
6.1 For the cubic knots PI(O,O), P,(l,l),  P,(2,8), P,(3,27),

find p,.,(x)  two ways:

(a)  Use the method of undetermined coefficients (Section

6.1A).

(b)  Use the Lagrange form of P~.~(x)  (Section 6.1C)

Ans.  p,.,(x)  =  6x2  -11x  t 6

(a)  P,., (X) = y = A + Bx t Cx’

x = 1, P,*,(l)  =  y e = A t  B t  C=l 11)..-.

x = 2, p ,*,(2) = Y, = A t 2B t 4C = 8 . ..(2)

X = 3, P,.,(3)  = y, = A t 38  t 9C = 27 . ..(3!

(z)-(l); B t 3C = 7 . ..(4)

(3)-(z); B t 5C = 19 . ..(5)

(5)-(4); 2C  = 12 . ..i6)

C = 6

77i-i  (5); B = -11

77rl  (1); A = 6
Y ::RJMM p,+,(x)  = 6x*  - 11x  t 6

(b)  p ,,,(X) =  Y, Ll(x) t  y, L,(x)  t  y, L,(x)

(X-X,)(X-X,) (X-X1)(X-X,) (X-X,)(X-X,)

= Y, +y, tY3
(x,-X,)(X,-X,) (xp-xl)(x,-x,) i x , - x , ) ( x , - x , )

(X-2)(X-3) (X-1)(X-3) (x-1) (X-2)

= 1 t 8 t 27

(l-2)(1-3) (2-1)(2-3) (3-1)(3-2)

(X2 - 5x  t 6) 8(x2 - 4x t 3) 27 (x2 - 3x + 2)
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=  (1/2)(12x2  - 2 2 x  t  12)

= 6x2 - 11x t 6

6.2 For the knots P,(-2,-15),P1(-1,-2),P,(0,1),P~(Z,l),

P,(3,10)  find the Lagrange form (do not simplify) of

(a) p,..(x) cb) p,.,(x) (c) P,*,(X) cd) p,*,(x)

la) P,.,(X)  =  y.  L,(x)  t  y,  L,(X)

(X-X,) (X-X,)

= Y* t Y3
(X,-X,) ( X , - X , )

(X-2) (X-0)

= 1 t 1

(O-2) (2-O)

= (-1/2)(X-2)  t (1/2)X  = 1

(bj P,.,(X)  =  Y, L,(X) t  y, Lo  t  y,  Lo

(X-X,)(X-X,) (X-X,)(X-X,) (X-xz)(x-X3)

= Y, +y, +Y 4

(X,-X,)(X,-X4) (X,-X,)(X,-X*) (x,-x,)(x,-x,)

(x-2)(x-3) (X-0)(X-3) (X-0)(X-Z)

1 t 1 t 10

(O-2)(0-3) (2-O)(Z-3) (3-0)(3-2)
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=  !1/6)(x-2)(x-3)  - (1/2)x(x-3)  t  (10/3)x(x-Z)

(C) P,.,(X)  =  y, L,(X)  t  y, L,(X)  t  y, L=(X)  t  y, La(X)

(X-X,)(X-X,)(X-X,) (X -X , ) (X -X , ) (X -X , )

= Y, + YE!

(x*-x,)(x,-x3)(xI-x4) (x,-x~)(xe-x,)(xe-x,)

(X-X,)(X-X,)(X-X,) (x-xl)(x-x,)(x-x,)

t y3 t y-3

(X,-X,)(X,-X,)(X3-X4) (X,-X,)(X4-Xe)(X,-x,!

(X-0)(X-2)(X-3) (xtl)tx-Z)(x-3)

= -2 i 1

(-l-0)(-1-2)(-1-3) (Ot1)(0-2)(0-3)

(xtl)(x-0)(X-3) txtl)(x-o,(x-2)

t  1 t 10

(Zil)(Z-0)(2-3) (3t1)(3-0)(3-2)

=  (1/6)X(X-2)(X-3)  t  (1/6)(xtl)(x-Z)(x-3)

- (1/6)(xtl)x(x-3) t (5/6)x(x+1)(x-2)

(d) P,.,(X)  =,y,  L,(x) + Y, Lx(X)  + Y, L,(X)  t  y, L,(x) t  y,L(x,)

(x-x,)(x-x,)(x-x,)(x-x,)

= Y,

(x,-x,)(x~-x~)(x~-x,)(x,-x,)
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(x-xo)(x-x~)~x-x,)(x-x4)

