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Am%n Xy d ( L s
by _ Sx a
e i .
G N S v SA [ ty v
fifes Bv = LAY — AT v _tx = -—
1 ) o .
. & e Z Ix bty Ay = T T~ €A -— €x td
e Ui= i TV S~ . Ty
¢ “ mﬂ.| 7 :Amﬂ = TAy — fap / Tr_ fx \
Ty — Sx — + — Tldv = - ~ . g
iy = = Py F o= | )
1 Ay - T )
— T eV - fmnuu|:. o ~— e . . - S
iy Ty M s T _ad.|ra4/ o Tx
. —— - iy MY = o
/ U = 0 ty f4 — / . A _
AT == L ) Vo B - n~
v b ¢ — Y e 04T = e T .4 S iy =
¢ € T — oa-ﬂucaﬂr:ﬂ ety
r : / c.._.d. "wtlml.\w
aa =% agpig = v 04 — Sk Ox o
£= —
agq pug = . -
qast=,v S Y 1oy
n
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R18819 39A379 DD Table dmfuia 5 34
- |

P,(-2,-8), P (0,00, P (1, ), P_{4,64), P {5,125

Solution
#19197u9d 6.2-3
|
' o 1 2 a a ¥ 1 w f o 1
A1TUABANL & , & , & HaY a e netluRaail A , o,
2 a PR Y)
A HBRY m  RINAAL
3 < o v . - P
T8 6.2-4 UWARYARAALIGAMTUNIIRI1N DD Table TR RN upper
o

{ar as
triangular Bﬂﬁtua%ﬂﬁﬁﬁiﬁ DD

Algorithm: FORMDD (Forming a Divided Difference Table) *

Purpose: To form the divided difference table for n given knots Py(x,, yy), .

Pu(xyn, y.) and store it in the matrix DDyyx,; specificaly, to store A™y,
in DDk, m + 1)

GET nx,ylx=[xix2--xsdand y = [} p2--- pul)

DOFOR k=1TOn [Put A° values in col;DD)
DD( k, 1)+ s
DO FOR m=1 TOn—1 (Put A™ values in coly+,DD)

DOFOR k=1TO n—m
DD(k, m + 1) « [DD(k + 1, m) = DD(k, m)Axkem  x4)

OUTPUT (The &°, A , A*! values are colyDD, , col,DD)

efl 6.2-4 SHALNAaNF MTUTURaLIT FORMDD (99831481714 D"

6.28 Recursive Formulas g1wiu p (x)

k.ktm

ﬁﬁﬂﬂﬁﬁﬁﬁﬁaaﬁnw%nﬂuzﬂ 6.2-3 T4nn095au1Y warnTiTentwan Tt
k|
o 4 ’ - 1 [ + t
TWRTUIRBAANTRRIINE 28874 TUH232 6. 1A #az 6. 1D wul
< PUREN . . . .
o'y, = 10 Aa d.U.4.89U7 (leading coefficient: pav

p, ,(x) = 10x° -29x -20

oy, = 21 B &0 & ANMaY p_

- .

. A LX) = 21X -20
Aayj = 5 Aa .u.8.810ma9 P, LX) = 5. -4x
o’y = 1 Rs dald.@nimae p, 0 = x

o
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A’y

e
£}
=ee
=

da R.l.@.dinmas p, 00 .. (Ta)

L3 R+m

p (x) = &y x" t a polynomial of degree ¢ m e (T

k-kim

S - . vl 4 o . H
BRI T PRI I M TRE TR ) %) 1za§nn§nﬁ1n11naﬂn endpoint nodes ny

k.k+tm

- VR | o d A w
#a9Aa x_ wax x_,_ wully BuRadNIEnEON B TeaLTelNan Y ANNIAIN

diagonal mas DD Table &wmiu P_,..., P

o

43 (7h) AT NATETIN p (O AN
p, .. (x) = interpolating polynomial ﬁ?n?uqnﬁ?ﬂntﬁu 1 82124
Pyeees P, e (B
aQ * ) ' 4 - oo o ¥
9T UALTINIIWIY P (X)W degree ¢ m AvULDILININ &G0 unu
. P YR 4 » . v - 3
inerement mavianiaMmy p_ GO wwedwWle p (0 aslwlan (Th
Sm(X) - pk.kf’m(X) - pPrev(X)
- A"y x" + (a polynonial of degree < m -3

K e oY ', o kK 4:1 o . R '
ue_nodes x, ﬂeﬂlﬁuﬂﬂﬂu mAI ABIINNANY 9 AUBAY & (X)) LUWTIE)

d (x ) = (x) =y-¥y, =0

m 1 pk.k+m i - ppr—av i

4 4 o v o
La¥31097 degree Bm(x) {=m 10 (8) PAINITa 5.4D 1

Sm(x) =C (x-x‘) (C = constant .10

Frev

. d ] 1 ’ o 3
Taan W unueafeiia x o udiaTuaan nodes ngn?ﬁuﬂnau

nnTLliauLia (10> fu (9 11w € = ATy,

(x)= p (x) t Em(x)

pk wm o Prav

4 »
Iaen 3 () = ay W L (X=X ) LoD

Pre

[y v 4 » <
LI op, (0 il Py i X)) WIB D () L1W351ﬂ§ﬂ1ﬂlﬂu
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. L4 w
iz Taduuiadiuiuniang p. ()

Kk.ktm

Forward Recursive Form

4 .
(38 X, ALt 31 T0agn1989732 X, seees X
b ]

L) k+m— 1

(X) t ATy (X=X ) (-X e (k=X )

