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LT13!n';l::11'11JliUU"'::uu~~Vin~tt1nlu911LL'V\U'IlJ1<il"'f1U {standard position) L~El 
l~~1UL~lliU11'1ElU1JULLnU X LL~::'V\1JULL'lJU~';)~U~1r.JElU~';)~fi1LU~ lu,-tJ 5.1-2{1) llll a 

\1 • • \1 • \1 • 

LiJu~~';l1nn1"''V\1JUluflfl'Yl1'1'Yl1UL;j1Ju1wn1 LT1n~1111 a LUU1Jli1J1n lunTr~tJ,-::nau • • 
5.1-2{2) 3Jll p L1i~';l1nn1"''V\l1Uluflfl'Yl1'19111JL;j1Ju1wn1 L"'1n~11i1 p LUUlllJ~u • • • 

111'r~tJ,-::nau 5.1-2{1) nTr~tJ,-::n au 5.1-2(2) 

Q,oo "iJ 5.1.1 n11~~1JIJ L "il\Jff1 (Degree Measure) • ""'A A \'!OJ; A .... .... ""\'!OJ; 
1J lJ'Yl Ln ~';)1nn1~1JULL'lJU'lJEl'llJ lJ"'EllJ';) ~';)~'V\U'I L<il'V\U'I"'EllJ~El~ L "'r.Jnllli'Yl L<il • • • • • • 

11ii'11U1<il 360 El'lfl1 {360 °) lllJ~Lfl~';J1nn1"'LLU'IlllJ"'El1J';J<ilflUrJn~1'1LUU 360 ~1U 
• • • \1 

1 .., ~ A 1 I' !'I 1 .... ...J 
L'Yl1 61 nu UUfiEl LL1J'IlJlJ"'El1J';)~flUr.Jn~1'1LuU - '11El'l'lJU1<il'lJEl'llJlJ"'El1J';)~ L"'r.Jn3Jli'Yl 

J • • \1 360 • • • 

l~11ii'1JU1~ 1 El'lfl1 {1 °} iqJinHm 0 liLLa'<il'IEl'lfl1 

llllii~aLtt ~1::L~U 111~t11::nau 5.1.1-1 LLa'<il'llllJ<il"''I (straight angle) • • 
li3Ju1n {right triangle) lJlJLL'V\~11 {acute angle) LL~::lllJU1U (obtuse angle) lu'llm::~ • • • 
L ,.,n fl11ii" l u91 auiu 11 ~,'", EJ'Ill1la'1111"'n Lilu i'-\IR'V\~El~1U'll a 'I uiu<il"'-\1 • 

L 
111~1..1,-::nau 5.1.1 -1 
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(1) ~3J'il"i\l (2) ~11~1n (3) 3J3JLL'V\~3J 
'I 

'V\ 3J '"l tJ _!_ "i El1J 'V\ 3J '"l tJ _!_ ,. El1J 0 < 8<90 90 < 8 < 180 
'I 2 'I 4 

3J111J1nf(El\13J3JLU'U, 1111t11:nEJ1J'V\i1\11111~1n (complementary angle) ti1~HUJ1n 
'I 'I 'I 'I 

LUll, 90 ° LL~:LUl-1,3J3Jt11:nEJ1Jf(El\11111~1n (supplementary angle) ti1~~u1nLU'U, 180 ° El\lfl1 
'I 'I 

IIJJ'U,1CiliiJJ El\13J1Jf(13J1"ifl LLU\IL ~ ~:LElU'il~\ILtlLCilU li~'il'Ylflih.J3J 'V\~El ~t1Cil1LL~:1~t1Cil1 
'I 'I 

(minutes and seconds) flEl LL<ii~:El\lfl1LL1l\IElElnLu'"'V\niu~1'"Lti1 ') n'" L'iun11~tl'il1 

u~:LL<ii~:~tl'il1 LLU\IElElnLtJ'" 'V\ niu~'l'"L ti1 'J n'"L'iun111~tl'il1 i'Y;nlYm~l iLL 'Yl'"~tl'il1 
~El , i'lJ~nlYm~L'lfLL'Yll-1,1~tJCil1~El , i\lil-I,L~ElL;jUl-1, 14°24,36'' ~:'V\1J1Un\l 14 

El\lfl1 24 ~t1Cil1 36 1~t1Cil1 
A 0 I l I 0 " tJ A .d tJ.J tJ Lfi1El\lf111-1,1nlf(11-1, 'V\nJ~:f111-1,1nlEl\lfl1Cil1U'l 'Ylflli,U3J 'll'\IL'l1El1~L ~Ul-1,1 -;nn 

~ ~ ~ 

El\lfl1-~U'il1-1~t1Cil1Lt1 LUll, 'ltl'YlflitU11 i1 El th\1 L ,r'" Ltl; Ul-1, 34 ° 4 7,12,, LUll, 'lU'Yl flitU 11 
~ ~ 

l~i\ld 

QJ iJ ~ 5.1.2 n1,-'1~~3JL \U,.L~tl" (Radian Measure) 
" .J .. .J ........... 
fl1~CilUEl'iliiJJEl\11111 8 11\I'Yl~Cilfl'U,Un~1\IIIJJEl\11\ln~3J'Y13J'lfl11 r > 0 LL~:fi113JU11 

'I 'I 'I ~ 

IIJJEl\1~1'U!Lfl\11Jli,Lill,"iEl1J1\ILUU s LL~1 n111Cil1111LU1-I,L'lL~UUIIJJEl\l 8 n1'V\'U,CilL'ilU 
'I 

s ... 
8 = - L'lL'ilUU 

r 
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~ ~ 

t11 s = r LLfl1 

(} = r ... = 1 L1L~HJ'U 
r 

... 
1 L1L~HJU 

R'ILn~11 s LLa:: r tlEI'I1~lu'V\U1tiL~tnnu 

tn'V\i'1..1L1-n1flm~lu,-::u11..1 l11 r 1 LLa:: r 2 Lilui'flij-nEJ'I1'1na1ri11J~~t:~'"rfna1'1 
... ... ~ .. ... ... 
L~tl1nU LLfl::1J3J'Yl~~flUtlnfl1'1 (} L~tl1nU 

• • 'II 

... I ...1 !"I ... ~ .. ~ 
~1EI ti1'1'Y1 2 ~'I'V\1-nU1~-n EI'I1111Lu'UL 1L~ ti'U -n EI'I113J'Yl~~fl'Utln fl1'1-nEI'I1'1n fl3J'Ylfl113Jtl11 

• • • 'II 

~1ULfl'I~1EI'Ii'1..1~1Jt111 29 L'lfUiiL11~1 1'1na11ijfflij. 5 L'lfUiiL11~1 
...... 0 s 29 ... 
11i'Y11 (} = - = - = 5.8 L1L~ti'U 

r 5 

V13J1ULV1fl 'V\U1tlfl1111£J11-nEI'I~1ULfl'l LLa::fflijti'~nuLtl i"JuLTIEI1~L;jtlu-;i1U1UL~tla:: • 
'V\U1£JLi unL 1utin"n11J1lfl tJLQ ~1:L~1::~" L rtEJL~'Y1TIU11Lilun111fi1111LUUL1L~uu • 

180 ME 504 



n1"rlfi1111LU'UL1LtltJ'U fl1111tJ11R1'ULfl'11'U'ULi'U1El'U1'11 tJ11 s 'V\U1tJ -nEl'l11111 
'I 'I 

~Lflfl';l1nn11'V\11'ULL-n'U1El'U';lfi'V\i1,'11,.El'U (360 °) -nEl'l11'11n~lli'flli r 'V\U1tJ J'U~El s = 2 n r 
'I 'I 

Cl; ~ s 2nr ... 
fi'I1'U'U (} = - = - = 2 n L1LfltJ'U 

r r 
alI Cl; J"ca; Cl; .. CI; ,. 0 ... 

LL~:L11a'1lJ11 n111fllll.la'El'I1LL'U'U'Ua'li'V-41Uin'UL~lJ 360 = 2 n L1L~tJ'U 
'I . 'I 

'V\;El1111-nEl'l1n11'V\1l'ULL-n"U-nEl'I11111LUfl~'I1,.EJ'lJ1'11n~11 (180 °) LU'U 180 ° = n 
'I 'I 'I ... 

L 1Lfl tJ'U 
Cl; Cl; ... I J" 

fl11lla'li~'UliEl'U ') L-n'U'U 

90° 
180° JZ' ... = -- = - L 1Lfl tJ'U 

2 2 

45° 
180° JZ' ... 

= -- = - L1L~tJ'U 
4 4 

30° 
180° JZ' ... 

= -- = - L1LfltJ'U 
6 6 
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... I .... 

1C L 1L~H.JU L 'Yl1n'l.J1111 180 e}\lf'f1 
'I 

... I .... 1800 
(} L1L~EJU L'Yl1n'l.J1111 -- Eh1f'f1 

'I 

I .... ... 

180 El\lf'f1 L'Yl1n'l.J 1C L1L~EJU 

I .... 1CO ... 
(} El\lf'f1 L'Yl1n'l.J - L1L~EJU 

180 

.... I d 
<il1ElEJ1\I'Yl 3 ';1\I'V\1 

........ 0 

11i'Yl1 1) 1111~1.4,1~ (} El\lf'f1 
'I 

182 

.... ~ 1C ... 
~\IUU1111~U1~ 300 El\lf'f1 = - (300) L1L~EJU 

'I 180 
5 ... = - 1C L1L~EJU 
3 

~ 4 0 I .... 5 ... 
UUfiEl ~U1~~El\11111 300 L'Yl1n'l.J - 1C L1L~EJU 

'I 3 
... I .... 

2) 1111 1C L1L~EJU L'Yl1n'l.J1111 180 El\lf'f1 
'I 'I 

71l ... 180 71l 
1111 - L1L~EJU = -X- El\lf'f1 
'I 3 1C 3 

= 420 El\lf'f1 

~ 4 71C ... I .... 0 
UUfiEl ~U1~~El\11111 - L1L~EJU L'Yl1n'l.J 420 

'I 3 
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1) 'liU1~'llel\llllJLUUL "U~ tiU'liEI-3llll 45 ° 12, 
II II 

2) 'V\1'1.1U1~'1.1EI-3lllJLUUEI-3f11'1.1EI-3llll 4 L'U~tiU 
II II 

1n-n1 1) L iiEI-3';11n 45 o 12, = 45.2 o 

180 El-3f11 
... = rc L"UfltiU 

45.2EI-3f11 
rcx45.2 ... = L,-L~tiU 

180 

= 0.251rc 
..,. ... 

2) L UEI-3';11n 1C L ,-L~ tiU = 180 El-3f11 

... 4x180 
4 L ,-Lfl tiU = El-3f11 

1C 
.... = 229.182 El-3f11 {LL'YIU rc ~1tl 3.1416) 

i1EIU1-3~ 5 Wlti~1UL~Eili~EI1-3~EI~iii'flii 3 .n1 LLa:1-3~Eii'flii 5 U1 tl11-3~Eil'V\ru'V\lJU 
1111 q 

'h.JLi 10 L,-L~tiU 1-3~EIL;n';l:'V\lJULtiL~rh,-L~tiU 
II 

....... 0 

11l'YI1 

1-3~Eil'V\qjiiuiu,-EIU1-3tl11 2rc R = 2rc (5) = 10 rc .n1 
.... . ... .... ~ 

1-3aEILanliLa'U,.EIU1-3tl11 2rc r = 2rc (3) = 6rc 'l.t1 

L iiEI-3';11n1-3~Eil 'V\tU'V\liU LtiLUUllll 1 o L ,.L~ uu 
1111 II II 

... Q; .... I 

llll 2rc L,-L~tiU ,-EI-3,-1Jfl11llti11La'U,-EilJ1-3 10 rc 'V\U1tl 
II 

llll 10 L,-L~tiU ';l!:,-EI-3i'Ufl11llti11LRU,-EIU1-3 lOrcxlO =50 'V\'I.i1tl 
11 2rc 

i-31fua~u~1uLflaEiu~lu 5o 'V\'I.i1u 
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II • .... 50 X 21l' .... 
LRU'HllJ1-\Ill11 50 V\U1ll 'Hl-\l'n.JlJlJ L,-L~liU 

~· 6.1l' 
50 .... 
~ L'nfl.liU 
3 

uuu1ln\1(Pl 5.1 

1. u~ .... u .... "ii-\IL ~r.JUn1,-1fl'lJU1fl'lJ£l-\11J1J"ii1n£l-\lff1 L UL,-Lflr.JU • I 

\ 

1) 30° 2) 75° 3) 135° 

4)200 5) -150 6) -450° 

7) 405° 8) 120 9) 90 

10) -270° 

u~ .... .... tl 2. ';1-\IL ~r.JUn1,-1fl'lJU1fl'lJ£l-\11J1J"ii1nL,-LflliU L U£l-\lff1 • 
1) 1l' 2) 1l' 

1l' 
3) --

4 3 2 

4) -71l' 
3 

5) -5.1l' 6) 1.72 

7) 24.95 8) -16.42 

.... .... II ~ .. .... 21l' .... .... • T II 
3. "ii-\IV\1,-ff1J'lJ£l-\11-\ln~1Jtl11JlJ'Yl';)flffUllntn-\11J'lJU1fl - L,-Lflr.JU ,-£l-\l,-lJR1ULfl-\lll11 6 L1J9'1,-

• • \1 3 
.... .... """ • • T II ~ .... ~ .. 0 

4. 1-\ln~lJ,-fflJ 150 L'lfU9'1L1J91,- ';I-\IV\111R1ULfl-\I'Yl,-£l-\l,-lJ1J1J'Yl"iiflffUlln~1-\l'lJU1fl 45 
• • \1 

£ifl111Jli11L 'Yh l,-

r I rl 
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5.2 Yl\Jni" l'lf,.CfA l'lf,.Ctm~LLfi"L\J"Gf (The sine , cosine and tangent functions) 
", 

1-\lntUJ'V\it-\I'V\U1tl (The unit circle) 

y 

-1 X 

d ~I 'l d I ...1 ~ 6' I ...1 
UJel P(x , y) LuU~~ ~ ') 1JU1-\In~3J'V\U-\I'V\U1ti'Yl3J~~t)Utln~1-\lel~'Yl 0(0 , 0) 

~:t1: OP 'V\1L~-;nn ~(x- 0)2 + (y- 0) 2 = 1 
o .., ~ II \'1 II 2 2 

tlnn1~-\I~El-\ln~a-\l-n1-\l -;1: L~ x + y = 1 
.". d 1 ...1~ fi' I ...1 0 A A 2 2 

~3Jn1~11El-\11-\ln~li'V\U-\I'V\U1ti'Yl3J';l~f'IUtln~1-\lelti'Yl ';l~n1LU~ flel X + y = 1 
' 'I'll 'II 'I 

A ~ II I ... I ... ~ 
LUel-\l';l1nfi113Jti1111El-\IL~U~el1J1-\111El-\11-\ln~3JL'Yl1nU 21l r 'V\U1tl ~-\IUU1-\In~3J 

1 'V\U1tl~-\liifl113Jtl11~eJu~tJ L ~rhnu 21C (1) = 21C 'V\U1tl 
'II 

A 'l ~ fi' ~ ... ~ d I 

LUel-\l';l1n 1-\ln~ll ~ ') li3J3J~fl1J';)~f1Utln~1-\l 21C L~L~tiU ~-\IUU1-\In~3J'V\U-\I'V\U1tl 
~ 'I 'I 'II 

';l:~3J3J~El1J';l~f'IUEJn~1-\l 21l L~Ltitlu LL~:iifl113Jt111~ElU~tJ 21l 'V\U1tl 
'I 'I 'II 'II 

d I ...r~ ...1 fi' ~ ... I ,.. II 

1-\ln~3J'V\U-\I'V\U1tl 'Yl3J11U1~1Jel-\lli3J'Yl';l~f1Utln~1-\l S L~L~tiU ';l:~el-\1~1J~1ULfl-\ltl11 
'I 'I 'II 

s 'V\U1tl 'lun1-\ln~unu 1-\ln~li'V\i1-\I'V\U1tl~ii fi113Jtl11-neJ-\I&f1ulfl'-\l s 'V\U1tl 

0 o A ~ " A A " 
n1'V\U~';l1U1U';l~-\l (} ('Yl~1) LL~~-\11:t1:-;11n (1 , 0) 'Yl1UL113JU1'Yfn1'V\~el~13JL1Jll 

A \'1.1 II d I \'1.1,4 II 

U1'Yfn1 Lu~13JL~U1El1J1-\11JB-\11-\In~li'V\U-\I'V\U1tl Lutl-\1~~ (X , y) tl1 (} L~-t!:~:'YJ1'U 

Lillu1wn1-;11n ~~ (1 , o) ltJ~13J&f1u1fi-\l-neJ-\11-\In~li'V\i1-\I'V\U1tln-\l~~ (x , y)~:n1'V\U~ B 

LtJu-;i1u1uu1n n1 o LL~~-\I~ti:~13JLi3Ju1Wn1';11n -;1~ (1 , O) ltJ~13J~1ulfl'-\l-neJ-\11-\In~3J 
'I -

.J 1 A 0 !"l,l: 
'V\U-\I'V\U1tltl-\l';l~ (x , y) ';l:n1'V\U~ (} LuU'U1U1U~1J 

'I 

Vi';l1~tu.1fi113Jt11111El-\IGf1ULfl-\l (} ~1~-;11n~~ A(1 , 0) 'Yl1UL;j3JU1Wn1LU~11J 
Gf1ULfl-\111El-\11-\lntu.tltJu-\l';l~ P luLLti~:,-tJ 

'I 'II 
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y 

1r (} =-
2 

I ,. 'II 37r I 

ff1ULfh1 (} £.111 - 'V\U1£.1 
2 

0=7r 

5.2.1 fl\Jn,$" l'lf"{A l'lf" LLft::LL't1"L';)"m 

y 

tl 1 \1tl.:f !'J .... \1 'II .... o cv ,d 1 

~ ~ElL ULLH~h1111JLuUL~L~£JU L~ (} L~L~liU ff1'V\~U1"n~li'V\U"'V\U1£Jllll 27r 
~ q q 

L~.L~£JU~El"i'Ufl111J£.111UULiU~ElU1" 27r 'V\'\.L1£.1 i"JuLda1~llll'~ (} L~L~t.IU ';J:~El"i'u 
q 

fl11~£J11~El"H1u1~" 0 'V\'l-L1£J 
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LUnTrl~IIJJU1~-nEh11J1JLL~::n1''i'J~fi111Jr.J111JUH1ULfl-\l-nEJ-\11-\In~1J'~I\rt-\I'V\U1r.J'iJ1n'iJ~ 
'I 'I 

A(1 I 0) ltliJ-\1 P(x 1. y) l~ ') 1JULRU~EJ1J1-\I n11~'Yl1ULij1JU1Wn1'iJ::ri1'V\U~ (} Lth~u1n 

n11~'Yl1UL;j1JU1Wn1 'iJ::n1'V\U~ (} LUU~lJ LIIJiU -r~~::r.J::'iJ1n (1 I 0) Ltl~u~~~ (0 I 1) 
'I 

'VI ~ 1 'VI ~ 1C Cl; 'VIti~ d 'VI ~ 
L~~::r.J::'Yl1-\l - -nEJ-\I~EJu 'iJ:: L~ B = - 1~~::r.J::'iJ1n (1 I O) L ~u~~'Yl (O I -1) L~ 

4 2 'I 

1 'VI~ 1C 
~:: r.J::'Yl1-\l - lljJ El-\I~EllJ 'iJ:: L~ (} = --

4 2 

ijVf-\lniu~1i1nmijii'V\nVl\lniu~itr.J11J'iJ1n~n~-nEJ\I'iJ~ P(x I y) LLCiilui11Terd'iJ:: 
'I 

n~11n\1Vl-\lniu~11nmijii~1J Vl\lniu fie1 Vl\lniuLsnu (sine) Lf1Lsnu (cosine) LL~:: 

LL'YlUL'iJuc;l (tangent) sB-\I'iJ::L;jr.JULL'YlU~1r.J sin I cos LL~:: tan ~111~1iu H1U~11JVl-\lniu 
~L'V\~EJLtJur(1untru-nEJ\1~1JVl\lniuLL~n sB-\I'iJ::n~11lui11TEJ~EJ 'l Ltl L~1'iJ::itr.J11JVl\lniu 
~11 n mijii ~lJVl-\lniuLL ~n i-\ld 

........ 0 

1li'Yl1 

ME 504 

sin B = y I cos B = x LL~:: tan B = Y I x -:;; 0 
X 

y 

(-110) A (1 I 0) X 

187 



(} = 1! ';J:L~ sin 1! = y = 1 cos 1! = x = '0 
2 2 I 2 

tl1 (} LL'Y1Ufl11lltJ11-nEh1H1Ui.i\I'Y11UL;jliU1Wn1';11n A n\l'iff~{-1 I 0) LL~1 
Cl 

(} = tr ';J:L~ sin tr = y = 0 I cos tr = x = -1 

n1 (} LL'Y1Ufl11lltJ11-nEJ\IH1Ultoi\I'Y11\U;jliU1Wn1';11n A n\1';1~ P(O I -1) LL~1 
Cl 

31! .., ... . 31! 31! 
(} = - ';1: L~ Sin - = y,= -1 COS - =X= 0_ 

2 2 \\ I 2 

n1 (} LL'Y1Ufl11lltJ11-na\IH1Ulfl\I'Y11UL;jliU1Wn1';11n A n\1';1~ P(1 I 0) LL~1 
'I 

(} = 2tr ';J:L~ sin 21! = y = 0 ""cos 2tr = x = 1 

"" 

5.2.3 f~LIJ" LLa:a~",f tlih1Yf"ni"Gl;{nm,jjG} 

,.,,nu'YlittJ1ll ';l:L v;u '1~11l~Llluene:J\1Vf\lniu L'lftt' LL~: lfl L'lftt' LUUL'lf~ene:J\I'Yln 
Cl 

-;i1U1U';l~\l LL~l~LliU-nEJ\IVf\lniuLL'Yl'UL';JU~13.iittJ1liL~EJ X = 0 i1'V\i'1J1\In~li'V\rt\I'V\U1r.J 
.., ...., 1! "" 31! .4 !"I 

{fel~fi~EJ\In1Jfl11llr.J11-ne:J\I (} = ± ( 2ktr + -) 'V\1EJ (} = ± ( 2ktr + -) LliEJ k Lu't.t 
2 2 

,\ ... .... ... .... d I A I - ....... 

