
lib

(Quadratic Interpolation)

6.1B  ~~~lnl~J~~Uladl~u$~~UUu~W~~~~~aa

(Polynomial Interpolation Problem)

6.1C  yIna p, r+n(X); ~~uuuaaEi'lnra4'i  (Lagrange’s Form)

6.1D  ni+l~i%m84  p, *+,(x)

6.2 Divided Differences uar  Recursive Form WJ p,.,,,(x)

6.2A  Divided Differences UQa  DD Tables

6.2B  Recursive Formulas d’W%l  P~.~+~(x)

6.X  fwwduIlss~nii?d?  (Leading Coefficients)

46m7sei-m1au

179



6.1 nl4~saul~d~4ud?~uuu7u~~~~~~a (Interpolating Polynomial)

P,(X,,Y,)r  P,(X,,Yl),...,  P”(X_,Y_) . ..(la)





PP...% tx)  = A t Bx t Cx* (degree <= 2)

.:  4
P &,,(X,) = y,  ldldla  P,*,(l)  = A t B t c=  1

.: 9
Q em, = y,  MMAB  Qc.,(4)  = A t 4B t 16C = 64

.: *
Q e.4(X:4) 1 y, Ml&la  Q,  ,(5)  = A t 5B t 25C = 125

6.1B ~~nl¶dS~Ulud7~U~adUUU7m~~U~j;aa  (Polynomial Interpolation

Problem)

~~lr%m~iihh 6.1A  h&i?  method of undetermined coefficients

Q *.*+-.(x,i = y, ~IH%I  i = k,ktl,...,  ktm . . . (2a)

(x)  wiid.Lti.afhdum  (mtl)  iia  ii&

sb, . ..(zb)

182 OR 205



Aa m = 0 p * .(x)  :a zeroth-degree polynomial %J~TIJ~~~&ARSJ

UM?41~3JilM~W  1 PA  Pk(X,,Y,)  i&l

P .*,(x) = Y, (constant function! . . . (3)

P k.,+,(x) = Y, + c~Y,,,-y,~l~x,*~-x,~l~x-x,, . . . (4a)

6.1C ?JlaJ  pk.,,, (x); mhuuna+awnRd  (Lagrange’s Form)

t&t’~zy  node x .I wn  tatl) n o d e s  kvn”uR’a  x,,  x&+~,...,  x,,_

OR  205 1 8 3



~&&?~‘wMN mth degree polynomial $4;

L,(x) = lrtx-,X,)1 N(X,-X,)
%.!.I LLI

(x-x,)...(x-x~~,)(x-xJ+I!...(x-x,,I)

= . ..(5)

(xJ-x,)...(xJ-xJ-,)ix~-x~+~)...(XJ-XL+m)

!ti 6.1-3 L,(x) hi?u 5 nodes xE, x3, x4, xS, x,

~a”?  L,(x) R’a  mth-degree polynomial 24 select x1 7-m xk,...,xk+_

‘Iat.l”lii  t&33”  6.1-3)

LJ(x,) = 1 ltd LJ(x,) = 0 dlM~u  i=k,ktl,..., j-l,jtl,..., ktm

lU~l~~lUdas  L,(x),...,L,,_(x)  ; degree m

g&d  polynomial

. . . (6)

Y,L,(Xf  i- y L**I *+I Cx~t...ty,+~L,,l(x)

u* degree <= m uari7a~tuttuiii!riianKi  (selected property) 7u  (6)

1 8 4 OR 205



d?aeJ  polynomial % x, A”a

y,.o tYk+,.O  t...tyJ_,.ot y,.l ty~+l.Ot”.tyk+a.O  = y,

~W?U  j = k,ktl,...,ktn ~&A ikaH711aJni’I~SYU7ad7qp$?Juuu4VaqUt~aa

(polynomial interpolation problem) 7a;waraasod79ieaM7Jwa~as~~~~~
,: 4
wfi a

r-
P k. k+m !X) = y,L,!x)  ty LIs+1  k+l (x)t...ty,,_L*+_(X) . . . (7)

