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n”2aiw  7~~1watilaaaa~sr,uut~~t~~0~1~  (2  x 2)

(E,) 0.01x,  +100x,  =  1 0 0

(E,) x 1 t x2= 2

CA:bl = I 0.01 100 : 100

1 1 : 2 1 . ..(l)

OR 2051 2 6



. . . (2a)

1 = =ee l-(1)(10,000) -9999 2 - 1 . 0 0 x lo* : -10,000(3s) . . . (2b)

WI  CL\U:b:E:%l  ‘laO#  3s arithmetic 3r’li

I0 0.01 1 -10,000 10,000 : : 100 i : : 10,000 1.00 : : 0.00 1.00

I
“5
RJUM  ‘;I)* =  c o . 0 0  1 . 0 0 1 ’

n77diwxAb  (3) aa

Ee = (Z-lE,I/(-10,000!  = (2-10,000~/1-10,000,

+ (-10,000)/(-10,000~  =  1 . 0

% =  lo,ooo-lo,ooo~z  = 10,000-  10,0002r  =  0 . 0 0e

. . . (3)

. . . (4)

. ..(5)

Solution 2 Taen~s’lii Partial Pivoting r913slRY

. . . (6a)

. . . (6b)
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I 0 0.01 1 100  1 : : 100  2 : : 2 1.00 : : 1.00 1.00

“::
SIJUU %P = Cl.00 1.001’ . . . (7)

fmdwxu’lu  (7) i;a

A

~.zc& = A-lb = (-1)/99.99

= (-1)/99.99
r

1 -100

- 1 0.01 II 100 2 I
-100 + 1.0001

-99.96 II 0.9999 1 . ..(lO)

L

error” ?M  i,, i+tii?w  Basic Pivoting $aM  xpp +fRywn  Partial

Pivoting %R?70111PiMIjGJ  3s

uan77n  Pivoting Strategy iil&uuZ?.  S&7vl%nl~C5hrMli~

tl~z&%~‘&& L$U  Scaled Partial Pivoting (SPP), Partial

Extended Precision (PEP) Strategy %&~n77dW?WWI%n

1 2 8



0aJ  G, c aa:: 2 &i7116 extended precision udL&d7TRn’lJ

s ing l e  precisjon

4 . 2  nl5Hlua~PaaIIaJ  Ax = B  Ina4hauihibIai

4.2A  F u l l  P i v o t i n g  S t r a t e g y  (FP)

The Full Pivoting Strategy for Selecting the jth Pivot.

Choose as the jth pivot the element of largest

magnitude in the (n-jtl)  x (n-jtl!  matrix obtained by

deleting the rows and columns containing the preceding

(j-1)  pivot entries from the cofficiient part of current

augmented matrix.

-x1 t xc -4x,  = 0

2X>  t2xe = 1 waraaaui

3x1  t3x, +2x:,  = 112

514

WI-J9 la x = -3/4

-112 . . . (1)

S o l u t i o n  ti7&  (upper  t r i a n g u l a t i o n pivots  sp*xau?T)
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coefficients
A

‘zeros below pl zeros below pz

00100 SUBROUTINE DECOMP(N,EPS,A,LUD,IROW,SNGULR,CONDIT,KPVT,S~
00200 REAL A(N,N),  S(N),  LUD(N,N),  MTHPVT
00300 INTEGER IROW
00400 DOUBLE PRECISION ACCUM
00500 LOGICAL SNGULR
00600 c--------------------------------c

00700 C GIVEN AN N BY N MATRIX A, THIS SUBROUTINE RETURNS: C
0 0 8 0 0 C LUD(N,N)  = LU-DECOMPOSITION OF A- = L-*U- C
0 0 9 0 0 C IROW = ROW ORDER VECTOR C
01000 C CONDIT = CONDITION INDICATOR (0 IF SINGULAR) C
01100 C C
01200 C NOTE: ROW K OF [A-:8-:S-:L-\U-1  IS ROW IROW OF CA:B:S:LUDl  C

01300 C C
01400 C SNGULR IS SET TO TRUE IF FOR SOME M ALL L"/S-  RATIOS ARE < EPS. C
0 1 5 0 0 C IF A IS NOT SINGULAR, CONDIT = CP(A) = L-(N,N)IS'(N). C