+ y*

(x*-x~)(x~-x,)~x,-x,)o

(x-x,)(x-x1)(x-x,)(x-x4)

+ ye

(x,-x~)~x,-xI)~x,-x,)(x,-x,)

(x-x,)(x-x,)(x-x,)(x-x4)

+ Y,  -

(x,-x,~(x,-x,~tx,-x,)o

(x-0)(x+1)(x-2)(x-3) (xt2)(x-O)(x-2)(x-3)

=(-15) tc-2)

~-2-0~1-2+1~~-2-2~~-2-3~ (-1+2)(-1-0)(-1-2)(-1-3)

(x+2)(x+1)(x-2)(x-3! (xt2)(xtl)(x-0)(x-3)

t l- t1 ’

(0+2)(0t1~!0-2~~0-3~ (2t2)(2+1)(2-0)(2-3)

(xt2)lxtl~(x-0)tx-2)

t 10 -

(3t2)(3t1)(3-0,(3-2)
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=  (-3/8)xlxtl)(x-2!(x-3)  t  (1/6)x(xt2)(x-2)(x-3,

~1/12~~xt2~~xtl~~x-2,(x-3,  - (1/24)x(x+2)!xt1)(x-3~

(1/6)x(xt2)(xtl)(x-2)

6.3 For the knots P,(-3,1~,Pi(0,9~,P,(2,1,,P3(3,1),p4(5,81~,

find the Lagrange form (do not, simplify) of

(a)  pi.,(x) (b)  p,.,(x) (c) Pv.,(x) cd, p,.,(x)

(a)  P,.,(X) =  y, Lx(x) t  y, L,(X)

(X-X,) (x-x2)

= Y, t YE
(X,-X,) (x,-x,j

(X-2) (X-0)’

3 t 1

(O-2) (2-O)

Cb)  PO., (X) =  y, L*(X)  t  y, LI(X)  t  y, L,(X)

(x-x*)(x-xc) (X-X,)(X-X,) (X-X0)(X-X,)

= Y, +y, ty.2 -

(X,-X,)(X,-X,) (xl-xo)(x,-x,) (X2-X0)(X,-X,)

(X-0)  (x-21 (x+3,  (x-2) (xt3)(x-0)

= 1 t 3 t 1

C-3-0)(-3-2) (ot3) (O-2) (2t3)(2-0)
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CC) P,*,(X)  = y, Lo(X) t  y, L,(x)  t  y, L,(x)  t  y, L,(X)

(X-X,)(X-X,)(X-X,) (X-X,)  (X-X,) (X-X3)

= Y, ___ + y*

(x~-x,)(x,-x,)(x,-x,) (xl-x~)(xI-x,)(xI-x,)

(X-X,)(X-X,)(X-X,) (X-X,) ix-x,)  (X-X,)

+ Y, - t v"3

(X, -X, ) (X, -X, ) (X, -X, ) (X3-X,)(X3-X,)(X3-X,)

(X-0)  (x-21 (x-3) (xt3)(x-Z)tx-3,

1 t 9

C-3-0)(-3-2)(-3-3) (ot3)(0-2,(0-3)

(x+3)(x-0)(x-3) (xt3)(x-b)(x-Z)

t 1 t 1

(2t3)(2-0)(2-3) (3t3)(3-0)(3-2)

cd)  P,.,(X)  =  Y, L,,(x)  t  Y,  L,(X)  t y, L,(x)  t  y, L,(X)  t  y,~ix,,

(x-x,)(x-x,)(x-x,)(x-x,)

= Y,

(x,-.x,)  (X,-X,)  (X,-X,)  (X,-X,)

(X-X,)(X-X,)(X-X,)(X-X,,

t y,

(x,,-x,)(x,-x,)(x,-x,)txi-x,)
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(x-x0)(x-x,)(x-x,)(x-x,i

+ YE

(x,-x,)(x,-x,)(x,-x,)0

(x-x,)(x-x,)(x-x,)(x-x,)

+ y3

~x,-x,)1x,-x,~(x,-x,)(x,-x,)

(x-xo~(x-x,)(x-xe!(x-x3)

+ ye
(x,-x~~(x,-xI)(x,-x~)(x,-x,)

tx-a)ix-2,(x-3~(x-5, (x+3,(x-Z~(x-3!(x-5)

= 1 t 9

(-3-O)(L3-2)(-3-3)(-3-5) (ot3)(0-2~(0-3~(0-5)

(x+3,(x-0)(x-3)(x-5) (xt3,(x-O)(x-2)tX-5)

t 1 t 1

(213)(2-0)!2-3)(2-5) (3+3)(3-0)(3-2)(3-5)

t 61

6.4 Let Lo(XJ,..., L,(x) denote the Lagrange polynomials for

P P01---,  4.