...01238)
Rackward Recursive Foram

X )

k+1?°°"? k+m

_ A e
i1a x, kw1 tdagnetanay x
L] k|

) = ( Ty ix- - -
Prcam X! LD SR S RS S NNR RS b SIS PRIES C3 SINE
(12
R Added
Forward {rm t 1)st
Recursive Previcusly usced o nodes node
FUllll { T e e T
s —
5 Vi Xy PR —\'Alm—l X htm
Backward \ ) S
R\it,Ll[hiVC e R ) R : ” e
Form Added Proviously uscd o nudes
{1+ 1)st
node
S |
71 6.2-5 udayTiaaivasnas p, , (x)
9 * °

uz!} * d
AT mIig p, 00 €= p__ ()1 4a3t91a13%0 (128) L#am
P, X = p, 00O ¢ Asnyatx~xe)(x—x3)(x—xa)
E Y] 4
wiald (12b) itwamn
3
P, ,(x) = pz.q(x) t oy (X-X ) {x-X_){X-X_)

P2 )
i@ m=20p,_  (x) Udw pk+1.k+1(X) HWGﬂLﬁu constant function

P, (XD = v, Wl p (X) o 13

k4 1.k+1 = yk+1

1

o a4 <4 1 o
AJUULUE m = 1 (12a) uay (12b) nmamflmﬂnﬁ'utﬁanactﬂuawnmma
L 5 X

P UR/x P

® kK +1
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p (xX) = y, + ay _(x-x) (forward) ... (14a)

k.k+1

x) =y, ., t ay (x-x_ . (backward) ... (14b)

pk-k'f!

#1349 431f DD Table am¥u 5 I
P (-2,-8), P _(0,0), P_(1,1), P_(4,64), P, (5,125)

]

twami (a) p, 0 by p, 0 (e p, x> (d)p, L0
(e} p, ,{xD

Solution

4 s
LWBAIIMAZAINL TIMAAY X_,..., X, TuTl 6.2-6 DD Table #1uiul
4

Pos+eesP, aatutl 6.2-7
s 1
-2 0 | 4 5
—
n \¥] Vi Xy A7l
T 6.2-6 Nodes 84 P,,..., P_uuniw y = x°
Knot [ Node Al =y
h -2 — -8 - A -
A2
4 =4y —~ A}
P o - o —1 = Alvp _
T~a T T D ,
W D= Q aBn(D)= atvellyy A
P | - 5 =alv = A%y
2 @’ Zl:AI'I/ O : \\l‘_‘nﬁj)’l / @ :
Py 4 — (4 — 10 = A2y
TS g1 —ary Note: The circled pps will be
Pe 5 mee 125 — discussed in Section 6 2¢

1 6.27 #1719 DD #miu P, . . ., P, munsw y = X

@) 191291 p, 00 [T aWMTu P (0,00 hay PL(1,2)1 18 2 dii:

(X) = ¥, + Ay (x-x,) = 0 t 1(x-0) = x [1anlf (14a]

P, .00 =¥, t Ay (x-x,) = 1t 1x-1) = x [Taa%d (14})]

4 a "
(b) 1wanmn P, o(X) 3 p, (X) 171we P, (4,64) 1371dnem1

P (x) = pha(x) + Azy,(X“O)(X'l) ['Taﬂ'lif' (12a)1]

1.3

= X t 5(x ~X) = Bx° -4x
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4 a v v
(e) Awawd p, (x) M p. GO Lsuwe P (-2,-8) L11iinenae

]
Po X)) =D, 00 t A’y ix-0)(x-11ix-43 [lagl¥ (12b))

(5%x° -4X) t 1(x° -5%° Hx» = x°

4 v
(d) \Wam p G0 VI p (x) LTWe PL(5,125) 131Tin1enan
B0 = prgx t oAy (x-0)(x-1) (x-4) il (12a))

= (5x2 -4 X) +1|.x3—5x2 +H4x) = x3

(e) 1978791 p, (0 390 p_  (x) CTagtdn P, 131700014171 nia
AW p, 00 Clegtin P LB hingeiaal
v o4 & H ad )
BALLENIIN & y = 0 M 2 1mven1ln
Po.o(X) = Py (X0 = p, 00 = x"  [1a8l (12a) wia (12b)]

4 T
\4a431n91 P_,..., P

¢ Y a ' a {’] .
a ag‘uu ¥ = X LTTNHATAT X 1adlin unique

* . . RI:[: LY .
interpolating polynomial may 4 2&1& 1 Wigha 5 3anﬂﬁﬂu

'3
6.2C nrawidulisEnddnin (Leading Coefficients) Twan1in313gay

Aa9ATIS pOoo TeEdwan x, = 1 ad1lf (12a) war (12b) HAudn
wnrsiw n o d e uﬂaaﬁnagnﬁs?uzu 6.2-8 WRZEINITN poA(X)ﬁa
(12b) (12a)
Py ) =y, t Ay -Dt Ay x-1(x-0

(12 (12a)

t Assyo(x-l)(k-O)(x—4J t d&ayo(x—l)(X—O)(X—4)(X+2)

j;;:;:::?zzzzifffEEEEEZZEQQQET\\\‘

A V1 AN

~

+*;

R v

s

X

=)

1t 6.2-8 117 WN nodes Taa%f (12a) was (12b) FAuhw
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4 ] o a '
1“7ﬁaQKﬂﬂlﬂTﬂﬂ“ﬂqﬂEﬂ“71u2ﬂ 86.2-8 uuﬂuuaﬂﬂtaﬂﬂqi zigzag W