01600 C  _ _ _ - _ - - - _ _ _ - _ _ _ _ _ _ _ - - VERSION  ,:  5/,/B,  - C

01700 C INITIALIZE SNGULR, IROW AND S
01800 SNGULR = .FALSE.
Of900 DO 10 I=l.N
0 2 0 0 0 IRowtIi  =  I
02*00  c **SET S(I)  = LARGEST ABS VALUE IN ROW I OF A
0 2 2 0 0 S(I)  =  0 .
02300 DO 5 J=l,N
0 2 4 0 0 S(I) = AMAXl(S(I),AES(A(I,J)))
0 2 5 0 0 5 CONTINUE

!ti 4.2-l %~$i’d  DECOMP (HI  LlJD llil: IROW)

1 3 0 OR 2 0 5



02600
02700
02800
02900
03000
03100
03200
03300
03400
03500
03600
03700
03800
03900
0 4 0 0 0
04100
04200
04300
04400
04500
04600
04700
04800
04900
05000
05100
05200
05300
05400
05500
05600
05700
05800
05900
06000
06100 D O  5 5  J=JSTART,N
06200 A C C U M  =  DBLECACIM,J))
06300 I F  C M  .EQ.  1) G O T 0  5 0
06400 D O  4 5  K=l,KST?P
06500 ACCUM = ACCUM - DBLECLUDCIM,K))*LUDCIROW(K),J)
06600 4 5 CONTINUE
06700 5 0 LUDCIM,J)  = SNGLCACCUM)/MTHPVT
06800 5 5 CONTINUE
06900 1100 CONTINUE
07000 END

10 CONTINUE
C
C  I T E R A T E : FORM LUD USING SPP AND PEP STRATEGIES

D O  1 0 0  M=l,N
C * *GET  ENTRIES  OF  COLUMN M O F  L-

KSTOP =  M- l
D O  2 5  I=M,N

I I  =  IROW
A C C U M  = DBLE(A(II,M))
I F  CM  SEQ.  1) G O T 0  2 0

D O  1 5  K=l,KSTOP
A C C U M  =  A C C U N  - DBLE(LUD(II,K))*LUD(IRCd(K),M)

15 CONTINUE
2 0 LUD(II,M) = SNGL(ACCUM)
2 5 CONTINUE

C * *SET  CONDIT  =  LARGEST L-/S* R A T I O  O F  C O L U M N  M Of  L-
C O N D I T  =  0 .
DO 30 K=M,N

R A T I O =  ABSCLUDCIROUCK),M))/SCIROWCK))
I F  ( R A T I O .  L E .  C O N D I T )  G O T 0  3 0

CONDlT = R A T I O
K P V T  =  K

30 CONTINUE
IM  = IROWCKPVT)
I F  CKPVT  . E Q .  M) G O T 0  35

C ** INTERCHANGE ROWS M AND KPVT  OF  IROW
IROUCKPVT)  = IROW
IROW  = IN

C **EXIT  CHECK: E X I T  I F  A  I S  N E A R L Y  S I N G U L A R  O R  M = N
3 5 M T H P V T  =  LUDCIM,M)

I F  CCONDIT  .GT.  E P S  . A N D .  ABSCMTHPVT)  .GT.  EPS)  G O T 0  40
S N G U L R  =  -TRUE.

40 I F  CSNGULR  . O R .  C M  .EQ.  NT)  R E T U R N
C * * G E T  E N T R I E S  O F  R O W  M O F  U” (IN R O W  IN O F  LIJD)

JSTART  = El+1

;ti 4.2-iiia)
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00100
00200
00300
00400
00500
00600
00700
008oa
00900
01000
01100
01200
01300
01400

