. W ., |
4.1 M7 tnliaide (Roundoff) Awaliaanda

4.2

4.3

4.4

MITNIRLARNTRY AX = B Tealfaauiiiead

4.2A Full Pivoting Strategy (FP)

JEn 19 (terative Nethods) #MmTun1mIvaiaas

3R97EuNL 8L du

4.3A 3681181 (Jacobi Nethod) uas
3T in1d-181aa (Gauss-Seidel Method)

4.3B qnm%ﬁﬁwufunﬂ1u?uﬂzqn11él31 (Convergence)

arwataassaetsunti thadeiu

4,44 01 11E33011019nTuRe L RalTENaE WA L aABTA Y TE LY
iR esdumuie 2 x 2)

4.4B ifnasiafu-TududmTuntmouniaanvavTeuuta i
1BvLifu
(Newton-Raphson Method for Nonlinear Systems
:NRSYS)

- 4
4.4C 12R77W1T1 8810 NRSYS

. 4
guudndeunn 4
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3 - . <4 ¢
uunitazaturan15T6I9019079 (Direct methods) I nunn 3 am el

- 4 . . .. a4
yigAnsarwiuatdnTa oy fixed precision ¢Tuunn 3 13118 exact

. . < ol . s u ] gﬁ
arithmetic) WNITAITIEMSUNIIN WA LRABTAITEUL LTS LAUNIENA1ITULUNLAS

s Y ZY e ar
AMLAR-1ELAR wan3IniuIzuAaIn 15148 1890 08u- T 1M Fud T
Trurhi v 39 i
(iindas1masnuniun19lf Triangular Decomposition Algoritha

o4 « < 4 q L3
LHAMINALARETE UL B9 L /T2 UUMNAS AX = b %78 TruuiBeLHuMAE 9 Fruu

wias qhn fiuAa AX = B)

- & » J
4.1 naTAItunTilRLAY (Roundoff) NWauasne

T | .4 . .
Arad198aTUNATURERIIV LHAN WA LARBEEY AX = b U fixed-precision

- . z ' > g 3. - - 4
aritheetic uu ﬂ?ﬂuﬁuua1!ﬂduaLuaﬂ?suuagnu Pivoting strategy n11d

A78879 INTWALRRBTASTEUUL RS L HUALIR (2 x 2
(E,) 0.01x, +100x, = 100

(EZ) Xt X, = /i

2

1 1: 2 cea (D
EAzb) = L 0.01 100: 100
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L] @
1 35 arithmetic (HuRallaiMinda 3s MFINNITEMIBLRAEATY)

Solution 1 Taan17f Basic Pivoting 1313¢16
}
N A i :
L\U = , 10,000 | = L\U 2

1 < 4 I . w 9 3
Tiradvina A wAaaLaRauI IR TR L KEIL pivot Hamday 1., tuT1edn

lgp = 1-(1)(10,000) = -9999 = 3 00 x 10° = _1p,000(3s) ... (2b)

%

W1 [L\Uzh:&:x1 1ea1f 3s arithmetic 314

C 040,000 10000 1002 :: 10,0001.00 i 0.00L.00

Al i“ = c0.00 1.001° S
Al (3) Aa
€, = (2-18,)/(-10,000) = (2-10,000)/(-10,000)
£ (~10,000)/¢-10,000) = 1.0 )
X, = 10,000-10,000%, = 10,000- 10,000¢ = 0.00 e (5)

1

Solution 2 Ta8n15%4 Partial Pivoting 191318

I

LA 1

L\U = @ il 1 !1_.},2 .v.(Bﬂ,)
y—— e

-

4 o . o o
SATINARIALARAVAINNTHR L AR INDIT L RY pivot AInday

)
Fa
1,, = 100-(0.01)¢1) = 99.99 = 1,00 x 10> = 100(3s) .+ (6b)
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b
[ 00.011 1001 1002 2 100 : 100 100

§fw % = CLOO 1.001’ LD

PP

- -
1R IaIE (7)) A8

e, = (100-0.0151)/@ = (100-0.02)/100 = 100/100

= 1,00 .. (B)

)
i
no
i
[y
)
H

2-18, = 1.00 cea(9)

] —-— d L1 —_
NTTHINAL ARAUNUATY X :1w?ﬁga1n1ﬁ A"t

wrecs S ATD=(-1)799.99 | 1 -100
1 0.01
1002
r .
= (-1)/99.99 | -100 1.0001
-99.96 0.9999 e (10D

4 < =l o . I .
tNBLHTAUINAY (10) Y (3) uar (7> L9713ewWUdH "serious

b oo o d o - 4 :
error” 1 %, niazw Basic Pivoting & X, n1a37a Partial

P
12 .
Pivoting #iuiA1musuEIRy 3s
- - * U +* o oA - o = rof
uanidn Pivoting Strategy #14auual 841 1UTNITHISAITINN
- b4 . o .
drzdngn Aty vdu Scaled Partial Pivoting (SPP), Partial

Extended Precision (PEP) Strategy 3§u§~:§nw1ﬁi1u1mﬁmi‘n
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AT -50 - ¢ &
829 L\U, & Uy X uwinlu extended precision udinuA1inaty

single precision

{
4.2 MITMIHALARANAY AX - B Taatfeauw1iaad

4.2A Full Pivoting Strategy (¥®)

The Full Pivoting Strategy for Selecting the Jjth Pivot
Choose as the jth pivot the element of largest
magnitude in the (n-j+1) x (n-j+1> matrix obtained by
deleting the rows and columns containing the preceding
(j-1) pivot entries from the cofficiient part of current

augmented matrix.