P,(-2,-E),  P1(O,O),  P,(l,l),  P,(4,64),  P4(5,125,

6%li313Hl  p g

p .2 &(X)  =  ,YzLz!X)  t  Y3L3iXl  ty,L,(XJ

= 1  L,(x) t  6 4  L,(x) t125  L4ix) [TAR (7)l

(X-4) (X-5) (x-11(x-51 (x-1)(X-4)

= 1 t64 t125 c-laa  (5)l

(l-4)(1-5, (4-1)(4-5) (5-1)(5-4,

X2-9xt  20 x2-6x1  5 x”-5xt4

1 t64 t125

1 2 -3 4

: :loxp -29x tzo tdlaaU6h%l~u  6.1A)

snauihlr  m6TanGw3id~wYu  p * k+m(x)?u  (7) i i  Mwuaa+avm44.

(Lagrange’s Form) SlBJ  p, .L+m!x)

&JU  mth-degree polynomials L,(x),...,L,+_ (x)  77npi4  (5) ;nrianii

Lagrange Polynomials  ~IM%I  (mtl)  nodes x~,  x~+,,...,  x~+~

OR 205 1 8 5



Algorithm: Lagrange Interpolation*

Purpose: To evaluate the Lagrange form of p,++,,,(z),  that is,

Pk,k+m(Z)  =  ykLk(z)  +  ,‘k+lLk+,(Z)  +  +  Yk+m~k+m(z)

where Lj(X)  = lli+j (X - xt)/(xj  - xt),  the jth Lagrange polynomial
for  the m + 1 knots &(Xk,  yk),  . , Pk+m(Xk+m,  &+m),  and Z iS a
specified point near the interpolating nodes xk, . . . , Xktm.

GET n, x,  Y, (x = [xo  XI ...  x,1,  y = I& .YI vnl)
k, m. [starting index, degree of interpolating polynomial]
Z (point at which interpolated value is desired)

PofZ  + 0
DO FOR j = k TO k + m [Form Termj = y, *L,(x).)

BEGIN
Termj t y,
DOFORi=kTOk+m

IF i # j THEN Termjc  Termj*(z - Xf)/‘(Xj  - xi)
Pof Z t Pof Z + Termj
END

OUTPUT (The interpolated value &k+“(z)  is PofZ.)

;d 6 . 1 - 4  nlwi~  p,.,,, (x)
'_

6.1D

p(x) = (x-xk)(x-x,,,)...(x-xk+,)  q(x) . . . tga)

Ina4  q(x)  A’3 po lynomia l  44;

1 8 6

q(x)  =  0  V;O  ( d e g r e e  o f  q) = ( d e g r e e  o f  p)-(mtl) . ..tsb)

OR 205



n’aaa’a4  3mi  (a) p,.,(x) tb)  pls,(x) ua::  (c) p,  .(x) hh

P,(-2,-B), PI(O,O), P,(l,l), P,(4,64), P,(5,125) . ..(S)

S o l u t i o n- -

( a )  ~w!%I  2  1”  P,!l,l) 11% P,(4,64)

7in (4b); 11,  3 (X) = Y,L,(X)  t Y,L,(X)

=  1C(x-4)/(1-4)1t64C(x-1,/(4-1~1  =  2 1 x  - 2 0

cb) h&I 3 aP P,(O,O), Pe(l,l), LLa:: P,(4,64)

wn (7); p 1.3(x) =  Y,LI(X)  t  Y,L,CX) ty3L3(x)

=  0  L,(x) t  1  L,(x) t 6 4  L,(x)

%A% L,(x) [La=  L=(x)  6?sl&&&1~~da~  ( q u a d r a t i c ,

(x-0)(x-4) (X-0)(X-l)

P 1 .3 (X)  =  0 Ll(X)  t 1 t 64

(l-0)(1-4) (4-0)(4-l)

= 0 - 11/3,(x2 - 4x) t (64/12)(x2 - X)

= 5x2 - 4x

OR 205 1 8 7



Cc,  dlM?U  4 76i  Pot-2,-B), P,(O,O,,  P,(l,l), llilv  P,(4,64)