'*fl:: cos(} "EJ~fi~EJ\InU~n~-nEJ\1';1~ 1JU1\In~li'V\U\I'V\U1r.J LUEJ\I';J1flf11 X LL~: )/ 1JEJ\I~n~ 
Cl - / 

en~\~'UU1\In~li'V\rt\I'V\U1tJ';J::ijfi1Lli\l'e:Jun11 -1 LL~:ijfi1LliL1iu 1 Jufi~lsin 81 ~ 1 
\ Cl 

LL~: \l~os (} I ~ 1 
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..I 
';lfl1l1flYI 2 

" 

y 

..I 
';lfl1l1flYI 1 

" 
..I 

';lfl1l1flYI 2 
'I 

sinO > 0 

..1 
';lfl1l1flYI 3 

" 

tan(} > 0 

y 

..1 
';lfl1l1flYI 1 

" 

sinO > 0 

cosO > 0 

tanB > 0 

..1 
';lfl1l1flYI 4 

" 

cosO > 0 

111 5.2.4-1 (2} ., 

1} sinO > 0 LLa: tan(} < 0 2} sinO < 0 LLa: cosO > 0 

... ... 

1irh 1} Liifl~"il1n sin 8 > o LLa: tan 8 < o JoutiD cosO < o LL9~~11 fi1 y > o LLa: 

I ._. ~ .,I ll ..1 
fl1 x < o ~~'"'" ';)~lJa1rJ 8 flnflrJ "U';lf1111fl'Y1 2 . ., . 

A I I I ._. ~ 
2} L'Ufl~';l1n sin 8 < 0 LLa: cosO > 0 LL9~~11 fl1 y < 0 LLa:fl1 x > 0 ~~'"'" 

';)fiUa1rJ o flnDulou';)fl111fl~ 4 . ., . 
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P(x, y) 

X 

p' (x ' -y) 

111~1.h:nau 5.2.5-1 

~1n111~1l"I:nau 5.2.5-1 LT1~:L~~11R1~L~\I o LLa:R1~L~\I (-B) e;\ltJ11L'Yhn~ 
a-a~flaa\lnu~tl P LLa: p' e;"ii'Vintl x Lilu1n~ LLtiiinfl y LiJ~~1~1~Cil"'\Ii111n~ ~",f~ • 

sinO = y LLa: sin{-8) = -y =-{sinO) 

'V\~a sin{-B) =-{sinO) LC!Jf~Liiu1n~ 

cosO = x = cos{-B) LLa: tan (-B) = -tan B 

L~a o LiJ~~1~1~~;\Iltl ') t~1flL1J~«iia\lrl\lni~ 

-.; I ,.j 0 

f11£JU1\I'YI 2 1) n1'V\~fl sin{n/6) = 1/2 ~\I'V\1 sin{-n/6) 

2)rl1'V\Uflcos45° = .fi 12 ~\I'V\1cos{-45°) 
...... 0 

11i'YI1 1) sin{-n/6) =- sin{n/6) -1/2 

2) cos{ -45 ° ) = cos 45 ° = .fi I 2 
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I 

I 

~1 P(a , b) LL~: p' (a' I b') a~u·utJ-\Jn~1l'V\'t1-\J'V\U1tJ~a'11Ullfl1J-;i1u1u-;i~-\J B 
'U 

t; 

LL~: B ± 1t I 2 Cil111~1~1J ~-\JUU Y 
, , A 

1) (a I b ) = (-b , a) 'V\'l"El 

2) (a' , b') = (b I -a) 

y y 

, , , .~ .I 1t 
P (a I b ) EltJ'Yl';Jflu~1tJ B + - , , , ~~ .I 1t 

P (a I b ) EltJ'Yl';)Cilu~1 tJ B - -'U q 2 
'U q 2 

nT'i~a'';)U1if11LULL1J1J1Jni~ L'l"1';): l-H~~ului1EJ£h-\J<iiel LU 
I ~ !_ 

CL.o I ~ 1 .J3 iJ A I ~ CL.o CL.o 0 A 

Cil1EitJ1-\J'Yl 3 P(-,-) L U';J~1JU1-\Jn~11'V\U-\J'V\U1tJ'Yla'11UtJn1J';J1U1U';J'l"-\J B 
2 2 q 

1t J_ 1t 1t 
';)-\J'V\1 1) sin(-B + 2) 2) cos( B + 2) 3) (-8 + 2 ) 

....... 0 A 1 J3 •'1 ~ ~ A • I 1'1 ~ 
11i'Y11 1) LUEI-\J';J1n P( l, 2 ) El~ LU';J~1l1fl'Yl 1 UUfl El~flu~1tJ 8 El~ LU ';)~1l1fl'Yl 1 

i-\!Ju ,~tJ~1tJ B + 7r -;,:aulu-;,fln1fl~ 2l'i-;,~u~1tJt~u~ p' (a' I b') ~"fi1'llt~-\1Vf-\Jnsiu 
q 2 'U q q 'U 

'l'lf\l'LiJuu1n fi1'llt~-\1Vf-\Jnsiu lfl 'l'lf\l'LiJu~u 

CL.o~,,, .J31 
fi-\JUU P (a I b ) = (-2 I 

2 
) 

-;,:'1~ (1)sin(B + tr)=y= .!_ 
2 2 

7r .fj 
(2)cos(B + 2 )=x=-2 
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5.2.7 Lilnan1tnC (Identities) 

(jl~lnmilihTnL~r.J1-n'£J.:n1un1~liuJnan~m (identities) ,rUfl£1R1Jn1~~Li1u 
-;J'i.:J81'V\'l1J1'1nfi111JJ£l\Jtl1 LLth l ULfiL1JU LeJnan~m~tJ~: Lr.J'lflll Un1~Yh l i 81Jn1~£l til u~u 

Cl 'LI 'LI 

£Jti1.:J~1r.J v.~£JLLU~.:JLi£Jti1u~tJ~u 'l i1v.i'un1~f1flfi1u1m L~';l:L~1J';l1nL£Jnan~m1J~~nu 
'LI 'LI 'LI "" 

,.,,"~lnmiiilR£l.:JL£Jnan~m 
A A~ .d I ~ .... 

LU£l.:J';J1n~nfl-n£l.:J (x I y) IIJJ£l.:J1'1n ') -;Jfi1JU1.:Jn~1J'V\U.:t'V\U1tJR£l~fl~£l.:tnu 
Cl Cl 

R3Jn1~ x 2 + y 2 = 1 L~£1LL1'1U x =cos(} LL~: y =sinO -;J:L~ (cos8) 2 + (sin8) 2 = 1 

it~-;Jlt'~eJULU~U (sinB)n 'V\~£1 (cosB)n UtJnii-;J:L;jr.JULL1'1U~1r.J sinn (} Vt~£1 cosn (} 
'LI 'LI 

192 

cos 2 
(} + sin 2 

(} = 1 

cos 2 
(} = 1 - sin 2 

(} 

'V\~£1 sin 2 
(} = 1 - cos 2 

(} 

_. y A . ~ ~ 
LU£l.:t-;J1n tan(} = - I x '* 0 L1J£1LL1'1U s1n8 fl1r.J y LL~:LL1'1U cos(} ~1r.J x 

X 
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ca.- ' ...I "' 4 tl 'l ....1 <~neUJ1\I'YI 4 rn cos B = -- LLa::-;J~ L'l1ll B EJll U-;J~111fl'YI 3 ';1\IV\1 sin B LLa::: tan e 5 • ~ • 

1i'.Yh LiLEJn~n'!Ym cos 2 f) + sin 2 f) = 1 ';1::1~ 

(- ;)' + sin 2 e = 1 

16 . 2 f) -+Sin = 1 
25 

ca.- ~ 
sin 2 e 1- ~ ~\IUU = 

25 
9 = 
25 

= 
5 

tan(} 

ca.- ' ...I ' 2 2 <il1EJli1\I'YI 5 ';1\ILL~~\111 1 + tan e = sec e 
........ 0 d 2 
11i'YI1 LUEJ\I-;J1n 1 +tan e = 

= 

1 + sin
2 

f) 

cos 2 f) 

cos2 f)+ sin 2 f) 

cos 2 f) 

1 
1 +tan 2 e = 

cos2 f) 

= sec 2 B 

i1V\-ruluLL1..11..1tJn~~~-;J::n~11<iiEJ1tl -;J~ P 1..1U1\Ina1JV\it\IV\U1ll V\3J1lltl\l';l~ • • 
tl ',- ... ....r ' ...lea.- "'tlca.- .d '"'tl '.t a1ll-nEJ\1~1ULfi\I'Yill11 1 e 1 V\U1ll 'YI1~';11n-;J~ (1 , O) L ll\1';1~ P 'lf\l<ilEJ L ';l:::na11~1.4 ') • • 
'",h ';)~ P ~3J,_rllrl1..1-;i1U1U';l~\l f) • 
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uuuilni~ 5.2 

1 . ';) ~ <il ~1 ';) a' EI1.J"lT;) fl thn ti-n eh'l ~1 '"1 fl ~ 'V\; El ~1 ui'ua-f!-n eh11J 1J El ul '", c;un fiL fl 
'I 'I 'I 'U 'I 

1 ) (} = 4Jl' 2) (} = - Jl' 
3 3 

3) (} = 210 ° 

5) (} = 280° 6) (} = 3Jl' 
4 

?) (} = lln 8) (} = IOn 
4 6 

2. LoW'lJEIUEitl 2.1-2.4 LU1~nt:UJ'V\it~'V\U1tl -;Jfl P a'lJUtJnu -;11U1U-;J"i~ B -;J~'V\1 sin B , 
'I 

.d 0 

cos(} LL~: tan(} L1JEifi1'V\Ufl 

1)P(-i5 ,~5 ) 2)P(2_ - 12 ) 
13' 13 

3) P(- ~, ~) 4) P(- ~, ~) 
1 .... ' A tJ I !'I VltJ d VI I VJtJ ..t 3. U.enEI£.JEI£.1 3.1-3.6 ';l~'V\1';l<il1l1fi'D'~-;Jfl ~1tl (} <ilnEitJ LL~:LuU L <il11JL~EIU. L-n<ilEI L U. 

'I 'I 'U 

1) sinB > 0 LL~: cos(}< 0 

3) sinB < 0 LL~: cosB < 0 

2) sinB > 0 LL~: tan(} < 0 

4) sinB < 0 LL~: tan(} < 0 

5) sinB < 0 LL~: cosB > 0 6) tan(} < 0 LL~: conB < 0 

4. LUenEIUEitl 4.1-4.6 ';l~'V\1fh-nEI~Yf~ni'u<il'i1nmij~h~EILL'YlU (} ~1£.1 -B [tJn<il1EIU1~ 

194 

. B J3 . B] Sin = - 'V\1 Sln-
2 

1) tanO = ~ 2) tanO = J3 

3) sinB = 1 

J3 
5) cosB = --

2 

4) tan B = 1 

6) sin B = - _!_ 
2 
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'l d I 4 3 Q; Q; 0 A 'l 1).1 

5. LU1"nnli'V\U"'V\U1t.J 'iii~ P(- ~-) ~1Jut.Jnu 'i\11U1U'iil'l"" B 'iii" L~~li1J1Cil'l"GJJEl"1"nnll 
' 'I 5 5 

'1'11~rin ~~ ~ uu. 1;~ na !J'I'I it-.1'1'1 tb u ~aml'u ri u-;h'u.1tt:;J7..1 

1) (} + 1f 2) () + 1f 
2 

3) -B 4)-B + 1r 

6. 1..1n a IJ'I'I it..., 'I'\ tb u ii P (- : , ~) a!J'Il'urimh '11.1'11.";17..1 e -;J;~ 1 'Ji'a!J m~7'11 anm a !J'I'\1 

All; d I .J Q; Q; 0 \A 

'Vin~en El"'i\I~UU 1"n alJ'V\U"'V\U 1 ti'Yl ~liUtlnU'i\11U 1\t'i\l'l"" 
'I 

1) () - 1f \ 2) () + ; 

3) -B 4) -B - 1r 

d I Q;Q;O A d tl 'l .J 
7. P(x I y}UU1"na1J'V\U"'V\U1tl R1JUt.Jnu'i\11U1U'iil'l"" B 'lf"'i\1~ n1tJCiln LU'ii1Cil1l1fi'Yl 2 'i\I"'V\1 

'I 'I 

1f 
1 ) sin(() - 1r ) 2) cos( B + 2 ) 

\ 

LULLuutJni~ ana 8-10 'i\1~ P(a I b) ua: p'<a' I b') EJci1JU1"na1J'V\it"'V\U1tl ~"'l"tl 
'I 'll 'll 

p' (a' I b') 

8. 'i\I"LL~~"';h b'!a' = alb (LLU:\41 : LL~~"11LRU OP LLf: OP' ci"u1nnu LLa:Cil'l"1'i\I~EIU 
ca; "' ~ I 

fi111J~'UGJJ El-\1 L~'U 'Yl" ~El-\1} 
I I I 0 Q; .o=l I .o=l I Q; 

9. 'i\I"LL~Cil-\111 b = ±a LLa: a = ± b {LL"U:U1 : 'l"fllJ OP LLa: OP llfl11llli11L'YI1n"U 

l'lf~Cil'l"'l":t.J:'Yl1"'l"11JrlUt:.JaL"UanEJ 8 an1"c;luULL'YlU R1'V\i'U b' LLn:a1'V\i'u a') 
'll 

10. 'i\I"LL~~"11 (a' I b') = (-b I a) 'V\;El (a' I b') = (b I -a) EJci1"L~EJci1"'V\it" (LL'U:\l1 : 

L~1Jc;luc;l1 tJ~atttEJ"LLUU'tJni~,j El 9. LLa:tl"i:lln~~aenEJ"LLUU'tJni~,j El 8) 
'I 
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.... 'I .... ca.o .. ...,. A A I ...I I ..t 'I .... A \1 ...I 0 'I .... 
IIJJEl 11- 16 L~Lenan~m~l''I Lnmll<il'V\1fiTYI1J"~1l1ll LfiL"ElU LIIJJ'Yin1'V\Ufl L'V\ 

11. sin 0 = 4 
LLa: 0 fin LU';J<il1l1fl~ 2 ';l"'V\1 tan 0 

5 • 

12. cos 0 = -
4 

LLa: 0 fin LU"ilfl1l1fl~ 3 "il"'V\1 tan 0 
5 • 
4 

13. tanO = -- LLa: cosO > 0 
5 

14. sin 0 = -12 
LLa:: e fin LU"ilfi1l1fl~ 3 ';)"'V\1 tan 0 

13 • 

15. tanO = 
12 

LLa:: cosO < 0 "il"'V\1 sinO 
5 

16. tan 0 = -2_ LLa:: sin 0 > 0 "il"'V\1 cos 0 
12 

.... 'I .... ... ..... ,. AA tl.al A .. 'I .... !'I A .-...1 
IIJJEl 17-22 L~LElnan~mfi"'Lnmll<ilL aliUUV.';JULL"'n L'V\LlJUUV."iJU'Yia'El" 

17. (tanO)(cosO) I sinO 

sinO 
19. 2 I cscO 

1-cos 0 

18. 1- sin 
2 

e I cos 0 cot 0 
sinO 

cos2 0 . 
20. I 1 + stnO 

1-sinO 

21 cos 
2 0 

I coe 0 
1-cos2 0 

1 1 
22. --- + I 2csc 2 0 

1 + sin 0 1-sin B 

I 1 lf'l 1 lf lf 5.3 A1!Jih1 !114 LA !114 LL8tLLYI14L,-,14fl 

... I ...I 
0 

0 ca.o 
fi1Elli1"'YI 1 "il"'V\1 smO I cosO LLa:: tanO a'1'V\11J 

196 

(1) 0 = 0 

(4) 0 = 3n 
2 

(2) 0 = _n 
2 

(5) 0 = 2n 

(3) 0 = n 

7r 
(6) 0 = --

2 
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y 

(01-1) 

.. 1 1...1 
(1) 0 = 0 "il~lJ~1ll-nEh1 0 Elli'Yl (1 I 0) 

q ~ 

.... ~ . sinO 0 
~"u u s1n 0 = 0 I cos 0 = 1 LL~:: tan 0 = -- = - = 0 

cosO 1 
n .. 1 1...1 

(2) 0 = - "il~lJ~1ll-nEI" 0 Elli'Yl (0 I 1) 2 q ~ 

.... ~ n n n 1 .., lA .a 
~"uu sin - = 1 I cos- = 0 LL~:: tan- = - Lli'Ull111 [LUEI"-;nn tanO = 

2 2 2 0 

y l3.iUli111L~EI X = 0] 
X 

... ..1 1...1 
(3) 0 = 7r 11"il~lJ~1ll-nEI" 0 Elli'Yl (-1 I 0) 

q ~ 

.... ~ 
~"uu sin n = 0 I cos n = -1 LL~:: tan n = 0 

3n ... .. 1 ~...1 
(4) 0 = - 11"il~lJ~1ll-nEI" 0 Elli'Yl (0 I -1) 2 q ~ 

.... ~ . 3n 3n 3n -1 .., I A I ... 

