
n

5.3B  Normal Equations silM%l  g(x)  = x lid xd-lt
J;i

OR 205





&&hdLAwUU  linear : a t 8x,  a = y-intercept I 4

ua= e = slope R -l/6 ,.. (3a)

exponential curve h fit ik~~nios

ihAih1R7uUU  exponential : 01  exp(gx),

u = y-intercept e 4 l/2

ILB:: B = damping factor R -l/lo

. . . (3b)

power (of x)  curve ilb  fit %Gin~fnioe

ddhiFflUUU  power taaJ  x):  Q XI, O L  = y-scale-factor * 4 l/2

Uar  8 = power L -l/3

. . . (3C)

1 5 3



. ..(5aj

. . . (5bJ
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minirize E(g),  %IS~  E(g) = c Eg(x,)  - y,12 . ..(6)
k=I

.-

OR 205 1 5 6



aECL)/aa  =  0  llas  aEtL)/ab =  0

4 oadwisnd

aEcL)K3a =  X 2Ca t b x ,  -y,l’ C#Ca  t b x ,  -y,l/C3a
I.=*

= 2 E Ca tbx, -y,l
‘=I

m I
= 2Cma tbc x x,) - E y,~

k=l Is=,
1

aE(L)/ab =  X 2Ca t b x ,  -y,lx,
*=I

1 5 6

. ..(9)

. . . C lOa!

. . . (lob)

OR 205



s

751iEni-l  Wornal  equations

ma t

(I:  xRja  t

( r x,ib  = I: y,

( E x, “)b = E x*y,

1 I-
a =

I I

& y,

b c xryk

. . . (lla)

. . . cllb)

. . . (1lC)

OR ?35



htild  ~ddhli16Jd~dhli+6i  ihfi?Uia;~da~d;

P,(1,5.12),  P,(3,3), P,(6,2.46),  P4(9,2.34),  P,(15,2.16)  . ..(14)

3olution  m =  5

x Xk = 34, I: xkz  = 352, II y k =  1 5 . 1 2 ,  llaa E x,yk =  6 2 . 7 6  .  ..(15)

Normal equations ( 11 t ia

. . . (16a)

. . . (16b)

A

L(x)  = â  t ^bx 2 4.153 - 0.1660 x . . . 117)

lm

E& = x C;+  i;x, -Y,f 5 2 . 5 4 . . . (16)
I‘=1

1 5 8 OR  205



UillOU
UG20F
OO3G3
flWO0
OG5UU
UOfYXl
(“1730L
iiOHG0
LXWN
u1r100
0 1 : 0;1

0 1 2 0 3
0 ’1300
1114co
0 1 5 3 0
:‘lo:?o
01-0’14 t
OXK!(3

111700
5 2 0 0 0
CJ2100
022lJo
0 2 3 0 0
0 2 4 0 0
0 2 5 0 0

0 2 6 0 0
0 2 1 0 0
02t’uo
0 29L’O
u3Cioo

7t.l  5 .p:

1 . . . (19)

SU~R~IJT:.~YC  LINFI  ICM, YDAT,  Y D A T , SQIIERR,  Y C E P T ,  S L O P E )
DIMtNSION  XDATCM),  f@A:CM)
DOUBLE  P R E C I S I O N  PIGMAX,  S I G M A Y ,  S I G M X Y ,  SIGMX2,  SIGNY2

c -_-__-_- _-------_---------------c

C  iHiS  :URROUTINF:  F I N D S  TH?  LEAST  S Q U A R E  L I N F  Y  = Si.OPE*k  + Y C E P T  C
C  FOR  M  D A T A  P A I R S L’kDAlCI),YDATfi)) A N D  SQUERR, TllE  SQUARE C
I FRWR  F O R  1YIS  F I T . !T RETLIRNS  SQUERR,  YCEPT AND SLOPE. C
c - - _ - - _ - _ _ _ - - - - - - - - - “ERS,()N ,: 5,1/m  - - c
C FOW  THE SUMS ?iEEDFil  TO SOLVE THE NORMAL  EQUATIONS

T.I6MPX  :: O.Kl

SIGMAY  = U.DC
SIGMXY  = O . D O
SiCMX2  = O-DO
SIGMYZ  =  0 . 0 0
DO 100 K=l,Y

SlLMAX  = SIGMA\  + DBLECXDATCK)!
S:GMtV = SIGNAY  + DBLECYDATCK))
SIGMXY  =  S I G M X Y  + DBLECXDATCK!)*DSLECYDAT(K))
SKGMX2  =  SIGNXL  +  DRLECXDATCK))**2
SIGMY?  =  SIGMY.!  +  DDCELYDATCK:)**:

1 0 0  C O N T I N U E
C
C SOLVE NORMAL EQUATIONS FOR SLOPE AND YCEF’T,  A N D  G E T  SPUEPR

DETtR  = SNGi.!M*SIGMXZ  - SIGMAX**2)
Y C E P T  =  SNGLCSIGRXZ*SIGMA.Y  - S:GMAX*SIGMXY)IDEItR
SiOPE  = SNGL(M*SIGKXY  - SIG~Ak*S?GkAY)/DETtR
SQIJERR  = SNGLCSIGMY?  - >CEPT*SIGMAY  - SCOPE*SIGMkY)

C
RETURN
END

OR 205



5.2

g(x) = 0: exp(gx),  g(x) = a XI, g(x) = a t (B/X)

(Tvo-Parameter  Guess Function)

1 6 0 OR  205



aE(g)/ZIa  =  0  ilar aE(g,/ae  = 0

~JFWl least square parameters ^a Ltaz  2 i&A g(x) i+la(

g(x)  = -3 exp(gx) . . . (3)

E(g)  = X CU  expfgx,)-y,l’
I‘=1

= CU  exp(gx,)-y,lz t...tC0 exp(gxm)-yn12

riinmuhnw  normal equations

0 = aE(g)laa = I-:  2Ca  exp(gx,)-y,l’  ?i[o:  exp(gx,)-y,l/&
I‘=1

I

=  2  C Ca  expCgx,)-y,l  expfsx,)
*=I

P

0 =  aE(g)lae =  YZ ECU  exp(@x,)-y,I’  aCa  exp(sx,)-ykl/ae
k=l

I

= 2 a Z CU  exp(gx,)-y,lxk  exp(gx,)
I‘=1

aCexp(2gxl)texp(2gx,)t...texp(2~xm)l

-Cy,  exp(sxI)ty,  exp(gx,)t...ty_  exp(gx_)l  =  0 . ..(4a)

acx, exp(2f3xl)t...txl exp(2f3x1)l

-Cx,y,  exp(gx,)t...t  x,yp  exp(gx_)l = U . ..(4b.

OR 205 161



P,(1,5.12),  P,!3,3),  P,(6,2.48),  P&(9,2.34),  P,(15,2.16)

. . . (5)

least  square  parameters(t0  4s) i;a G 5 4 . 677  uas i; t - 0 . 0 7 4 7 2

iJElb least  square exponential  hGu;aya~vid&~a

z(x) f 4 . 6 7 7  exp(-0.07472  x)

Ii)

7-a E(i) =  II C$(x,)  - y,l= + 1 . 8 4 . . . (6)
us*

1 6 2 off 205
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1) y-axis (x=0)  k U  vertical asymptoteci

21 line y = 2 kih horizontal asymptote

31 1;; x- M?B  y-intercepts

y = g,(x)  = a t (B/X) (a>O,  @)O) . . . (7a)

1 6 4



y = g,(x)  = a axp(Ex)  Ma: y = g,(x)  = OL  x-

y  = u/(fjjx)  (---) fjy t  xy = a (--->  y  =  (a/l?)-!l/E)XY

OR 205 1 6 5



3 y=a+/3’% -4 y=ai-fillnx)

4 y= a -t il y=a+b i
x 0 x

5 y=*,
~-- I

y-; f-pxy)

6 Y=Ex y=a+(-/3) 0 ;

hxy  a P a b

1
Y a P a 6I

I - 1
XY  Y - -

; fl?b

_v Y a -p a -b
X

-

1 6 6 OR  205



i

ci

6 1 1 xx: -ix& c Yk
= m(z x;,  - (Z Xk)i

-[ ‘I[ I (10)

-zxk m EXkYk

(gtr  a, PI Get o and fi from a^ and 6 using the last two columns of Table 5.2-l.

Purpose: To fit a two-parameter g(x) to the monotone, convex data Pr(xr.  yr),
, Pm@,,,  ym) when g(x) is one of gr(x),  . , gs(x)  in Table 5.2-t.

GET m,  x,  y (arrays of xk,  yk values)

[lirrearize]  Porm  the “linearized points” Qk(Xk, Y,)  from the given points &(xk,
~1‘) as indicated in the “X =”  and “ Y =”  columns of ‘Table 5.2-l.

(get 6,  6) Get a^ and 6 for the least square line c(X)  = ri + 6X for the linearized
points Qk(Xk, Yk)  using the formula

--~.

Linenrixation Algorithm

OUTPUT (a and fi are the desired parameters of g(x).)