31n  (7); p,*, (x) = -8 L,(x)  t 0 LX(x)  t 1 L,(x)  t 64 L,(x)

(X-0)(X-1)(X-4)

= -8 t 0

(-z-0)(-2-1)(-Z-4)

(xt2)1x-O,(x-4~ (xt2)(x-O)(x-l)

t1 t64

(lt2)(1-0)(1-4) (4+2,(4-0)(4-l)

= (8/10,(x=-5x2t4x,  t0 -(1/6)(x3-3x2-4x)

t(64/60,(x=-x)  = x3

1 8 8

z” 6.1-5  p, *(x), p, ,(x)  ua::  p, .(x)  huh i’,,...,P,

uun4iVj  y = x3

OR 205



6.2 Divided Differences Uar  Recursive Fork naJ  pk.,,-(x)

P,(-2,69),  P1(-l,lO),  P,(O,3), Poil,O), P,(2,1), P,!3,54) . ..(l)

P,(X,,Y,),  P,(X,,Y,),...,Pn(Xn,Yn) . . . (2)

6.2A  Divided Differences ua: Divided Difference Tables

- Y,)/(xk+l  - Xk), k  =  O , l , . . . , n - 1 . . . (3)



AZY, = (my,,, - Ay,)/(x,+.  - x,) , k=O, l , . . . , n -2 . ..(4)

L%IU4nt47?i/ coordinates  PBJ P,, Pe up:: P3  ~wdim’~  s lope

my> = (y,-y,)/(x,-x,)  = (1-0)/(1-O)  = 1

UR:: my&? =  (y,-y,)/(x,-x,)  = (64-1)/14-l)  =  21

unud~i~ds~lu  (4) rbd k  =  1) L-TI~

A2Y1  = CAY, - AyI)/lxJ-xl)  =  (21-1)/(4-O)  =  5

diuanSia+ 2nd DD ~1161&1  p,. .(x) u”~nItEt U concave up (t!ti 6.1-5)3

dlV6l  m )= 1 L5ltilViMR mth  divided difference ('ldykadaji nth DD)

I
A-y, =  ( A

m--I m--1
y,,,  - A Y~)/(x~+~-x~),

1 9 0 OR 205



n"lGi Ly*  = y, ua= *'y * = bYk uia (5) naiab  u (3)  bUda  a = 11

uasna7aiSu  (4) ri!a  n =  2

'Ii I = 3 (3’911  (5) ‘Ii 3rd DD i P, g~f

A3Yk  = (&+I - A~~~)/(x~+~-x,J  , k=o,l,. ..,n-3 . . . (61

Of? 205 191



1 9 2



S o l u t i o n

5

1,

763
9

),  P3(4,64),  P,c5,125,

Algorithm: FORMDD (Forming a Divided Difference Table) a

Purpose: To form the divided difference table for n  given knots PI(x,, yl),  ,
Pn(x,, y.) and store it in the matrix DDnrn; specifically, to store Amyr
in DD(k, m + 1).

G E T  n.  x, y (x =  [XI  .x~~...xn]  a n d  y  =  [y,  yz...yn]J

DOFORk=ITOn
DD( k. 1) + yk

[Put A0  values in colIDDJ

DOFORm= I Ton-  1 (Put Am  values in col,+,DDJ
DOFORk=lTOn-,n

DD(k.  tn  + 1) + [DD(k  i- I, m) - DD(k,  m)J/(xk+,,,  - x,J

OUTPUT (The A”, Al, ,  An-l values are col,DD,  ,  col,DD)
- -  _ _ __.-- -

!ti 6.2-4 %k&lud7W%1k!W~~  FORMDD ~nl7d~l9wl%lJ  DD'

6.2B  R e c u r s i v e  Forwlas  617H~U  pk.k*m!z

OR 205



p .k ,,_(X)  = m”ykx” t a polynomial of degree ( m . ..(7b)

p .* *,_!x)  =  Pprsu(X!  t  B_(X)

TMi3 S_(X) = k-y,  lrpre”(x-x,) . . . (11)