SUBROUTINE FORBAKCN,  P, LUD, IROU, 8, XBAR)
INTEGER IROU(N),  P
REAL B(N,P),  XBAR(N,P),  LlJD(N,N), ITHPVl
DOUBLE PRECISION ACCUM

c--------------------------------c

C THIS SUBROUTINE SOLVES AI: = B BY SOLVING FIRST L-C = B- C
c (FORWARD SUBSTN)  THEN u-x = CBAR (BACKUARD  SUFJSTN)  USING C
C LUD AND IROU RETURNED BY SUBROUTINE DECOHP. C
C _ _ _ - _ _ ._ _ _ _ _ _ _ _ - _ _ _ _ _ _ - VERSION  ,: 5t11al c
C FORWARD SUBSTITUTION: SOLVE L-C = B- FOR CRAR (PUT IN XBAR)

DO 40 I=l,N
I I  =  IROW
ITHPVT  = LUD(II,I)
KSTOP = I-l

01500 DO
01600
01700
01800

30 J=l.P
ACCUM = DBLE(B(I1.J))
IF (I  .EP. 1) GOT0 20

DO 10 K=i,KSTOP
ACCUM = ACCUM - DBLE(LUD(II,K))*XBAR(K,J)

CONTINUE
01900
02000 10
02100 20
02200 30 CONTINUE
02300 40 CONTINUE
02400 IF (N .EQ. 1) RETURN

XBAR(I,J)  = SNGL(ACCUM)/ITHPVT

02500 C
02600 C BACKWARD SUBSTITUTION: SOLVE U-X = CBAR .FOR DESIRED SOLN XBAR
02700 DO 70 INDEX=Z,N
02800 I = N-INDEX+1
02900 KSTART = It1
03000 DO 60 J=l,P
03100 ACCUM = DBLE(XBAR(I,J))
03200 00 50 K=KSTART,N
03300 ACCUN = ACCUM - DELE(LUD(IROU(I),K))*XBAR(K,J)
03400 50 CONTINUE
03500 XBAR(I,J)  = SNGL(ACCUM)
03600 60 CONTINUE
03700 70 CONTINUE
03800 RETURN
03900 END

'!d  4.2-2 'ihi&  FORBAK (FORWARD Ilay  BACKWARD SUBSTITUTION)s 9
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4.3A %nle~ ( J a c o b i  Method)  ua::  ~;kn&ldraa

(Gauss-Seidel Nethod)

n

x I = (l/a,,){h,-  X a,Jxj> .i=l ,..., n . . . (2,
d=1
J#i

5 satisfies Ax = b (-->  % satisfies “fixed-point

equation” x = g(x)

4flai g(x)  B;Fi  v e c t o r  f u n c t i o n  SsduGh-GA  i  R”a

. . . (3a)

g , ( x )  =  (l/a,,){b,  - II  aijxjI ,i=l,...,n ” . . i3b)
.I* t
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‘lb-W>
X = g(x) . . . (4a)

1

1 0 3 : 2 - 1

CA:bl = 5  1 2 : -5 walmauah7~ aa - 2 .._ (5)

1 6 2 : -11 1

cnr.9,
X 1 = (1/11t2-Ox,-3x,) = 2-3x,

<n-u>
X e = (l/l){-5-5x1-2x,) = -c5t5x,t2x,1

<n-u,
x3 =  (1/2)~-11-1x,-6x,1  =  (-l/Z)Clltx,t6x,l . ..(6)
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4-v
L4MRMb318  x = x0 =  C O  0 0 1 ’  ?dy  (6)  A~JUSII  ( f i r s t  iteration)Ti

<..a%..,
X 1 ;: Z-3(0)  =2

<n-u,
xc? =:  -t5+5~2)+2(0~)  =  - 15

<n-u>
x3 =z (-1/2~~11+2t6(-15,~  =  36.5
” ::
amAM  x = xx = c2 -15 38.51’

?dy  (6) F~!J&J  (second iteration) ‘TRa’ldY  x = x, 1;

<n-u,
X 1 =:  Z-3(38.5)  = -113 .5

cnc.u,
X e =:  -t5+5(-113.5)t2(38.5)1  = 485.5

(no”,
X3 =:  (-l/Zi{llt(-113.5)t6(485.5))  = 1405.25
” ::
6lJMM  x  = x e = C-113.5 485.5 1405.251’

n~~?h~~aa~~n’&-‘ldrea  (Gauss-Seidel Iteration) ~k&b!~

= (1/3~~2-lX1-OX,)