[ - 1 2 a a - <
g.0.d4.8747 TaaL TN Yor & Y. & F¥,, & Y , & ¥, ﬂﬂﬁﬂqaﬂﬂeﬂ

1v1au1u3ﬂ 8.2-7

A1714 6.2-1 nﬂiuﬁﬂwgni (12a) uUar (12b) YUR1T1e DD

Formulo Added Node Direction to New A my,
(12a) toright ~ 0n DD table
(12b) to left ~ on DD table

6.2D 11198 DD Table Tun17#a17m1AanaunyTHaTuLins

M (Th) 17118729

p (x) = a'y _x t a polynomial of degree < m

k. k+m
fIAYLWALINEL AN B AT LTIWuIY
d"tp, _, (x)1/dx” = m! a”y_ (constant) ... (15a)

A Ll Ho ‘m - .
WANARGUIITHAL T84T THA2 INRE AT o v, ‘!u;m mth derivative

¥
Ju

e

a”y, = (1/nt)d Cinterpolating polynomial dwm¥u P_,...,P_, 1

dx

™

« 11 (15b)

v

0 P_yeeey P, aéuuniwnaq sth-degree polynomial pix ua?
P, . ,.(x) = px dmiu k T8 9

- o ‘ < - o <
Aviluies (15) mth DDs qnmazti]umasm p ™o /ml Ranta LT

' a v oV a £a
1“ 6.2-6 11 p(x) = X (m = 3} Tunt4naiiny DIAARNUN & B89 DD Table

[}

of 4 a w (4 ﬁ Q’JQ 1ol “

HATAIN WA INNABRNUNA NN Hudua (liuRa a7y, = 0 gy r oy
i V)

#9113 N recursive forms (12)1a91

(X =Py .00 &MWL K T8 9 upzan 1 o= n

pk.k+r‘
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Tagiawie p, (0 = (x) dmiu k 18

0. pk.k+n

Tﬂﬂdzﬂﬁﬂ

< o 4 ™ ot 4 &, 4
1 DD Table MUY ABAHL o ATUATANN NABLNA P ,.., P_
v . . H
anﬂaauunswwnaq mth-degree polynomial 1319¢¥1 polynomial WIR%N
L

d J J -
Py 1n(X) 18ED1TU (m41) 30%4 7 fWaiilaviuda P,..., P

k+m

#78879 3917 polynomial Tail degree éﬂqﬂ?q interpolate

P,{-2,69),P (-1,10),P_(0,3),P (1,0),P,(2,1),P_(3,54)
Solution 41 6.2-9 yRay DD Table na\'i?:a?iq 6
- 4

Knot Node A% =y
A
P ~2 - 69~ S .
—59 i
: A
N0 = T 26 .
Py 1 \ / \ A
—7 o -8 o~ A5
/ \\ 3 \1\\\ @ a4
& e ~ ., — 7 ™ Rl \0
»,3 ~
, 1 @{v \F@ &\;,‘0\ . , e
3 s 2. WV 2
Py y e T T T
T~ 53 — Note: The circled DDs
fer to (18).
rs 3 —= 54 / refer to

51 6.2-9 81979 DD &wWiu P_,..., P

M S

a4 = < 1 |33 ' .
A Ha1849n uﬁﬂﬂ?ﬂaﬂLﬁﬂﬂunﬂ“"ﬂﬂeuuﬂiﬂﬂﬂaﬁ 4th-degree polynomial

b ]

pix) Aaun131f 5 e 9 IsAIWITON PR H#2a8791 1L T8 L WH 5

. o 4
nodes WINAINEINULANAD X, = -2, X = -1, X_ = 0, X, = 1, X, = 2

1

4
\Waw1 p(x) Taawtr p, o uasifiawis (12a) [forward Newton form

nay p(x)1:

pixy = 69 =59(x+2)t 2B(x+2) (x+1)

- B(x4+42){(X+10X + 2(x+2) (x+1ix(x-1) .o (168D

s o e c: . ar L Y Y] L ]
NIUANEREINGE LFI819LWH 5 nodes §ﬁﬁﬂa1uaﬂaunaununuawauLﬁu Aa
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WY p(x) Taamn p _(x) uas¥iiiey (12b) [backward Newton form

189 p(x)1

p(X) = 54 t 53(x-3) +26(x-3) (X-2)
+ B(X-3) (X-2)(x-1) + 2¢(xX-3)(x-2) (X-1)x e (17
LTIR9N1TLIN nodes L#a¥iatinnstE DD’s asaﬂnﬁqﬂ Lie L Tudaesaei 1
1814 0, *1, i£5nuun14uﬁ4(ﬁ1¢1au1ugﬂ 6.2-9) tuANaRuA1EURLFATY
T 6.2-10 Wi (12a) aFemity nEvaniut¥ (1zb) TasRaae LAana p(x)
Taamn p, _(0 wla

px) =0 t 1(x-» T 2(x-D(x-2)

T 0(x-D(x-2)x t 2(x-1) (x-2)x{x+1) RG]
TN Ty =, 3

X0 LN R¥] X3 XYy, xs

< v oy N
U 6.2-10 A1TLMN nodes AwAMURRTUN X, X, X, X,, X,

“ : o “r 4 °”
WHANTERIE (16), (1T) wia (18) (Faintadmengn) w1
p(x) = 2x" -4x° -x" t3 (degree = 4) L (19)

i4 interpolate P,,..., P

S

SR T RIS LER EUuuunaqﬁﬁﬁu (Newton form) N9 3 284 p(x) W (18)-(18)

v o ¥
HUAINNT8LIEUTE nested form TRRINSIGUS I

pix) = [[[2(Xx-1)-B8Ix4261(x+1)+459)(x+2)+69 ... (20a)
p(x> = [L[2x483(x-1)4261(x-2)+531(x~-3)+54 ... (20b)
pxy) = [LL2(x+1)401x421(x-2)411(x-1) 4D o (2000