1 9 4 OR 205



P h.k+a(x) = P 11.,.1m-1 !X)  t A~yb~x-x,)ix-x**,)...(x-x k+n--l )

(12a). . . j

lackward  R e c u r s i v e  Form

P k.ktm(X! =  pk+l.c+a!Xl  t  m~y.iX-X.+l)(X-Xk+e)...(X-X*+_)

. . . clzb!

p .1 ,,(X)  z P,., (x) t m3yl(X-Xe)(x-x3)(X-XL)

li!a  m = 0 p *.* 1:x)  1163x  p *+1.*+1 (x) si74gk cl lb c o n s t a n t  f u n c t i o n

P k.,o:iL- = y k LLaz P,,  ~ ..+1(X’  = y,+, . . . (13)

1 9 5



n”lah4 ?J?{  DD Table ~IH%.I  5 w
1

P,i-2,-a), P,(O,O),  P,(l,l), P,(4,64,,  P4!5,1251

cb)  p,.,(x) CC)  p, .(XJ cd) p ,  o(x’

(e) p,.,(x)

So lut ion

~h3?‘IWkl37~L4?UdAJ  x0,...,  x,  h’lti  6 . 2 - 6  D D  T a b l e  ~I~:PI
9

P ,,,...,P, Bt$U’lfl  6 . 2 - 7
9

-2 0 I
li.

\” \I 12 ti ld

!fl 6 . 2 - 6  Nodes  I)@+  P , , . . . ,  P4  uw-1~~4  y  =  x3

Node A'=y- -
h -2 - -8 A'- -

4 = AI,, A2

/'I o - o 1 -I = A*y,,  ,, _,1

i-;T b\  ( I ) =  A’!.” (l2a) A’

p2 I -
(&@-A,,

@, /---

$+
-+ @=A’!, \, ; @j)=A4,0

4-64'
21 = A,'?

p3 \,
I = A'y,

1" = A'y,
' 6, =A,,, No/c.  The circled DDs  will be

p4 5 - 125 H---- discussed it>  Section 6 ?C

!P]  6.2-7 611%15  DD dlh P,,  . . ., P,  uui-t%?vl  y = x3

Cab  L%valwl p,., ix) [ h%l  P1(O,Ol  LIZ&V  P,(l,Z)l  ri 2  i i i :

P I.,(x)  = Y, + myl(x-xI)  =  0  t  1(x-O) =  x  C9WSlI (14ail

p .1 .(xj  = Y, t  my,(x-x,)  =  1 t  1(x-l)  =  x  c=iaalff  (14bll

(b)  &H~ p ,.,(x)  qln  P,., (xj tsllior P,(4,64)  t~l’lJmJa??

P le,(x) =  pI.e(x) t mPyI(x-0)(x-l)  CIRa’l3  (12aIl

= x t 5(X2-X)  = 5x2  -4x

1 9 6



CC)  ,:a!41  p,, 3(x) 7ln P,.,
d

!X! L%‘lLWoI P,(-2,-8’  ~~llhlldla

P ,*,(X) := P,., (x) t m3y0(x-O)(x-1~!x-4~  rlaa?~ (lZb,l

;I (5x1 - 4 X )  t  1(x3 -5x2  +4x,  = x3

cd) L&M p ,.,4(X) 31n  PI.3 (x) i4ib&1 P,C5,125,  6~iItin7J027

P 1.4
Cx)  ::  p 1.3 (xl t m3v,ix-O!!x-1)(x-4)  L463ffl2  (12a)l

=:  (5x2 - 4 X )  tl!X3 -5x?  +4x)  :: x3

aa9d%y7~  p(x) ‘IaflLh77n  xz = 1 uga‘if! (12a) ua:: (lzb) &h~n”u

hnl4~dw  n o d e  ut$am%aa;ndslu~U  6.2-6  wa0aJnimi  p, 4(x)  ;a

(12b) (1Zai

P o.4(x) = Y, t  &*(X-l) t  m2y,!X-l)(X-O)

clzb, (12ar

t *33y0(x-lHx-oHx-4!  t m~y~~x-l~~x-O~~x-4~~xt2~

OR 205 1 9 7



Formulo Added Node Direction to New A “yk

(124
(12b)

to right
to left

., on DD table
2 on DD table

p .* k+m(xj = drmy,xn t a polynomial of degree < m

tYG%dtJetsdtan  m ~74 t5lwuj1

d?pk.k+n(x)l/dxm  = m! rnmyk  (constant) . ..(15a)