= (l/3)12-x,1

aiTmn” (E3)  l&M7  x , :  x,‘“~~’ = (l/6){-11-1x1-2x,)

= i-1/6){11txlt2x,)

lli?Un” (E,) L&w  x , :  x,‘“~~’ = (l/5){-5-1x,-2x,)

= (-1/5){5tx,t2x,> . ..(7)

OR  205 1 3 5



<now,
X =3 (l/3)(2-0)  = 0.66667

<n-u,
X e = (-1/6,tlltOt2(0.66667~)  = -2.0556

cnru,
X = = -0.855561 (-1/5){5t(-2.0556)t2(0.66667)}

w::
~Wl4  x = x 5 C-O.655561 -2.0556 0.666671'

cnsv3
X3 = (l/3)12-(-0.85556))  * 0.95185

<  n.xu>
Xe = (-l/E,{ll-0.85556+2!0.95165))  e -2.0080

<nc.u,
X i = t-1/5~I5t~-2.0080,t2~0.95~~5~~  5 -.97914

611513 4.3-l nTni&  4 fAbGhl~-rdL~a

_______-----__--____-----------------

i%nhAldaaJ  x,

1 -0.85556 -2.0556 0.66667

2 -0.97914 -2.0080 0.95185

3 -0.99699 -2.0012 0.99305

4 -0.99956 -2.0002 0.999acl

1 3 6 OR 205



Algarithm:  Gauss-Scidel Iteration (Method of Successive Displacements)’

Purpose: To solve Ax = b for I(  = Am1  b to Nu~~Sigsigniticant  digits. One iteration,
starting with x = [x1 x2 . x,,]r goes as follows:

(‘1 Solve equation (i?i) for variable P.jnew)  for i= 1, 2, , n,  replacing
1, by 1)“‘“’ he/tire calculating a:;;‘“)

In (*),  (E,), , (E,,) and 21, , 2, are preselected rearrangements
of the given equations (Et),  ,  (En)  and the variables x1, , x”.
respectively.  The algorithm terminates after Maxit iterations, or sooner
if

dxt -= xjnewl  - xi is sufficiently small for i= I, , n

[equation parameters)
jtermination  parameters)
Ian initial guess of XJ

/
IF termination test was  satisfied

! 1 TIIEN OUI‘F’UT f,x at:proxinates  X to R:urnSig srgnilicant  digits)
ELSE  Oti TPUT‘  (Convergence rrcl  evident in Moxlf  iterations)



4.3B  ~na~~~~ahn?slrhd7~~1~1  (Convergence)

(E,) alIx,  tatpx, + . . . ta x = bI”” 1 .*. (6)

L’17Lhl  xk  <I “strictly dominant variable” go+  (E,) ita::

r%m a ,L Cd.ti.d.IieJ  X, ‘lu  (E,)l iI “strictly dominant

entry” Bag  row,A Z-I

Nast%in A i?L&d  “strictly dominant matrix” n”wdau  row

aaJ  A u” strictly dominant entry af?lufk&&79’l~77n rows
&d  7 ‘fundi 6idazhds  x*,...,x_ ia strictly dominant

variable Baq  (E,) &-I&

ihailr tu@inii A SJLih  strictly dominant matrix

1 0 0 3

A= 01 2
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B =

2@3

0 2 (3

0 1 -1 0

strictly dominant matrix

IkeI=  44 (+(3(

Dominance Theorem (D-T.)

Let Ax = b be a linear system for which A is strictly

dominant. If each equation is solve for its strictly

dominant variable then the xk’s  generated by Gauss-Seidel

iteration will converge to j; = A-lb for any choice of x,.

Try to solve as aany  equations as possible for the

variable having the largest (in magnitude, coefficient.