(Note: The g(x) obtained by using a and fi of the get a, fl step will generally
nor be the least square g(x), that is, g(x) # g(x). However, this g(x) will give
good tit to the given data PI,  , I’, whenever t(X)  obtained in the gel  6, 6
step gives good fit to the linearized data Q,,  . , &.I

______--

‘111  5 .2 -3  s~l~~au~7H~u~~Rsuj~q~“~~~~~q~t~~t~~~~~s

(Linearizing Algorithm)

1 6 7



R’?aa’W  751#  Linearization Algorithm ~u”a  fLt

(a) g,(x)  =  u t  (B/X) tb)  g,(x)  = Q exp(gxj

iiuiiya

. , > . (11)

Sokution

(a) L i n e a r i z e :  dW&l  g*(x), X, =  l/x,  uar Y, =  y,

iJ~~7a~~nnu~aJu~?~e
9 ‘I

Q,~1/1,5.12~,4,~1/3,3,,&,(116,2.48~,Q~~1/9,2.34~,

Q,(1/15,2.18) . . . (12)

1
= _-.-

5i9361/6100~-~151/90~2

3.1468

I

u ::

RJW  t.(X)  6 1 . 9 6 8  t  3 . 1 4 7  x

i

9361/8100 - 1 5

-151/w

oet  4 ,  B: ~~MG~&~LAI~ a =  â  ua= @ =%

g,(x)  5 1 . 9 6 8  t  ( 3 . 1 4 7 / x )

fb) Linearize: h% g,(x), xk  = x,  has Y,  =

i&dpai!sputia&4a

. . . (23)

In y,

168 OR 205



&,(1,1.633~2),Q,(3,1.0986),63(6,0.90826),Q~~9,0.85015~,

Q5(15,0.77832) . ..(14)

Get A, ii: tikldi37nil X, = xk tuRi"~~u~s=an~7=tH;a~~u~~  (16)?16 5.1C

ud CEYk CX,YkI'  = C5.2695 29.7201'

= (l/604)

h

L(X) A 1.398 - 0.0506 X

Get a, gr 31(1F11%14 5.2-l a = exp&)  * exp(1.398) k 4.047 uaa

0 = f; + -0.0506
Y ::
a JMM g,(x) 5 4.047 exp(-0.0506  x) . . . (16)

diaawiG~6m&a+  g,(x) Ifl~t~a&na~  least square

exponential guess function ghi(x) = 4.677 exp(-0.07472  x) %J

G77nl~atiMu 5.2A

OR 205 1 6 9



Et:%)=  1 . 6 4  <  2 . 2 4  =  X C4.047  exp(-0.0506  x,)  - y,l’ = E!g,)
I‘=*

. . . (17)

77n  l i n e a r i z e d  h y p e r b o l a  g,(x)  1~ (13) wtiaw$a$u

E(g*)  =  X C ( 1 . 9 6 6  t  3.1471~~)  - y,12  * 0 . 0 0 0 9 7 . . . (10)
k=l

I 3 6 9 12 15

A
lti 5 . 2 - 4  piaJ  g,,  gl,  uaa  g,

1 7 0



INPUT  N”“8ER OF D*TA PAIRS
5--

INPUT xc11 , YCII  (I=l,N)
1, 5.12
f - 7 - -- C -
6, 2.48
9 2.34
i+.;Tie

CURRENT LISTING OF DATA PAIRS:
I xrI3 YCII
1 1 .oooo 5.1200
2 3.0000 3.0000
3 6.0000 2.4800
4 9.0000 2.3400
5 lS.000 2.1800

INPUT: 0
-K
K

0-

CURVE TYPE
1. Y = A + 8*X
2. Y = AtEXP(B*X)
3. Y = A*(X*tB)
4. Y = A + 8*LN(X)
5. I = A + B,X
6. Y = A,(8 + Xl
7. ‘I = AIX,(B + X)

IF DATA OK
TO REMOVE (XCKl,Y[Kl)
TO REPLACE (XCKl,YCKI)

SPLMRE ERROR A 8
2.54009 0.41530Etol -0.16603EiOO
0.16632 0.40471E*01 -0.50603EF01
0.03069 0.47037Etol -0.31713Etoo
0.68486 0.47119E+o1 -0.10826EtOl
0.011097 O.l9681E+Ol 0.31468E+Ol
2.54757 0.52580EtO2 0.11914Et02
0.06007 0.22322E+Ol -0.57059EtOO

EQUATION U5.  Y = A + B/X HAS THE BEST LINEARIZED FIT

INPUT EQUATION U (l-7)  FOR DETAILS OF FIT (TYPE "0"  FOR NO DETAILS).
I

DETAILS: TCALC is OBTAINED USING CURVE U5.  Y = A + B,X
XDA,  A YDATA YCALC X DIFF.
1 .oooo 5.1200 5.1149 0.1
3.0000 3.0000 3.0170 -0.6
6.0000 2.4800 2.4925 -0.5
9.0000 2.3400 2.3177 1.0
15.0000 2.1800 2.1779 0.1

!El  5 . 2 - 5  n7%~J~tlsunsu  CURFIT

.
1 7 1



na78t 3 u (n-l)st-degree  polgnom

g”(x) = u* t  1(,x  tu,x= t . .