19181317 Full Pivoting strategy ﬁun11ﬁ15anaqtn15 wia
N19A9¥85aLNId-FaTane uaTN1FiY Triangular Decomposition
Alporithm
CRELAE nﬁiﬂﬁnwsﬁﬁﬁanaqtnﬂé 768 Full Pivoting uas

] v 4
10780 1-SCALES LWanwalaaanay

-x, t x, -4x, =0 5/4
2x, +2x, = 1 HALDABUNUAYY la X = |[-3/4
3x, #3x, +ex, = 172 -1/2 oD

o . . o Y . v
Solution nq%u (upper triangulation} asaaluy pivots Qn?ﬂ1au11)
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coefficients ‘zeros below py

"
|-—4| is max; py = —4 111 is max; p; =

B A
0

0
1] p2a—0p: 2 2
3

pati; 75 @ 0 :
7

Pz 2 Pa
pa — 4p2

[C] S —

[, i) ‘ » 1 -— o
‘lt’fmmnumaauum LHaunduNT (E;)) n181 x, URI

L4 * - ' - .~ ' H
undunIT (E)) MIA1 X, WAz (E)) WIA1 x, aRaldy

X, = (5/T/(&4/T) = 5/4
X, = (2/7T)11/2-(5/2)X,} = -3/4
X, = (-1/6){0-% 4x,} = -1/2

<

P |

.% :’ L
]

e

zeros below pz

oog

1
okl

¥

b Lo J I‘J 3 . v . o ol 4
NHHINTNY P n‘lummfﬂum‘mm‘ln\n'tunwﬂ'm'mmaua UALNS

4 { -4 [l “ o . .
2f aTavRaNNILRATIZLRBL 2R W NTUAB M Al Full Pivoting

v T
strategy uinliiantfuanidgannindnitubastivaians x 393

1

. . 4
ﬂqﬂuuuuﬂﬂgeqalnﬂnazaﬁutﬂ1ﬁ

T 4.2-1 uargil 4.2-2 Eaﬂugﬁu DECOMP (341% Scaled Partial

Pivoting (SPP) uaz Partial Exteaded Precision (PEP) Strategy)

uasiugﬁu FORBAK #1FUN1TWWALARENAY AX = B

30

00100 SUBROUTINE ~ DECOMP(N,EPS,A,LUD, IROW,SNGULR, CONDIT ,KPVT, $)
00200 REAL ACN,N), S(N), LUD(N,N), wTHPVT

00300 INTEGER IROW(N)

00400 DOUBLE ~ PRECISION  ACCUM

00500 LOGICAL  SNGULR

00600 € = = = ## ™ = = = = @ = = = = — @ % = ==~ - - - - -4 &~~~
00700 C GIVEN AN N BY N MATRIX A, THIS SUBROUTINE RETURNS:

00800 ¢ LUD(N,N) = LU-DECOMPOSITION OF A- = L"#U"

00900 ¢ IROW(N) = ROW ORDER VECTOR

01000 ¢ CONDIT = CONDITION INDICATOR {0 IF SINGULAR)

01100 ¢

01200 C NOTE: ROW K OF {A":B":S$":L"\U"] 1S ROW IROW(K) OF [A:B:S:LUD]
01300 ¢

01400 C SNGULR IS SET TO TRUE IF FOR SOME M ALL L"/$" RATIOS ARE € EPS.
01500 C IF A IS NOT SINGULAR, CONDIT = (P{A) = L"(N,NX/S"(N).

01600 € = = = = # = = = w « = = “« = w w o nomow s YERSION 1: 5/1/81 - ¢
01700  C INITIALIZE SNGULR, IRQW AND S

01800 SNGULR = .FALSE.

0f900 po 10 1=1,N

02000 IROWCI) = I

02%00 ¢ **SET $<I) = LARGEST ABS VALUE IN ROW | OF A

02200 $(I) = 0.

02300 DO 5 J=1,N

02400 SCI) = AMAX1(S(I),ABS(A(I,J}))

02500 5 CONTINUE

il 4.2-1 iug?m DECOMP (w2 LUD uar IROW)

0000(’0000(-

MO o O

s
(2=
—
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02600
02700
02800
02900
03000
03100
03200
03300
03400
03500
03600
03700
03800
03900
04000
04100
04200
04300
04400
04500
04600
04700
04800
04900
05000
05100
05200
05300
05400
05500
05600
05700
05800
05900
06000
06100
06200
06300
06400
06500
06600
06700
06800
06900
07000

10

CONTINUE

C ITERATE: FORM

15

25

30

35

40

45
50
55

100

DO 100 M=1,

LUD USING SPP AND PEP STRATEGIES
N

**GET ENTRIES OF COLUMN M OF L®

KSTOP = M-I
DO 25 I=M,N
11 = IROW(D)

ACCUM = DBLECACII, M))
IF (M_EQ.1)GOTO 20

DO

15 K=1,KSTOP

ACCUM = ACCUN = DBLECLUDSII,K)Y*LUDCIRGW(K) M)

CON

TINUE

LUDCII, MY = SNGLCACCUM)

CONTINUE

#SET CONDIT = LARGEST L"/S" RATIO OF COLUMN M of L~

CONDIT =

0.