(al F o r  P , , . . . , P4 of Exercise 6.2, use the selecting

property (6) of Section 6.1C to evaluate

by inspect ion

(i) L,(3)  (ii) L,(O)  (iii) L,(3)  (iv) L,(2)  (v) L,(2)
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(b) Repeat part (a) for P0,...,P4  of Exercise 6.3.

(a) (i) L,(3)  = L,(x,)  =  0

(ii) L,(O)  = L,tx,)  = 1

( i i i )  L:,(3) = L,(x,)  = 0

(iv)  L,,(Z) = L,(x,)  = 1

(v) L1%(2)  = Le(x3)  =  0

(b) (i) L,(3)  = L,(x,)  =  0

(ii) L,,(O)  = L,(Xl)  =  0

(iii) L,,(3) =  L,(x,)  =  1

(iv) L:,(Z) = L,(X,)  =  0

(v) L,,(Z) = L,(x,)  =  1

6.5 Let x0,x1 ,..., xn denote any ntl distinct nodes. Use the

uniqueness of p,., (x) to show that their Lagrange

polyniaials L,(x),...,L_(x)  must satisfy

(a) LO(x)tL,(x)t... tL_(x)  = ICconstant)  f o r  a l l  x .

(b) xOILO(x)txILI(x)t... tx_L_(x)  = x for all x.

You do not have to write out the LJ(x)‘s.  Consider

f(x)=1  in part (a) and f(x)=x  in part (bt.
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6.6 What (if anything) can you conclude about the knots

P e’ P,, P4,  P5  if AXye = 0 ? If lb2y, = 0 7

;i7 *=y, = 0, p e .(x) b U polynomial functionfi

$4;  degree  <= 2

n”7 **y,  = 0, P,*, (X) b3MdUn74b3UW59

(polynomial function $9;  degree <= 1)

6.7 Consider the knots PO(-3,1),  PI(-1,9),  P,(O,l),

P,(3,1),  P,(5,-39,.

(a) Form a DD table for P,,...,P, and use it in (b,-(d).

tb) What are the values of  m’y,, m3y1,  may,,,  ~‘y,,

and m2ye  7

tc! Find (in the order given): p, .(x),  p,.,(x),

P o.,(x),  P,*,(X)-

(d) Find (in the order given):  p,.,(x),  P~,~(x),

P l.4(x), P,.,(X).
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(a) Knot

PO

PI

p,

pa

pa

Node y

-3 1 m

4 AL=

-1 9 -4 An3

-0 1 ma

0 1 2 -l/4

0 -1

3 1 -4

-20

5 -39

(b) L&:,  =  - 2 0 ,  m3y1  =  - 1 ,  mdyo  =  -l/4,  *2yI  =  2 ,  /ye  - - 4

Cc) PI., (X) = 9 t (-8)(x+1)  =

p .I .(x)  = 9 t (-8)(x+1)  t

= 2x= - 6x + 1

P o*,(x) = 9 t (-8 )(x+1,  t
3

=  x - 9 x t 1

P ..,(X) = 9 t (-8 j(xtl)  t

)(xtli(x-0

)xd  t (3/4

(X-0) = 1

- (l/4

= C-114

)(X-3)(xt3)

IX' t (9/4)x2 - (27/4)X t

cd! P,~,(x)  = 1 - o

1 - 8x

2(x+1) (X-0)

2(xtl)(x-O~  t l(xtl)(x-O,(x-3)

2(xtl~(x-O)  t l(xtl~(x-o)(x-3,

P ,.,/x) = 1 - 0(x-O) t 2x(x-3) = 2x2 - 6x t 1

p .~ ,(x1  =  1  - 0(x-0)  t  2X(X-3) t  (-1)x(x-3)(x+1)

3= -x t 4x2 - 3x t 1

p .o ,(X)  =  1  - 0(X-O)  t  2x(x-3)  t  (-1)x(x-3)(x+1)

- 11/4)xg-3)(xtli(X-5)

