . . (zob)

I??  f(x)  ;a polynomial of degree <= n ?U x ~a”? @(t)=f(xjtth)

;a polynomials of degree <= n 116  t (~~?‘III?)  lund~  (20b) ~a”? (13aj

7’LSudl~U~3iJ

2 4 4 OR  205



0.3

(a) J emdx [Exact  answer R’a  e0.s  - e”-’  5 0.2446871
0.  I

0.4

cb)  J e-dx [Exact  answer iii e”‘a - e0.3  -L  0.1419661
0.3

0-s

Cc) J e=dx [Exact  answer A”a  e”.=  - e0 * 0.6487211
0

0.3

J eldx i: (0.3-0.1)  fC(O.lt0.3!/21  = 0 . 2  expi0.2)  = 0 . 2 4 4 2 8 0
0.1

. . . (21)

(Error * 0.244687-0.244280  = 0.000407)

0.3

J eXdx  k (0.1/2!Ce”.’  t  e”.‘l  t  (0.1/2~Ce0.’  t  e0.31
0.  I

f 0.244892 . . . ! ‘2 2 J

(Error 5 0.244687 - 0.244892 = -0.000205~

0.3

J e-dx  z (0.1/3!Ce0  ’ t  4e”” te”.‘l  5 0 . 2 4 4 6 8 8
0.1

. . . (23,

cm 205

(Error * 0.244687 - 0.244688 = -O.OOOOOl~

245



a

c

.
.



J e ’ d x  * (0.3/8)Ce0  t  3e”-* t  3e0.’  t  ea.?
* t  (0.1/3)Ceos3  t  4e0-& t  eoS51

:: 0.349859 t 0.298663 = 0.646722

(Error = -0.000001)

. . . (27)

(n i-  l&Point  Newton-Cotes  Formula

xi Xi+1 Xjt? xj+n

b=Xj+m
/ f(x)dx TJ hCu,f(x,)  t u,f(xJ+

1

a=x .i
r(h) = Knf’“*P’0)h”+3 171  n

Knf cn+a’(A)hn+z ii1 n

) t... t W,f(X,,“~I . ..(ZBaj

3 ;UlE40A

5 ura0i: . . . (28bJ

?u (28b)  Km  L&A~‘IRJ~~J~!~~~~u  n ~6): x 7adlin71lJd1~LtI

[x,9 x4tn I 7in  (28b)  ~%?~&d-i?

aa  toti)-~bWa&kbTR&  C(otlJ-point  Newton-Cotes formlaJ”
rd~~&uh~~l&  f(x)  rh polynomial  o f  d e g r e e  (= n
Y
n? II =  1.  3 ,  5  ,...,  uarlh  polynoPria1 o f  d e g r e e  <=  ntl

ii7  n = 2, 4, 6, . . .

OR 205 247



7.4 n&T?u  (Composite Rules) ua::  nl~~ldl~u~n~aUUU~au~~~n

(Ronberg  Integration)

~u$~~IL~Iu~+  Ca,bl  ~816  n  p a n e l s  $~&I?w~‘I~~<‘I  7 n”u R”a

(ntlj xj ' s  (33~il9k4bFil  q  n"utA"a

Xd
= a t j h  7~8;  h =  (b-aJ/n  ~IR?U  j  =  0 ,  l,...,  n . ..!l)

1st panel 2nd panel jth panel nth panel
-e
r r 1 r 1

I _I _I  *

a=xo  x, x2 X,-1 x, “. xcI  b=  x,,

7.4A  n?‘Is?JInqeaJ a LublU(I1N4~ (Composite Trapezoidal Rule) Uar

nw~?un&pa~%&u  (Composite Simpson’s Rule) : TChl uas  SChl

1 f,x)dx  ;: ch/Z)Cf(a~tf(x,)ltih/Z)Cf(x,~tf(x,,lt...