~"uu s1n- = -1 I cos- = 0 LL~:: tan- = - Lli'Ull111 {L'V\<ile.J~L11UL<illl1 
2 2 2 0 q 

.... ~ 

nu-nEI(2)) 
... ..1 • ...1 

(5) 0 = 2 1r ll"il~u~1ll-nEI" 0 Elli'Yl (1 I 0) 
q ~ 

.... ~ 0 
~"uu sin 2n = 0 I cos 2n = 1 LL~:: tan 2n = - = 0 

1 
n ..... 1 1...1 

(6) 0 = -- 11"il~u~1ll-nEI" 0 Elli'Yl (0 I -1) 2 q ~ 

.... ~ n n n -1 .., lA 

~"uu sin (-2 ) = -1 I cos (-2 ) = 0 LL~:: tan (-2 ) = 0 L11Ull111 (L'V\~~~ 

t .d .... ~ 

L 11UL~ ll'lfitJ-n El {2)) 
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sin(-n) = sin(-90°) = -1 
2 

• 1f 1f 1f 0 l~CIJ .J' 
5.3.1.1 n,,-,.,, s1n- , cos- LLa: tan- Yl1 ~~"" 

x2 + y2 = 1 

L"'i1ii a 2 + a 2 = 1 

2a 2 = 1 

1 .Ji a=+-=-- .J2 2 

198 

4 4 4 
\ 

y 

P(x,y) 

X 
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A ,, . .J tl I .... Q; 4 .fi .fi Q; ~ 
L\Uh1';)1fi P Elll L.'U';l<il1l1f'l'Yl 1 L1181 11 ~n~-neJ" P f'leJ {- ~-) ~"'"'" 

'll 'I 'I 2 2 

. 1t .fi 1t .fi 1t 
srn 4 = y = 2 I cos4 = x = 2 LL~:: tan 4 = 1 

5.3.1.2 n1"i\JI1 sin n , cos n LLa:: tan 1! 
6 6 6 

. 1! 1t 1! 0 .., ~Q; ...t 
n11'V\1 srn- I cos- LL~:: tan- 'Yl1 L~~H'U 

6 6 6 

002 = Qp2 - PQ2 

= 1 2 
- (1/2) 2 

3 

ME 504 

y 

X 
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. 1r 1 1r .J3 
s1n- =- cos-=-

6 2 6 2 
• 1r 

1r stn - 1 I 2 1 .J3 
tan- = --6 = -- = - =-

6 cos n .J3 I 2 .J3 3 
6 

5313 
. 1r .1f 1r 

• • • n11'\111 s1n- , cos·- LL&t ·tan-
3 3 . 3 

'1r 1r 1r o\'I..,..,.J' 
nT~'V\1 sm- , cos-- LLa: tan- 'Yl1 Lflfh1U 

3 3 3 

X 

tJ ...1 !'I .. I ...1 ... I ... ... ... I .... ~ 
'l W11JLV\atJ1J OPR LuU'luWUJLV\atJ1Jfi1UL'Yl1 1Jfi1UtJ11fi1Ua: 1 V\U1tJ fi'11UU PQ tJ11 
~ ~ 

1 1 \'III.Jj I G..-~AG..- A 1 .J3 
- V\U1tJ V\1'l:tJ: oa Lfl - V\U1tJ fi""""'~nfl-neJ'I1 P fleJ (- , -) 
2 2 2 2 

.1r .J3 1r 1 
s1n- = - cos- = -

3 2 ' 3 2 
• 1r 

n stn- Jj 12 
tan- = -· -3 = -- = J3 

3 1r 112 cos-
3 
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"1Th1LL8~\Ifl111£h1Vf.:nfiuL'JJ\1' lflL'JJ\1' LLa:LL'YIUL';lU~11£l\1,)1U1U';l~\l 0 ~l'lfunu ') lu'lf1\l 

[0 1 2 Jl"] 

0 

0 

Jl" 
-
6 

Jl" 
-
4 

Jl" 
-
3 

Jl" 
-
2 

Jl" 

3Jl" 
-
2 

ME 504 

';1~ P lJ'l-(,1\JnalJ 
II 

d I 

'V\ U\1 'V\ 1-1,1 tJ 

(1 1 0) 

(v'J !J 2 '2 

(F2F2J 2 ' 2 

(! v'JJ 2' 2 

(0 1 1) 

(•1 1 0) 

(0 1 •1) 

(-1/2, J3 /2) 

(-~/2,~/2) 
(- J3 /2 ,1/2) 

(- J3 I 2 ,-1/2) 

(-~ /2 ,-~ /2) 

sinO 

0 

1 
-
2 

~ -
2 

J3 -
2 

1 

0 

-1 

(011) 

cosO tanO 

1 

J3 -
2 

~ -
2 

1 
-
2 

0 

-1 

0 

(1/2,J3 /2) 

( ~/2,~ /2) 

( J3 /2,1/2) 

0 

J3 -
3 

1 

J3 

-

0 

-

110 X 

( J3 12 ,-1/2) 

(~/2,-~/2) 

201 



(-1/2,-J3/2) (0,-1) (1/2,- J3 I 2) 

5.3.2 Tl"ni"vhiJ,..A1tJ (periodic function) 

1~ntUJ'V\it~'V\U1tlijfl11llt111Liu"l£l'JJ1~LUU 2tc 'V\U1tl L"l1~~L~~~--;h Wl'V\i''JJ 

-;i1U1U1l~~ (} L~ ') LL~:1l~U~1tl'lJ£l~-;}1U1U1l~~ (} + 2tc n 'JJU1~n~li'V\rt~'V\U1tiL~tl1rlU 
q 

LUU1l~L~t11nunu11~U~1t1 0 tl'V\i''JJ'Yln'<i1U1UL~ll n 
q q q 

A I -~ .. .... ....,. ........ .r .... A I ..1 
L U£l~111nfl11J£l~ ~~n8JfU~"l LnnLll'il'lJUn'JJ1l~'JJU1~n~lJ'V\U~'V\U 1ti'Yl 'il"l11l~£llJ 

q 

L~tl (} L"l1~lJ1"ltl~"'iUL~11 
q 

0 .... I 0 rll 

sin((} + 2tc n) = sin(} LL~: cos((} + 2tc n) = cos(} ~'V\"l'JJ'Ylnfl1'1J£l~111U1UL'illl n 
q 

5.3.3 A1,.t'l l'11t~il" sin(} LLa~ cos(} 

L"l1'V\1 sinO LL~: cosO tl~i''J.Jfl1L\\~1:'JJ1~fl11J£l~ 0 tl1L"l1~£l~n1"l'V\1fl1 

-n El~Vl~niumlnmijfi tl'V\i'ufi1..t1lu41))£J~ o L"l1£l111LiLfl~£l~fi1u1m 'V\~£1 liti1111~ 
'Yi1uLfill tl'V\i'un11liLfl~£l~fi1u1m11:lllnn11lu~d' LL<ii1l:nn11n~'il1"l1~fi1-n£J~rt~niu 
'il;L n mij ii 

n1L"l1~'il1"l1~ v LM1fl~U1n L"l11l:'V\1fl111£l~Vl~niou sino LL~: cosO tl'V\i'u 
Ill 

l I I A ... I tl .... l ..r 
o ~ o ~ 1.57 'ULL'ila:8Jf1~ 0.01 eu~~£l~t1a£l~ (fl1 1:111nL) nu o ~ o ~ n 12 'U'il£l'U'U 

L111l:Lfl~tllJLL~~~11 'il1"l1~d'WllJ11tlLi'V\1 sin(} 'V\~£1 cosO Gh'V\i''JJ-;i1U1'U1l~~ l~ ') 11£1~ (} 

202 

... 
i\uL~n L11i~Lntil11n1 o LiJu~u L"l1~ll1"lnliL£JninHm 

sin(-0) = -sin(} LLa: cos(-(}) = cos 0 

,;,l~L11~2.111nlifi1u1n111nfl111~l~ 

ME 504 



"" i"Gio ltJ L -ni'ILn<il11 ~1ll'lf1ii'l1£l'lfl11J'lJ £l'lrf'lni'Ut<il~1nmijii'lf1 £J 1 ~L TILnll11tl 

'V\1fl1L~£l () > 2rc L11,)1LU'UCil£l'lfUJ t:-J~flnt'lJ£1'1 2rc -;J'Utn1:~'1L'V\~£lfl1£lci1:'V\11'1 0 LL~: 
~ ~ 

I 

0 "" A "" I .... A 
';l11-t11-t£l1'1£l'I'Ut£l£Jn11 rc 12 'Ut'Utfl£1 

0 < () < 1C 12 

,)11-t1'Ut';l;'l B <il11';la"£l1J1'1n~lln~3J'V\;1'1'V\'t.i1£J P' (x' I y') 1'Ut';l<il111fiLL1n 1~u~3Jli1Cil1 
'I 

d I , ~ ... ... 

'lJ £l'l1'1n ~li'V\1-t'I'V\'Ut 1 £J L 'Ut 'Yl'IH13Jn1m L 113J 

x' = I x I LL~: y' = I Y I 
"" LL~1 sin() = y LL~: sin() ' = y' = I y I 

cos()= x LL~: cos()'= x' =I xI 
.... ~ "" I .... "I .... A , 

fi'I'Ut 'Ut sin() LL~: sin() ' tl1<il1'1nltn<il1'1nltL,;t ~1: Lfl1£l'I'V\3J1 £J LL~: cos() LL~: cos() 

tl1c;i1'1rlltn~1'1rl\tL,;t~1:Lfl1£l'I'V\3J1£J tl1LTILn3J11tl'V\1 sin()' LL~: cos()' ';l1nCii1TI'I'lJ£l'l 

fl1'1J£l'l ()' 11-t'li1'1 [0 I rc/2] L11-;i1LU'I.tCil£J'Ii'Lfl1£l'I'V\3J1£J11-tn11'V\1 sinO LL~: cosO Cii13J 
~ 

d I ..ft.~.., , A 0 "" A 

';)Cil111fl'lf'l () fin£) [J n1:1J11-tn11\t 1nlt L 1-t'lf£) nn-;)11-t 11-t£11'1 £1'1 {Reference Number Rule) 
'I ~ ~ ~ 

Q,, I ""' Cil1£l£J1'1'Yl 4 ';l'I'V\1 cos 2rc /3 
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~ .. ll .. ... ~ 
'li~'YI 1 o = 2 n 13 flneu ~';)flfl1fi'YI 2 fl~~~ 

Ill • 

B'=n-0 

= 1r - 2n /3 

= n/3 
~ .. A !'I I II I 

'li~'YI 2 L~£1~';)1n 1r /3 Lu~fi1L~~1:: L11111 
Ill 

cos 7r 13 = 1/2 

.ff~~ 3 cosO LtJ~~uLiie~,.1neul~,.fl111fl~ 2 L11ii 
Ill • 

cos 2 n /3 = -cos n /3 = -1/2 

l 
... I .. I 0 l .. l"'l .... A 

~fil1£lli1~'YI 4 fl1 (} n1'V\~9l ~~';)~'11£1~ 1t LL~:: 'V\fi1~Lfl~£l~ (} L~£lfi111Ja'::~l1nm..J1ll 

l~n11~';)11nL1fi1 0 L11El1,.l'lf1tJl~nTifil11';)a'£l1J';)fl111fl~ B filn£lu 
Ill • Ill 

i1EJci1~~ 5 ,.~'V\1 sin 3.621flul'lf nD-;l1~1~e11~~~ LL~::fl111~ v l~fl111~'Yl1uLa11 
in'Yl1 1.57 

3.13 

~ .I A 
'li~'YI1 L~£l~';)1n n <3.62<3n/2 

I ll .. l"' fl1 o au ~-;Jfl111fi'YI 3 LL~:: 'lf n ~ 3.14 
Ill • 

(} , = (} - 7r ~ 3.62 - 3.14 = 0.48 
~ .. 
,~, 2 ';)1nfl111~ v 

sin 0.48 = 0.4618 
~.1 A !'I l .I ,.. 
'li~'YI 3 L~EJ~-;J1n sine Lu~~1J ~';Jfl111fil'YI 3 L1111 • 

sin 3.62 = -sin0.48 = -0.4618 
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krvri'u~1enh'l~ 5 L~LLa'fl'ln£J-;i1u1\Ul1'~~'~ L~tl 0 L~L~LLa'fi'ILUJtl'11eJ'I " L11 

ieJ'Ikl11';l';lf!111flrS'I 0 <ilneJu LLa: li<i11,.,'~ LL9in11Lifhtl1:ll1m'Ylf'IU£Jll~eJ'I<ii1LL'V\U'I'lJ eJ'I . ~ 

" ';l:Li~aliinnia'lun 1~~ilk1'V\'i'ufi1-neJ'I o L11eJ1"il'V\1Lfi£JLiLfl1eJ'Ifl1U1m kl'V\'i'u 
~ 

fh l" 'l lun11'V\1llllel1'~~'~ o' ~i11~ut'nu o Li:Ju,-tiLLUUllll~nnieJ'IL~ u~1'"~'"~~ . ~ . ~ . 
(terminal side) 'lJeJ'I (} ua:LLnu X ti1 (} eJULU"il<il111fl~ 1 LLLf1 (} LUUllll'lJeJ'IaJULeJ'I 

~ . . 
ua: 0' = 0 

n1:U1Un1~eJ'In11'V\1 sin 0 LLa: cos 0 Ld~ o e1ulu'li1'1 [90 ° , 360 °] Li'unnnllllel1'1a'l 
~ ~ . 

LLa:LeJnin~mnUn£J-;11U1Uel1'1a'l 'rffeJlli1£JieJ£JnL1UL'V\G=hU LL'YlU ;r ~1£.1 180° Li 

<il111'1 VI LL'YlU<i1111'1 V LU111fl~U1n <ii11';1Rel1Jfl1LU<i1111'1 VI ~LLa'fl'l~tlf!1 (minutes) 
AAtl 1., .,_ .,_ .. I \'ltl..r 

ua:1a fl1 (second) LLa: 'll'fl11l1Rli~U1i<iltl L u 

1 tl'lf11 = 60 ~tlf!1 (L;iuu 60') 

1 ~tlf!1 = 60 1~tlf!1 (L;iuu 60") 

... I .d 0 
<il1elli1'1'Yl 6 ';l'I'V\1 sin 200 

(} , = (} - 180 ° 
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= 200° - 180° 

= 20° 
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~ ...1 -nou.n 2 sin 20 ° = 0.3420 
~...1 A iJ l .J ...,. -nou.n 3 L'U.Eh'l';l1n sine L ou.au 'U.';l~111f111 3 L,-111 

'I 

sin 200° =-sin 20° = -0.3420 

1) 5Jr 

4) -7Jr 

1) (-1 1 0) 

4) G· ~J 
7) ( ~ ·~ J 

10) (- ~, ~J 

206 

~· ca.. LL1J1JHflMfl 5.3 

2) 7n: 

13 5) _ .. 1l" 
2 
22 

8) -·- 1l" 
3 

2) (0 1 1) 

5) (~-- J3J 2' 2 

8) (-+ ~J 

3) -5Jr 

41 
6) - 1l" 

6 
11 

9) - 1l" 
2 

3) (0~-1) 

6) ( ~, ~J 
9) (-~ ,- ~ J 
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3. lui en.hn.J 1) - 1 O) tn'\fu-;i1U1U';l'i" B ~n1'V\Ui!L~ (a) ';l"'V\1~nil'lJEJ"';)~ P uu1"n~11 
', q 

A I d .... 0 A I • 

'V\U"'V\U1U'YI<il"i1';la'El1Ji11U';l1U1U';l"i" (} LL~:: (b) ';l"'V\1fi1'1JEJ" Sin(} , cos(} LL~:: tan(} 

1) 5Jr 

4) -7JZ" 

27 
7) -- JZ' 

5 
22 

10) -3 JZ' 

2) 7 JZ' 

5) ~ JZ' 
2 
22 

8) - JZ' 
3 

3) -5 JZ' 

41 
6) - JZ' 

6 
11 

9) - JZ' 
2 

4. luciEJ[jEJu~ 1)- 10) ';)"lifl1"i1" v lufl111" 111fl~u1n 'V\1fl1'1JEJ"VJ"ni'u<il~1nmij~ 
luuti~::ciEJ (li JZ" ~ 3.14) 

1) cos 1.23 

4) cos(-4.76) 

7) cos -2.96 

1 0) sin(-5.689) 

2) sin 0.46 

5) tan(-1.42) 

8) sin 4. 34 

3) tan 3.55 

6) sin 4.23 

9) tan(-3.26) 

5. luciEJ[jEJu~ 1) - 8) ';)"lifl111" VI lufl111"111fl~u1n 'V\1fl1'1JEJ"VJ"ni'ufl~1nmij~ 
luLLfi~::iEJ (li JZ' ~ 3.14) 

1) tan 155° 

4) sin(- 146)0 

7) tan 24 ° 1 0' 

2) cos 150° 

5) cos 256° 

5.4 fl1'1M1Jil\JYf\Jrf!f" l'11t!fA 1'11,.( LLfttLLfl"L\1"~ 

3) sin243° 

6) sin 345 ° 

l u i1i EJ~ LLtr1ltin ~11ii"a-llu~Luufi1U'JJ EJ"VJ"n-Eufl~lnmijii L ~EJ~i1-;i1u 1u'JJ EJ" 
Atj l . .... I Atj ... .al d 

a'111~nLUfl111" V LLa:: VI Ufl111"111fl~U1n'YI1ULalJ L~ElL'V\3Jfi1111U11'YIL'V\111::a'll 

L 11';1:: lith: lu~11''1Ja"a-11u~ LUUfi1U 1 un11L;j uun"i1'W'lJEJ"VJ"niufl~1 nmD91 

5.4.11'11\(LLfttTA 1'11\( 

n1L"i1tnlJ11tu;juun"i1~'1JEl"rf"niul'lf11'LLa:: 1fll'lfu1u-.d'1" [O , 2 JZ' 1 L11 

Lnll11nL;iuun"i1'W-i1i1'V\i'u'Yin-.d'1"'lJEJ"fl11lltJ11 2 JZ' tJnii L"i1rn"fl1"i1"fl1 a"';)~~ 
.. q 
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811UtJn1J1:1JU~n~ OY LL~:L;itJUnTl~l~ui'u~tJU L11R11111tl l-J1~~'1J£l\li1i£l~LL~1 
L vj£1 l iLTll'J1fi1Wl\l\i'1JL;j r.JUn11~i\lfl111\l 

fl111\l 5.4.1.1 

(} 0 tr /6 tr /4 tr /3 tr /2 3tr/4 

sinO 0 0.50 0.71 0.87 1 0.71 

cosO 1 0.87 0.71 0.50 0 -0.71 

L111l:l-J1fi1u1:111m .fi ~ 1.414 LL~: ./i ~ 1.732 

~\lfhlou.fl111\ILTlR11111n11tlnTl~ 
y =sinO 

I 1 

tr 5tr /4 3tr /2 7 tr/4 2tr 

0 -0.71 -1 -0.71 o. 

-1 -0.71 0 0.71 1 

I · · · ··········· ·i········ ·······'I· ··· · ......... ; .............. ·i· · ········ · ·i···· ·· · ... ; ................. ; .... ·· ··· ····f· · · · ······i · · · ···I·· · &+·! ·· ·+ :· · ·· · · + l · ... i ............ .. ...... · ·I ... · ·· ... · ; ........... · .. , ................. ,.... · ... .,. ...... .. 

i ............. . +·· . ! ................ ; ............ , ........... + ...... , ............. , ........... + .......... , ............. +· . 4+ .... ; ............. , ............ + ......... + ........ ·+ ..... ·+··-...... .j ......................... i ............. : ...... : ... . 

.... 

.. /+ ............ + ............. f ............ , .. , .... ~ ............ -~--'~~/ ......... + ............. + ............. .,. ................ ; ........ ~ ........ +~ .... -~'~ 

i ·+· ... ; .......... + .............. ,, ............ , .. + ......................... , ...... , ................ + ............. ,., ................ , ................. t .. , ..... , ....... i .............................. + ............... , ................ -1--............... , ................. t 1 ................. , ................. ! ........ , ................. , .................. ; ................. , ....... .. 