] LY J. w0 . [ 1 [ 7
LT3R P(Z) dMTYU z nAmuATHTIAEAI9I183I (19> UARILIVINTANA

(19) 1978197 (20c) AR p(z) awAaINIT LEu

p(a) = [[L2(5)403(4)421(2)+11(+0 = 255
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[ 73 4 3 [ ] E g
6.2E Difference Tables f1MTuIanaauiding 9 Ay

+

T W & w 4 1‘5‘.
VX, X see.s X BAWINAULNT 1 NUAE h UUAS

X =X, +kh, b=0,1,...,n .2

Ay, = ALY -~ A y1 ,om= 1,2,... (22

- " . - [Y] wr g
Taan zeroth forward difference aoyk Aa y, WHLAY AUl

A ¥, = Yy = Y ... (233)
2 1 1

AY, T Ay, 8Y, = Ve =2, Y, oo (23
a ] 2

4 yk =8 yk+1 -8 yk = yk+3 —3yk+2 1 3‘Yk+1 N yk ... (23¢c)

a 3
8 Y, 8 ¥, "8 Y = Yt W P WY
oo (23
. 1 “ . ™
dabd. Cludgwlaiataemnnmnas y_, ,..., vy, , ¥, Tun1inizang a4y,
v 4 o .
213711A390 row N m mavAMIMABNBAYUIRNIA (Pascal’s  triangle)

(14 6.2-11)
*

4 , :
U 6.2-11 gquiwaaupagundnta (Pascal’s Triangle)
9

AMAIIMARIINEEY a7y, Uds a7y, [a (22) UALHIIA 6.2AT UAZADIINATY
41 o f ] .
m1 X, = X, = Bh (113z1RR NG TEnde forward difference nax

divided difference
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A“yk = (lf(m!hn))ﬁnyk , B =0,1,2,... L2

AW (15)

2"y, /h" = d7tp, (x)1/dx”  (constant) v (25)

WANANNTAR L 11T T a7y /" ﬁ1n?nﬂisu1mdwagﬁuéﬂ Y
(mth derivatives)

viaiinduae forward differences uﬁuu#aqﬂuzﬂa111qgt?aniw
Forward Difference Table #ia Difference Table 'luzﬂ 6.2-12 \1iu
Difference Table 1ay equispaced knots

P (-2,69), P (-1,10), P_(0,3), P_(1,00, P_(2,1), P_(3,54)

2B
5 ﬁ 4 - TIN 1 ",
39 uIANTIA WA DD Table uil 6.2-9 iuiay
Node AY =y
- Al
Py 2 69 A R
59 =4y, i a’
P - 16 52 = alyy e At
~7=ay, ~48= a%yy A8
‘DZ 0 3 4 = AZ)'] 48 = A‘}'o i —
S3= 4y, 0:1\3},I 0=aty
#3 0 4= 4 48 = aty, '
= Ay 48 = ady,
? 2 52 = aly,
5124y,
s 3 54
71 6.2-12 @1914 Forward Difference dwiu P,,..., P_
9

v
n’yk 391 forward difference table ﬁua’l'ﬂuﬁm‘iuzﬂnm ® th

backward differences v"yk w"?a‘lugﬁﬂaq sth central differences 38"y

o ¥
adu

k

8 Y, =V yk‘+m =3 yk+(m/z) ... 427
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gyl 6.2-12 @nidn 3 Erxfedmasiuuuaiduncuseann y, = 10 Aa

-7 = niyl = v’ye = 81y

2/e

4 - Azyi = vuys z Szyz

a 3 a
O—Ayl—qu—S,Ys/z
. 0 - . U=,
Knot | Node 47 =) Knot | Node & =y
e DL
; i
Py Xy Yo .E_ £y Xp Yo 5
v? Y 52

Voo 3 5912 53
#y L) M Vz)z v p I X Y1 52_V| bd

Yy, vi, v Syin 8 vap

2 v ] 4 5

" X3 2 Vi, VA, 7 Py Xy vy 5%y, 8%y,

Vs v Viys S5 8%y 8%y
Py X3 3 VZJ‘.a V-‘.VS £ X3 Y3 51)”3 66}'3

Vy, Vs 8y 8y
Py Xy Y4 Vi Py X4 Y4 8y

Yy 592
P X5 ¥s £ x5 ¥s

(a) (b}

T 6.2-13 RTUTETER v’y _uaz 8y _UuA1T19 Difference

Central Difference Interpolating Formulas iﬂi"wu1uﬂﬁiﬂaq
ﬁnﬂaiao (Stirling), \udrv¥a (Bessel) Uas anﬁ (Gauss) uua A"

-~ ., ' L] [ s [ Y t
Useuratugae TeTaia 7 1o aa1aﬁaan§aazun1wuuuuaﬁtnﬂnu91n1§n1n

ATl TEn A Tul 19y TWA TR LI BA

6.3 anmiflunreuimd miunimliey et wurTwa e s

: - o ¥
AMUAA (n+1) 1a§qaguun11u £ IHRIUAR

. | B i
P (x,y)daany = f(x) , i=0,1,...,n .a (1)