i
t !h/?.~rfixn_I~tf(b,l

ni7s3rrsneu  flxJ  1,  i = l,..., nt 1 pii*liltT ni43wngaa~ i

(Composite Trapezoidal Rule)

b n- 1

J f(x,dx  :z TChl J htCf(a)tf(b)l/Zt  II  ftx,!J . ..(Zab

m .4=1
b

r+Lhl  r S f(x)dx  - TChl =  (-hz/12!(b-a,f”(x~  =  O(h’j

s
. . . (Zb,

248 OR 205



Ca,xe3,Cxe,x,I,Cx4,xsl,...,Cx~~~,bl  (~;II 7 . 4 - l )

wa&Ga  ni7~7un~aeddlu

b

J f<x)dx  k SChl  = (h/3){f(a~tfib)t4~EI~~Chlt2~~u.nChl)
P

. . . (3a)

b

r,Chl =  J ftxjdx  - SChl =  (-hb/lSO)(b-a)f”“‘(X)  = O(hd)
a

. . . (3b)

E ,‘JdChl = f(x,),t f(x,) t...t fixnm3)  t f(x,-l) . ..(4a)

x Ch:l =  f(x,) t  f i x , )  t...t f(xn--4)  t  f(x,-,I . ..(4b)-v-n

OR 205 249



. . . (4c)

hIIil4 77n11715  7.4- l  ~JI.IWIWI  J I n x  d x  ‘IWI’t~n&ymI  TChl

uw  SChl  A”?8  (a) 6 panels 1 Ilax  (b)  12 panels

Solution CHUIIILM~  d77iJzil  0.534606(6s)l

(a) ?I&! a = 1 uaz  b = 2.2 i& (to 5d)

f(a) t f(b) = In 1 t In 2.2 = 0 t 0.78846 = 0.78646 . ..(5a)

dlVl%l n = 6 panels, h = (2.2-1)/6 = 0.2 Ila~?m&  7 ail

7in  (4) hGhd78sia~~7~7~  7 . 4 - 1

x o,,co.21 = ln(1.2)tln(1.6)tln(2.0)  e 1.34547 . ..(5b)

I= .,-,CO.21  = ln(1.4)tln(1.8) + 0.92426 . . . 15C)

2 5 0 0R 205



aimu 7.4-1 ciiaau  In  ~(5s)

X f(x) = In  x

ii.0 0.00000

1.2 0.18232

1..  4 0.33647

3.6 0.47000

1.8 0.58779

2.0 0.89315

2.2 0.78846

X f(x) = In  x

1.1 0.095310

1.3 0.26236

1.5 0.40547

1.7 0.53063

1.9 0.64185

2.1 0.74194

OR 205 2 5 1



TC0.23 = (O.Z)t(O.78846/2)  t (1.34547+0.92426)1  = 0.532792

. . . (6a)

z,CO.Zl  = 0.534606 - 0.532792 = 0.001614 . . . t6b)

SCO.21  = (0.2/3)[0.76846  t4f1.34547)  t2(0.92426)1  f 0.534591

. . . (7a)

7,CO.Zl  = 0.534606 - 0.534591 = 0.000015 . . . (7b)

z= D,,CO.ll  = ln(l.l~tln(l.3)tln(l.5)tln~l.7)tln(1.9,,in~Z.l~

= 2.67756 . . . (Ba)

lMnlwGildilu

x.Y."co-l'  = I= Inter ,or CO.21 = 1.34547 t 0.92426 = 2.26973

. . . (8b)

Cc! (5b)  ua::  (5c)l i& (2a)  uas (3a)  iii

TCO.11  = (0.1)t(0.78846/2)t(2.67756+2.26973)1  + 0.534152

(T,CO.ll  * 0.000454) . . . (Sal

SCO.ll = (0.1/3)~0.78846+4(2.67756,+2(2.26973~~  * 0.534605

(T,CO.ll  5 0.000001) .*. (sb,

2 5 2 OR 205



x [h/21 =  xO,,Chl  t  x-yln Chl  =  z,,t,,,,,Chl . ..(lO)-V-n

TCh/ZI  :: (h/2)  {Cf (a)tf (b)l/2  t  xDddCh/21  t  x rnterrOrChl>

Y ::

TChI2:I  =  (1/2)ITChl  t  hx0d,Ch/211 . ..(n)

T C 0 . 1 3  :=  (1/2){TCO.21  t  (0.2)Z0ddC0.11)

= (1/2){0.532792  t  10.2)(2.67756))  + 0 . 5 3 4 1 5 2

~srvi?iiu  T C O . l l  iki77n  (Sa)