1 7 2



. ..(4)

. . . (51

. . . (61

OR 205 173



x x, x Xk2  c Xk3. *..  E Xkn
r: x,* xx= EXL rr+1

* k \ . . . I:  x,
. . .

E X,-l  I: Xkn  E Xkn+‘...  E x an-2k

E Y,

z XkYk

& Xk2Y,

.-

I : Xkn-*yk

. . . (7)

h

mwataaama4  (7); u = A-’ b

ii?&79  7JMl  least  square polynomials g,(x), i,(x), ii,(x)

‘d-t#%I  P~~1,6~,P,~2,1~,P~~4,2),p,o,3~,P,(10,4~,P~~16,5~

. ..(E)

S o l u t i o n  bqlM?U  g,(x) =  U, t U,x Cn  =  2) \la=iaia+lU  (8)

7lll (7)IRy

6 38 r;, = 21I[ I I38 402 ie 151 1 . . . 19)

OR 2051 7 4



hiu g,(x)  :: ul t i+=  x t 8,  xg  (n = 3) uasie;a’lu  (8)

7-m (7,Gi

I 1
h

6 38 402 u, 2 1

I

h
35 402 5294 II, = 151

4 0 2 5294 76434 63 1797

L 4

. ..(lO)

6 36 402 5294

3 6 4 0 2 5294 76434_

402 5,294 76434 1152758

5294 76434 1152756 17797002

2 1

151

1797

24997

OR 205 1 7 5



5.1 Find “a, “b  and E(t) for i(x)  = â  t gx,  the least square

straight line for the data shown in (a)  and (b).

(b) x 1.0 1.2 1.4 1.6 1.8

Y -5 -3 -2 0 3

5.2 Find the normal equations for the following guess

functions. Are they linear7

(a)  g(x)  = u xs

[Note: dx’/dg =  xPln x l

(b) g(x)  = ax/(@tx)

(12)  g(x) =  a exp(-x) t  s exp(-4x)

(d) g(x)  =  u t  e sintrx)

E  Note: The answer is a 3 x 3 systems.1

5.3 (a)  Deteraine graphically from  Figvure  5.2-1 which of

g(x)  = a exp(sx)  or h(x)  = (I xp  seem best suited to

fit the following data:

P,~1,2.3~,P,~2,6.1~,P,(3,10.7~,P,(4,16.0~,P~~5,21.9~,

P,(6,28.3)

(b)YIJse  the Linearization Algorithu  to fit g(x)  and h(x)

to the data, and find E(g)  and E(h). Do your results

confirm your answer to part (a)?

1 7 6 OR 205



Note: E(g)  = ECg(x)l  = Z Cg(x*)-yklZ
ksl

1

El(h)  =  ECh(x)l  =  I=  Ch(x,)-ykla
*=I

Ans e gt:x)  A  1.9942 exp(0.47962 x)

h(x)  L  2.3032 x1+=005

(c)  Find E(f:)  for the linearized data [i.e., QkCX,,Y,)l for

g(x) and for h(x).  Do your results confirm your answer to

part (a)?

Note: Efi,)  = r: Lit  b̂  X, -Y,12
*=I

5.4 Do (a)-(c)  of the Exercise 5.3 for g(x)  = a/(8+x),

h(X)  = a x/(8+x), and P,(O.l,O.O4),~,(1,0.5r),p3(2,1.~~,

P,(3,2.2),P,(4,3.8),P,(6.13.2).

Am.  cb) g(x)  L -4.5772/C-6.271Otx);

h(x) ; -3.1629 x/(-7.4254 t x)

5.5 Do (a)-(c)  of Exercise 5.3 for g(x)  = at@  In  x,

h(x)  = at(@/x), and P~(1,0.2),Pe(2,1.6),P3(3,2.6),

P,(5,3.6),PS(7,4.5),P,(10,5.3).

AIM. (b)  g(x) A 0.21887 t 2.2075 In x;

h(x)  : 5.0403 - 5.2902  / x

5.6 Do (a)-(c) of Exercise 5.3 for g(x)  = a/(Btx),

h(x)  = oc exp(gx), and PI(1,0.9),P,(2,2.2),P,(3,5.4),

P,(4,13.2),P,(5,32.6),P,(6,77.4).

Am.  (b) g(x) : -17.499/C-6.1252tx);

h(x)  k 0.36979 exp(0.89295 x)

OR 205 1 7 7