. 4 . N
Li1a13UTeN F(z) A w5y 2z n1111zg13ﬂqu

f(z) » p_,, (2 dwium uar k Mdanwraieomnzdy .2

- a ) - o~ o v adad
tmnaa 1513z1aan m uas k a:1q11a4az1uﬂ1snun31uuuua1nﬁnqa
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6.3A anmatdMTUN 1 TUTEN IR MU TWATUL R BRAR 1IN T=ANT N W

4 2 ] - ] H
9% » 1w degree n1sutd Tusena199maunaliifa

Py (205 Py hs 25 P _(2) cee (3D

. 4 ) . A4
a1u1u1anasgn1§tﬁu mth-degree approximation may f(z) IWIUNUIIE

t 4 1 . d <
tﬂunﬂﬂ1suﬁmnuuuaﬂn§anaq f(z)rﬁﬂ

p_(z) = p_ , (z) Ta#idan k Feil 2
i 29 L ] ' (4)
BEMNANEIY [X,,X, ...
L3eLTEn ﬁ_(z) 11 best mth interpolant of f(z)
4 . 4 0, 4 .
wartAdTsRanudREsaY £(z) LHANTNUA Z LTI
... (8}

A N A
P,(2), P,(2), P (2),...
a4 ‘ - I R I 1ed
BENYARIUAY TUANTIUN node IMNUUABIEANANITIN z, ABNINRYY andTTuTl

6.3-1 u#AINITLHN node H1lmidmiu z Feadizmine x, use x, uazdmiy
5 ] ) < 1 v . t
z, TIAETLWING X, URY X, LTIRELMUIMIY 6.3-1 11 A1IZEEHISTENI

nodes @149 9 AaUBINI=TNALARINUUAY A1899 9 Tu (50 ztauTasly

Fal o 4 < ] <
p,(z) = y,_ Tasn x_ fia node Nagtni z MR ... (8)
k|
For f(z,): m‘
+ —¢ +—1 +
X4

e 3

[ S

—*
For f(za): Xg X1 LRI 3

- 4 v -
7 6.3-1 n17iln nodes 1WatilA best interpolant may z, “A¥ 2,

. v < .
ﬁu best zero interpolant uai’ n¥1LwN node (nﬁﬂﬂuﬂg) AaLa1 node

i
4 (kX w o W <f (vl 3
naenu'ﬂ"\uuazm'\na\: Zz qaunu l"'\ﬁ'l'ilﬂﬂugﬂ? (11) T4 6.2B A¥u

A A o m ‘
p_(z) = p__,(z) + 3 (2) TaBNn §_(2) = Ay, W (z-x 3L ()
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H . ] [l A - A 4 - '
ga1un11ﬁcwuaan11u1 Po(2), P, (2),... TlL7an 9 unsem 3 _(2) 1u

4 ! t ) o a - 1 . [ 7] L
tuaguutay ieuﬂﬁq11&1wunuunw1agnﬂ1uﬂ14aaWQﬁuﬂﬁﬂﬁmua1

#28819 310 normalized cummulative distribution function

Y

D(x) = (1//21) J exp(-t*/2)dt e (B

: s - - ' t iy o w
?qua11udﬂam1umﬁwﬂna A1889 B (X)) wBMIAINAVTIISANHAT LABINURITIY
6.3-1 31AATRTY 9 THAITIILTMMasn 1T Na

(a) P(.52) (b) @(0.22) (¢) Di1.4)

A1T4 6.3-1 AVTIIURAIAT D (%)

X D (x) (4ady
Xo = 0.0 0.5000
X, = 0.2 0.5793
X, = 0.4 0.6554
X5 = 0.6 0.7257
X, = 0.6 0.7861
Xs = 1.0 0.6413

Solution

(a) DD Table (to 5s) &%y 6 Qaag1uzu 6.3-2 87U z = 0.52

ANTLWN node A MIu best mth interpolants gas d(z) n%itﬂu1ﬂa1nawﬁu
ot H oar £y ©

AU X, X, X,, X, X, X, aqnﬁaa1u3u 6.3-3 d.U.#.89 189

~ N . -

P, (Z)y... P (2] anaiau1u3u 6.3-2

\InRUAIE D (2) = Dix,) = ©(0.6) = 0.7257 3 (T) awlh(to 5d)
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P,(2) = D, (2)+(0.3515)(2-0.6) = 0.7257+(~0.02812) =
A A
p.(z) = p,
= 0.69653
A

= (}.69853+(-0,00012) 0. 69841

0. 69756

(2)+(-0.09875>(2-0.6)(z-0.4) = 0.697584(0.00095)

p,(z) = P, (z)+(-0.04375) (2-0.6) (z-0.4) (z-0.8)

A A
p,{z) = p,(2)+(0.020833)(2-0.6)(2-0.4)(2-0.B)(2-0.2)
: 0.69643
A
p(2) = 54(2)+(D.0078123)(Z—D.B)(Z—U.4)(Z—D.B)(Z-D.Z)(Z—l)
£ 0.69643 = p_(2)
Knot | Node %=y
F3 0.0 05000 a'
. o3ves &%
# 02 {05793 (00470 _a
Cossos T - 0.054167) ’_E’f_\
b | 04 06554 o —oor2s 7T ‘:90'30{L3/,
@ Coond &
# 0.6 C0.7257 D _ &®
0.3120 - gffboz7u§€§ D
ks 0.8 QsBL (_.;(’_ s N Key. 2 DDs forz = (.52
_ Co2e00 27 DDs forz = 0.22
P 1.0 (ﬁ?ﬂl;} - O DDstorz = 1.4

MNote: Entrics are rounded to 5s.