=  (-1/4)X6  t  (3/4)X3 t  (9/4)X2  - (27/4)X t  1
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6.8 Complete the following DD table up to the m3 column.

p4 3 146 6 7

317 i

P5- 4 463

8 0
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6.9 For the DD table shown, form Cuithout  simplifying,

as in (17) in section 6.2Dl p,.,(x)  by adding nodes

in the folllowing  orders:

(a) x,,  xx, x,,  x,,  x,,  x, Cforuard:use  o n l y  (12a) o f

Section 6.2Bl

(b) x,,  x.9 x,,  x,,  x,,  x, Cbackuard:use  o n l y  (12b) o f

Section 6.2B3

(C)  $9  xx, x,,  x,,  x,9 x,

Cd) x0, x,,  x1, x4, x0, x,

Circle the leading coefficients used.

Knot

PC3

PI

pi?

p,

p,

p5

Node y

-2 21 A

-14 Ai2

1
A

{‘i‘;  A5
/x c -  c.

: 1 ;
c-’ \-’ \v ’ 0 /.-

1 L-3 ) -2
.-'

0 5

-0 1 9

2 -11 55 0 (Cl

I- .
102

: hi) ;
3

9 1
.-/

(a) P,., (x) = 2 1  -14Cxt2,  t4Cxt21Cxt11 -l’st?~Cxtl~~x-O~

tO(xtZl(xtl)~x-0)(x-1,  tlixtZl~xtl,lx-Olls-l'is-2i

(b) PO.55 (x, =- 91t102(x-3)+  551x-3,(x-2,  t191x-3~ix--2~!x-l~

+5(x-3I!x-2j!x-3)ix-O1  tlis-~~!x-2~~s-l)ix-~l~~~tl;
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(C)  PO., (xl =  1  -6(x-O)  +1(x-0)(x+1,  -1(x-O)(xtl)(x-1)

t5(x-0)(xtl)tx-l)(x-2)  tl(x-o)(xtl)(x-l)(x-2)tx-3)

td) PO.. (Xl  =  - 3  -4(X-l)  +1(x-1)x  -1(x-l!x(xtli

t0(x-l)x(xtl)(x-2)  tl(x-l)x(xtl~(x-2)(xt2!

6.10 For (a!-(d)  of Exercise 6.9, form p, S(x1  in

nested form, and use it to evaluate ~~~~(-3).

6.11 By  inspection of t,he  DD table in Exercise 6.9,

find the leading coefficient. of P,+~!x),  p,.,,.CY),

and P~.~cx).

leading coefficient. of p,.,ix)  = 1

l e a d i n g  c o e f f i c i e n t  o f  p, .(x)  = 19

leading coefficient of p,.,(x)  = o

6.12 Form a DD table for the six knots

P~~-3,200~,P~~-2,46~,P,(-1,6),p3~0,2,,p,~2,30~,P~~3,146~

and use it to determine the degree of p,.,tx).
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Knot Node y

-

P, - 3 200

P, -2 4 6

P, - 1 6

p3 0 2

p, 2 3 0

ps 3 146

Degree PlGlJ p,.,(x)  = 4

A

154

-40

-4

1 4

116

2
A

57

16

6

3 4

6.13 For P,,..., P, of Exercise 6.12, find p,.,(x~  as

Aa3
-13

-3

7

*
A

2 AL=

0

2

indicated in (a)-(d)  of Exercise 6.9. Use any

nested form to evaluate ~~~~(1).

6.14 Make a forward difference table for the knots

used in Exercise 6.9. Verify that hmyk = hm m!mmy,;

f o r  A’y,,  A’y,,  a n d  B’Y,.
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Forward difference table

-14

PI -1 7

-6

1

-3

-11

9 1

-4

-8

1 0 2

a=
8 Ii3

0  2 0 **

-6 0 120

-4 1 2 0

114

1 1 0

w~a~im;~  b.='y,  = h" m!mmyk

2yo = (1H3!)m3y, = 6(-l)  = -6

AAYl  = M4!)mLyl = 24(5) = 120
i

A yz = (11(2!,*zy,  =  2(l) =  2

6.15 (a) Show that the entries of a forward difference

table with h-spaced nodes can be used to get

the forward recursive formula

P *.*+,(X)‘P k.k+n--l (x)t(dyr/m!h”)(x-xk)(x-x,,,)...(x-x,,__~)

!b!  Deduce the Newton foruard difference formula

f o r  III>=  1 :
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P ,.,+m(X) = Yk t (ny,/(l!  h)i))(x-xk~t(n2y,/(2!  h’j)(x-x,)(x-x,-h)

m-1

t...t(Amyk/(m! h-i)  n- (x-x*-jh)
J=O

Cc) Conjecture a backward difference formula for

P k..+(x)-

6.16 Make a forward difference table for the following data:

P,~1,263~,P~~1.5,230~,Pc(2,200~,P3(2.5,174~,P~~3,150~

Use it to find the Newton forward difference formula

f o r  P~.~(x).