............ , ........ ... 
l 
i 

L~e~1l11m1VJ\Iniu1fll'lf,t L11R11111nl-Hfi1~n1\l\Ufll\l\'tu"1Tl\l 5.4.1.1 11tln11~'1Je\l 
y = cosO i\ltl1~u1:neu 
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: I 
I 

! 

-~-+------+----+--·+---+-- ---+----+-+----- 1---··-+----+--······-··f- --1-----1-··- -·--+----+--+----+----+-1-----t---

R~ -·-·- ....... . 

···· ··· 1---·--··--~---+----1-------·-f----+--+·-····- -·--· ----·--.r f----··-· ·-·-··· ··-·····-·- .. ------- -------+-----·--+·- --·-+·--·+ ·---+---+-+-

I I I 

~ 

5.4.2 LL YI\U;)"fl 

'1 ... ...I -~ ... .... ... ~ "' ~ "' .J 
~Un1~L'lJtJUn~1n'lJEh11''h1n'lfULL'YIUL-;JU<iJ 'lJU<iiUL~1';l:<il"<iiU'YI tan((} + tr} = 

tan(} R1V\i'lJ'Yin-;11U1U';l"i" (} n1 P(x I y) LUU';l" L<il ') lJU1"nfUJV\it"V\'"1tJ LL~1 P'(-x I -y) 
q q 

-;J:fl tiuu 1"n ~liV\it"V\ \i 1 tJ~1 tJ i"~tJ cu cu 

"' (} LL~1 

tan(} = Y 
X 

LL~: tan((} + tr ) = - Y = Y 
-x x 

ME 504 

P'( -x, -y) 

y 

P(x, y) 

X 
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Q.l ~ Q.l !'I d I ~ I 'VI I ... 0 .... A 
~-\IUU tan({} + 1!) = tan{} 3JULuUL"Hl-\l-\11tJ'Yl';J:LLa'~-\111 L3J3J';J1U1U';l~-\l c , 0 < c < 1! &]1-\J 

tan( B +c) = tanc i1v.fu'Yln-,l1u1U';l~-\l c 'il-\I~U Vf-\lniuLL'YlUL';JU<iliifl11JLtlu n 
'I 

L~1a-13J1~t1liL£:Jnin~nr 
sin {} d I .. o .... I 

tan{} = -- LL~: tan(-{}) = -tan{} L~£l'V\1fl111jj£l-\JLL'Yl'UL';JU~-n£l-\J';J1U1U';l~-\1~1-\l ') 
cosO 

{} -n/2 -n/3 -1! 14 -1! 16 0 1! 16 1! 14 n/3 1! 12 

tan{} - -1.73 -1 -0.58 0 0.58 1 1.73 -

Ld£l-\J';J1n tan{} Lliilli13J~ 1! 12 LL~: -n /2 Ln-,i1LUU<il£l-\l~';l1"Hlt1£lU1-\I~:~fl~:1-\lin~m: 
aall CJ.I I I .J" l ~ ~ .r d A Q.l 

en£:J-\In1'1n n~fl1L'V\~1U-n£l-\l {} u-nm:'Yl {} L~3JenU';l1n o tl-\1 n 12 ~nfl-n£1-\1 x -n£1-\1 

A I ~ Q.l Q.l ~ "'l ... ~ .. 1 ... d 
'h1n~3J'V\U-\I'V\U1li'Yl';Jfl P(x , y) ';l:a'3JUllnu {} 'YlL-n1 n~flUll LlJ'Yln'Yl L U£l-\I';J1n tan{} = 

'I 'U 'I 

I ~ c::t I l"' ... I .r I I ... I ~ A' 
y/x fl1'YIL~n~-\l ') -n£1-\1 x ';l:a'-\1~~ 'V\ y/x 3Jfl13J1n-nu ') L1'1n~1111 tan{} 3Jfl1L~3J-nu 