DO 30 K=M,N

RATIO

= ABS(LUDCIROW(K) M) )/SCIROW(K))

IF (RATIO. LE. CONDIT) GOTO 30

e
KpP
CONTINUE

NDIT=RATIO
VT = K

IM = IROWC(KPVT)

IF (KPVT

EQ. M GoTo 39

*INTERCHANGE ROWS M AND KPVT OF IROW

IROWCKPVT) = IROW(M)
TROW(M) = IM

*EXIT  CHE
MTHPVT =

CK: EXIT IF A IS NEARLY SINGULAR OR M=N
LUDCIM, M)

I'F (CONDIT . GT.EPS .AND. ABS(MTHPVT).GT.EPS)GOTO 40
SNGULR = .TRUE.

I'F (SNGU

LR.OR. CM _E@.N)) RETURN

**GET ENTRIES OF ROW M OF U™ (INROW IM OF LUD)

JSTART =

M+1

DO 55 J=JSTART,N
ACCUM = DBLECACIM,d))
IF CM .EQ.1}GOTO 50

DO

CON

45 K=1,KS$TOP
ACCUM = ACCUM = DBLECLUDCIM,K)Y*LUDC(IROW(K) ,J)
TINUE

LUD(IM,J) = SNGLCACCUM) /MTHPVT

CONTINUE
CONTINUE
END

7l 4.2-1(88)
.

131



00100 SUBROUTINE FORBAK(N, P, LUD, IROM, B, XBAR)

00200 INTEGER IROW(N), P

00300 REAL B(N,P), XBAR(N,P}, LUD(N,N}, ITHPVT

00400 DOUBLE ~ PRECISION  ACCUM

00500 [ T T T B - - = - ¢
00600 C THIS SUBROUTINE SOLVES AX = B BY SOLVING FIRST L-C = B” c
00700 c  (ForwARD SUBSTN) THen u-x = C(BAR {(BACKWARD SUBSTN) usine c
00800 C LUD AND IROU RETURNED BY SUBROUTINE DECOHP. C
00900 Crw o~ mwaswo=rewmem=saesasoa- VERSION 17 5/1/81 c
01000 C FORWARD SUBSTITUTION: SOLVE L-C = B® FOR CRAR (PUT IN XBAR)
01100 DO 40 I=1,N

01200 1 = TROW(I)

01300 ITHPVT = LUDCIL, 1)

01400 KSTOP = I-1

01500 DO 30 J4=1,P

01600 ACCUM = DBLE(B(II,J))

01700 IF (I ,EQ. 1) GOTO 20

01800 DO 10 K=1,KSTOP

01900 ACCUM = ACCUM = DBLECLUD(IL,K))*XBAR(K,J)

02000 10 CONTINUE

02100 20 XBAR(CI,J) = SNGLCACCUM) /ITHPVT

02200 30 CONT INUE

02300 40 CONTINUE

02400 IF (N .EQ. 1) RETURN

02500 ¢

02600 C BACKWARD  SUBSTITUTION: SOLVE U-X = CBAR -FOR DESIRED SOLN XBAR
02700 DO 70 INDEX=2,N

02800 1 = N-INDEX+1

02900 KSTART = I+1

03000 DO 60 J=1,P

03100 ACCUM = DBLE(XBARCL,J})

03200 00 50 K=KSTART,N

03300 ACCUN = ACCUM ~ DBLE{LUDCIROW(I) ,K))*XBAR{K,J)

03400 50 CONTINUE

03500 XBAR(1,J) = SNGL(ACCUM)

03600 60 CONT INUE

03700 70 CONTINUE

03800 RETURN

03900 END

T 4.2-2 Fuifu FOBAK (FORWD upe BAGKWARD SLBSTITUTI QY
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4.3 311180 (Tterative Methods) fMFURIINIWALARATAITEIILBYL HuU

“ of W . - { 3
MAVTHIIRAINITATTRAIU N IIRDARIRATHTE N 2n /3

o 4 o e

ATY LWaNIWARLANENBYTEUY AX = b U6 (n X nJ UUAa

(E,) a8 X +a X +...+a_x = Db

11 1 122 in n 1
(Ea) aa1x +322X2 t. +a2nxn = bz
) ( =
(E» & ,x, +a_ X, +...4a__x_ b, .o (1)

v oo ' ﬁ [% < Aava, vy Ad . w & v
FIUWIUATIRENAIDL ul“qqﬁ n nqzﬂﬂUﬂ1ﬂuuuﬁﬂqqﬂﬁ FTT4A849U1

o, of o » 4 o g A L F I 4 i - L ] «f ]
MAVINTINIENVTHCTVTAARAUNLHUE 1T IUEI 1 IzuIRIeTH
k|