Forward d.ifference  table

Knot Node y-I---
PO  l

P, 1.5

PE 2

P3 2.5

p4 3

2 6 3 A

-33 A2

230 3 A3

-30 1 Ad

200 4 -3

-26 -2

174 2

-24

150

-din 6.15(b)  k = 0, m = 4, h = 0.5

P o.4(X) = y, dt LAY,/@!  (0.5)3(x-x,)

t [A'!yo/c2! ~o.5~z~~x-x,~~x-x~-o.5~

t [Ay/(3! (0.5~=~(x-xo)(x-X,-0.5Hx-x,-1)

t [A$(4! (0.5)a)](X-Xo,(X-X,-0.5)(X-Xo-1)(X-X,-1.5~
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=  2 6 3  t  CC-33)/0.51(x-1)  + C3/2~.25~1~x-l~~x-1.5~

t C1/6~0.5~=1tx-1~~x-1.5~~x-2~

t c~-3~/24~o.5~dl~x-1~~x-1.5~tx-2~ ( x - 2 . 5 )

=  2 6 3  - 66(x-l)  t  6(x-1)(x-1.5)

t (4/3)(x-l)(x-1.5)tx-2) -2(x-1)(x-1.5)(x-2)(x-2.5)

6.17 Using the 5s DD Table of Figure 6.3-2, set up a Worksheet

T a b l e  a s  i n  6 . 3 - 2  f o r  g e t t i n g  $Otz),...,$,(z)  when  z  i s

(a) 0 . 1  tbj  0 . 7 5

[Note: When z is the midpoint of CX,,X,+~~,  take either y,

01‘ y,+, a s  ~,(z).l

(a) 2  = 0.1, $oCzj  = 0.5793

m New node 8_(z) f;_(Z)

0 0 . 2 0.5793

1 0 . 0 -0.03965 0.53965

2 0 . 4 0.0004 0.54005

3 0 . 6 -0.0001625 0.5396675

4 0 . 8 -0.0000196 0.5398679

5 1.0 0.0000081 0.5398761
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cb) z = 0.75, $,(z)  = 0.7881

m New node 6_(z) G_(Z)

0 0.8 0.7881

1 0.6 -0.0156 0.7725

2 1.0 0.0008625 0.7733625

3 0.4 -0.0000508 0.7733117

4 0.2 -0.0000137 0.7733254

5 0.0 0.0000027 0.7733281

6.18 Using the 5s DD Table of Figure 6.3-2, estimate

CD<-0.5):  0.3085 two ways:

(a) Extrapolate: Find $_(-0.5),  m=O, 1 ,...,5.

(b) Use the fact that a(-~),  = l- Q(z).

Which of parts (a) and (bj is more accurate? Did you

expect this? Was the most accurate G_(z)  in part (a)

the one with for which S_(z)  is smallest7 Can you

suggest a rule of thumb for which c_(z)  to use when

S_(z)  stops shrinking substantially as m is increased7

(8) z  =  - 0 . 5 ,  /\p,(z)  = m(O.0)  =  0 . 5

m New  node a,(z) f;_(Z)

0 0.0 0.5

1 0.2 -0.19825 0.30175

2 0.4 -0.01400 0.28775

3 0.6 0.0170625 0.3048125

4 0.8 0.0045116 0.3093241 ---> ^p&O.5) 5 0.30932

5 1.0 -0.0035187 0.3058054
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@(-0.5)  c: $,(-O-5)  * 0.30932

(b)  z = 0.5, G,(z)  = ~(0.6)  = 0.7257

m Neu  node 8-(Z)

0 0 . 6 0.7257 0.2743

1 0.4 -0.03515 0.69055 0.30945

2 0 . 8 0.0009875 0.6915375 0.3084625

3 0.2 -0.0001312 0.6914063 0.3085937

4 1 . 0 0.0000187 0.6914250 0.3085750

5 0.0 -0.0000035 0.6914215 0.3085785

t?& 0(-O-5)  = 1 - qJ(O.5) k 1 - &(0.5)  5 0.3085785

6.19 Estimate (a) 0(0.52), (b)  @(O-22),  and (c)  a(l.4)  using

the DD table in Figure 6.3-4; compare your accuracy

with that obtained in Table 6.3-2.