1 
al CJ.I I l .J "'l ..,· I ... Q.- l ~ 

~llu1'1fl';J1n-n£luL-n<ilLen1a- -a u-nm:1'1 {} L-n1 n~ n 12 L~ULflll1nu u-nm:'Yl {} 
'U 

~~~-\l';l1n 0 ~-\1 -n 12 fi1 tan{} ';l:iifi11l'£lll~-\l ') L~1nEh Ti1 tan{} ~fl~-\11~ll 

U1'1fl';J1n-n£:JuL-n~ lu-nm: t L'li1lnGl' -n 12 n~1~-n£l-\l tan{} LLa'fl-\l<il-\1111~11,-:n£:Ju 

: v 

! • 
l . 

: ; 

i 
~····· ... 

.... , •..... 
1 J ! I 

; 

I / !} f{x) != tan(li) ' 

/ I I ............. v' 
. / 1/ ; / / / /. / 

·o/ f ~ v lL. / 1( !" I ......... ..... 

J! I / 
I I , I I .. J I : 

• 
I I 

' ! 

•. ..... . .. , ..... ····· .... 

····· ········ ~ .. 

; ........... 

210 ME 504 



5.4.3 L"1'"\l'tte\JYI\Jni"Gl~Lnm&iil (range of the trigonometric function) 

-;nnnn~en EJ.:~Vl.:~ni'" Lsnu LL~: Lfl Lsnu i~ L ,'" 11J.:~~EJ.:~Vl.:~ni'"ij fi1 EJ r.h:v\11.:~ 
'U 

aal A~ ~ Q,; ~ ... ~ • I A~ ~ Q,; VJ I 0 Q,; 

-1 LL~: 1 ~,-1"il~El1JnTl-neneJ.:t¥i.:Jnen"'U,LL'Yl'U,L';)'U,CJl Elnfl,-.:JL Vi ElLL~~-311¥i.:Jnen"'U, L11"il1n~en EllJ LenCJl 
.... tJ..t d .... Q,; ~ A~ ~Q,; ... ,. AA d Q,; I ,. I 

en El~ 'U,Ln tJ1en El.:tnlJL ,-"U,"ileneJ.:JYi.:Jnen""U,CJl,- LntU11CJl 'Yl LL"il.:J~.:JCJ11Tl-3 CJ11llfl1en El-3 L~LlJ'U, LL~:ezr1~ 
q 

en El~ LL~ ~:Vf.:tni'U, 

sinO cosO tanO 

L~Lli'U, 'Yln 0 'Yln 0 0 * tr 12 +nrc q q 

n LU'U,~1'U,1'U,L~ll 
~ 

-1 ~y~ 1 -1 ~y~ 1 
0 ... 

L ,-"U,';) 'Yln"il1'U,1'U,"il,.~ 
q 

fl11J 2tr 2tr 1r 

i1El~1.:t~ 1 "il.:tL;jtJ"U,n,-1~enEJ.:t f( 0) = 1 + sin 0 

1~rh 'U,£ln"il1n,-tJCJ11,-1-:JeneJ.:tfl1LL~:~.:t"il~ L,-1"il:i.:tLnCJ1~1tJ ') 11 ~n~ y enEl.:t f( 0} = 
'U q 

1 +sinO 111nn11 sinO El~'V\it.:t'V\ti1tJ i1'V\-l1JLL'ii~:fi1enEJ.:t 0 1'",-tJ X L,.111~n,-1'YJenEJ.:t 
'U 'U 

sin X f( 0) = 1 + sin 0 ~.:t1l1Vit1,-:nEJ1J 
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~ I .J ... aol 
~1EH.I1\I'Yl 2 ~\IL-nEJUn"l'1l"i-nEl\l f(O) =sinO +cosO 

1~rh ~\1~~ L"l'1i\1Ln~11 ~n~ y 8j)E)'I f(O) = sinO + cosO LUU~~tJ1n~1EJ ') 8j)E)\I \ 

Yln~ y -nEl\1 sinO LL~: cosO iTvri'uLL<ii~::fh-nEl\1 0 lun1~tJ,-:ne1u L"l'111~n,-1'YJ-nEl\l 

sin 0 LL~:: cos 0 ~1 EJ L~UU"l': LL~:tr~:l\1 ~~u1n-n El\liAln~ y 'Yl1\l L "l'-n1fl m~ LL~:11~"l'U 
'U 

I 

: 
i 

I i l I 

I I l 
-- ·-·-- L ------~- ~ 

I 
~ -----

: 

I 

--~· -----
I 

--

~ 
~X)·;; s h(lc)+cl ~(x) ! 

·--~-

~ 

/7 
f.--

l\'~ ~ 
/ ~ --~ --c-:----

~ ~ ~ [X g (x) = Cl 

~ ~) i VI I' -..... 

~ ~ I 

/? ~ / / I 

~ ~" >!_ L /I $""' ~ )x: v y "\ ~ .X/ ~ ~~~ k b ~/ ,.___,. ·-f--- v y '-L/ ....__ 
I 

A I -· -- ! 

--,-----·----r----
' l 

i 

-- c-- I --

- i --

I I J I I I 

5.4.4 fl"i1cW LLiUJYia\1~ LLit~fil1tJ (graphs, amplitude and period) 
u 

.ffu<iiEllUL"l'1';l::L;iEJun"l'1~-nEl\l f(x) = A sin (8x + C) L~El A I 8 LL~: c 
!"I 0 A ~ I l .J' 'I .... ~ ~ ~.J .... A I .J' ... ft I 
LuU~1U1U';l"l'\ILL~:: 8 > 0 a'\1Ln~11 M~ElUUL"l'1 L'lfa'nJ~nHnt'YlfiULfiEJ X L~EltJ\I'lf ~1LLu"l' ., q 

A ~ IV IV ~ IV 'I t; '1 .J' I \'1 fit .J') .... .r t; \'1 I IV 

El~"l':: UEln~1nUUa'nl~nHm 0 EJ\Ifl\1 ~'lfElEJ U9lElUU ElEJ1\I L"l'n~13J X 'Yl L'lfU~El\1 Llla'tJ~U 
., 'U 

nuiAln~ X 8j)E)\I~~ P(x I y) tJU1\In~3J'V\\t\I'V\1i1EJ~\1~3JUEJrltJR1U1fl\IEJ11 0 
q 

5.4.4.1 LLiUJYia\1~ (Amplitude) 
u 

A -~ ~... 'VI ~... • !"I I ~ ... • !'I 
LUEl\l';l1nl"i\ln'lfU L'lfU3Jfl1a'\la'~LuU 1 LU~:fl1~1a'~3Jfi1LuU -1 LL~: 

'U q q 

iTvri'uVt\lneiu f(x) = A sin x ';l:iifi1a-·"a'~Ltlu 1 A 1 LLa:fi1~1a~Ltlu -1 A 1 
'U q q 

• A A -~ ~... iJ A A • 
LlJ ElUEJ13J LLElll~ a~~ -n tl\ln\ln'lfUfl1tJ L Ufl"l'\I'V\U\1-n tl\1 ~S9l1"-n tl\1 

'U 

fl1a'\I~~LLS:fl1~1~~ ';l:li11LLEl3J~ft';)ft8jjt)\l 
'U q q 'U 

f(x) =A sin x LUU [I A I -(-1 A I )]/2 = I A·l 

212 ME 504 



"' ... LLiUJYU~\J"'!Jih1 f(x) =A sin x Ail I A I u 

Q,; .l "' ...I !'I Q,; .. 1 
Cil1flnt A TI1'V\1-L1'YlLu'U.Cil1u1:nau'l1r.J1r.Jfl11liR-3 (vertical stretch) 

~ ~ 

• .l "' .., • .., Q,; ..r !'I A 

Lll£1 I A I > 1 LLft:T11'V\1-L1'Ylftilfl11lla'-3 (vertical shinkage) Lll£1 1 A 1 < 1 'lJ£JR-3LnCilULu\L';l1-3 
~ 

0 Q,;~ A Q,; I Q,; I 

R1'V\11J'Yl-3 y = A sin x LLft: y = A cos x IJ1'-3-;J:LLRtl-3Cil1£Jr.J1-31J1-3Cil1£Jr.J1-3 

-----+--------+--------+------+------+- ----1----+---- - ---+---·-------+-- -+-----+----- -i--------1-· -!--------- ----

············· 1·-·----········-+--· - -·+--·--·--·-·--- +------- -+---······-·· + ----4+·-········· 1·-· -···-· ..... 

-·---- ······-···· 1---·----··-·-·- +-- - --11 -- -- - + -·--·---······-·+ . - -· +·-·-·--·--- ·- + ... I· ~-- .. ·-·· ............. 

I 

..... 

----+---------t----+--4-- -~~--~----f-~-~-----~-~)=2~_00_-4-~--+-----~-----

···1---1-··· Lt -"\ . .. '-~~~:·>··· [~~ 

·-+-------+---- 1-------t------+-------- --··· +--- - -+-·--·--· --+----+-----...1"14-----·- - --+-------- -+------+~--- ----- 1-------- ---- - -· 

Q,; I .., ... aal 
Cil1£Jr.J1-3'Yl 4 ';l-3L'lJr.J1-Ln11n'lJ£J-3 f(x) = -2 cos x 

1i.Yh n11'V.J'lJ£J-3 y = -2 cos X ijLLElll~a';)iJ LU\L 2 fl1a'-3a'Cil'lJEJ-3 y LU\L +2 LLft:fl1~1a'il 
~ ~ .. .. 

Ltlu -2 Cil111~1tiu L i1EJ-3';)1n A = -2 LLfift:~nfl y Ltlufi1'11EJ-3 cos x flmnu -2 
~ 
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nTlrJ-nEl\1 y ;: -2 cos x LLtifl\ltl\1111~th·:nElU na1111LU'UtnT~·a:fiEl'Ut (reflection) 

nULLn"Ut X llj)EJ\In'TlrJ-nEl\1 y = 2 COS X 

i J I I I 

1 

......... f ······ : ....... f·· 
I 

! I : 

j 
i 

! 

i 

' 
....... I I 

-- --- ----1---

----- -- ---- i --- --t----
i I I I --.... v 1\ I 

v 1\ v ~ ~ ~ lL '\ 7 ""'\ I/ v~ '; 
v-

1\ 
~ 

r\ 

\ \I~! \ 

~I 01 \l \Y \ v 
/ f\ ·C J r\ /'\ V\ 

-·-·-V\ f-·-~'/ A / f\ 
v \ v \ V_ ~ v ~ P;} ~rs lL 

v \ _.....v \ 
..,.,/ r--... -~ r-..... 

i 
!------t- -

-----1--

............. ............... . .............. ............... 

X 0 tr/4 tr/2 3tr/4 tr 5tr/4 3tr/2 '7trl4 2tr 

sinx 0 .fit2 1 .fit2 0 -.fi/2 -1 -.fi/2 0 

sin2x 0 1 0 -1 0 1 0 -1 0 

214 ME 504 



• 

v 

. : 

• • ' 

'-··· ' nfv\ :Rhh 

~."" J,\ 0' I :\ ;?_ l\0 /!~~-) fi\.""J \ ) [\ ~ 
~-o/~1~ \ J "' \ld '\.1 ~ \ ., ~ ! \ ~ ~ 

! 
.. ~. -. 

• 
' ' 
' 

·-
• 

. J 

• 

' 

• • 

' • ' . 

: 
. 

• 

i .. 
• 

. 

lu,-t.J-ri'1't.JYt~niu sin 8x "::fl1tJ1EJtJ 8 1EJtJ uu'lf1~ [O , 2n 1 ~~,f" 1EJu":: 
\1 

.. A • l...r I A • 1\1 .... I 

~lltJ1nUliEJ X LIJtHJUfl1"1n 0 fl~ 2n /8 L11~1IJ L~11 
\1 • 

A11Jtlil" f(x) =sin Bx, B > 0, LU\l 2n /B 

cv o l"' l • A ...: d' ~1fltu. 8 'Y11 'V\ fl11lJU11 ULLU1UEJU'V\1EJfl11liU11fl~UL ~li1!U (horizontal 
\1 

stretch) n1 0 < 8 < 1 LL~::rh l~ f111liU11lULLU1UEJU'V\;EJfl11liU11fl~U~~~::t (horizontal 

shinkage) n1 8 > 1 

CV I .... aal 1 
~1EJU1~ 5 "~L-nuun11n-nEJ~ f(x) = 2 cos- x 

2 
........ 0 A 1 ... 1 I ca; I .... !'I 
11i'Y11 LUEJ~"1n 8 = - fl11Jf1EJ 2n /- = 4n 'V\U1U ~~Ln~11 LLEJli~~"~LIJU 2 LL~:: -2 

2 2 \1 

o cv A •• 1 cv .I 
911ll~1~tJ IJl'~n11nLL~~~~~111~IJ1::nEJu 
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............... ; ........... : ...... ;:·············+················!·····'·······'··+~ -~f ~tt,_f::+-~···~····:·'·:··+·' ·············+···········:·····t·······:·······+······ .. ·····i················!··············+·············!··············1·················!············+·············· 

""'-, ·-----t-·-""~t-~~ "'-~ ·~ . "" .... (x) /? 
" '\[' /p-~···-·o·········t7i //' ~~ ·"' ./ '""' // IZ 

i~o ". .. ¥" 1 , . 1 ·· "' :~v ~v~v 
// 

................. 

~ ................................................. ..1. ............... 1... ............ 1. .... :~ .................................................................................... ; ................. : ................................... : .................................... : .................. ; ............... . 

A .., ,d 
-;nn o th1 2 n LLntnJn1,.UJEl 

Bx + C = 0 LL~: Bx + C = 2 tr 

-~... c 
';): Lfl X=-- ":ltix= 2n-C = 2n _ C 

B B B B 

.... I ..1 ... aal 
<ii1Eltl1\l't1 6 ';J\ILIIJJti"U.n,.1niiJJEl\l f(x) = 3 sin (2x - tr) 

... ~ ..1 
11iYh IIJJ'"'n 1 fl,.1';JREltJ A , 8 LL~: C 

L ite\I';J1n f(x) = 3 sin (2x - 1r) = A sin (Bx + C) 

A = 3 , B = 2 LL~: C = -tr 

216 

~ ..1 ... 
IIJJ'"'n 2 fi11';JREltJ LLElli'Vi~';)fl fi11J 

411 

fi11J = 2 7r /8 = 2 7r 12 = 7r 

.ff'"~ 3 1-iLLElli'Via';)fiL;juun,.,?J 
411 

1:an11 LLElli'Via,fltie 3 fln,.,?Jti.:~n1'Vit11:neu 
411 411 
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·············+······ .. ·······t·················i················•················l···············+···············•··············t················; ................. , ................. f ~:: -l-···i·················i······· .. ·······+···············i················•···············+···············+·················!·· .. ··········'················i·············· 

.......... +·····-·.-;d··········+·····"'"""""+···········ri.·········+··········+·············k··········i············ .. ·i··············l,....-::: =::t~t~=~~ ' r ~ L~ t .. } , ~-- '\ t.J r\ r 
/,,~ /-- -\v, /,~ f-=\j~=J~l 1 t\/~ .1~\ l--

I 

1·········-.. ···f········-····+·················; ............... +·· ... ··········1·········-4 

~ ................ ; ................ ~ ................. ; ................. ; ........................... -I+·············~······ .......... > ••••••••••••••••• L ................•....•.......... :~ ................•................. , ................ ~ ................. l ................. ; ................ ; ............. . 

tl1Elth-:t~ 7 ,-:JL;jEJUR1Jn11l'V\li 

1 !'I .J "' (1) y = - sin(-x + tr) (2) y = -2 cos (-2x- n) LlJURlln1'mR1Jllnnu 8 > 0 
2 ~ 

A"""•Jt ~ A , ~ 
11i111 (1) ,1nR1Jn11fi'ILfllJ,: Lfl 

y = .!. sin(-x + 1r) = .!. sin[-(x - 1r )] 
2 2 

• . ( t) . ...... LUEl-:t,1n Sin - =-Sin t L111J 

y = _.!_ sin(x - 1r) L~El 8 > 0 
2 

~ A \'1 ~ 
(2) ,1nR1Jn11fi'ILfllJ,: Lfl 

y = -2 cos (-2x- 1r) = -2 cos [-(2x+ 1r )] . ...... 
LUEl-:t,1n cos (-t) = cos t L1111 

y = -2 cos (2x + 1r ) 
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1) f(x) = 1 + cos x 2) f(x) = -1 + sin x 

3) f(x) =sin x- cos x 4) f(x) = sin(-x) +cos x 

5) f(x) = x - sin x 6) f(x) = -x + cos x 

2. 11-\lfi11';)8£)1J11 sin(-X) =-sin X l~tln11l'lfn11'rJ~£l-\IVf-\ln-i"Ul'D'U 

3. 11-\lfi11118£)1J11 COS(-X) =COS X l~t1n11l'lin11'rJ~£)-\I Vf-\ln-i"Ulfill'D'U 
A ... aal -~ ~II; I "~tJ ~ 4. 11-\IV\1LL£llJVU~~fl (amplitude) LLa:fil11J (period) LLa:L~ti"Un11n~£l-\l-n-\lnan"Ufl£l L \4 

1) f(x) = sin 4 x 2) f(x) = sin x 
3 

3) f(x) = .!. sin x 
3 3 

X 
5) f(x) =cos 

4 

7) f(x) = -2 sin 4 x 

4) f(x) = cos 3 x 

X 
6) f(x) = 3 cos -

3 

5.5 iLLfn.•tf (secant) , l'fliLLfl,..tf (cosecant) LLatTflLLfi,..L;),..tf (cotangent) 

LT1l~n~11ltiLLtf1 lufl£l"U~uii-\IVf-\l-i"Ufl;lnnLiiiltnlJVf-\ln-Hl4 fi£lVf-\ln-i"Ul'D'u lfill'D'u 

uniu11J!Iih1 cscO , secO ua::: cotO 

cscO = -
1
- , sinO * 0 

sinO 

218 

1 
secO = -- , cosO * 0 

cosO 

cotO = - 1
- , tanO * 0 

tanO 
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~ tlfl .... ... ... .. I ... 

U Ufl El L Tl-;J::1Jfl111la'11?4UlMJ EI-\J a'1Un atJ 

sinBcscB = !!_x R = 1 b -:~; 0 
R b ' 
a R 

cosBsecB = -x- = 1 a-:~; 0 
R a ' 

b a 
tan B cot B = - x- = 1 a b -:~; 0 

a b ' ' 

... I ....1 
911EitJ1-\J'Yl 1 -;J-\J'V\1 sec 1r 16 

A .... 0 .. .J3 ... ~ 
11i'Yl1 L Ufi-\J-;J1n cos 1r 16 = - ~-\JU U 

2 
1 

sec 1r 16 = ---
cosn I 6 

1 2 2.J3 
= .J3 = .J3 = -3-

2 
... I ....1 0 A A 1 

911EitJ1-\J'Yl 2 -;J-\J'V\1';11U1U-;J7-\J B , 0 ~ 0 ~ tr 12 'll'-\J cotB = .J3 
A .... ,.J 0 A A 1 
11iTI1 'V\1';11U1U-;J7-\J o ~ B ~ n 12 'll'-\J cote = .J3 

.. 
L UEJ-\J-;J1n tan B x cot B = 1 

,~ 1 
-;J:: fl tan B x .J3 = 1 

tanB =.J3 
... ~ 

fi-\JUU B = tr/3 
IO A I ........ till._. <l..t~~~ ~ ~ 

L71'Yl711J11';11U1U';l7-\JLLa::a-1UnatJ11Lfl7EI-\J'V\111tJL'V\1JEIUnU UUflfl fl1 X > 0 LL~1 1/x 
I .. ~ ~ ~ I .. ..t ~ tl I 

111nn11flUtJ LLa::rn X< 0 LLa1 1/x UfltJn11flUtJ ';11n'UL71a'11117flllj)tJ1tJIIj)fla"i llj)fi-\J LL9l~:: 
'U 'U 1 

YJ"niuL~v1-it~"nuti'1unau-nt~"aT'" 
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...1 
-;)fl111flV1 2 

...1 
-;)fl111flV1 1 • • 

sinO > 0 V1 n Vf\1 nicu.L iJ CU. tJ1 n • 
csc9 > 0 

...1 
-;)fl111flV1 3 

...1 
-;)fl111flV1 4 • • 

tan9 > 0 cosO > 0 

cote > o sec9 > 0 

i1e1[j1\l~ 3 -;)\I'V\111 8 flnlcu.'ilfl111fllfl n1 sinO > 0 LL~: sec9 < 0 • 
i~n1 ti1 secB < o tl\1~1.4. cosO < 0 klvrru~nfl P(x , y) tJCU.1\In~1J'V\it\I'V\U1li~Lucu. 

.. I ...,. !"I !"I .., ~ .. I 'l ...1 
-;)flu~1ll 9 11 x LuCU.~tJ LL~: y LuCU.tJ1n fi\ICU.CU.'il~u~1ll 9 flnEJll \4.-;)fl111flV1 2 
• • \1 • 

... I ...1 ~ o .J3 
fi1EJli1\IV1 4 -;)\I'V\1 9 tl1 Sin 9 = - LL~: sec(] < 0 

2 
........ o A ~.. ...~ \'1~• 
11lV11 LCU.EJ\I-;)1n sec(] < 0 CU.CU.flEJ cosO < 0 fl\11.4.1-4. sinO > 0 LL~: cosO < 0 ,-,: L~11 

5.5.2 n,-,~!lil\JiLLA,..,c;ffAiLLA"m LLat TALLn,_.,L,,..,c;f 

LTlWl1J11tll-iuV1\tli1118JJEJ-\t lfliBLLfl\4.~11fln,-1'rJ8JJEJ\IVf\lnicu. L da\l'iJ1n esc (J 

= 1/sin 9 LTlllitn1111tl'V\1 ti1cu.niuL~EJ sin 9 = o ,tcu.f)a Lda 9 = n n Lda n Lflcu. 

-;i1cu.1cu.,.,~" LT1~1J11 n11?J-na\l csce ihicu.n1nulcu.LLcu.1i\l (vertical asytotes) Lda • 
9 = n i kl'V\-rtJVlnfh-;i1CU.1CU.Li111 n LT1EJ111L;jllcu.n,-1?J-na\1Vf\lnicu.l'D'u ti1liLRCU.iJ,-:L~EJ • 
~1r..~lcu.n11L;jr..~u,-tJ,-,,nfi1ti1cu.niu-na"~nfl y kl'V\-rurt"n-Ncu.lfliBLLflcu.~ 

\1 
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.. 
• [ 

: 

t I • • ; 

f(x) ;;;r • 

I l 

I 1\ J 
.. \ 

I • \ i 

/ " v ..... \ 
) ' \ ) ' / ........ ··-···· 

'~ /t ~r"' /1 ~ /1,/ '"'1'\. 
' 

=sn~) 
; 

!O "'\·~ l v Ji ""-' [7 ~ ..... l/ 
~ ~0 

./ "-... 

! ""\ 
················ 

( v \ ;' 
~-······ 1 I 

I I \ / 
I J I 

'· 
...... 

' 

• 

111'Vith:n£llJ 5.2.2.1 n11'VJ-ne:h1 y = sinx LL~:n11'VJ-ne1'1 y = scsx 

; 

: 
i 

... T ··»·e· ~-···········T··· 

~-··············t···············-!1···············~1-···············•·················i········l + :: ::t.·=····· ···!~-·-,r········+·············+·············l+·········+·········+··++·· ··!· ···+.· ····H·········· 