E7  A L&A strictly diagonally dominant (&;a a1,  L 5 M

s tr i c t ly  domi.nant  e n t r y  BaJ  rou,A,  i=l,.  .  .,n)  ui?%&&mw

~~iiaw~~rn+l$~cfa  n"irm

unYa’un1a  (E,)  li!aMl  x, tuda  i = 1 ,..., n . ..(9)

1 3 9



CE,)  f%(x,,  x, ,a.., xn)  =  0

(E,) f,(x*,  x,,...,x_) =  0

: ata

(E,) fm(xl,  x =,..., xn)  q 0

flCX)  = 0

f,(X) = 0

:

f*>(X)  = 0

3

1

..” (1)
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(E,) ye- -2 = 0 r&da  f%(X) - 0  Inei:  x  =  cx yl’)

(E,)  x*ty-4  = 0 tiida f,(x) =  0  ‘InfA  x =  c x  y3’)

. . . (2)

:, 5: r-0.1s  3 . 7 1 '  uar  izeC Cl.9 0 . 4 3



. . . (6a)

l~nu~~~~~z~~  exact i n c r e m e n t  A x  $d%bda6u

f,(X t AX) = 0 ,i  = I,...,  n . . . (7a)

1717sH1fi?lh~U?%lP%J  AX &dBWl  dx

d.x = Cdxl  dx, . . . dx,l’

~JdeRAiaJ~ussuu~Jw~rij7anj7

{linear approximation of f,(xtdx))  = 0 , i=l,...,n . ..(7b)

LZa dx daw3aYaGu  approxiaating  system

f,(x)t(af,/ax,,dx,t(afl/ax,)dx.t...t(af,/axD,dx_  = 0

f,(x)t(af,lax,)dx,r(afelax,)dx,+...t(af,/~x,,)dx”  = 0

:

fn(x,tcaf_/ax,,dx,tcafn/ax,)dx,t...t(af_/~x~)dx~  = 0

. . . (8a)

I@a?!  partial derivatives $f ,)3x,  ~n#-hv6? x k’d?$\a”?
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) Iax_ dx, f*(x)

)/ax,+  dx, f=(X)
: :

af,,tx!/ax,  afncx)/ax,  .  .  . af,,ix,/ax 0 dx,> fn(X)
i 1

J = f’(x) dX f(x)
m,  I

b:Ei F’(x)  h&4  nonsingular U~‘I  dx = -f*(x)-‘l!x,  =-,J-*f(x)

i;l  x ani ii U’ln1U3  i4EU  linear approximation

f ,!xtAxl  2 f Irx)t(af  ,!xlmx,)diit...tcaf  l(x)/axnjdx n
lliUdldlU~U  i - l ,+.  .,il  llia  A X  %s~~LI%zuI&?R  d x

&&&=NI  (8b)

ii = x t 8X i: x t dx = x - f’(x)-‘f(x) .-. (9)

Ua=dl%dlW~Un149la~l  i&l

.-,--~  --.-  _ _ _ _ _  - - - -

c.  t  dxk  ml?! rlx*  =  -f’(X,)Pf(X )7
I---l  ---

(10)
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Algorithm: NRSYS  (Newton-Raphson Method for Nonlirlear  System:.,

, Purpose: To solve A nonlinear system of n  equations in n  u~ihnown.s:

i
I Ah,  , xd = 0, i-  1,2,.  , R

! The method uses the arrays

x = [x, x2.  x,,]T /current app~&matiofi  rJf x]
f = [/,(x1 h(x) . J6Ml  1 larray  of /Xx) values, i.e., fWi

dx=[& dxz. dx,jr [dx=x;,-xk-,)

and the matrix

J=(df;(X)/iiXj)nxn {[he  Jacobian matrix at x, i.e., fYx)]

to  find a solution ii to NurnSig significant digits in d6axlf  iterations.

DO FOR k == 1 TO Mux1l  LINTI!  terminati@~~  test is satisfied
BEGIN
f - f ( x ) ;  /* f’(K) [Evalirate f and J a: :tre curren! x]
(get dx/ Solve the lkar  system .I dx = 4 FCC  dx
(get x) x +- x + dx {x  = [I, ” x,,; i‘ is ILO’rv  Xkj
O U T P U T  (k, XI, .  ,  x,)
(termination test: j&i < Rel;“ot*ms:c~l,  ixi!) for i= 1, 2, , “2)

iI END

IF terminatiw  test was satisfied
I THEN OUTPUT (x approxin~ate:~  E  to NumSg significant digits)

I
ELSE OL!TPUT  (Convergcn-e  not  apparent in Mn~ff Iterations)