Amy,  = (l/m!)dJinterpolating polynomial i+tH4Yu  P,,...,P,+_I

dx”‘

. . . (15b)

i;l  PO,..., Pn  at)IunYlJaa~  &h-degree  p o l y n o m i a l  pix) Illi?

P k.k+P(x) = Pk.,,, (x) dlMYu  k ?A q ltaa??  r )= m

1 9 8



I t

&a&  3~~7  polynomial $4; degree RI@J interpolate

P,~-2,6'9~,P,~-1,1O~,Pe(o,3i,P3(1,o,,P,(2,l~,P~~3,54~

Solution %,ti  6.2-9 udA9  DD Table Baqfi% 6

NdC A” = ,I

A ’

-8

0

p(x)  =  6 9  - 59txt2)  t  26Cxt2)Cxtl)

)X(X-1, . . . (16)

OR 205 1 9 9



1unim3 p(x) ‘lnawi  p,., (x)  ttar’l#t~~~s  (12bj  [backward Nevton  form

nil4  P(X)1

p(x) = 54 t 53(x-3) +26(x-3)(x-Z)

p(x) = 0  t  1(x-l) t  2(X-1)(X-2)

t  0(X-1)(X-2)X  t  21x-l)(x-2)x(xtl) . . . (16)

p(x)  = 2x&  -4x3  -x2  t3 (degree = 4)

35  interpolate P,,..., P,

. . . (19)

p(x) = CCC2(x-1)-81x+261(xt1),591~xt2)+69 . . . (20a!

p(x) = CCC2xt8l~x-l~t26l(x-2)t531(x-3)t54 . . . (20b)

p(x)  = CCc2~xtl~t01xt2l(x-2)tl3(x-l)to . . . (2Ocj

p(4! = CCC2~5~t01~4~t21~2~t11~~~t0  = 2 5 5

2 0 0



6.2E  Difference Tables +Miu&~‘I~ri’l  1 iiu

n"l  x , ,  XI,...,  X” e$i14ihdar;1  1 ida  h ii&

Xk = x, t kh ,  h=  O,l,...,  n

~IW.MI~  oath  forward difference ;t x, &I

. . . (21)

=iaail
\

n--l n-i
AmY, = A y,,,  - A Y,  , m= 1,2,... . . . (22)

zeroth forward  difference a-y* &I 8, IULFIJ  t&A

4.  Y,  = Y,+,  - Y, . .  . (23a)

AZY,  = AlY,+, - A%, = y,,,  - zy**,  t Yk . . . (23b)

A3Yk = A2Y,,l - A2Yk  = Y,,, -3y,+,  4 3Ykb, - y, . ..(23c)

AbY,  = A3Yka1 - A3Yk = Y,,,  - 4Yk+3  + 6Y,+p - 4Yk+*  + Y,

. . . (23d)

y, %&ni?n%?la  A”Y,

(Pascal’s triangle)

1 1
I 2 1

I 3 3 1
1 4 6 4 1

1 5 10 1 0 5 1

pl 6.2-11 d7urdmJaaJd7dn7a  (Pascal’s Triangle)

ds
na1  xk*”  - x, = mh  ~~~~~~~~~~~~~~~~~~~~~~  forward difference 11az

divided difference

OR 205 2 0 1



m”yk  = (l/(n!h-d-y,  ) m = O,l,Z,... m.. (24)

a”yk/hP  = d?p,‘  ~+R(x)l/dxm (constant) . . . (25)

(uth derivatives)