.......................... 1 J r ·····---·-··· ---······"~"'····-------+-·····························-···········-\\-4 ~~············+············--······-········+········· .. ·····\································+···-,--~ ······················"················'·················· .. ..,\······· 

~ ;;-- z·J+~······· -······t················i--···········•·····-/·······-11;~'/~····-····· ~·--·_·---flr··,·······+·············+·····--·········+)·\ .. ·······+·····--·(··+~·-1-······+ ·········!··········•······ ·v··\\ 

........... ,.J,·············\···············+·····-····--\1· ············+···· .. ····················+· ·····························+··.·.·.,······f· ······~················•··············+·!:=- -== =J:::H····························!··············+·····-\····l·············--·•···· ···+······· ·+···-·········+·· ..... ;• .... ········H·············· 

I 
···············•·1·············•················"···············-J; ................ ~ ··························'······1········1·················'················-'--·1·····-···· ·········-8 ··· ........ J.. .......... j ... ; ................ L ............... l·······+·····•················•·················i················~···············l·················; ............ p. ............ . 
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,, 
•••••••r·····t·-·-···+•···--···--··-·-····l·----··----•··········-·•···--•·H·····•·······'······--·•···--·---··'· ...... , ......... •••••••···--·····l·····'·'···•·•·•••••• ......... ~ · .. , ..... , ............. , ........... ' ...................... •••••••·•·l···,····--·--· ................ t .. ···l·--·--··--····"""""""·--1•··--····--·--··--···--·--···l·····--!--·--······--·--···--·""' 

... ····· i l··· ... ·• f() ) = T i t I···· .. ... . + ················· .. + ; ........................ . 

\ "----~ ··- --l_l-- -~ L______ j1"~:~ --I,-_-\ ....................... , ............................... \ ..... , ......................... . 
_, "' " ""' 'l " ~-

\ ..• '\., ............................ +·--·····-~ .......... \ ....... \, '[\\ \ i\\ " '< v 

·--·····+--\·----··················+ .................. \ 

---····--····+·····1·······---·---·--···--·--··+···--···----'·-···········-1······ ..................................... ···--··----t------·----------------i···--·····-----·--·········-etl-··········--············---·--···+·---·-----···+··---------·-·+··---------·--··········--·--·······!t······--····--·······--·······--+····--··---·--·····i··········!""'"" 

t--··---+·----··--········--·+········--····· ........ ~ .............................. +··--··----·•--·--·· .; ................................ +!·· ················· ·+ ........................ +············--······--·· 

111~1.h:nEiu 5.2.2.3 n,.1rJ-nE1-\J y = cotx 

Lth4u1n LU';191111fl -8 ltlUJU 
.. 

fi11J L,-u-;, 
q 

sin 1,2 -sin 8 2tr 'Y1n';i1U1U';I;-\J [-1 '1] q 

cos 1,4 cosO 2.1l' 'Y1n';}1U1U';I;-\J [-1 '1] q 

tan 1,3 -tan(} 1C 8 * n 12 + n n (-oo,oo) 

esc 1,2 -cot(} 2.1l' (}* nn (-oo,-1], [1 ,oo) 

sec 1,4 secB 2.1l' (} * n 12 + n n (-oo,-1], [1 ,oo) 

cot 1,3 -cot(} 7r 8 * nn (-oo,oo) 
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1) 1r 

3 

4) 4tr 
3 

uuu1JnM'(Pl 5.5 

2) n 3) n 
4 6 

5) 7n 6) lin 
4 6 

2. ';l\I'V\1fh-nEh1 (} I 0 ~ 
..I t; ~ I t; I ,tl..r 

(} ~ 2 n 'YIWEl~fi~El\lnlJLL<il~:-nEl<iiEl ~ 'U 

1) sec(} = 2 

4) cot(} = .J3 

1 ) sec(} < 0 I sin(} < 0 

3) cot(} < 0 I sinO > 0 

2) sec(} = .fi 3) cot(} = 1 

5) esc(} = -.fi 6) esc(} = -.J3 

2) sec(} < 0 I cot(} > 0 

4) sec(} < 0 I esc(} < 0 

5) sin(} < 0. I cot(} > 0 6) esc(} > 0 I sec(} < 0 
..I t; ~ I t; I ""tl..t 

4. ';1\I'V\1 0 I 0 ~ 0 < 2 n 'YIWEl~fl~El\lnlJLL<il~:-nEl~El ~ " 

. .fj .fj 
1 ) sm 0 = - I sec(} < 0 2) tan(} = - I esc(} < 0 

2 3 

2.J3 
4) esc(} = -- I cot(} > 0 

3 
3) sec(} = -2 I esc(} > 0 

5) cot(} = -1 I sec(} < 0 6) cot(} = .J3 I esc(} < 0 

5. l'lf<i1111\lrl1tJL~lll"111fl~"1n 'V\1fl1LLti~:iEJtiEJLtlif (l'lf tr ~ 3.14 L~El'V\1-;i1U1" 
el1\IB\I) 

1) cot 3.34 

3) cot(-1.82) 

ME 504 

2) sec 1.28 

4) csc(-4.68) 
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5.6 YI\Jni"~"~"!JD\JYI\Jrl'i"Gl~Tnmiiii {The inverse trigonometric function) 

-;nn.W,If1-iu~n~u~ltiLflll~llu luu~1 ';l::L ~u lti11n1 f LiJu Vt~n'lfuv\'rt~fiitl'V\'rt~ 
~~ L~Lli'ULU'UL'D'<il X LL~::L,-u-;)LiJUL'D'<il y Vt~n'lfu~n~u f-1 :a~ f-1 (y) = X nfiitlL~t) f(x) = y 

i1V1i'u 'Yln x e X 
q 

1~uliu'Ylitu111 L,.1';l::L~u11Ltlnan~mfiitlLud'LL~<it~an~m::¥l~n'lfu~n~u 
f-1 [f(x)] = x i1V~i'u'Yln x lu X 

q 

f[f-1 (y)] = y i1V~-ru'Yln y lu Y 
q 

t1'1L,.,VitJ1tJ111'V\1~n~u"lJtl~Yt~n-Nul'D'1l' L,-,ih1ruvn1~u~ufi Lrttl~';l1nL'D'1XLiJurt~n'lfuf11U 
~ . 

.d 'VI I !'I A~ .. ... .d I .d ... A~ ..... 'VI .. ... 'VI I !"I A~ .. ... I 'VI lilt 

'D'\1 L11Lu'U"n\ln'l5U'V\U~<ilel'V\U\I ~n~U"lJel~"n·~n'n"U L'D''U ';)~ L11Lu'U"n\ln'l5U eltJ1\I L,-n~111 L,-1 
".CI.f ..f.t 0 A~ .. ... ""' d II ... A~ .. ... 'VI .. I I .., 0 ... 

~111TH1LLnunJ'V\1'U <it tJn1'V\'U<il"n\ln'l5U 'Yl L n tJ1"1J tl\lnlJ"n\ln'n'U L'll'U LL<il el tJlJU"lJ el';l1n<il"lJ el\1 
~ \1 

T ~ A I .d !"I A~ .. ... ..d I ..d ..... I I 

L~Lli'U 'U'Uflel L,-1f11,-';l::'V\1'151~'D'~ y = sin X Lu'Un.:tn'n'U'V\'U\I<ilel'V\U\1 LL~:: y 11fi1'Ylnfl1 
q 

i-:~11~ -1 n.:~ 1 n1L,.1UtJ111Yt~n'lfu t t~u 

f(x) = sin x I - 1C ~ x ~ 1C 
2 2 

i.:~lf'" t ijfi1L'V\ijtlunu ¥l.:~n'lfu l'D'u uu'lh~ [-1! 12 I 1C 121 i1'V\i'ur1n 'J -;i1u1cu,';l'i.:~lu,h.:~ 
q 

[-1 I 11 n,-1~"1Jtl~ sin x uu'li1.:~ [-1! 12 I 1C 121 LL~<il.:t11 f LiJurl~n'lfuL ~11 LL~::Luu'V\it.:~ 
I .d 'l ... ... ..... ... 'l .., .... I 'VI .. I.J' 

~tl'V\'U\1 L'U'Yl1-:tn~unu f 11~n~u '~L~::L,-1 L'V\lJ'Yl'UtJ1.11<iltl Lu"U 

5.6.1 Yl\lni'"~ner'"tlil\IYI\Ini'" l'lf" (Inverse sine function) 

Vt.:~n'lfu~n ~u"lJ el.:tYt.:~n-Nu L'D'1X itu111L~ u arcsin 'V\iel sin -1 ~.:~itu111L<il u 

.., "" A .... n 1 1 .... ~ 1 A A 
"1Jtlfl1,.,-::1-:t LlltlL,.1UtJ111 sin t = (sin t)" L,.1';l::n~11111J'Yl'UtJ111U L11,.111tl\IL11tl n = -1 

~ 1 .d 'VI I I oa; 1 
LVi,.1::tt::uu sin- y ';1\1 L11L'Yl1nu -.-

stny 

,-tJ~elLUULL~<il~ y = arcsin x = sin -I x 
\1 
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~",r ~ t Rtltlfla a"nuff"n-i~ lfll'lf11l ~-d1" [o , n 1 tnt\i'uYlnfh-;11~1~,;;" l ~-d1" [-1 , 11 • 
LL~:LiJ~Yf"n-a-~~tl l~ m"niun~ f LU~ Yf"n-i~ 'V\it"ti £l'V\i1" LL~:iiff"n..a-~~n~~lljj El"Yf"n-i~ 
lfll'lf11 

Yf"n-i~~n~~~~JJa"Yf"n-i~lfll'lf11 ibJ11l lt1u arccos 'V\;a cos -1 ~"itu11J lt1u 
I • I • • 

COS- y = X nfl£lUJ£l COS X = y LlJ£) 0 S X S 1& 

LiiEl"-;nn -1 s y s 1 lfiL1J~IIJJEl"Yf"ni'~~n~~IIJJEl"Yf"n-i~lfll'lf11 LU~L'lffl~~JJa"...,n • 
-;11~1~';);" l~-d1" [-1 ' 1] 

l~n1,.L;iu~nrt~IIJJ£l" y = cos -1 x L,.1tl1';lL;iu~n,.1~LtntJUL Yiuunun,-1~11JJ£l" 

y = cos x i"Lnfl11 cos -1 x LiJ~u1nLR1Jfl 
.... ...1 I I.... ... 
LIIJJtJ~nrtniiJJ£1" y = cos X LL~: y = cos- X 1J~LLn~flLtltJ1n~ 

\1 
1 tl 

'x) • os·'<Xl \~ 

··························· ............ ·············· g(X) --~~<~ ............................................. -~·-·· ...... . 
""- /,. •"" /v·--- '"'- // '". /' 

·············-~-~~---· ··;············-~---·~~L..~. . ................... ~~~~--- ······················ ··············-~--t.C ..... . 
-2 

-4 

....................... .,.. ..................... . 

226 

(1) COS-I (-~r 
l ~ -1 ( JJJ (1) 'V\ y =cos -2 

(2) arc cos(sin n) 
4 

... ~ J3· I .... , I 

""~~cosy = -- L1J£lfl1 y ';l1ntl ~~1" [0, n] 
2 

1& 
y = 1& --

6 

······························!········ 
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57r 

6 

• • 1r .J2 
(2) L'UtEh1';11n Sin- = -

4 2 
---~ .1r .J2 

ti\I'Ut'Ut arc cos(s1n-) =arc cos -
4 2 

II"' .J2 • I 0 __., I 

L'V\ y =arc cos- LlJ£lfl1 y -;nnt~LU'lr1\l [0, 1r] 
2 

-.. ~ .J2 
f) \I '\.It'" cos y = 2 

1r 
y=-

4 

5.6.2 Yf"ni\fiNflN\fl!lo"Yf"ni"LLYI\fiL';)\flc;f (inverse tangent function) 

oVt\lnciu~n~u'li£1\IVt\lnci'l.uL'YlUL';l'Utc;l L;h.JuLL'YlU~1tJ arctan 'V\1£1 tan -• 
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.... ; ............. J+ ................ j ... "········+···· .. ·····'·+·············-! ......... ; ....... +,···············ll·····--··· .. -+l ................ f····· .. ·····++······ ····t··········1J ·············-!-··· .... .L ............... j ................. ) ............. t··············!··············!·····"'···i l·················+·······"·"···+···········f 

··--~···
1

1-1 ·········--···+·············+·····:······H···············+·:··············i··:·'·········'·t 
.... ··l-··············+··············-;··········f/···1·········:·····'!············-··+-··········'J+ I •................. , .................•..... .;.. ......... . 
"" ··!·--···c·•i··--··--···i··-// ........ +·-,-·-·t··--····+···/· ,;r""""···--····c"i"""''""''+."··········-i··"·----c"·"1-"""""''''"'I'J ............. i·············-·+···········+·JL ...... •····· 

~: /·v "/ . ~ . J , ' / /: / 

·.·.·.·_,'·.·.· .. ··.· .. ··················-~--··:.::::::::.:·:::::::::.::.::::::.:·:.· .. ··:·::::.··: ... ·.·::~:· .. ····::· .... ·.::.:.·.··:::: .. + .. :·:.:.·.·· __ .. ·-._·++·····-·~.-{ .• ·.·_··.·· .• ··.·.·_··.·.·.·.·.·.·.· .. ·· .. ··.·.t:~:: ~::+············+···········f··+················f················i······--··· .. -lt···• ............ ;: ................ ; ................ f···············+···············+ 

4a; I .,.1 1 1 
~1EIU1~'Y1 4 ';l~'V\1 tan- .J3 

in'ti1 l~ y =tan -1 
-
1
-

.[j 
G;~ 1. 1r 1r "' .. 1r 
~~UU tan y = .[j LUEl~';l1n -2 <X< 2 LT1~El~ll Y = 6 

ti1eth~~ 5 ';l~'V\1 cos{arctan 4/3) lt1ullil-i~1T1~LLa: llil'll'Lfl~El~fi1u1m 

1nn1 

228 

l "' ~ 'V\ x = arctan 4/3 ; 0 s x s -·-
2 

4a; ~ 
tl~UU tan X 

~ • sinx 
U'UflEl --

cosx 

4 

3 
4 

3 

= 4 COS :K 

= 16 cos 2 x 

=9 
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cos 2 x 
9 --

25 
3 

COS X =±-
5 

A H Ul 3 
L'U!el-\l';l1n X E (0 , -) L11~1 11 COS X= -

2 q 5 
~A 4 3 

ou, 'U!fl eJ cos( arctan - ) = -
3 5 

5.6.4 A1flil1.Jtlil\IS1Jfl11 (Exact solutions ) 

Vl-\lnsiou,J:.Jn~ou,-neJ-\IVl-\lni'ou,fil~Lnmiiii (Inverse trigonometric function) Gl13J1'l"fl 

liLL~fil-\ln11'V\1fl1fileJU-neJ-\1~11n1'l" i-\li1£lth-\l 

.... I ~ 0 0 ~ I I 

fil1£ltJ1-\I'Yl 7 ';l-\I'V\1fl1fileJU'Ylnfl1fileJU-neJ-\1~11n1'l" 3 sin x = 1 'YleltJUU'lf1-\l [0 , n /2] 
q ~ 

A ... 0 1J I ... 0 1 
11i'Yl1 LLn~lln11'V\1fl1 X L 'l"111 Sin X = -

3 
A ..a 0 1 
SJl'-\IL11~1111fiL-nuu x = arcs1n -

3 

L~eJliLfl~eJ-\Ifl1U1m ';1::1~ Oo3398 LUUfhtl'l"::111m-neJ-\I x ~~eJfilfl~eJ-\IrlU~3Jn1'l" 

.... I ~ 0 2 A ll I 

fil1£ltJ1-\I'Yl 8 ';l-\I'V\1fl1fileJU-neJ-\1~11n1'l" 5 cos x- 3 = 0 SJl'-\leltJ U'lf1-\l [0 , n] 
~ 

cos 2 x 
3 

5 

COS X =± fi=±JlS vs 5 

..a (J15J A ( JlSJ L'l"1£l1';JL-nuu x = arc cos -
5
- 'V\'l"el x = arc cos --

5
-

';J::L~ x ~ 006847 LL~:: x ~ 204568 LiJuf11fileJU 1~utl,-::111m-neJ-\1~11n11-ij1-\l~u 
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~· Q,; LLlJlJHn'Vi~ 5.6 

l "" 1 .J o "" ..-.Jo l"" 1. 'U.IIJJeltJeH.J'Yl 1) - 1 0) 1h1fl1U1m'U.'Vf;)U,'Yln1'V\U~ 'V\ 

1) sin-1 
(- ~) 2) arccosG) 3) arctan( '7] 

4) tan-1 
0 5) arcsin(- ~J 6) arctan 1 

7) arctan( -1 ) 8) arcsin 0 

1 0) tan -• ..J3 
l "" I .J l"" l tl "" ..-.Jo l"" 2. 'U.IIJJeltJeltJ'Yl 1) - 6) ';l\1 ,-c;~,,-1\1 v 'U.'il1,.1\11l1fl~U1n ,-:3J1mU~';JU'Yln1'V\'U.Iil 'V\ 

1) sin -• (0.3648) 2) arctan(1.369) 3) cos -• (-0.7648) 

4) tan-• (-3.010) 5) arcos(0.912) 6) sin-• (0.9464) 

3. l"U.i'elr.ielt~ 1 >- 1 o) ';)\Jfl1'U.1mit~';lu~ri1'V\'U.~ l~ 

1) sin(arctan 1) 2) cos( arcsin-.!.) 
2 

3) cos -1 (sin 9
tr ) 
4 

4) tan(sin -1 0) 5) cos -1 (cos 
2

tr ) 6) sin -• (cos tr ) 
3 3 

4. L"U.i'elr.ieltJ 1) - 5) ';l\ll'JfVt\lniu~n~"U.Iil~1nmDii LLR~\Ifl1<ileltJ~JJel\IR3Jn1,-~n1'V\"U.~ l~ 

1 ) 5 Sin 2 X - 1 = 0 X E (- 7r 7r ] 
I 2 I 2 

2) 4 cos 2 
X - 3 = 0 I X E [0 I 7r] 

3) 12 cos 2 
X - 1 0 cos X + 3 = 0 I X E [0 I 7r] 

4) 9sin 2 x - 12 sin x + 4 = 0 I x e [- tr I tr] 
2 2 

5) 2tan 2 x + 4 tan x - 3 = 0 x e (· tr tr ) 
I 2 I 2 

5. l"U.i'elr.ieltt 1) LL~: 2) ';l\I'V\1fh x ~LLRfl\l';h R3Jn1,-la.iLtJuLelnin~nt 

1) sin-1 x = -.-
1

-
stnx 

2) (sin-1 x) 2 + (cos-1 x) 2 = 1 
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5.7 tl;TnmjjGitlih1'tUa13JL'VIiuaJ3J3JOt1n (right triangle trigonometry) .. . 
lu<ilauUL"'1';l:LLW~-311YJ-3niu91;1nmDi1-na-31J1JLL'V\~1J (acute angle) i11~ulfnu 

'I 

el'il"'1R1'UIIJ.JeJ-3i1UIIJ.JeJ-3"'UW11JL'V\~li1J1J1J~1n lu,-tJ 5.7-1 (1) L"i1LLW~-3"iUW11JL 'V\~li1J1J1J~1n 
cu 'I cu cu 'I .., .., .., .., .., ..r 

'Vi"ieJ1J~1li~1'U a LL~: b ~1'U<il"i-311J.l11J1J1J~1n r LL~:1J1JLL'V\~1J (} L"'1W11J1"'tl11-31J1J'U1J'U 
'I 'I 'I 

"':uu.Yh1~~1n L~[J. (} aulu~1LL'V\U-31J1'il"'i'l'U lu,-tJ 5.7-1 (2) L"i1W11J1"'tltrf1-31-3n~1J 
cu • cu 

A I l"" .., .., .., 
'V\'U-3'V\'U1ll LL~: 'V\ N(x , y) LLW~-3';)~ 1J'U1-3n~1J LL~:~1'U<ii"'-311J.J11J1J1J~1n OP tl1L"'1 

'I 'I 

.., ~ .... • I .I ..1 .I ..1 
~1nLW'U'il-3~1n NM ~-3LLW~-3 L"i1';l:L'V\'U11"iuW11JL'V\~li1J OMN LL~:"iuW11JL'V\~li1J OQP 

cu cu 

fl~1llnu i1u~w1Jullnu~a-3LiJui~R1Unu 1i'ufia 

MN = QP LL~: OM = OQ 
ON OP 1 OP 

Liia-3';11n OP = r ';l:li 

y = b LL~: x = a 
1 r 1 r 

a 

111'ViU"i:nau 5.7-1(1) 

.......... (1) 

y 

111'ViU"i:nau 5.7-1 (2) 

L~li1J'Y1Uli11J sin (} = y LL~: cosO = x L~lln1"iLL'Yl'U~lu (1) L"i15j 

b 
sinO = y = -

r 

cos(} 
a 

LL~: =x=-
r 

tan(} 
sinO b - ------
cosO a 
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sin() flEifl11llli11'JJEI-\1~1""fl1-\li1lllllJ () esc() flEifl11llli11'JJEI-\1~1""fl1-\li1lllllJ 
" " ., ., ., ., ., ., 

V\11fl1llfl11ll ll11fl1""fi1-\I'JJ1llllll ,.,n V\11fl1llfl11ll U11fl1""fi1-\1'1J1ll 
" • • ,.1n V\1EI lllJ V\1EI 

" 

sinB = side opposite () 

hypotenuse 
cscB = hypotenuse 

side opposite () 

cos() flEifl11llt111'1JEI-\1~1""u,-:::aflllll () 
" ., ., ., 

V\11fl1llfl111Jll11fl1""fi1-\1'1J11JlJlJ 
" 

cosB = 
side adjacent to () 

hypotenuse 

V\11~1llfl1111li11'1JEI-\1~1""u,-:::afl 

1111 () V\1Et 
" 

tan() = 
side opposite () 

side adjacent to () 

232 

., ., 
,.,nV\11fl1llfl11llli11'JJEt-\lfl1"" 