4.3A 39817a0 (Jacobi Method) uar ddin1d-1¥iea

(Gauss-Seidel Method)

. . e 1 ' »
ANANIENUY main diagonal mav A qnﬁ11utﬁuﬁua ua2 (E ) wan
]

| -
uniwana x,

n

X, = (1/a“){bl- Eoa, x) ,i=1,...,n o2
d=1
4]
x satisfies Ax = b <¢--> % satisfies “fixed-point
equation” x = g(x) o 03a)

<4 ) " "
R8N g(x) A vector function F4&NAVENAIN | A

g,(x) = (1/a b =28, x,} ,i=1,...,n 1))

J2

AaTiai dmTun1amIuataan Ax = b ABRYTUAANNTT (3a) Tee
in17unua1d1 (Repeated Substitution) funa

a v v a v o w
LIHAURAEATLATL THARY X UKRIUNUN X AR
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= g(x) o (4a)

'v ‘ &-I' new 34- -
gl Tae 4 awngefe x 777 Hula1nd X
' <
ANV IWAIWA
al 11 w C.v  wa ' a v o
1sua111u§nnﬁ1aan1a w1738 18 A11A1LTHALNR (good)

uarfnaldn Iaaha q 1ﬁa=§tﬁquuut§qtﬁu
|

- J [ ¥ L] - - l -
15nﬂ1uﬂ341ﬁ3n1w 3887781 Aa IFLniE-1¥1aa (Gauss-Seidel)
' - [ 4 . .
twTat3anda 3Tn19unuA1duLitay (Nethod of Successive Displacement)]

. 4. s
TR Tagn1TTNATANANATTN i Das (4a) HUAD

X, = (ilai‘){b‘ - X a X} ...(4b)
Jax 1
< . u"d'l}:“a,
wnun x, 1u array x nunnmwnA1tla naw i = 1,...,0
- -1 ' o (Y R - ' d, 0 4
X A28 RA1A2713HA1TNALABINLNALARE X HANNYY X NTHLWA
new o a ' 5 ' P T - .
W x " tu (b Tesfia g 1ﬂ1§lﬂﬂﬁ~1ﬁlﬂauuﬁﬂﬂﬁﬂixﬁtﬂ1t11"11
- of o o 4§ x P Y1 [T
HAYIAY WAy 3ﬁunqd-1ﬁtaauuﬁwatnﬂasﬁtnwuuuniqsﬁu

»~ » -y 4 4 F
R18809 N1TIHITLNA-101 @A LWAKIHALAAREAY Ax = b Taan

1 0 3 : 2

[Azbl = |5 12 : -5 NALAABUNUATS BB | -2 ... (5)

. 4 ¥ o . + {
Solution tuaaawn11du13nqnaﬁuu diagonal TNLﬁugua LTI2VIUNFUAT

. LY 7 [ H
(E) for x,, i=1,...,n n1inladunrveelu

(naw) R _
X, = (171)(2-0%,-3x,} = 2-3%,
{new) _ —
Xy = (17D A{-5-5x -2x,} = -C5+5% +2x,3
{(neaw) _ —
X, = (1/2)4-11-1x -8x,} = (-1/2)[114x +6X,] .o (6)
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a v w 2 b+l . . . y
LINAUAIN x = X, = CO 0 01’ 1d (6) aFIn (first iteration)la

[+

(naw)

2-3(0) =2

{naw)

= ~{5+5(2)+2(0)} = -15
{now)

= (-1/2){11+4246(-15)} = 36.5

AdUN x = x_ = [2 -15 38.51°
» ¥4 i i v v
18 (6) aT4nday (second iteration) 1687 x = x, 1a

= 2-3(38.5) = -113.5

= -{545(-113.5)+¢2(38.5)} = 485.5

(-1/27{11+(-113.5)+6(485.5)} = 1405.25

AUE X = x, = C-113.5 485.5 1405.25Y1°

< [ ' ' ' & ot <4 < v
Qslnu1&ﬂﬁ11 Xk Qﬂaﬂ ad1NTIng EnunIzLwaILAANNT (El)

e . ¥
aug§t1qnsn1a«a31ﬂu

it { . . a v dd
A1INIadLA1d-181aa (Gauss-Seidel Iteration) L TuauUNY

v 4 {(new}) _
unaunT (E ) Lwanml x 3 x = (/3 He-1x -0x,}
= (1/3){2-x)
» v =‘ now
WAA (B tWand x L :ox, 7o = (1/6) {-11-1x ~2X )
= (-1/6){114x_+2X )
b * 4 new
WadWR  (E) wWam x , :ox 777 = (1750 4-5-1x,-2x )
= (-1/5) {54, 42X ) (D
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136