1 (;Vofe:  In the  get  dx  step, dx  should bz  obtained  as -2 ‘f *Ibing  the fmmuia  for
/ J-*  if II := 2, 2nd  by soicing  J dx  = -mf direc?iy (withonf  jndi!tg  .J-lj ii’ n  G-* ? I

I____ ----... .~ ~.
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sad x’ = cx  yl

f  tx)  =  CyeX-2 x”ty-43

~uRhib7?fikihd  (Jacobian matrix) ;a

I-

J = f’(x) =

i

atye--X)/ax atye”-z)/ay  = ye* em

a<xzty-4)  /ax a(xDty-4)/ay II 12x 1
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dx, = -(l/2.68917)  1 -0.548812I 11.2 2.03060

Xl = x0 t dx, = -0.6 iI 13.7

0.00086!

-0.0589(

5
5 I

: -0.599135

I I

3.64104

1
k = 1: f(x,) = -2.73173E-5

I I

,  f’(X,)  =

5.91353E-7

1.99997 0.549286

-1.19827 1

1 4 6



dx, = -f'(x,)-'f(x,)  =

dx, = -f"(X,)‘Xf(XI)  = -0.00098 , x

[ o.o1308~ = = x* t dx*=[::ix:j

dx, = -f'(Xe)-'f(Xe)  = 0.00000I 1 , x, = x, t dx,=

0.000003

1.92574I I0.291536

1 4 7



4.4c  iaR?d~l,al‘iial~ NRSYS

2) t~El?al%Ullsn?  n2 Partial  Derivative Functions afllax,

~IM?U  Jacobian matrix f’(x)  aiiwn

3) rla~~aYluni7unudi  x 914 f’ ui?~iwat?aaan~7~uul%JIiu

f’(xfdx  = -f(x) d7HTuuda=A~JaaJnls~7~,,~~~~~~n
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4.1 In a)  and b) , solve the equation so that yo11  are

assured that Gauss-Seidel iteration will  converge.

Then, with x, = 0, do four iterations.

a)  2x, -6x, - x, = -3

-8x,, t3x, t x, = -4

x:,  t x, -3x, = 5

b)  x:,  - x, +3x, 1

5x:, t x3 -x5=  3

4x,txJ-x4  = - 1

3x, t x, - x, = -4

X I I + x, -4x5 =  - 3

Are coefficient matrices in a)  and b)  strictly dominant

matrices?

4.2 Let 5 3 -2 2 3 -1

A = 3 2 - 2 and B = 3 4 -2

-2 -2 5 - 1 -2 1

J 1
a)  Show that Z 2 III -1 11’ is the solution of both

Ax = CO -1 51’ and Bx = C-2 -3 21’.

b) F o r  b o t h  system i n  p a r t  a ) ,  s o l v e  (Et)  f o r

xi, i=1,2,3  and perform two iterations of

Gauss-Seidel iteration starting with x, = 0.

Why  should you expect the iteration for Ax = b to

converge if continued ?
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4.3 Use graphical methods to estimate all roots of the given

nonlinear systems.

a) 2 In  y - x - 0

x y - y - 1  =o

b) x t yp -9 = 0

y - In  x = 0

c) x2 - y z -4 = 0

y tl -2 sin x = 0

Hint a)  Sketch y = ecu”’  and y = l/(x-l)

4.4 a)  one root = Cl.4777 2.09351

b) Sketch x = 9-y’ and y = In  x

4.4 b) two roots = C5.8665 1.76961 and

CO.050206 -2.99161

ci Sketch (x/2)’  - (~121~  = I and y sin x - I

4.4 c) two roots = C2.1207 0.705171 and

C-2.7124 -1.83231

4.4 Use NRSYS with your answers to Exercise 4.3 as initial

guesses to find to 5s all roots of the systems a)-c)

of Exercise 4.3.

4.5  For the system x2 -3 sin y -2’  = 0

2 - 2 x y  +1 = 0
X&Y

e tze = 0

a)  Find the Jacobian matrix (JI.

b)  Use NRSYS with xQ = 0 to find x,.

(Note: You can solve f’(x,)dx,  = -f(x,)

almost by inspection.)
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