U1:::afllllJ V\1Et 

secB = 

" 
hypotenuse 

side opposite () 

cot() flEifl11llli11'JJEI-\1~1""u,-:::afl11ll () 
" ., ., ., 

V\11fl1llfl1111ti11'1JEI-\Ifl1""fi1-\1'1J1ll 

1111 () 'V\i'a 
" 

cotB = 
side opposite () 

side adjacent to () 
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3 

........ 0 

sinO 
4 

cscO 
5 

11l'Y11 -- --
5 4 

cosO 3 
secO 

5 -- --
5 3 

tanO 4 cotO 3 -- --
3 4 

i1aci1"~ 2lifi1'1Ja'I1Yl'l1ni'ut111nmiiii 'rnfi1fia,tld 

(1) 'V\1i1U'lJeJ'111tltnlJL ,_,~lllJlJlJ~1n 5jlJlJil1lllULUU 30 ° , 60 ° LL~:: 90 ° L~el 
.. II II 

~ ~ ' 
~1U911'11'lJ1lJ1JlJ~1nll11 3 ,_,U1ll 

II 

(2) 1tJtnlJL ,.,~tJlJlJlJ~1n,.,u1i15ji1utl1::naulJlJ~1nu11i1u~:: 2 ,.,li1u 
.. II II 

1if11 (1) lii1U911'11i1lJlJlJ 30 ° t.J11 a LL~::i1Ufl1'11i11JlJlJ 60 ° t.J11 b ,_,lL1ll 
II II 

a 

b 

... ~ o a 
sin 60° 

b 
91'11\I.U sin 30 = - --

3 3 

1 a J3 b --
2 3 2 3 

3 
b 

3J3 a -- --
2 2 
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(2) 

2" 

l~~1~9'11'1-n'1111111tll.1ntJ11 r \l\U1tl 

sin 45° -
2 

1 

Ji 

r 
2 

r 

• 

r =2Ji 
.... I .J {} ... .... .I 
~1Elll1'11'1 3 11'1\l\1 sec tl1119'1 P(-12 I -5) 9'1'11u . .. 

c -12 

~[;=< 
P(-12 I -5) 

A "" .... :'1 ~ A • I .J .... ... • I 
L'U!El'l111n'V-!n9l-nEl'l P Lu~ (-12 I -5) ~~fiEl 1utn11L\l\~tl111111tll.1n 119'11~u1:nEt1J1111tll.1n .. . . 
ll11 12 LL~: 5 \l\li1tJ LL~:\l\1~1~9'11'1i1111Jlltll.1nl~ 13 \l\li1ll • 

1 1 13 
secB = -- = -- = --

cosO -12 12 
13 

.. .J ... .., ~ iJ .J .... -~ .. .... .... -~ .. .... ....,. """" 
L~1JflflLL~1LT1 L9lfln-wl ty\l\1LntJ1n1J n'ln,-~~n~'U!-nEln'ln,-~9'11Lnmllil (inverse 

trigonometry function) JU1n11L\l\;tlll~lJtll.1n1l:-li1liL~L11LLniJty\l\1L\l\~1,f~l~~1liLL~: 
• .r d ..,... .., I .J ~~ ....... .J ....... t. ........ I .J 

11~ L 11-n~ 'lf'11l:: L9'1 LLR9'1'19'11£ltl1'11'15 L ~\1\'l-n Elfl LL~1Elnfl1'19'1'1Cil1 El tl1'11'1 4 
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"" I ""' 4 1 \'1 'l ~ ... A 0 911EHJ1'1'Yl 4 ';l'I'V\1 cos( arctan -) ~u L1J -n'911,.1'1'V\"HlLfl,.El'lfl1U1m 
3 

A~ 0 l ~ (} 4 "" ~ 
11l'Yl1 'V\ = arctan - ~"'"'" 

3 
4 

tan (} = - LL~: 0 < (} < 1C I 2 
3 

y 

4 

X 
3 

4 
cos(arctan -) = cos (} 

3 
3 

5 

5.7.1 n1'iLLflUlU\JI1'iUtf13JL\JI~U3J ., .. 
fh11 "n1,-LLnifru'V\1,-tJtn1J L,., ~ u11" l ii1'V\i'1.1u'I:A'11 L ,.,,.,,,n ff1U'lJ El'l'lU 

v ~ • ~ 

""' c:.. ... 0 ~ ~ ... 0 d~ d d 
R11J L 'V\ ~ U1J 'U 'Ufl El n1'V\'Ufi~1Ua'El'I~1U 'V\'lEln1'V\'Ufi'V\'U'If!1ULL~:1J1J LL 'V\ ~1J'V\U'11J1J 'lf'l"il: • • 
R11J1'ltl LLrl'lU R11J L 'V\ ~ U 1J L 'l1 El1"il fi1'V\ Ufl irun,-m1 U ,-tJ,t1ltJ~'1 LLa'fl'l L 'U ,-tJ 1 ~ U~ ( 1 ) 3J 3J 

~ v ~ ~ • 

0 ~ iJ 0 iJ ~ ~ 
LL\Jia3Jn1\JI'l4~1fil3J3JL 'l4 a LLa:: p 3J3JQ1nn1\JI'l4~L 'l4 y LL~: (2) ~1"GI'i\1ti13J3J3J • • • 
a ' p LLa:: r n1\JI'l4~A~13JU1~LiJ'l4 a ' b LLa:: c GI13Jft1~1.J L'Ufi1'lLLnUty'V\1JU 

d o "" o "" ft~ _.."" VI _.. 1 \'1 .- .- A ft~ _.."" VI .-
R11JL'V\~[J1J L'l1"il:"iJ1n~tn'V\'l1Jn'ln'lfU L'lf'U fl L'lf'U LL~:LL'YlUL"il'UCil L'UEl'l"il1fin'lfi'lf'U L'lfU 

1 fl L'lf11" LL~: LL 'Yl'UL ';)'U<il fl'lEll.Jfl ~ 1J~';): l i'V\1fh 91 EllJ • 
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A 

b 
cos 63° = -

0.4540 

c 

c 
17.2 

c 
17.2 

0.454 

~ 37.8 

b 

tan 63 ° 

0.5095 

a 

tan 63° 

1.963 

a 

B 

a 

c 

a 
= -

b 
a 

= -
17.2 

= 17.2x0.5095 

a --
b 

a --
17.2 

= 17.2x 1.963 

~ 33.8 
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~ I ..1 l ·' ..1 0 al I fl1eUJ1~'Yl 6 U'tuWllJL'VHUJlJ ABC I r = 90 I a = 45 LLa: b = 25.6 ,~u"t:lJ1nLfl1 
\1 

I ..1 A al ..1 
R1U'YlL 'V\aEl-nEl~'tuWllJL 'V\ar.Jll 

\1 

A 

25.6 

c 45 

'V\1 a ,-,1nR<il't 
\1 

tan a = i1Ufl't~,j1llllll a I i1ul11:i~ 
q 

llll a 
q 

=~ 
- 25.6 

-

~ 1.757 

LttEl\1,.,1ntan 60° 30' = 1.756 
~ ~ 0 , 
~\IUU a = 60 30 

'V\1 p ,.,1n 180° .. (90° + 60° 30') 
~ ~ 0 , 

~"'"'" f3 = 29 30 

sin{J 

B 

b 
c 
25.6 

c 
25.6 

c =--
0.4924 

= 51.99 

~ ~ 0 , 0 , 
~\IUU a = 60 30 f3 = 29 30 LLa: c = 51.99 

llll"1n q 
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c 

f3 '-------C 
____ .J 

1l1~th::nen.J 5.7.2-1 (1) 

nlJ-nEh1 Lfl L':tn! 
L 'U. ,-1h,13J L 'V\ i llll ABC 

cu 

a 2 = b 2 + c 2 
- 2bc cos a 

b 2 = c 2 + a 2 
- 2ca cos P 

c 2 = a 2 + b 2 
- 2ab cos r 

a 2 =h 2 +(c-x) 2 

= h 2 + c 2 
- 2cx + x 2 

= (h 2 + x 2 
) + c 2 

- 2cx 

= a 2 + c 2 
- 2cx 

c 

h 

A 8 D 

.__ ___ c ---+-- x _j 

111~11-'i::n en.J 5. 7.2-1 (2) 

tt to~ .I _. ..,. ..,. 'f ~ ~ .I ..1 L to~ 
~~IIJJ"U.8il't11ll';l1nn1,.u,.:tJn<ilsneh1'Yiq~nun~'t11 Ln,.8nu,-u811JL'V\~llll ADC ';1:: fl • • ~ cu 

X • cosa = - 'V\,.El x = b cosa 
b 

~ tt 
fi\I'U.'U. 2cx = 2c b cos a 

';l::i.ti a 2 = b 2 + c 2 
- 2bc cosa 
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sin a 'V\~El h = b sin a 
b 

c+x "" cosa - -- 'V\"iEl x = -c + b cosa 
b 

1 2 2 2 \1"' 
LL'Yl\4 h LL~: X \4 (a = h + X ) ';J::L~ 

a 2 = (b sin a )2 + (-c + b cosa )2 

= b 2 sin 2 a + c 2 
- 2bc cos a + b 2 cos 2 a 

=b 2 (sin 2 a+cos 2 a)+c 2 -2bccosa 

= b 2 + c 2 
- 2bc cosa 

4 I 1 .... 0 I ~ ... ...~ ==· 0 ~ VI .... 
LY-4El1f1E.l 'V\';Jfi';J1~1E.l~\4 L"i1El1';JLu~E.J\4 a I p LL~: r Lu\4 A I 8 LL~: c fl111~1fi1J';J: L~ 

a 2 = b 2 + c 2 
- 2bc cos A 

.... \1 .... I .... ~ VI.... 1 VI .-~ .¥ 
L"i1Wl111"itl'V\1~'il"iElfi~El~~'il"i L~L1f\4L~E.J1n\4';J!: Lfln1l~El~ fl L'lfUfl~\4 

\1 \1 Gel 

1 u "iU tn 11 L 'V\ ~ ll 11 ABC 
\1 

a 2 = b 2 + c 2 
- 2bc cos A 

b 2 = c 2 + a 2 
- 2ca cos B 

................................. (1) 

................................. (2) 

c 2 = a 2 + b 2 
- 2ab cos C ................................. (3) 

n1,-1inlJ~El" 1fl L'1r'l!a1, 1iLda ri1'V\u~~1u1~tn11~1u 'V\~Eln1'V\Ufl~1u1~ ~a~~TLt 
0 I .... ~ .... ~ 'I 0 1 \1 .. 0 \1 .... I ..r .... 1"' 

LL~:n1'V\\4~~11"i!:'V\11"fl1\4 'Yl~~El~~1\4 t.L t.LL Un1"ifil1\41tltfilJ~El~ fil L'lf\4El1';J'Yl1 L~~1E.J8jj\4{')1 1f 

4 0 4 I 1 A 0 

Lfl"iEl~fi1U1mL Y-4El1f1 E.J un1"ifilflfil1U1m 
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B 

c 20 A 

c 2 = a 2 + b 2 
- 2ab cos C 

= 15 2 + 20 2 
- 2(15)(20) cos 130° 

= 225 + 400- 600 (-0.6428) 

= 1010.68 

c = 31.8 

c 

B 

= 115 2 + 95 2
- 2(115)(95)(0.6691) 

= 13225 + 9025- 14619.835 

= 7630.165 

c ~ 87.35 

i~iu elll~flr.J11t1's:ll1nL 87.5 Lllfi'S • 
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.... I ..l I .I tl ..l 
t11elt11-\I'Yl 9 ';l-\ICV\1fl1u1::lJ1IW11Jel-\l-n'U1tl-neJ-\IlJ11 A 1 8 LL~:: C -neJ-\11 WllJL CV\~tlll ABC 

~ ~ 

L~el a = 75 ?J~ b = 50 ?J~ LL~: c = 37.5 ?J~ 
~ ~ ~ 

1nrh LL'Yl'Ufh a I b LL~: c l1-ila-lln11 

a 2 = b 2 + c 2 
- 2bc cos A 

';l::li 75 2 = 50 2 + 37.5 2 
- 2(50)(37.5) cos A 

5625 = 2500 + 1406.25 - 3750 cos A 

3750 cos A = 3906.25-5625 

cos A = -0.4583 

.l iJ • ., 11 ..l U iJ L 'Uel-\l';l1n cos A L \.L';l1\.L1'U~1JlllJ A ~el-\leltl \.L';l~111fi'Yl 2 LL~:L 1-illlll 1\.L 
~ ~ ~ . ~ 

cos 62 ° 40, = .4592 

cos M = 0.4583 

cos 62 ° 50, = .4566 

M = 62°43' 

A = 180° - 62° 43' 

= 117°17' 

n11-ilel-\1Ltlu1n'",:li 

b 2 = a 2 + c 2 
- 2 ac cos B 

50 2 = 75 2 + 37.5 2 
- 2(75)(37.5) cos 8 

2500 = 5625 + 1406.25- 5625 cos 8 

A 

c = 37.5 ~~ 

c 

cos 8 ~ 0.8056 

8 ~ 36°20' 

a= 75 ~~ 8 
~ 

.... ~ 0 0, 0, 0, 
tl-\1\.L'U c ~ 180 - 117 17 - 36 20 = 26 23 

ME 504 
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LLtJtJ1Jn~<Pl 5. 7 

1. l~ULlJlJ~ni~ 1) - 5) ';l-:1 lin~-n£h'J lfll'lf\l'tJ,-:111mci'1"UCii1-:t ') -nfl.:IJULnliL 'V\~llll ABC 
.d o 

L11£ln1'V\"U~ 

1 ) a = 1 0 I b = 15 I c = 20 ';l.:I'V\1 B 

2) a = 25 I c = 30 I B = 29 ° 40' ';l-:1'11'\1 b 

3) a = 12 1 b = 16 1 c = 110 O ';l.:I'V\1 C 

4) b = 12 I a = 14 I C = 68 ° ';l.:t'V\1 A 

5) a = 18 1 b = 24 1 c = 30 ';l.:I'V\1 c 
'II tJ.J .J 'II A A 'II 

2. ~11.4-n£1-:t,- ~L'V\~ll11~1\48j)\41'U ll11 112.5 L'lf'U<ilLll~,- LL~: 20 L'lf'U~Lll~,- LL~:L~\4 
\1 

'II .J I A .J A' I tJ.J .J 
'YlLLli-:13J11L~'U'Ylll11n11ll11 25 L'lf'U~Lll~,- ';l.:I'V\1-n'l-41~-n£l.:t1111'YlL~nn11-n£l\l,- ~L 'V\~llll 

• • \1 

... tJ.J .J ... A A A 
3. ~11.4-n£1\1,- ~L 'V\~ll11~11.4-n"U1'U ll11 20 L'lf'U~Lll~,- LL~: 35 L'lf'U<ilLll~,- LL~:1111111l'V\'U\I 

\1 • • 

ij-n'l-41~ 11 0 ° ';).:J'V\1-n'l-41~-n £)\I fl1111 tl11-n £1\1 L R\4 'Yl LLll-:11111 LLCii~: LR'l-4-n £1\I,.U;L 'V\ ~till 
• \1 ... 

~11.4-n\411.4 

A I "" ~ l A 'VItJ ... "" A I I !'I 
4. L,-£l£l£ln';l1n'Yl1L,-£l A ~\I ';l';l:L~'U'Yl1\ICII,-.:I L li\ILllfl\1 8 'lf\l£lli'V\1\I';l1n A Lu\4,-:EJ: 50 

\1 

nl~ Lll~,. 'V\ ~\l';l1n Lii"U'Yl1-:IL~ 24 nl~Lll<il,. ntJi"U~lJ11 LR'U'Yl1.:1 l "Un1,.Lii"U'Yl1\l 

fi~1~Lfl~£l"U 'ttJ 1 o 0 ';l\I'V\111L~£l£lU'Vh'l';l1n B Ltl'l-4,-:tJ:L 'Yh'l.,-
" 

5. ~£l£l£ln';l1n'rt1L~£l A L1~1 9.00 'l-41Wn1 LL~:Lii"U'Yl1\1Lt1tlfl~:1"U~ni1llel<il,.,L;1 15 't11Lf 

I ~ 1 l A A J.J A l A .J Cil£l8Jf1 11\1 'UL1~1 11.00 'U1Wn1L,-£lL1 ~li'U'Ylfl'Yl1.:1 'U'Ylfl 210 £l.:lfl1 ';l\I'V\1,-:tJ:'Yl1-:t'Yl 

v\1\l';l1n'Yi1~£ll"UL1~1 13.00 "UT~n1 
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6. ,-n L~Rti-\1~1J1\Ultln111nRrnitL ~uift~11L itt~l'l-uiit~-\IU1E.JErfn luL1~1 14.00 u1wn1 

LL~:nTnfl'Yl1-\ln1,.LLau'Yl1111JrlU 55 ° n1,.fiLLaUfl-\li1~1E.JelCil,., 50 Lll~~tJi1l11-\l LL~: 
q 

75 L11~~ai1l11-\l Cil111~1iu 1l-\I'V\1'",hLdaL1~1 14.30 u1wn1 ,-n,f-\IREJ-\I~u1uauvh-\lnu 
L'YhL,. 

7. i'l'V\'lu,-tJR111L'Vi~E.J11 ABC 1l-\I~R1l.U11 
'U 'U 

1) a 2 + b 2 + c 2 = 2(bc cos A + ac cos B + ab cos C ) 

2) cos A = cos B = cos C = a 
2 + b 

2 + c 
2 

a b c ~k 

5.8 n!jtl£h1 1'11,.{ (Law of sines) 

'U 

'I .., .., ..t .. 1 .- ~ _..., .. 1 d .. I .... d A ..fvt.., 
L U'V\1~tJUL,.11l:u,-:~nCiln~~ tl-\1 LSUUnUJuR111 L 'V\~ E.JllunCil '11-\l'lftl~ tl-\ln~u L~111n 

ltJ~tJ,-1n!J~t~-\lrl-\lniu lsnu lutJ,-: lt~flitytrn~nr 
0 A .. ~ .-d tl .. I tl d tl A 'I .d.¥ 

L 711l:n1'V\U~ LL~:::~R11Ufi1l~ tl-\1 L'UUSU-\111: ,-:E.JfiCilR7 R111 L 'V\ ~till n~ LL~::: L U 'YlU 
'U Oc.J q 'U'U 

0 d I OJ; oa; OJ; OJ; 0 oa; 

L711l:n1'V\UCil1J1J'YltJE.JCil,.-\1~11Jnu~nu, a I b LL~::: c ~1E.J A I B LL~::: C ~11J~1~1J 
q 'U 

n~~ti-\ILsnu 

L U 7U R111 L 'V\ ~ t1 11 ABC 
'U 

a b c - ---------
sinA sinB sine 

L711l:::LLRCil-\lfi1,-~R1lU1URtl-\ln,-ni, 
'U 

c 

c 

h 

A A B D 

c ~-c I 
(a) (b) 
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.a~..l .t ..1 :CI .1 "" "" ~ n,-twn 1 3J11'11£h1,.ua'l11L 'V\tUJ3J ABC Yln1111Lu'U113JLL'V\~11 ,.u (a) L,.1,-,:~Th1L~'U~.:It\1n . .. . . . .. 
CD nu~1u AB t\.:~Ju,.tltn3JL 'V\au3J ADC LL~: BDC 9i1-:iflLU'U,.UR13JL 'V\~r.J113J3Jt\1n .. .. . 

• I .- •1 ""'""'.., .I ..1 d \41 "" 
LL~:L,.1R1111,.nu,.:un~~,. nm3J~nU,.uW13JL'V\~U3J3J3Jt\1n '11'.:1';1: L~ . .. . 

sin A h 'V\;a h = b sin A ............... (1) 
b 

sin B - !! 'V\;a h = a sin B ............... (2) 
a 

';l1n (1) LL~: (2) 9i1-:iflLU'Ufl113JU11 h ;.:~Ju 
b sin A = a sin B 

~.:I L ,-1 L\'1111,.{1 L ;j U'U L 'U ,.U .. 
a b 
~A ~B _ 

n,.nt~ 2 ,.UL\'111L 'V\~U3J ABC LU'U,.UL\'11JL 'V\ar.J111111U1'U l~uil B LU'U3J11U1'U ,.tJ (b) L ,., .. .. . . .. 
"" "" ~ .., "" ..1 • I .- •1 ""'""' · . I ..1 .., .. I 

~,.1-:IL~'U~.:It\1nnu~1'U AB Yl D u,-:un~~,. nm3J~'lla.:~,-u~13JL 'V\~U3J111lt\1nnu,.u . .. . .. 
~1JL'V\iu11 ADC LL~: BDC LL~:i.:~Ln~11 ceo = 180°- ABC L,.,,.,:l~ 

sin A = h ma h = b sin A 
b 

sin ( 180 °- B) = h 'V\;a h = a sin ( 180 °- B) 
a 

,.,,n (3) LL~: (4) 9i1-:~iiLuufl113Jr.J11 h tr.:~Ju 
b sin A= a sin (180°- B) 

.............. (3) 

............... (4) 

Liia.:~,-,1n sine LU'UU1nJ'.:~\u,-,~111fl~ 1 LL~::,-,~111fl~ 2 :A-:~L,.,,-,::1~ • • 
sin (180°- B)= sin 8 L~£lLLYI'Ufl1';l::l~ 

a b -----
sinA sinB 

L ,r'ULtl r.J1rl'UR1111,.ll LL~~-:1 l~11 

244 

_b_ = _c_ 
sinB sine 

_a_ = _b_ = _c_ 
sinA sinB sine 

ME 504 



L~tl sin A '* 0 I sin B '* 0 LL~: sin C '* 0 

.., • ....J l tl ....J 0 0 • • ....J 
911tlll1-\11'1 1 u,- R11JL'V\~£J1J ABC , A = 36 I B = 67 LL~: c = 26 ';I-\I'V\1fl1'lltl-\1~1U1'1 

\1 

d tl ....J L 'V\~ tl'll tl-\1,- WllJ L 'V\ ~ £.111 
\1 

....... 0 

11l1'11 

8 

A 

a 
---= 

26 

sin 77° sin36° 

a = 26xsin36° 

sin 77° 
26x0.5878 

=----
0.9744 

~ 15.68 

ME 504 

c 

• ... ....~ .., ...... ..r 
L UEh1';)1n'l1J11 A LLfl:lJll 8 ~h1UU'V\11111 C L~~~U 

'U .. .. .. 

C = 180° -(A+ B)= 180°- (36°+ 67°) = 77° 

th:~n~nLJ-nB~L'lfll' 
a b c - ---------

sin A sinB sine 
a b 26 

= = 
sin36° sin67° sin 77° 
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A 
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{a) 

c 

{c) 

yja 
A B 

{b) 

c 

~ 
A 8 

{d) 
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i1eH.h"~ 2lu,-tJLn1JL'V\~£Jll ABC I A= 60° I a = 10 LL~: b = 14 "il"'V\1llll B 
~ q 

1nrh li'n£1-nel"L'ln! 
a b 

i1e1th"~ 3 lu,-tJLnliL'V\~£Jll ABC I a = 7.5 I b = 12 LL~: A = 24 ° "il"'V\1llli~L'V\~£l 
~ q 

8JJ £1 ""S'U "111 L 'V\ ~ till 
~ 

1nrh li'n£1-nel"L'lfu 
a b 

sinA sinB 
b Sl·n A 12 s1"n 24° . B s1n = = 

a 7.5 
= 12x0.4067 ~ 0_6507 

7.5 

lei911"S'1"'V\;£1Lfl~£J"ti1U1m LTI'V\111 8 ~ 40°35' Lil£J""il1n A = 24 ° I 8 ~ 
40 ° 35, tr",f u c = 115 ° 25, 

£Jth"'t,-ii9111J 1111 B = 180° -40 ° 35' = 139° 25' a-£J~fl~£l"nui£Jn1'V\U~~ sin B 
q 

... ---~ tJ ., A ., ... a~"' A , A = 0.6507 ~1[J ~"UU"S' "11JL'V\~[JlJ£lU ') 'Yla'£l~fl~£l"ll A = 24 ° B = 139° 25 LL~: C 
~ 

0 ' 4 .,. ..f :CI .,. .,. "' -... tJ = 16 35 'lf"n"S'nt.ULuUn"S'tufl~lJLfi"S'£1 LL~:a'£l~fl~£l"n1J"S' (c) 
q .. 

i1£l[h"~ 4 lu"S'U"'llJL'V\a[JlJ ABC I a = 18 I b = 12 LL~: A = 38 ° ';)"'V\1 8 LL~: c 
~ 

iin1 lin£J-n£J"L'lfu 
a b 

sinA sinB 
bsin A 12sin38° 

sin B = = 
a 18 

12x0.6157 = 
18 

~ 0.4105 
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l ... A A 0 I 0 , tl ..,I ..,I ... .... 
~91111\I'V\1£1Lfl''Hl\lfl1U1nL L11'V\1'l1 8 ~ 24 13 1 W11JL'V\fH.I11fla'£l~flGUl\ln1J 

\1 

L~aul-ntieJ A = 38° 8 = 24°13' -1111 c = 180° - (38° + 24°13') = 117°47' 1111 e • • 
= 180° - 24°13' = 155°47' a'£l~fli£l\lrl1Ji£ln1'V\U~~ sin 8 = 0.4105 ~1tl LLfl 

fl191£1Ud't1iLtJu,-,;\IL iteJ\1,.,1n A + 8 > 180 ~\IGl1£l[j1\ld'a-eJ~flieJ\Inu1tl (d) 
\1 