ViNRuAIe x = x, = [0 0 017 U (D TunimiiaTwnta

x; ") 2 (1/3)12-0) = 0. 66667

x 7YY= (Z1/6){11+042(0.66667)) = -2. 0556

e

x, "%’ = (-1/5){54(-2.0556)+2(0.66667)} = -0.85556

1

#ufiy x = x = CQ 65556 -2.0556 0.666671"
o . ¥ od w
6 (7)) TBRVIINIRTINRaNTR

x_ "% - (1/3){2-(-D.85556)} : 0.95185

3

x, "7 = (-1/6){11-D.B5556+2(0.95185)) = -2.0080
(newl}

X = (~1/5){5+(~2.0080+2(0,95185)) = -.97914

1

f e - : < T
1714 TULARINADAINITINIEY 4 ATWTA TIItANIfT

X gtﬁwwﬁwataaauﬁunﬁc X =0-1 -2 11°

k

. > - {
81914 4.3-1 na9ign 4 afeTaaltinad-17iaa

P e L L L L L L L T T L LT T T L P T

1 2 3
1 -0. 85556 -2. 0556 0. 66667
2 -0.97914 -2.0080 0. 95185
3 -0. 99699 -2.0012 0. 99305
4 -0. 99956 -2.0002 0.99900

o v T T A

4015 (70 uFasTHLBNIT 199809 RANn T uARTe 9 dmFudouls

Y '™ ’ @ w I » P of ¥ Ll
e 9 n'la uﬁﬁauﬂﬁumazaqasﬁaqgnuﬂﬁﬁﬁwnnﬂiunﬁunﬂﬁwuqtwsaﬂivtas1
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P ] v d 1
WELMA T (7) URRZRNANT (E), (E), (E,) OAUALWAWIAY

wr A { ' o ] Y o

a1uu1§quﬁuuﬁzﬁn§1umnqa ﬂﬂ?g;ﬁﬁTuawsﬂqnuﬁuuutﬁu

' 4 ar (%3
WANNVINFINAEHI I TN U Tatia Ty

Algorithm: Gauss-Scidel Iteration (Method of Successive Displacements)’

Purpose: To solve Ax = b for X = 4! b to NumSig significant digits. One iteration,
starting with x = [x; x5 . x,]7 goes as follows:

(*) Solve equation (E;) for variable £{"* for i= 1, 2, , n, replacing
£ by £inew) heftire calculating £(new

In (¥), (E), , (En) and £, , % are preselected rearrangements
of the given equations (Et), , (E,) and the variables x,,, xu,
respectively. The algorithm terminates after Maxit iterations, or sooner

if
dx; = x{new — x; is sufficiently small for i= I, , n

{initialize)
GET n, 4. b, [equation parameters)

Maxit, NumSig, {lermination parameters)

A fan initial guess of x|
RelTol « 10~ Numsig
X % |x=Ix; xy --- x,]7is the current approximation of X}
{izerate)]

BEGIN {form x, and dx = x4 ~ %4-; in rearranged component order|
3 FOR i=1T0O a

BEGIN

fgel £(ewl Eolve £ for 2 using components of current x

|
H
| DO FOR & =1 to Max/t UMTIL termination test is satisfied
!

i lﬁfi tmm fjsne.w? e :i

' {update «j F, « X{pew

. aeiD

= xa e xe]Uis now ki and dx = {dxy dxa - dxa] ) |
i QUTPUT (K, Xy, Lo - ., Xn) ;
; itermination test: jdx) < PelTol*max(l, (x)for i= 1,2, ..., n |
L END

IF termination test was satisfied
THEN OUTPUT ‘x approximates X to NumSig significant digits)
ELSE GU 'PUT (Convergence not evident in Muxlt iterations)

P T e

- <4 U"f' N > 4
1 4.3-1 1uﬁLnﬁn§1u1unuﬁau3ﬁ Gauss-Seidel Iteration
k]
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4.3B angigdmunarufmirenasaLen (Convergence)

0 ith #un 78975 uUIBLAR AX = b Aa
(E,y 8, %, +a,,%, + .. .43 X = bi vl . (8)

TETELL X, 11 “strictly dominant variable” pa4 (E ) uasx
\Fan a,, [d.u.d.709 x_ Tu (E )1 71 “strictly dominant

+
entry” sa4 row A 91

P D

EE 2

a

ik a

i4

S e : . 4 4
[UUAR TUIATAY a,, UINNTIWALINTANIUIRTAYE. 1. &. R1AU 1 Niwaa

aglu (£ )
«*
uazi3en A dniu “strictly dominant matrix” Kauaas row

- - ] [ ‘4 ]
7a¢ A i strictly dominant entry BEuARIIINA1 13N rOW
“ 3 ) L - -
B 7 Tuadin uRazids x,...,x_ fa strictly dominant

- “| &
variable #aq (E)) na14iu

FLAY) cnind A i strictly dominant matrix

1003 rov 1 am=3>1+0!
A= @1 2 row 2 la21=5>'1 +l2|
1 (:) 2 rov 3 a32|= 6 > 1l+l2|

J
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W # o £+ R . .
a188N tun1n1n1utﬂu strictly dominant matrix

= 4 4 {2 3|

+

b:z

Dominance Theorem (D.T.)

Let AXx = b be a linear system for which A is strictly
dominant. If each equation is solve for its strictly
dominant variable then the xk’s generated by Gauss-Seidel

iteration will converge to X = A"'b for any choice of x,.
- 4 ] ﬁ . . . T &l
vuaTnTamun ity strictly dominant matrix a#ne1788 D.T.
(] v N ] s 4 Y t t v} ar
duz 1 T T B RnusERa IR LHaReRBTII1EMIAIBASRUTR1TRI N

. 4 £
(E,),i=1,...,n 1%a1fidind-1d10a

-, of «2 ar
ENTIETUNTLEANRILYS

Try to solve as many equations as possible for the

variable having the largest (in magnitude, coefficient.