Forward Difference Table I&  Difference Table ?u!fl 6.2-12 rh

Difference Table 189  equispaced knots

P,(-2,69), P,(-l,lO),  P,(O,3j, P3(l,oi,  Pa(2,1),  Ps(3,54)

. . . (26)

$4th@h8d’W?Md??U DD Table ?tb;ti  6.2-9 h&a+

Null: A.0  ;:),

- 2 69 A’---__
A2

-5y=ay, __-
a ’

- I IO 52 = *I,‘” _---
A4

-,=A), -48  = A3yu __
AJ

0 3 4 = b2Y, 411 = A4yo __
- 3 = Ay2 0 = A'y, 0 A’YO=

I 0 4= Ah 48=A'~q '
I = *y, 48 -: A'yl

2 I 52 =‘ily,

5 1 = ii,'*

3 54

!ti 6.2-12 w1%14  Forward Difference ih%J P,,..., P,

m

A Yk
7-M forward difference table ~~a’l%t~a~‘t~$~6~  l th

backward differences v-y, M?a?M~dfla4  mth central differences 8”y,

id

2 0 2 OR 205



- 7  =  &, = /ye  = 81y3,e

4 = b*y = ozyI 3 = a2y e

0 = cy,  = v3y4  = 8=Y‘ 5/z

hJc  A0  =,
-__

iti 6 . 2 - 1 3  tiw&aag  vmy, BEI=  6”~~ UMRl%lJ  D i f f e r e n c e

Central Difference Interpolating Formulas ~~wwu‘h$w%aa+

..I (1)



!ti 6.3-l ll74L&  nodes L&li‘lg  best interpolant SiiiJ z1 tbar:  z,

2 0 4 OR 205



X =0 0.0 0.5000

X =1 0.2 0.5793

xe = 0.4 0.6554

x3 = 0.6 0.7257

x4 = 0.6 0.7861

X5 = 1.0 0.6413

Solution

OR 205 205



;;,(Z) = ~,(z)t(o.35151(z-o.6~  = 0.7257+(-0.026123  * 0.69756

i;,(z) = ;,(z)+(-0.09675)(z-0.6)fz-o.4)  5 0.69756+(0.00095)

= 0.69653

b3(z, = $,(zM-O.O4375)(z-0.6)(2-0.4)(2-0.8)

* 0.69653+(-0.00012)  = 0.69841

t4(z) = ~,Wt(0.020633Hz-0.6)(z-0.4,(2-0.8,(2-0.2~

5 0.69643

;5(z) L- ~,!z~+~0.0078123~~z-0.6~~z-0.4,(2-0.6~~z-0.2~~z-1~

_' 0.69643 * &!z)

$ 6.3-3 ll'l7lh  nodes r&i?i'Ii  best, interpolant ~84 z = 0.52

2 0 6 OR 2c5



RIYIJ  6 . 3 - Z  ftlY~4aUlt~dl  a(z) liia z =  0 . 5 2 ,  z  =  0 . 2 2  uaz z  =  1 . 4

“8
-

0
1
2
3
4
5

(a) z = 0.52, PO(Z)  = (P(0.6) (b) z = 0.22, /Y,(z) = @(0.2) (c) z = 1.4, PO(Z)  = @(I.O)

N e w
Node h&(4 A (4

0.6 0.1251
0.4 - 0 . 0 2 8 1 2 0.69758
0.8 -0.0009S 0.69853
0.2 -o.ooo1;! 0.6984 I

1.0 o.oooo;! 0.69843
0.0 0.ooocK~ 0.69843

N e w
Node 6,  (4 A(4

N e w
Node

0.2 0.5793 1.0
0.4 0.0076 1 0.58691 0.8
0.0 o.ooo14 0.58705 0.6

0.6 O.WOO4 0.58709 0.4
0.8 0.00000 0.58709 0.2
1.0 0.00000 0.58709 0.0

6”L (4 Brn  (4

0.8413
0.1064 0.94770

- 0 . 0 2 7 6 0.92010
- 0 . 0 0 5 2 0.91490

0.00400 0.9 1890
0.00180 0.92070

l&l  z  =  0 . 2 2 ,  g3(z)  =  0.5871(4s,  ~~YS~IN~-I  Q(O.22)  ai~‘t%iiid~

flag cDP(1.4)  &I  0.9192(4s)  WY&  $1.4)  = 0 . 9 1 8 9  ¶halltM  O(1.4)