(a)  z = 0.52, $,(zf  = a(O.6)  = 0.726

m New node 8_(Z) S_(Z)

0 0 . 6 0.726

1 0.4 -0.0284 0.6976

2 0 . 8 0.00108 0.69868

3 0 . 2 -0.0002239 0.6984561

4 1 . 0 0.0000894 0.6985455

5 0.0 -0.0000645 0.698481

a(0.52)  R ;;,(0.52)  5 0.69848
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tb)  z  = 0 . 2 2 ,  I;j$)  =  cg(o.2)  =  0.579

New node 6_!Z)
A

m P_(Z)

0 0 .2 0.579

1 0.4 0.0076 0.5666

2 0 . 0 0.000135 0.586735

3 0.6 0.000033 0.586768

4 0.8 -0.0000157 0.5867523

cDiO.22) F: $,CO.ZZ,  5 0.58675

(Cl  z = 1.4, $,(Zl = cDil.Oi  = 0.841

m New node 6_!z, $_(Z)

0 1.0 0.841

1 0.8 0.106 0.947

2 0.6 -0.027 0.9200

3 0.4 0.000 0.9200

cg(1.4) % ;;3(1.4)  5 0.9200

6.20 In !a)-Cc), use a 7d DD table based on the 6d values of

sinh x =(1/2)Cexp(x)-expi-x)1  shown in the accompanying

tab l e .
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X sinh x

0.2 0 . 2 0 1 3 3 6

0 . 4 0 . 4 1 0 7 5 2

0 . 6 0 . 6 3 6 6 5 4

0 . 8 0.888106

1.0 1.175201

(a)  With z = 0.55, find the best interpolants ;\p,(z),

$,w,$p,..., stopping when either 8 (2)  = 0 or

18m+p)  1 >  18R(21I_ -

(b)  Repeat part (a)  with z = 0.66.

(c)  Repeat part fa) with z = 1.3 (extrapolation,.

cd) Discuss the accuracy of the approximations sinh z 8 Grn(z)

obtained in (a)-(c). Did you expect some to be more

accurate than others? Explain.

OD( I, 21 : 1 0470800 .104:080EtOl
DDi 2. 21 : !:I295100 .l  i29510EtPl
001 3, ii : 1.2572600 .125726GE+Dl
OC( 4, 2; : Is4354750 ,  lJt54!5Et01
DDI 1 . :I 1 .?060759 .205075CE+OO
DDI 2, 31 : .3193748 .$!93748itOC
m 3, 31 : .44553’38 .4455388EtSF
001 I, 41 : .laea330 .1eeemEt00
DDi 2, 4’ : .2’P2733 .2!02733E*O3
001 1 , 51 : .0268004 .2660039E-DlStoc - Program terminated.
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DD Table R"EI

0.2 0.201336 A'

1.04708 Ai2

0.4 0.410752 0.206075

1.12951

0.6 0.636654 0.3193748

1.25726

0.8 0.888106 0.4455388

1.435475

1.0 1.175201

(a) z = 0.55, G,,(z) = 0.636654

m New node . 6_(z) $p

0 0.6 0.6366540

1 0.4 -0.0564755 0.5801785

2 0.8 -0.0023953 0.5777832

3 0.2 0.000354 0.5781372

4 1.0 0.0000175 0.5781547

3
m

d
0.1888330 m

0.0268004

0.2102733
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(b, z = 0.86, I\p,(z)  = 0.888106

m New node 8_(Z) ;\p_(Z)

0 0.8 0.888106

1 1.0 0.0861285 0.9742345

2 0.6 -0.0037425 0.970492

3 0.4 -0.0004592 0.9700328

4 0.2 -0.0000269 0.970059

(0) 2 = 1.3, ;\p,w = 1.175201

m New node S_(Z) ;;p

0 1.0 1.175201

1 0.8 0.4306425 1.6058435

2 0.6 0.0668308 1.6726743

3 0.4 0.0220786 1.6947529

4 0.2 0.0025326 1.6972855
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