1Y . . . o @

B A L{\u strictly diagonally dominant (uuRa a, t;]u
strictly dominant entry ®a+ row A, i=1,.. .,n) waulsziung

' - 4
§t§ﬂnai1§tﬂ1ﬁ~1ﬂtﬁﬂ HOTE

v, 4 4
UNENNIT (E ) wwamy x 0B i = 1,..., N ()
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( |
21 A uluinaiadsunint 391ty positive definite
v Qi w
(x’Ax > 0 for all nonzero x) Ui (9) ﬂz1ﬁuataann§1n1u1

X A mTuA1ta 4 189 x, (A11ALTNRW

4.4 ﬂ'l‘ﬁ!’lllﬁlﬂﬂﬂﬂﬂ\ﬁzlﬂl‘hilﬁuli\l v

AN TEUTEN A LG AW AL Ty
x, v, xy, JYIx, (2y-2)°, sin x, e”7, zJ;I;

gnu?aninﬁLﬁutﬁatﬁu (nonlinear) 1w x, ¥y, 2,... tWIEIT7I4A%
Liuuﬂunﬂstmdﬁﬁu1ugu ax +by +cz +... - constant Femasunarideiiu
TuRwdT %, ¥, 2,... 1A

Truumas n &unT luEMUT n R X, X,..... X TEUUWY
Qnt?hniﬁ 18uu1ﬁl§utail§u (nonlinear systenm) ﬁﬁﬁﬂunﬂiwﬁcﬂ;ﬂ
R EUT AP TTECEIHE; OEFTF-

Tﬂan11Laﬂqnlnauﬁ1ﬁsﬁu§u§1ﬂ1¥anﬁwanaqﬂunws 1378791 Bau

mlr 1 L4 6 g
3ﬂn11ﬁnaquuu1uuﬁusﬁqxﬂunuﬁa (n x n) AW

.
(E) T 3, %X, 4000, x )= 0 f,o0=20 X,
(E) £ (X, X5ee0px )= 0 f,xx=0 X,
< . <
Hia : TREN x = :
(En) fn(xl,x 8’0.0’ xn)u O f“(x): 0 Xn
L J

seu i)

'4 L3 L]
444 1IN N TR L MR N e L ana TR v TE U s L thit Bes By

Mk (2 x 2)

wanser vt e 3 e Fuuae (2 x
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o 4
(B) ye 2 = 0 (wAaf 0=0 TaeRx =  [xy1")

o 4
(E,) x"+y-4 = 0 {iwRe £ (0 = O Teah x = cX yi*)

L2

. - ¢ ‘ ] - 4
NN l,ﬂ'?'lgﬁ’?&’ﬁluun']Wﬂ?'ﬂiaﬂ‘iﬂﬂ\ﬂﬂ'}'iﬁn?'%

-

x satisfies (E,)) (--> x aguu exponential vurve y = Ze

x sutisfies (E,)) <--> x ﬂéuu parabola y = 4-x°

»

e

»

4 i+
Wiu X = [(x 71’ Nuuﬂnujﬁ?v curve TIRBYRRNY ASUAAYTRTUTY
3

w W < € i ]
Wlds 4.4B %qwmu'n {2) NADIHALAAD @B

X, % [-0.83.71" #ay X, ®[1.80.43
Tunrimwaleazzastsutiiluigatdu (2 &aseatutauENEIN1Y 11%8 ¥
*
ko4 b . L 1
TN IS 18
(4-x e -2 = ¢ e
) Iy © ae o . ' o a
HAM TA1RIBUNTHRVTASEATRUGH 2 Taan11T0AV L AL TRy
";i tY w o ' &g v
X, = ~0.8 usr x, = 1.9 welaamifiunila 4,48 anv1ine (TN
o & “. 1 @ : ] 1
819890 x MIg ¥ snsvuuld il Bty salunla
p v 5
(E_) X X +y+Q = 0
(B} xdyitan x-sin y = © eaa i
o B, w 4 w aed . o rﬂ«\v
AL AN IR AU I A IRTUN VIR MR L aagna st it e e du Tusy 1)
*

LTaetanaoneifrielunaiaiaty

, E we np .
4.48 %ﬂﬂﬂ N‘#’lﬁ“"‘f"aﬁﬁuﬁ'lﬂ‘lﬂﬂ']1“'“03 LaRARgS Tewing fh“.?*l L 5'4

{Newton-Raphson Hethod for Nomlinear Syctems :NRSYS)

ﬁuqﬁiw x=[X, X, ...x71’° e {Ba

lij\mﬁLQSEHE\!"WUH‘WLEM(Q\\lgu 1) ﬁuﬁ'anmumwh
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f'(x ) = f'z.(x ) =...= f,n(x y = 0 ... (5