1 6.3-2 #1979 DD Amiuiana P (0
b ]

T T T T T
‘/‘;///»-,;_ {:_-TL—--:_N;;%\_\M

ﬁw_.*_..,

hd
ag =000 xy =002 vy = (g

z =052

a 4 LYY .
71 6.3-3 n19iwu nodes twalwla best, interpolant ggy z

& o wr wr
{b) War (¢c) NIUBSLAAINY A WTY z -
- 3
Lﬂu1unqu

0.22:¢

FMIY 2z X

1?

H

AMIU z = 1.4 : Xgo X,o X,

0.22 Wav z

xe’ xo’ xa’ XA’ X

Xpo X, X

vy =06 vy =08 x5 =10

0.52

1.4 N1TLWK node

s

]

-as '{ ) b
WRAWRDAY (a), (b) uar (¢) URAYTURITIY 6.3-2 ?unwsﬂﬂu1mnu§aga 4d

L1118 LY 55 AmFuRtaa ATy, war W

A o
uazpay p_(z) Ay 54

0 6

Prev

(Z_x‘)uasuﬁﬂqdﬂnao 8 (2)
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1] 4
#1914 6.3-Z av7dTeuen D(2dunz=0.52, 2 = 0.22 yazg z = 1.4

(@) z = 0.52, po(2) = (P(0.6) (b) z =022 po(z) = P(0.2) (©) z=1.4, po(2) = $(1.0)

New New New

Node 82 A (2 Node 3 (2) B (2) Node &n(2) Pl
0.6 0.1251 0.2 0.5793 1.0 0.8413
0.4 -0.02812 0.69758 0.4 0.0076 1  0.58691 0.8 0.1064 0.94770
0.8 —0.00095  0.69853 0.0 0.00014  0.58705 0.6 -0.0276 0.92010
0.2 —0.00012 06984 | 0.6 0.00004  0.58709 0.4 -0.0052 0.91490
1.0 0.00002  0.69843 0.8 0.00000  0.58709 0.2 0.00400 09 1890
0.0 0.00000  0.69843 1.0 0.00000  0.58709 0.0 0.00180 0.92070

6.3B AINUNNE1IANAITYTE N AR U 1R TR TUuL G

A1may b (0.52) Aa 0.6985(4s) Tild 0.6984 TvRaatTsutwiugas
dad . 4 ! v
nanqa (best interpolate) 31MAT771¢ 6.3-2 (UaNIINILITRIN LA 53
o ::l J ‘Hlud
Tua1 71 ATUIREY < A7THARIALARBRIUIALANWTNTALUEINIIN
4 ; 4 _
ATUARNALARAULWTNTEI B LUAYAI AN TilR L (propagate roundeff error)

1 ‘ 4 . 1
uatuaﬂ'mm"mnmatnaauuuuﬂ\:aa (inherent error) mada1uR1914

4' . . v s oot o w20

tuagnintd interpolate £(z) nvvuuwuﬂ7nangﬁnx77?:w7v(9ﬂa

& r ' o~ s 4’ <
ATIUSUE BN TRITIN [ TIRVTISIRIENN 1HBNTUR VIURR 18 LRADUBY IR L AN

d o X
MNRENRINN VTR LAY

4 A [ i &of g

i@z = 0.22, p,(2) = 0.5871(4s) tizutmAn < (0.22) aa19TINARN
189 @ (1.4) Aa 0.9192(4s) &viiu B, (1.4) = 0.9189 dvznww B (1.4)
AN D_(1.4) = 0.9207 waztiuiudrinifualizuiueas & (0.52) uas

D (0,.22)

s q':ll :nu L v

AMIV Z nag?nayaﬂa7ﬁnavﬂ7vﬁ7u7#n77ﬂ7:u7mﬁ77uﬂvv
, . . 45‘ E . 8 ] q’:‘yq’
(interpolaling Interval) Wuv Lax/wig RABURIVHINIIT node naginawgu
v e o e «f ) ' N ' . A . v oo
RYKEIVAIRGUIANIETNTE 2 DU 8Ty ¥anl gy in i1 rin i guluyen 1 s vi

VMR I ADUST IRYD BRI INUHUE
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o 1 - 4 . 1
A177 n1Tdrzueduandae (Extrapolation) antfidananatdizuimnn
*
- 4‘ 4. ’
tutedmiy f(z) (B z ¢ x, nia z > X taafiiniTlTsamAtuant e
! 4 . 4
3t 1fun13iA 10 MIzi01981393 DD Table Andvananimuissnnasdaeix,,x ]
YL v o f a4 o« ¥, ] o
Tuiragneinein durinnavasiut A (Mauaed Fedin D, 00 AwTA Tz Nan
w © ] 4,
L§a1ﬁnﬂq @O (x) g wmfu x > 1 luaTsalanain A1 3_(z) Mingy (of order of
-3 e W ] - d . DL ld :‘J‘
10 ) s I TIAIRITIIELNAAITRARIALAAARTUNAURARRIUMEIN 4 FAINY
A ~ 4
p,(2) Uaz p_{(z) Lua z = 1.4
I | ' v.uuu.fl [T N
L11n11nanLa&en11ﬂ1sy1mﬂ1uanﬁuqn1n11a uAn 131t duazaa I iaa 1y
4 v . L d o v
lovest degree AR NuiLE iwa Iz L TWTUe wazdaerImANanTei1as TR