&ii  j;5(1.4f =  0 . 9 2 0 7  ita~KiUiUi71~7~ud7~9=M~~~~~  0co.52) .~a::
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Ii-E k k*mcz)  = Cf(“+Yck  ~*~~/~mtl~!l~z-x~~~z-xk+l+~z-xk+_;l

. . . (11)
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6.1 For the cubic knots P,(O,O),  P,(l,l),  P,(2,8),  P4(3,37),

find p,.,(x)  two ways:

(a) Use the method of undetermined coefficients (Section

6.1A1.

(b) Use the Lagrange form of p,,,(x)  (Section 6.1C)

AM.  p,.,(x)  = 6xa  -11x t6

6.2 For the knots P,I-2,-15~,P,~-1,-2~.p,(O,l~,P~~Z,l~,

P,(3,10)  find the Lagrange form (do not simplify) of

(a) p,.,(x) cb)  p,.,(x) (c)  p, .4(X) (d) p, 4(x)

6.3 For the knots P~l-3,1~,P,~O,S~,P~~2,1~,P,(3,1~,P4(5,6l~,

find the Lagrange form (do not simplify) of

(ii) p, .(X) (b) p, .(x) CC) POe3(X) cd)  p, .(x)

6.4 Let L,(x),..., L&o(x)  denote the Lagrange polynomials for

P O,-..l  4.P

(a! For P,,, . . .,P,  of Exercise 6.2, use the selecting

property (6) of Section 6.1C to evaluate

by inspect ion

(i) L,(3)  (ii) L,(O)  (iii) L,(3)  (iv) L,(2)  tv) L,(2)

(b) Repeat part (a) for PO,..-,P4  of Exercise 6.3.

6.5 Let xo,xI  ,..., xn denote any ntl distinct nodes. Use the

uniqueness of p,., (x) to show that their Lagrange

polyniaials LO(x),...,Ln(x)  must satisfy

(a) L,(x)tL,(x)t... tL_(x)  E l(constant)  f o r  a l l  x .

tb) xoL,(x)tx,L,(x)t...tx_Ln(X)  =  x  f o r  a l l  x .

You do not have to write out the LJ(x)‘s.  Consider

f(x)-1  in part (a) and f(x)=x  in part (b),
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6.6 What (iif anything) can you conclude about the knots

P 629 P,,  Pa, Pb if m9y,  = 0 7 If m2y,  = 0 ?

6 . 7  C o n s i d e r  t h e  k n o t s  P,,(-3,1),  P,i-l,S),  Pe(O,lf,

P3(3,1), P&(5,-39).

!a) Form  a  D D  t a b l e  f o r  P,,...,P,  and  u se  i t  i n cb,-cd,.

(b)  W h a t  a r e  t h e  v a l u e s  o f  mlyB, m3y,,  boy,,  m’y,,

a n d  m2ye  i’

Cc)  F i n d  t i n  t h e  o r d e r  g i v e n ) :  p, .fx),  p,.,(x),

P ..:,(x),  P,.,(xj.

(d) F i n d  ( i n  t h e  o r d e r  g i v e n ) :  p,  3(x),  pi.,(x),

P I*a(X)f  P0.4(X)-

6.8 Complete the follouing  DD table up to the m3  column.

Pk  Xk

P, -3

P, -2

pe -1
-

p3 0

Pa 3

p,  4
- -
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6.9 For the DD table shown, form [without simplifying,

as in (17) in section 6.2Dl p,.,(x)  by adding nodes

in the following orders:

(a) x0, x,,  x,,  x,,  x&,  x, Cforward:use  o n l y  (12a) o f

Section 6.2B3

(bf x5, x,,, x3, x,,  x1, x, Cbackward:use  o n l y  (12b) o f

Section 6.2Bl

(c) x,9 x*. x,,  x,9 x,9 x0

(d) x,,  xc, xl, x&v  x,,  x,

Circle the leading coef f icieuts used.