OR 205 253



r,Chl  =  (-ha/12)(b-a)f9’(A)  =  O(hP) . ..(13a)

r&h7 =  (-hA/160)(b-8)f’i”‘(x)  =  o(hl) . ..(13b)

7.4c nwwi  SChl  7111  Tchl uar:  TC2hl

254



T,Chl  = {Z’TChl  - TC2hll/(2*-1) . . . (14a)

= ([l/3){ 4ht(f(a)tf(b))/2tZ=~~~Chlt~-“-“[hi}

-2hI(f(a)tf(b))/2  t I=-v-mChl)  1

ml4  (10) ~“lhhlld~  Yz ,,,m_,orC2hl  A”w  xCIV.nChl  lu TC2hl

?-il9iiad9u7ti~~la~l63~K~
s s

T,Chl  = (h/3)(.  f(altftb)t4~o,,Chlt2~-~.“Chl  1 = SCM

7.4D  n7~H7(i13dnrauuusau~~~n  (Romberg  Integration)

T,Chl  =  S,Chl  =  jzdsrhl  - SC2hl)/(2d-I)

= {16T1Chl  - T,C2h1)/15 . . . (lab)

r$hl  = ChP t Dhd  t Eh=  t Fhs  t... . . . (15)

OR 205 255



k h TV= T(n=2)  ‘?-,=S(n=4)  Tz(n=6)  G(n=8)  G(n= 10)
~-__

0
I &h.ho

2 (1)%

3 (;)Rho

4 (t)“ho

. . . (17)

OR 2052 5 6



k  7 0 :  TLO.41 = O.4tCln~2.2~tln~l~l/Ztln~1.4,tln~l.8~l  : 0 . 5 2 7 3 9 5

k = 1: ‘If!  h  =  ho =  0 . 4  ‘Ii.4  r e c u r s i v e  fora  (111 ‘l&i?

T 1 0 . 2 1  =  tl/Z~IT[O.41  t  tD.bCln(l.2)  t  lnC1.6)  t ln12.013)

+ 0.532792

6Y&  (16)  biia7fi  i = 1 2;

T,CO.Zl  = {4TL0.21  - TCO.41)/3

=  {4(0.532792)  - (0.527395)}/3  = 0 . 5 3 4 5 9 1

k  = 2 :  ?i h  = ho/2  - -  0 . 2  4u r e c u r s i v e  f o r m  (11)  ‘6~1

T C O . l l  =  (l/Z){TCO.ZIl  t  ~0.2)ZyddL0.111

= il/Z!iO.532792  t (0.2!(2.67'756j) 2 0.534152

OR 205 2 5 7



T,CO.ll  = I4TC0.13  - TCO.Z1)/3

= t4co.5341521 - (0.532792)1/3  + 0.534605

T,CO.ll  = {16T1C0.11  - T,C0.211/15

= J16CO.534605)  - (0.534591)1/15  1 0.534606

1 h x dx + 0.534606 (5s)
1

258 OR 205



k h To = T(n=2) T, = S(n=4) Te(n=6)

0 0.4 0.527395
\

1 0.2 0.532792 --> 0.534591
\ \b

2 0.1 0.534152 --> 0.534605 --> 0.534606

I I

T,Chl, TIIChl, T,Lhl,...,  TkChl i 19a). . .

OR 205 259



Algorithm: Romberg Integration”

Purpose: To find I,” I(X) cfx  to NumSig  significant digits. The matrix T is the

Romberg table, with the kth iteration (h = /10/2~)  yielding

row  T= [ Tk,O. T/k,1 ... G,k-1  fi,kl

for k= 0, 1, , MaxRows.

(irrifializeJ
GET a, b, [endpoints of the interval of integration)

n, (initial number of panels)
MaxRows, NumSig (termination parameters)

h+-(b- a)/n (This is b.,\

To,o+h  f(a)+s(b)+x
( 2 int.ri&l) (Composite Trapezoidal Rule]

RelTol  t 10-NumSig

(iterate)
DO FOR k = 1 TO MaxRows UNTIL termination test is satisfied

BEGIN
h - h/2 (h is now ho/2k)
7;~ - ;( 7i, 1.0 + 2h  Ldhl) [Recursive Trapezoidal Rule]

DOFORi=lTOk (Get ith entry of rowk T)

Tk,i + (biTk,i-l  - %-l.t-#(‘t-  1) (This is T,[h]]
(termination teSti  1 Tk.k  - Tk,k-I/  G RelTol*l  Tk,k  1)
END

IF iermination test succeeded

THEN OUTPUT (Iif((x)  dx  is Tk,k  to NurnSigsignificant  digits.)
ELSE OUTPUT (MaxRows  iterations did not yield the desired accuracy.)