t 04 1 s
CRMPTRHTE. AT FTEEY. YN

6.3C n1TuwinT=3188asa11MHaNaalu DD Table

o ' ) <4, I o
TuRaag 9Ty 6.34 NIA1REY D (x) nnwnua?ntﬁu 3d (ununastﬂu 4d)
piwAzad DD Table (Hifin 55 tduidaafuilag 19l 6.34) udasTuIl 6.3-4
e - - ' w 4
nw1Lu1aULnauzﬂ 6.3-2 uaszu 6.3-4 UAAVIIRNIENDASARANY o
) o o ™ “ o A - 4 2 3 1 o o
A9NUTUR D LADRAFARRIN 3 RIUDANAAANE A UAE A ATINUTBRILAT
w uué ‘.vdﬁl; a d“ [T Y ST S Y d-.;
URA AR IMABINTARINNLS LAE A ¥, HLATAYMNIERINNL ANAGUNALNAINY
.gdq v [ dl 4 [ Y] o
AVMUUANAIIL RALNANIIDALERAY HAANTAY D (X) nsﬁauastnﬂnugnuﬂuwau

P . 4 ¥ . o 4
NLLUANINITAIRIN 1St DD’s UAREAIHARIALARARUALEWINTL A8 TUTUADANUNTN
L |

§e

4 lg | v
1u#as DD uazdauadngnn 9 AINtTINgan
]

Knot Node Al =y
fo | 0 0500 a'
D.39s Al
o027 0579 - 00375 a’
0.38 0.041067 a'
| 04 06ss ~0.0625 -0.052083 a?
0.355 0083333 01567
I 06 0.7% S0138 010416
0.31 o 0
Py 0.8 D788 “0.0125
0.205
P 1.0 G.841 Note: Entries are rounded to Ss

T 6.3-4 @1919 DD d Wy D (x) ¥ 34
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6.3D A1NHANARTAIAITUTEHEA 1 TUE UL THATHL NAs

- %Qﬂ

k+

o 4. 2 4 4 o <
gmIu z nﬂqnuﬁqnuﬁ3?ﬁnﬁﬂluﬂﬂﬂu (m+1) 1ﬂﬂﬂ Pk,..., P
{ oy v - 4 '
uuﬂiﬂﬂnaﬂﬁﬁnﬂu f LTIRBINITIEWINTANRIIHAAIALARAUDAINVTU TR £ (2)

natf p_ , _(2) fiude

E (z) = f(z) - (z) vaa (3D

k.k+m pk.k+m

» 4
LTﬂﬂaﬁﬂﬂiNﬂﬁ?ﬂﬂﬁﬂﬁﬂiﬁﬂQﬂ?ﬁNﬂaﬂﬂlﬂaﬂu

(m+1)

E (zy = [f (c A z-x )0 DL tz-x, )

kE.kim kK k+

e (100
4 de 4 i
RCLE RN ﬁaaa?uﬂ1¢ﬁanaannqa (smallest closed interval)
- n [

¢ ol 1 v ar )
TIHARDY X ,..., X WAy 2 ﬂgﬂuﬂqq 1111 1 unuda9Renain

k+m
L ]

1111 max-norm of f° on I Aa

C

‘} f‘“""', = fagedemas |7 00| w T co (D

4 '
LUBIIINDT

e

Z-X1

z-X

n

... (12)

Z*XO

‘1/(m+1)!]

o 3 ar o . < 4 1
AMURMTU 2 nnwnuﬁ?ﬁ uar g ﬂTEH AVNARTALARREUABINITHTERMAY £ (2)

A | ‘ ¢ 4
TanTe P (z) azn&1taﬁn§ntuauWQtna1 Z-X, T4 (12) i1annda
L}

k.k+m

d < d ﬂ e ] []
UUABLHE X _, X, ,se00y X (e (m+1) nodes 29U 2 ﬂEﬂTﬂnﬁWﬂ

k+m

. <4 4 I
E _(2) a:ﬁﬁ1u1nnanua z 1na§1n§ nodes 1@ 7 La#

k.k+

o
LR )

TRELAUIZARTIENLNE 2 aéuand14ﬁww?un11u1=uwmd11uﬁqa [x,,%,,.]
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6.1

6.2

6.3

6.4

ar d
wuudatiaunn ©

For the cubic knots p (0,00, P (1,1, P_(2,8), P, (3,37,

find p, ,(x) two ways:

(a) Use the method of undetermined coefficients (Section
6.14).

(b) Use the Lagrange form of pl‘a(x) (Section 6.10C)

Ans. p, (x) = 6x° -11x +6

For the knots P (-2,-15),P (-1,-2),P, (0, 1),P _(Z,1),

F,(3,10) find the Lagrange form (do not simplify) of

() p, ,(x) b p, > (&)p ,x) () P, (%)

For the knots Po(—3,1),P1(0,9),P2(2,1),P3(3,1),P4(5,81),

find the Lagrange form (do not simplify) of

@ p, 00 (B p, (x) ¢ p (x) (d) p, (X

Let L _(x),...,L_(x) denote the Lagrange polynomials for

P oaeeuyP

o? at

(@ For P_,. . .,p, of Exercise 6.2, use the selecting
property (6) of Section 6.1C to evaluate
by inspect ion
(1) L (3) (ii) L, (0) ¢1i1i) L_(3) (1v) L_(2) (v) L, (2)

(b) Repeat part (a) for P_,...,P, of Exercise 6.3.