Knot Node yI

t-

P, -2 2 1

P, -1 7

p, O 1

pa 1 -3

p, 2 -11

p, 3 9 1

A

-14 Aa

4 A3

-6 -1 Aa

1 0 As

-4 -1 1

-2 5

-8 1 9

5 5

102

6.10 For (a)-(d)  of Exercise 6.9, form p, .(x)  in

nested form, and use it to evaluate ~~~~(-3).

6.11 By inspection of the DD table in Exercise 6.9,

find the leading coefficient of p,.,(x), p,.,(x!,

and p,.,(x).
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6.12 Form a DD table for the six knots

P~~-3,200~,P~~-2,46i,P~~-1,6~,P,(0,2),P~~2,30~,P~~3~146~

and use it to determine the degree of p,.,(x).

6.13 For P07...,P5 of Exercise 6.12, find p, 5(x)  as

indicated in (a)-(d)  of Exercise 6.9. Use any

nested form to evaluate ~~~~(1).

6.14 Make a forward difference table for the knots

used in Exercise 6.9. Verify that ~~9, = h”  m!Amyk

f o r  h3y0. LABOR,  a n d  b2y2.

6.15 (a) Show that the entries of a forward difference

table with h-spaced nodes can be used to get

the forward recursive formula

(b) Deduce the Newton forward difference formula

for- Ill)= 1:

P k.k+m(~) =  y, t  (Ayk/(l! h))(x-X.)t(a2yh/(2!  h*))(x-x,)(x-x/h)

m-1

t...t(Amyk/(m!  hm))  W (x-x*-jh)
.jTO

(c) Conjecture a back-ward difference formula for

P,.,,,,!X)-

6.16 Make a forward difference table for the following data:

P,~1,263~,P,~1.5,230~,P~~2,200~,P,(2.5,174~,P~~3,150~

Use it to find the Newton forward difference formula

for p,,,,(x).
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6.17 Using the 5s DD Table of Figure 6.3-2, set up a Worksheet

Table as in 6.3-Z for getting bO(z),...,$,(z)  when  z is

(a) 0 . 1 (b) 0 . 7 5

[Note: When z is the midpoint of Ex~,x,+~~,  take either y,

or y,+, as G,(z).3

6.16 Using the 5s DD Table of Figure 6.3-2, estimate W

43(-0.5);  0.3085 two ways:

(a) Extrapolate: Find cm(-0.5),  m=0,1,...,5.

(b) Use the fact that 0(-z),  = I-  Q(Z).

Which of parts (a) and (b) is more accurate? Did you

expect this? Was the most accurate s_(z)  in part (a)

the one with for which 8_(z) is smallest? Can you

suggest a rule of thumb  for which c_(z)  to use when

is_(z)  stops shrinking substantially as q is increased?

6.19 Estimate (a) @t0.52), (b) @(0.22),  a n d  (c)  a(1.4)  u s i n g

the DD table in Figure 6.3-4; compare your accuracy

with that obtained in Table 6.3-Z..

Am.  (a) f;,(O.52)  = 0 . 6 9 6 4 8

cb)  ;,tO.ZZ)  G 0 . 5 8 6 7 5

Cc) ;j,(1.4) k 0.92000

6.20 In (a!-(c), use a 7d DD table based on the 6d values of

sinh x = l/2 Cexptxj-exp(-x)1  shown in the accompanying

t a b l e .
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X sinh x

0.2 0.201336

0.4 0.410752

0.6 0.636654

0.8 0. Reel06

1.0 1.175201

(a) With z = 0.55, find the best interpolants G*(z),

;*(z),;z(z),..., stopping when either d (z) = 0 or

=

(b) Repeat part :I) with z = 0.66.

!cl Repeat part (a) with z = 1.3 (extrapolation).

!d) Discuss the accuracy of the approximations sinh  z x G_(z)

obtained in Cal-Cc). Did you  expect some to be more

accurate than others? Explain.