%U 7.4-2  %k4k%4udW%.I&wau%i  Romberg Integration

7 .5  ~~S~I~‘I&A%I~BII~IIL~?I$  ( G a u s s  Q u a d r a t u r e )

b

J f(x)dx z wlf(xlj t W,f(X,)  t...t w”f(x”) . ..(l)
1



J f(A)  1% 2JIf(X1)  t  6Zf(X2)  t . . . t  8 f(Xn)”
--f

. ..!3J

OR 205 2 6 1



f(Xr = 1 : (El)  uI  1 t u2  1 = J 1 dx = z/l  = 2

1’(X)  = x :  tE,)  UzXI  t  u,Xz = J x dx z 0

f(A)  : AZ : (E,)  11~x~’  t u,X,’  = J AZ dx = 2/3

f!X,  ; x3 : (E4)  ulXi3  t uzXe3  = $ A= dx = 0

1 . ..(5)

HUlaLHq  (Iu  (5, J = J
-I

$94  (6~  3zbhd7ibbh?Jd7W’?ll  p o l y n o m i a l  o f  d e g r e e  (=  3

. . . (6,

2 6 2 of?  205



j’ fot)dx  R wwcsfG&i)+8f(  0)+5f(~)l
--I

=itM~  &i * 0.7745966692 . ..(7F

!w? (7) ~zL~~~~u~~~J~w?u  polynomials of degree < (2)(3)-l  = 5

11419  7.5-l UbiJ Gauss sample point Xk  LLPz  weights Vk  dlvI%yU

n = 2, 3, 4, 5, 6

Rl5lJ  7.5-l

n

2

3

4

5

6

-I-

x k

211  3d-

f)Gr

0

1

5/s

819

i0.8611363116 0.3478548451

f0.3399810436 0.6521451549

f0.9061798459 0.2369268850

iO.5384693101 0.4786266705

0 0.5688I388t389

f0.9324695142 0.1713244924

t0.6612093865 0.3607615730

f0.2386191fi61 0.4679139346

OR 205 263



4ll5ni7~lfla~lalnal~1~  7.5-l E*

(i) Gaussian sample points ~~‘I~~Iuw%~~~?JL~R  C-1,1)  is/h (3)

ie open formula

(ii) density 88~  Gaussian sample points Xk  &&??M$~I?“~  7

WtialR iendpoints) aas  t-1,1)  uas1
( i i i )  6, ‘ s  iid76 waffnni?

s 1

da&h  icloss i n t e r v a l )  Ca,bl Iw  q L57~;896L6i  m a p  X - i n t e r v a l  C-1,11

661;~  x-interval Ea,bl ‘i@en?%?#  linear transformation

x  ; atCtb-ai/2ltxtl)  ,  d x  =  [(b-a)/21  dA . . . (8)

a
b i

j fcx)dx  = J ftatcb-a,/Zl!xtl!}C(b-a,/21  dA

= C(b-a)/21  j ftatCtb-a)/Zl(Xtl)>  dh
X=.-f

2 6 4 OR 205



0 . 5 e.e

(a) J eldx tb) J In  x dx
0 I

Solution

(a) 77n (lob)  Gaussian sample points U’(b  CO,O.51  ze

X * = ID  tL(0.5-0)/21!Xktl)

=  (1/4)(Xktl)  ,  k  = I , . . . ,  n . . . (lla)

b&4qani?  ex  1;; in f l e c t i on  po in ts  t%l~9d~Ul%n~%~ul~K~~~~~~~

polynomial degree 3 (cubic) uuitamau 1 [0,0.51  ~&b~wa~~a

n-point ~~~na4Ulda~~~n~~llLl~~na~~~~~~aa~b,~~~a~~~~~  Zn-1  = 3

,:  4
CPduAa  n  =  2 1  77n  (lla)  uaa61’15aJ  7 . 5 - l

x =1 (1/4)CW~)tll  5 0.105662 ataz

x, = W4)CWfitll e 0.394338 1.. cllb)

j eldx  fi C(O.5-0)/21{  1 ex  t 1 eX  1

OR 205 265



(b) 7111  (lob)  Gauss sample points uu  Cl,2.21  R”a

X * .=  ltC(Z.Z-1)/21(Aktl)  =  1t0.6(Xktl)  =  1.6t0.6Ak . ..(lZa)

f(x)  Iu’u4  in f l e c t i on  po in ts  ad7414%  C1,2.21  &lpi  t h i n  i n t e r v a l