51 x WIsNamRY X WA9 increment 3N X to X LLBEWENGALE

o | ol =3
X,-x%, axX,
ax = X - x = | K-x, | = | ax, oo (B2)
X _-X AX
n n n J

4 . - . .
TN ax, a8 increment 31 x, Tl x M7y j=1,...,n
fgmanat 1988w ax T9AwHlR

X = X + ax ...(8b

4 % v “
anuniIsent exachk increment Ax i\!ﬁﬁﬁﬂﬂﬂ\iﬂﬂ
fx +a0=0,i=1..,1 oo (Ta)
[ -'; <4
LT19EmIA N TENMRAY AX UBAAKI dX
dx = [dx, dx, . . . dx_ 7’
. o (V] g vV [
FadananasiuTsuugIun1AgNan11
{linear approximation of f (x+dx»} = 0 , i=1,...,n (T

#uda dX daemansiiy approximating System

£,00+3f /8x dx +@f /3x,)dx, +...+(3f /0x ddx

fz(x)+(8fz/6x1)dx1+(afalaxa)dx2+...+(8f2/6xn)dxn

»
-

]
o

f (xr+@f /ox )dx +@f /axdx, +...+@f /3x rdx

... (8a)
4 - . . ' ' < ' ' v
iaan partial derivatives of  /9x, IANIRTIINATY X TNTIUAIZANAD

(o H
graLlnu (8a) Tutdiuaingi i
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B i
8f (x)/9x . 8f (0/9x, ... 8f (x)/9x dx, f x0
af .ox/ax, of ,00/8x, ... 8f _(x/ex, | | dXx, f_oo
of «o/ox, of (oy/sx, . . . af x)fox dx f_0o
L |

J= 700 dx o

- e

y o . . 4
¢ J = iuain¥m1iR1ieu (Jacobian matrix) mav £ 0 x )

Ldﬂ £ 00 1ty nonsingular #&1 dx = -f*(x) “Fix ==0 OO
A1 x 10 X wanwa ﬁd&u linear approximation
fl(x+nxiz'f{(x)+(3f1(x:/ax1)dkl+...+(aft(x)18xn)dxn
wui IR MTL i - Iy.. o0 0A9 Ax AMITEHIAE d X
Getiuing (8b)
X=xtaxrextdx=x -0 "f00 cer (9)

W

o E ]
uax§a1§1u1un11n1ﬂ1 Ad

~£7x) (10)

J
X = x, # dxdxkaiaan dxk

k41

of .Y, | o~ e o |ﬂ
LTUTANEAS (10) 77 2FEA IR 5 WU MTUn 1IN wa L Ra et Tsuu L T
. b ]

t8e18u (Newton-Raphson Method for Nonlinear Systeas : NRSYS)

Tuntinfiaitudey NRSYS Algorithm

OR 205 1483



Algorithm: NRSYS (Newton-Raphson Method for Nonlinear System:.,

Purpose: To solve a nonlinear system of n equations in 1 unknowns:
* ./l:(-xb- ) xn,) = 0, i= 1,2,. , n

The method uses the arrays

=[x x.  x! fzurrent approximation of x|
f=[Ax) folx} . fx)] 7 larray of f(x) values, i.e, f(x)]
dx = [dx;  dxa. dx,]7 [dx == x5 — Ky -1

and the matrix
J= (007 3X 1 ) wn {the Jacobian matrix at x, i.e, f{x))

to find a solution X to NumSig significant digits i Maxlt iterations.

{initialize)
GET n, Maxlt, NumSig, x, {inittal guess;
RelTol — 10~ NumSlg, x « x4

|iterate)
DO FOR & == | TO MaxIt UNTIL tarmination test is satisfied
BEGIN
f-f(x); J= ()  [Evaluate f and J a: the current x|
(get dxj Solve the linear system 4 dx = =~ far dx
(get x}x &x + ok fx=[x +  x,17iSnow Xkl
OUTPUT (k Xy, . , xn)
(termination test: |dx;| < RelTol*max{!, \x,|) for i=1 2, , =
! END

IF terminatica test was satisfied
\ THEN OUTPUT (x approximates X to NumSig significant digits)
ELSE OUTPUT (Convergence not apparent in Maxlir Iterations)

| [Note: In the get gx step, dx should bz obtained as —J '§ wsing the formula for
J7rif g o= 2, and by soiving J dx = - directly (without finding J~N I 42 ?

.

- af PV o . ] -4 2
51 4.4-1 T ReudmTubunauld Newton-Raphson dwmTutenylitduiedi
q
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ol t 2 -‘ - - i 3
A3a819 390 NRSYS (wWand 5s WAlaae x, WAy X, BadTdaatiu

v—4-%
{parabola)

rd
- X
po= e

(expunentialy

30 4.4-2 Zﬂuﬁnqn11uisu1mdwwaLaaaﬂaq ye' - 2 =0, X +y-4=0
Solution Tsuntictuiieciu €0 = o
Taa# x' = x yl
f (0= [ve -2 x +y-47
\uRintanIALlAs (Jacobian matrix) fa
-
J=£'00 = B(ye -2)/dx  9(ye -2)/By v
AX+y-0) /13X G(x +y-4) /2y
i
(W11231 det[£7 001 = (y-20e” 111A25WE8 WA x_ W19
Vi y = 2x
fmiu X3 tFunnn x, = £-0.6 3.71° §q13a1nzu