6.5 Let x_,X, ,..., x_ denote any ntl distinct nodes. Use the

uniqueness of p_ {x) to show that their Lagrange

polyniaials L_(x),...,L_(x) must satisfy

i}

(a) L CO+L GO+ 4L _(X) = 1¢constant) for all x.
(b X, L,O0#x L X+ 04x L_(x) = x for all x.
You do not have to write out the L_’(x)’s. Consider

f(x)=1 in part (a) and f(x)=x in part (b).

OR 205



6.6 What (if anything) can you conclude about the knots

P, P if &'y, =07 If a7y, =02

a? 5

P

g? a®

6.7 Consider the knots P_(-3,1), P (-1,8), P (0,1},
P (3,1), P (5,-39),
{a) Form a DD table for P_,...,P, and use it in (b)-(d).
{hy What are the values of m’ya, mayj, m‘yu, m.zyj,
and mzya ?
(¢) Find tin the order given): p, (X}, p, ,{(X),
Po_n(x), poig(x).

{d) Find (in the order given): p (x), p (X3,

e 3 1.2

pi_é(x), po_A(x}.

6.8 Complete the following DD table up to the a’ column.

p X Y,

k k
1
F. N
o
Po -3 m
3
..
P, -2 o ————
13
PP_ -1 17 m—
1
P, 0 T
49
P, 3 67 +—
P_ | ¢ |83
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6.9 For the DD table shown, form [without simplifying,
as in (i7) in section §.2D} po‘s(x) by adding nodes
in the following orders:

() x,, %x,, X,, X,, X, x, [forvard:use only (12a) of
Section §,2B]

(by %g, X x, [backward:use only (12b) of

4’
Section 6.2B1

(€) X,5 X, X5 X,5 X_, X

5 To

(dy x,, X9 X0 X, X_, X

Circle the leading coef f icieuts used.

Knot; Node vy
PQ -2 21 A
-14 a’
P, | -1 7 4  a°
6 -1 oa”
P, 0 1 i 0 a°
-4 -1 |
P, 1 -3 -2 5
-8 19
P, 2 -11 55
102
P, 3 91

6.10 For (a)-(d) of Exercise 6.9, form p_ _{(x) in
nested form, and use it to evaluate P, (-3,

6.11 By inspection of the DD table in Exercise 6.9,
find the leading coefficient of p, (0, p, (XD,

and p (x}.

0.4
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6.12 Form a DD table for the six knots

P (-3,200),P (-2,46),P_ ¢-1,6),P (0,2),P, (2,30),P_(3,146)

and use it to determine the degree of p__(x).
6.13 For PO,....,P5 of Exercise 6.12, find p, (x) as
indicated in (a)-{(d)» of Exercise 6.9. Use any
nested form to evaluate p__(1).
2.5
6.14 Make a forward difference table for the knots
used in Exercise 6.9. Verify that L‘.m,Vk = j" m!Amyk
a a 2
for a Yoo & Yy and a Y,
6.15 (a) Show that the entries of a forward difference
table with h-spaced nodes can be used to get
the forward recursive formula

fx}::p

P on L0407y AmRTNX=X, (X=X, Ve (XX

k.ktm- +1 k+m-1

{b) Deduce the Newton forward difference formula

for- m>= 1:
P nantXx) = ¥t (Ayk/(llh))(x—ka(Azyk/(Z!hz))(x-xk\(x-xk—h)
m-1
foo.4(aTy Mt BT Wo(x-x _-§h)
d=0

(c) Conjecture a back-ward difference formula for
pk‘k+m(x).

6.16 Make a forward difference table for the following data:
P (1,263),P (1.5,230),P (2,200),P_ (2.5,174),P, (3,150)
Use it to find the Newton forward difference formula

for p,,,,(xX).



6.17 Using the 5s DD Table of Figure 6.3-2, set up a Worksheet
Table as in 6.3-Z for getting 60(2),...,35(2) wher z is
(&) 0.1 (b) 0.75

[Note: When z is the midpoint of {x ,x, , 1, take either y_

k+1

ory as iéo(z).l

K+

6.16 Using the 5s DD Table of Figure 6.3-2, estimate ™
P (-0.5)= 0.3085 two ways:
(a) Extrapolate: Find ﬁm(—O.S), m=0,1,...,5.
(b) Use the fact that @(-2), = 1- d(2).
Which of parts {a)and (b) is more accurate? Did you
expect this? Was the most accurate !3,,(2) in part (a)
the one with for which 8“(2) is smallest? Can you
suggest a rule of thumb for which ﬁm(z) to use when
8m(z¥ stops shrinking substantially as o is increased?
6.19 Estimate (a) d(0.52), (b) $(0.22), and (c> P(1.4) using
the DD table in Figure 6.3-4; compare your accuracy
with that obtained in Table 6.3-Z.
Ams. (a) P_(0.52) = 0.69648
(b) p,(0.22) £ 0.58675
(¢} p,(1.4) * 0.92000
6.20 In (a)-(c), use a 7d DD table based on the 6d values of
sinh x = 1/2 Cexp(x)-exp{-x)1 shown in the accompanying

table.
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X sinh x

0.2 0.201336
0.4 0.410752
0.6 0.636654
0.8 0. 888106
1.0 1.175201

(a) With z = 0.55, find the best interpolants f)o(z),

A

p,(Z?,ﬁafl),n., stopping when either 8 (z) = 0 or

§_,, (2| \8“(2)

{b) Repeat part :4) with z = 0.66.
{c) Repeat part (a) with z = 1.3 (extrapolation).
(d) Discuss the accuracy of the approximations sinh z » ﬁm(z)

obtained in (a)-(¢c)». Did you expect some to be more

accurate than others? Explain.
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