~&L573sl~  three-point formula 7mii~79  7.5-l LIB:: (12a'

x *
1 1.6 t 0.6GJo.6,  5 1.135242

x t? = 1.6 uaz:

x, * 1 . 6  t  0.6(,/0.6)  5 2 . 0 6 4 7 5 6
,::
6191dmin  (lOa)

I.-”
n71u187aunn,auuua7un~ _ ”

(Laguerre  Quadrature) : J e&I  f(x) dx L x W,f(X*)
0 k=O

2 6 6 O R  2 0 5



” n

(Hermite  Quadrature): ./cl/r2r)exp((-1/2)  x’jf  tx)dx  e x Ukf(X,)
-a *=o

1 ”

(Chebysheff  Quadrature): J (l/n)(ll p:  EI  ukf(x,)
-1 L.0

267



7.1  d(x’-2x)/dx,  x = 0 , h = 0.6, r = 3: F(h)  = af(x)/h

CADS.  F ( 0 . 6 )  = F(O.6)=-1.4,  F(O.Z!=-1.8,  Fi(O.Z)=-Z(exactt1

7.3 dfiJdx, x = 0.2, h =  0 .2 ,  r =  2 ;  F(h)  = 6f(x,J2h

CAM..  F(0.2)=1.581 1 ,  F(O.l)= 1.1575, F1(O.l)=  l.O163(worse!)

7.4 dx”ldx,  x = 1, h = 1, r = 2; F(h)  = Bf(x)J2h

CAM. Ffl)=8,  F(0.5)=5,  F,(O.S)=4(exact)l

7 .2  d’tln x)ldxz ,  x = 1 , h = 0.2, r = 4; F(h)  = 6’f (x)/h’

CAns. F(O.Z)--1.0205,  F(0.05)=-1.0013,  F,,(O.05)=-0.999971

7 .5  filHMR?G f(x) =  en , x = 0 UQ:: F(h)  = af(x!/h

(a) W1)7%017&7  f’(x) ‘i@a F(h), h =  0 . 5 ,  0 . 1 ,  ~a:  0.05

(b) 3Jtf~l~al4l9~dl&du  ~IR?II  Ft0.5!,  FfO.1)  blaz F(0.05)

Cn = 1, m = 21



7 . 7  tilb$ul~a?hia  7 . 5  116ii=hH4Yu  f(X) =  xr3’2’  l~~aua~auaaluu~~ilaa~

F,C0.05,  n”u F(h)

CAns. FiO.5) F(0.1)  F ( 0 . 0 5 )  FI(O.l) F>(O.O5,  F,(0.05!

7 . 5 : 1.12974 1.0517 1.0254 0.99028 0.99913 l.OO?l

7 . 6 : 1.0422 1.0017 1.0004 0.99998 1.0000 1.0000

7 . 7 : 0.‘70711 0.31623 0.22361 0.21851 0.13099 0.101811

7 . 8 + x 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

-

f!xi  3 . 9 6  1 . 0 0  0 . 7 4 2.04 4.00 5.96 7.50 8.44 8.44

7Jt~dl~,l”al41Jb~O~~=U7M

wu  c2,3.51

LAM. !a) 9 cb,  10.47 CC)  9 . 4 9 cd) 9.49 (e) 17.773

(f, 3.6t9.90375 5 13.501

2 4 6 8 10 12 14 16 18 20

150 149 142 123 86 25 99 137 151 153 155

791~d717na74791:o~%=ulN

OR  205 2 6 9



0 1

(a) j x5 dx , no = 1 ib) j eey  dx , no = 2
--d 0

l/C?

CC) J e-‘dx  , ii, = 1

--f,Z

e

(dt j (xD-x)dx  , no = 1
-I
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