‘l’ Y H
NRSYS L1usuau
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k=0: f(x) = | 3.1e " %2 = | 0.0308031
(-0.6)743.7-4 -0.6
frex,) = | 3.7e7°°% &7 % | = | 2.03080 0.548812
2(-0.6) 1 -1.2 1

i Qd‘il J ‘
193111 n o= 2 rnaandatuniamealaaneay £l ox)dxg = -fox)
1

4 a1 ]
Aen1tidmTiian £7 )" wdam dx, Taswasa -£ (x) f(x,)

ar 3
AJUU
dx, = ~(1/2.68%17) 12 0.0308031)=} 0.000885
2.030 0.06 ~-0.05896
X, =Xt 0.000865 | = -0. 599135
-0.058986 3. 64104
LYY g v o ¥
ATTANTIATINTAVINNAR S
k =1 f(x,)= -2.T3173E-5 , £ x ) = 1.99997 0.549286
5.91353E-7 -1.19827 1
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dx, = (-1/2.658183 (1 -0.549286(|-2.73173E-5|=|0.000010

1

1.15827 1.99997 5.91353E-T7 0.000012

x, = x, +dx, = [-0.599135 [+] 0.000010 | = [-0.599125

e

3.64104 0.000012 3.64105
@ o e b ' P v 4
dx1 AFNIENNNAIRY WARYDA X, kA NnyugITsuna 5d uarLuagIn
nwiétﬁﬂxﬁuuuuﬁuﬁuﬁaq X, ATTNAININLENRE LS 55 ANAAYANT

: [ Py . . ied 3 ]
F93 LM T$Tun 1 TR 1T T sRa Tl

.~ — - - « < <4 [y
dmTu X, : LVIRAN X, ~ £1.9 0.417 naznmniaiialuniuaviaginu

T
—1
dx, = -f*(x) f(x)) = |0.02672 |, x, = x, +dx, =[1.92672
-0.111553 0.288447
. - _ .
_ ) -a _
dx, = -f’(x ) f(x) =[-0.00098 [ X, x, + dx =[1.92574
0.003086 = 0.2%1533
l ] L ]

— 1 1
dx, = -f*(x,) "f(x) 000 v Xy = X, U dx =11.92574
00000 0.291536
L

o4 [ [ U
X, HATIUUEHLBTGY 55 a8
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4.4C §an11wa1a1ida1d NRSYS

#1701 un DR NRSYS diadniia 3 UTzn1sha
. i‘] o4 u YR o wu nl_d
1) A7 L uNIzAAITEA LA L THRUNR
2) 1A8L2a1Tu4n19m1 0> Partial Derivative Functions af‘/axi
dm¥u Jacobian matrix f£'(x> ag14uIn
it U E
3) 1AEL T THNEAT X T4 £ BAIMHALRARTAYTEULL B YL AL

| 7 v
fP00dx = -f(x) dmIuUaazATIREIN1TNIT287989A

148 0OR 205



- o
wuueaiaunn a

4.1

assured that Gauss-Seidel

In a and b), solve the equation so that yow are

iteration will converge.

Then, with x, = 0, do four iterations.

a) 2x, -6x, = X, = -3
-8x,, #3x, t x, = -4
X, tx, -3x, =5

by x, - x, +3x, 1

5x, t X, - Xg = 3

dx, + x, - x, = - 1

X, t x, -~ %X, = -4

X+ %, -4x_ = -3

Are coefficient matrices

matrices?
4.2 Let 5 3 -2
A= 3 2-2 and
-2 -2 5
J
a) Show that ¥ = (1 -1 11’
Ax =CO -1 51’ and Bx

in a) and }b) strictly dominant

2 301
B= 3 4 -2
1 -2 1

is the solution of both

= C-2 -3 21.

b) For both systees in part a), solve (E ) for

)

X, 1=1,2,3 and perform two iterations of

Gauss-Seidel iteration starting with X, = 0.

Why should you expect the iteration for Ax =

converge if continued 7

OR 205
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4.3 Use graphical methods to estimate all roots of the given
nonlinear  systems.
a) 2Iny~x=0
Xy-y-1 =10
b x t y° -9 =0
y -Inx =0
e) x° - y2 -4 =0
y +1 -2 sin X =

Cuxs2)

Hint a) Sketch y = and y = 1/{x-1)
4.4 a) one root = Cl.4777 2.09351
b) Sketch x = 9-y’ and y = In X
4.4 by two roots = Cb5.8665 1.76961 and
C0.050206 -2.99161
ci Sketch (x/2)” - (};YIZ)2 =1and y sin x =1
4.4 ¢) two roots = [2.1207 0.705171 and
C-2.7124  -1.83231
4.4 Use NRSYS with your answers to Exercise 4.3 as initial
guesses to find to 5s all roots of the systems &)-¢)
of Exercise 4.3.
4.5 For the system X -3 sin y _22 =0
2 -2XYy 11 =9
etV 4z2° =0
a) Find the Jacobian matrix (J».
by Use NRSYS with x, = 0 to find x,.

(Note: You can solve f’(x )dx,6 = -f(x,)

almost by inspection.)
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