LLtnJtJniCA 5.8 

1. lui£1 1) - 6) ,-,\ll'lfnL]IIlJ£1\Ilen'L4tl1:111nLR1Ufl1\l ') 111Je1\IJtiW111L'V\itJ11 ABC 'V\1fl1~fl1J 
~ 0 ... A tl ..,I I ... tl..,l ... .... A \'1 ..,I 0 , ... 

Yl\la'£)\lfl191£11J tl1Ln~1 W111L'V\~tl11111nn11'V\U\11 fla'£)~fl~£1\ln1JL\I£1U LII1Jfln1'V\U~ 'V\ 
\1 \1 

1 ) A = 26 ° , B = 80 ° , a = 24 ,-,\I'V\11 b 

2) B = 22 ° , C = 48 ° , a = 18.4 ,.,\I'V\1 c 

3) A= 42°30' , C = 76°20' , b = 30 ,.,\I'V\1 a 

4) A = 66 ° , a = 50 , b = 60 ,-,\I'V\1 B 

5) C = 30° , a = 25.2 , c = 12.6 ,.,\1\1\1 b 

6) C = 45 ° , b = 14 , c = 12 ,.,\I'V\1 a 
... • ,..,I ... I I 'VI ... I .. 'tl ... ... .... • 'VI ... I 

2. '111tlflU'V\U\ItJU£ltlfl,.,~ A 'lf\l£ltJ'V\1\1,.,1nLW1 Lnn1 BC 91U'V\U\I a'\1Ln91L'V\Utl£l~LW1 Ln 
\1 • \1 

'Yi11111L\Itl 65 ° nu.;{u L~£)LIIlJ1LtlUEI£lnltllutiflfl1\1911\li111rl1JLLnlvJ.tq1 LUU1:tJ: • 
20 UJ911 ~\leJU~,-,~ D L~Utl£l~LW1l~.tq1'Yi11111 45 ° nu.;{u ,-,\I'V\111tJ£l~LLnlvJeJUa'\l 

\1 • • \1\1 

,K tJ I \'1 ,-,1n?fUL U1:tJ:Yl1\ILYl1 L1 

B A 20 11. D 
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., ., .,~iJ ., .I I 

~1\UJ11LL~:LR'U'Y1LLf.h11111LR'UR'UL 'U 42 eHifl1 ';l\I'V\1fl1111r.J11'lleh1~1'U'Ylr.J11n11 
'I 

tl
., .I ., 

'lJ EJ\11 RL 'V\ ~ r.J11~1'U'li'U1'U 
"' 

4. A A ., I A 

'lf1r.Jfl'U 'V\'U\1~ £J\In11'Y1111J11 L 'U 'UL '111 

.I I 'VI ,.I 
'Yl';l~ A R\1 (AB) L 'Y11 ~1 L'li1£Jr.J'Yl';J~ 

'I "' "' 'I 
~ ... ~ ~ 

C 1~1111 L\1 r.J'll EJ\1 r.J£J~ L 'li1'Yl'Y11n1JV-4'U 
X 

'I 

li 44 o L~eLiluluilfl~1\lan111nu 

B C 320 11. D 
1lL'li1Ltln\I-;J~ D 1~llliL\Ir.J'li£J\Ir.J£J~ 
"' 'I 'I 

L'll1~thnuvfu Li 28 ° LL~:1:r..1: CD 

L thnu 320 L11~1 L ituL'li1R\I';l1n 
"' 

vfu ~ L '111 R\1 L n ~ LiJu 1: r.J:'Y11\I L th l 1 

5. L'UL1~1 5.00 u. 'U1r.Jfl1r.JL;£JLiluL;£J£J£Jn-;J1nthL'ie A aj\lltlfiLn1: B ift\I£Jti'Y11\Ififl 
'I "' 

~:1ueen i1r.Jfl1111L;1 18 L11~fie-i1l11\l LLtlL;£JLL~ultlluilfl 064 ° L~£JL1~1 6.00 '"· 

L;£J LiLtl~ r.J'U flfl'Y11\ILilUL;£Jaj\ILtlrJ\ILn1::a\ln11111 127 ° ';l\I'V\11:r.J:'Y11\I';l1n L;£Jn\1Ln1: 
'I 'I 

m L 1~1 6.00 u. 

A ... • .. .r .I • .I !'I 0 A A 

6. 'lf1r.Jfl'U'V\'U\Ir.J'U£Jr.Jfl'V'4'Ufl';)~ A 11£J\IL 'V\'Ur.J£J~L'li1'Yl';l~ C Lu'UlllJL\Ir.J 37 LL~:Lli£JL~'U 
"' 'I 'I 'I 

4u.lti~111'Y11\1~1~L~r.J\I:a\ln1111JL\Ir.J 25 o Ltlu1:r..~:.,1\l 34o L11~1 11£J\IL~ur..~e~L'll1~ 
'I 

-;J~ c LU'U1111L\Ir.J 40 ° ';l\I'V\111 r.J£J~L'll1 c otiR\I';l1nvfuLtlu1:r.J:L thl1 
'I 'I "'"' 
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5.9 Gl~Tnmiiil L~"~LA't1t~ (analytic trigonometry) 

itv-r;Ju <il11nnWil L~tnia~num.~1'BnL~r.nn""' 'l111ii~rf~ni'l-L<il'i1nmijilena~i1LLu,
LLt=t:fi1fl~i1 :A~,-111ii~nT~~,L it'l-Ln1'l'YI1~~-nflm<ilen a~r~~niuL 'V\~hd ~~,f'" 

. . 1-cosx 
X + Sin X , Sin X + COS X , 

2 sec x 

i~'V\ll<il LU'l-Li1 a th~en a~it Vi~UCil;ln mijil 

fl1111LL<ilnfh~,-:'V\11~Lanin~m LLt=t:~11n1,. f1a Lanin~m<il11nmijiiLilu~~~ 

th'V\flJ'Yinfi1-;51U1U~'i~luL<ilL111-LIIJJEl~i1LLU,i LLfii~llfi1'lmLnnWtlLUU~'i~Lu'Vi1:fl1~LLti't-LEl'l-L 
'I 

~~L;t1ni1~t=tLut=ttJ (solution) i~Ln<il11~ftLut=t tJIIJJEl~~lln1'lCil11 nmijila1~ LUUU'Vi~U L 'lfu 

-;51't-L1U~'i~'V\;El1111 <il111Un ~ L'lfCilen a~ 'Yin~ t=tLut=t tJen a~~lln1'l<il11nmijil ~tin L'lf<il~t=t Lut=t t1 
'I 'I 

(the solution set) 

ca..- ~ ... 'f' A A 

5.9.1 Lilnstn1tnLGl1LnnLaJGl 

l1-Li1-Na 5.2 L'l1L~1J<iluLanin~nr 
sin 2 

(} + cos 2 
(} = 1 ................................................. (1) 

'~~ A ~ '~~ '~~ 2 "''~~ 
tl1 cos 8 * o L11El'V\1'l'YI~~El~~en1~ena~~lln1'l (1) <il1tl cos 8 ,: L<il 

sin 2 (} cos2 (} 1 
--+ ----
cos2 (} cos2 (} cos2 f) 

"" 'V\'lel 

tan 2 8+1=sec 2 8 .................................................. (2) 
o ..,. -.. '~~ A ~ '~~ '~~ 2 
'YI1UEl~L<iltJ1nu tl1 sin 8 * o L11El'V\1'l'YI~~El~IIJJ1~11JJEl~~lln1'l (1) <il1tl sin (} 

sin 2 (} cos2 (} 1 
--+----
sin 2 (} sin 2 (} sin 2 (} 

"" 'V\'lel 

1 + cot 2 
(} = csc 2 

(} .................................................. (3) 

i~LnCil11 tan (} LLt=t: cot(} '11iittJ11lth'V\i'tifh (} :A~ cosO LL~: sin(} LU'Uf'f'UEJ <il111~1~lJ 
'U 

0 .... .... .. 'II 'II ..r ~ .... n .... . 
~1'V\'llJ~El~Lanan~men1~<ilUU 'l11l'YI~Lanan~m u 5.2 LLt=t: 5.5 L'ltln11 

LElnin~mllt=t~'l-L (fundamental identities) :A~L'l1~:liLLU<ilLElnin~mLV\~1UCilt=tEl<illJ'YIU 
'U "' 
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..... .. 
LEJn~nHnuJ~i1'U 

'U "' 

t (} sin(} an = --
cosO 

cot(} = cos(} 
sinO 

1 
esc(} = --

sinO 
1 

sec(} = --
cosO 

1 
cot(} = --

tan(} 

sin 2 
(} + cos 2 

(} = 1 

tan 2 
(} + 1 = sec 2 

(} 

1 + cot 2 
(} = esc 2 

(} 

• 2 (} 
....... o • 2 (} sin 
1li't11 Sin + 

2 cot (} 

= sin 2 
(} (1 + tan 2 0) 

= sin 2 
(} sec 2 

(} 

sin 2 
(} 

=--
cos 2 

(} 

= tan 2 
(} 

~ua'iu (alternate form) 
'U 

. (} 1 
Sin = --

esc(} 

1 
cos(} = --

sec(} 

1 
tan(}=--

cot(} 

sin 2 
(} = 1 - cos 2 

(). 

tan 2 
(} = sec 2 

(} - 1 

cot 2 
(} = css 2 

(} - 1 

lil1EJth-\I~EJ~uiiL't1flilfl@i1-\l 'J loun1'l~~~'t!LEJninHm n1L'l1'Yl'l1U11L~ll<ilu~~ 1~ 
'U 

L~l.IL 'V\li LL~:VHJ1 £.1111'V\1 LL tt11n~u ') ';l:~1J1'lrtUi'1JU~-\Il1n~:an El-\I~ULEJ-\I~i 
'I 
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... I .., I cscx 
'il1Elli1~'Yl 2 ';l~'il11';18El1J11 COS X -- = 1 

cotx 
1~rh L11~uunn?t~n-iulil;1nmDill~atilu,-tJ-na~ sine LLa:: cosine 

~ ~ ~ 

• cscx 1 
LUEl\1';11n COS X--= COS X-- tan X 

cotx sinx 
cosx sinx 

sinx cosx 

= 1 

... I .., ... f' 1 1 2 
'il1Elli1\I'Yl 3 ';l\l'il11';18El1JLElnan17m -- + --- = 2sec x 

1 + sin x 1- sin x 

1~rh L11';l::fl1';11ni1~'li1u1tlun1,.,.111~';luL'li1i1unu LLa::LLt.Ja\ILtJ';lun,::Yi'"liLfhnu 

'li1\111JJ11-na~w11n11lu1';1nrJ 
1 1 

--- +---
= (1- sinx) + (1 + sinx) 

1 + sin x 1- sin x 
2 

=-~ 
cos 2 x 

= 2sec 2 x 

• 2 1 
... I .., sm x-

1 
. 

'il1Elli1~'Yl 4 ';l~c;}11';18El1J = - -Sin X 
1-sinx 

......... l .l ., ., 1 .. ., ., ... 
11iTI1 L11';1::111';11niiJJ1~'lf1ll tllln111111?4';1ULIIJJ1tl1llnU 

i1~-n11-n a~ a-11n11l u 1 ';l'Yl r1 

252 

sin 2 x -1 = - (1- sin 2 x) 

1- sin x 1- sin x 
= - (1- sin x )(1 +sin x) 

1-sinx 
= -(1+ sinx) 

= -1 -sin x 
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cosx 
--- =secx+tanx 
1-sinx 

1nfi1 fiTiJ1n~Tt-~»~11 
1 sinx 

secx+tanx = -- + --
cosx cosx 
1 + sinx 

=---
COSX 

1 + sinx 1- sinx 
= 

COSX 1- sinx 
1-sin2 x 

= 
cosx(1- sinx) 

cos2 x 
= 

cosx(1- sinx) 
cosx 

= 
1-sinx 

LY1El11Jn~11l~11 1nfi-1~a-3n17f1111lREllJLanin~nt' Luun11LLU~-3~1u'V\it-3~El-3 
, • I :CI ..,. t; 4 11 ..,. ..1 ~ t; ..,. .., t; .,....,. 0 t; 4 \1. I !'I 

R1Jn11 JJ1JJUEinf11U'V\U-3 LLfl Un1nL'Yl'Y1-3REl-3~1-31Jfl11ll'lrlJ'lrElU 1li'Y111l1nf11U'V\U-3 LJJLJJ'U 

... t; 4 \1 I • I I t; \1. I :CI - I" 
Elnf11U 'V\'U-3£111) LiJ R:::f11n L 11R11111tl'YH.I1 ti11J LLJJ~-3 LLfl ~:::f11U~ EI-3Rlln11 LJJ LJJU U 'VfiJ'U 

Ltltl1rlU 'V\~ElEl11J~t11tl1liLLUti-3lu"ilul~n~1U'V\if-3nl~ 

... 1 ..1 ... ., sinx + cosx cos2 x 
f11Eiti1-3'Y1 6 1l-3f1111lREilJLEin~n~m 

2 
= ----

ME 504 

tan x-1 sinx-cosx 
sinx + cosx 

=----

= 

sin2 x 
1 

cos2 x 
sinx+cosx 

sin2 x- cos2 x 
cos2 x 

sinx + cosx = -------------------cos 2 x 
(sinx + cosx)(sinx- cosx) 

cos2 x = -----
sinx -cosx 
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uuu1ln~fP1 5.9 

';l-\l<il'l"1';J~eJ1JLeJnin~m1uLL9i~:-n'eJ9ieJLtJd. 

1. esc A - cos A cot A = sin A 

1+sinB 
2. sec B + tan B = ---

cosB 

3. sin C sec C = tan C 

4. 3 - sec~ = 2 - tan~ 

sec 2 y 
5. = tan y + cos y 

tany 

6_ sinA + cosA = 1 
cscA secA 

7 
sec 2 

A -1 1 2 A 
• 2 = -cos 

sec a 

8. cosA(1 + tan 2 A)= sec 2 A 

secAsinA 
1 2 A 

9. = -cos 
tanA+cotA 

10. (cos A+ sinA) 2 + (cosA- sinA) 2 = 2 

11. 1 - cos 
2 

A = 1 - cosA 
1+cosA 

12_ 1- sin A = cos A 
cos A 1 +sin A 

13 2 B cos 2 A _ 
1 .esc - -

sin 2 A 

14 sinA = cotA 
secA 1+coe A 

1 
15. cos(-A)csc(-A) =- --

tan A 
1+tanA 1 

16.-------
sec A + esc A cos A 

17_ 1 +cot A = esc A 
1+tanA secA 
1-sinA 

18. = (secA- tanA) 2 

1+sinA 

254 ME 504 



19_ sec A+ esc A = tan A+ 1 
sec A - esc A tan A -1 

20. 
cscC cscC 2 --- =2sec C 

1 + esc C 1 - esc C 

5.10 \1fl,.n1,.1J1n .(The addition formulas) 

iht~ninHm~~1nmD~ll1n3J1r.J~iifl113Ji1f1ru Lt~ninHmL'~~~1dL~un11 ~<il,. 
~ ~ 

~~lnmD~ (trigonometric formulas) iA-\ILtht~<il1"~LitiEitJ ') L1"T~:~fti'U1~<il1"LV\~1d 
~ ~ 

0 .... 

<il13J~1~1J 

~ .... o .... d iJ 
-n"ULL1"n-nEI-\In11"~fti'U1~<il1"n11"1J1n ~V\1"1J cos (a + p) L1JEI a LL~: p L 'U 

~ 

-;11"U1"U'il'i-\l t~ ') L1"1'ii:L~3Jfil"U'il1n cos( a - p) 
4 0 ~ !'I ... I 

L~Eifl113J~:~1n L1"1n1V\'U~ a I p LL~: a - p rt-\IV\3J~Lu'UU1n LL~:'U.Eir.Jn11 

21l L1"1 t~ p I a LL~: R Ltht'i1~1J'U1-\In~3JV\rt-\IV\U1tJLU'U'il~tJ~1tJIIjJEI-\Jff1'U1ti-\l a I p • • 
d .... tJ .... .... d • ...r....... tJ 1 ""' I ,. ... 

LL~: a - p 'lf-\llJ'il~ ~1tJEin-n1-\IV\"U-\IEitJrt~n~ (1 I 0) 111~ 1:nt~u 5.1 o ~tJrt ~1'U.Lfl-\l . ~ 

AP = a I ff1"Ulfl-\l AQ = P I ff1"Ulti-\l AR = a - P LL~: 1~tJ1JrtUtJ13J-nEI-\I sine LL~: 

cosine ~n~-nEI-\I'il~ ~1J11"Cl L;iuou,LiJ"U • 
P(cosa I sin a) I Q(cosp I sinp) I R (cos (a - P) I sin (a - P)) 

111~tJ,-:nt~u 5.1.1 
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LileHI,1nR1ULfl\l QP L~a:ti1ULfl\l AR fl1\lfir.J11 a - p fl£lffl AR LLa: PQ ,:U11 

L'Yhnu~1u 1flua-fl,-,.:u:n1\l L,-1ii 
'U 

AR=QP 

~[cos( a- p) -1]2 +[sin( a- p)]2 = ~[cos a- cos Pl2 +[sin a- sin Pl2 

0 .... ~ "' .., "' 

unn1a\IR£l\I'YI\18£l\1~1\I,:Lfl 

cos 2 (a - p ) - 2 cos (a - p ) + 1 + sin 2 (a - p ) 

= cos 2 a - 2cosa cosp + cos 2 p + sin 2 a - 2sina sinp + sin 2 p 

L ile\1,1n cos 2 (a - p ) + sin 2 (a - p ) = 1 , cos 2 a + sin 2 a = 1 LLa: cos 2 p + 

sin 2 p = 1 tt\l~u,:l~ 
- 2 cos( a - p) + 2 = -2cosa cosp - 2sina sinp + 2 

- 2 cos( a - p ) = -2cos a cos p - 2sin a sin p 

cos( a - p) =cos a cosp +sin a sinp ...................... (1) 

1 ~ I .., .. I !'I • I ..1 T .... 
U~Ufl£1 LlJLlJUL,-£l\I\11U'YI,:'V\1Rfl,-~£l\l cos( a+ p) LflUn1,-L~UU a+ p = a -

'U 
.... ~ (-p) fl\IUU 

cos( a + p ) = cos( a - (- p )) 
=cos a cos(-p) +sin a sin(-p) 

=cos a cos(p)- sin a sin(p) [Lile\1,1n cos(-p) =cos p , 
sin(-p ) = - sin p] 

cos( a + p) =cos a cos(p)- sin a sin(p) ...................... (2) 

.... I ..1 0 
fl1£lU1\I'YI 1 ,\I'V\1 cos 15 

1~'ti1 cos 15 ° = cos(45 °- 30 °) 

=cos 45° cos 30° +sin 45° sin 30° 

J2Jj .fit 
2 2 2 2 
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J6=.fi = 
4 

~ I d s~ 
9'11£l[J1-\J'Y1 2 'ii-\J'V\1 cos -

12 
........ o ~ I s~ 9~ 4~ 
11i'Y11 L,-1R-\JLnCil11 - = -- -

12 12 12 
s~ 9~ 4~ 

cos- =cos(---) 
12 12 12 

9~ 4~ . 9~ . 4~ 
=cos- cos- +s1n- s1n-

12 12 12 12 

J2 1 .fi J3 =--- +--
2 2 2 2 

J6=.fi = 
4 

ri£l'U'ii:'V\1~Ci1,.1J£l-\J sin( a+ p) Ln'ii:L~1Ji'U'il1nfl111Jili~'UlMJ£l.:JYJ.:~i"U~i1fltyi.:~d 

cos(; -0) =sinO .......................................................... (3) 

sin(; -0) =cosO .......................................................... (4) 

sec(; -0 )= cscO .......................................................... (5) 

esc (; -0) = secO · ............................................................ (6) 

tan (; -0) =cote ............................................................ (?) 

cot(; -0) = tanO ............................................................ (8) 

-~ .. ~ d ... ~ ~ .. .... I ~ ~ -~ .. ~ 
n.:Jn'lf'U'Y1R£ltlf1fl£l.:Jn1JL£lnfln~m (3) LLfl: (4) L,.EJn11 co functions tl-\J'U'Un.:Jn'lf'U sine 

LLfl: cosine LU'U co functions YJ.:~ni"U secant LLfl: cosecant LU'U co functions LLfl: 

YJ.:~ni"U tangent LLfl: cotangent LU'U co functions 
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.. 1 .. 0 ~ ~ ~ 'VI~ 
u1:un~a~1aJ'V\11.J cosine 'Yl1\1~1U'D'1U'lJEh1a'1ln11 (3) ';1: L~ 

41 411 

( 
1r (}J 1r (} . 1r . (} cos 2 - = cos2 cos - sm 2 sm 

function 

1in1 

258 

= O(cosfJ)- 1(sin8) 

= sinB 

ME 504 



a 

b 
A !'I .I ... J, A 0 

L\Uh'l';l1n a LL~: p Lu'Ullllu~:nEJU'V\'U~1UJu1n 'U'UfiEl a + p = go • • 
i~,f'" a =goo - p LL~:: p =goo - a 

. a p sma =- =cos 
c 

LL'Yl'U a i1[J go 0 
- p ';l::Li co function 

sin(goo- p) = cosp 

LL'Yl'U p i1[J go 0 
- a ';l:Li co function 

cos(goo - a)= sin a 
'I ..r .... .. 
L 'U<il El'U 'UL ~1';1:~ H';l'UHtil~ 

\1 \1 

sin( a + p) =sin a cosp +cos a sinp ............................. (g) 

sin( a - p) = sina cosp- cosa sinp ........................... (10) 
.... .. 'VI ......... ..r 

L~1~H';l'UHlln1~ (g). Lflfi~'U 
\1 

sin(a + p) = cos[K-(a+P)] 

= cos[(K-a)- p)] 

= cos( 1l' - a) cos p + sin( 1l' - a) sin p 
= sina cosp + cosa sinp 

""" .- T 'I"" ..., ..r 
L~1~H';l'UHlln1~ (1 0) Lfi[J L'11Hlln1~ (g) fi~'U 

\1 

sin( a - p ) = sin( a + (- p ) 

ME 504 

=sin a cos(-p) +cos a sin(-p) 

= sina cosp - cosa sinp 
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tan( a+ p) = tan a+ tanp 
1-tanatanp 

ooooooooooooooooooooooooooooooooooooooooooooo(11) 

tan a -tanp 
tan(a-p) = ---~ 

1+tanatanp 
ooooooooooooooooooooooooooooooooooooooooooooo(12) 

.... .. \1 ~ ..... ..¥ 
L~1GnlJ1'.Ul~~1l'U1UJn1,- (11) L~tHJ'U 

\1 

tan( a + p) - sin(a + p) 
- cos{a + p) 

= sinacosp +cosasinp 
cosacosp -sinasinp 

0 ~..... .... \1~ 
'U1 cos a cos p 'V\1,-fl\lfi1Lfl~LL~:fi1~1'U ';l: L~ 

sina _ sinp 

tan( a + p ) = cos a cos p 
1

_ sinasinp 
cosacosp 

= tana+tanP 
1-tanatanp 

LL~:Gn111,.n~\1111l'~lln1,.12l~vlitan(a - P> Lrhnu tan [a + (-P)] ';l:l~ 

tan( a - p ) = tan [a + (- p )] 
= tan a+ tan(-p) 

1- tanatan(-p) 
= tana-tanp 

1+tanatanp 

0 ( 3n ) stn x+ -. 
2 

0 3n 0 3n 
=Sin x cos- + cosx Sln-

2 2 
=sin x (0) + cosx(-1) 

= -cosx 
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... I .a • . 4 • :CI l .a 5 
911£lti1\I'Yl 5 nTV\"'tl Sin a = -- UJ£l a Lu"'1111 "'';191111fl'Yl 3 LL~: cos p = --

5 .. .. 13 

1 .I :CI l .I l .., A tlti'Yl p Lu"'1111 "'';191111fi'Yl 2 ~Ril7n111J1n'Vn sin (a + p) LL~:-;J91111fl'lf\l .. .. .. .. 
a + p 9ln£lr.i .. 
1~rh liRil1n11u1n .. 
sin( a + p) =sin a cosp + cosa sinp 

-" l .I . 4 A !'I \1 .., .., .J' 
L"£l\I-;J1n a iln "'';191111fl'Yl 3 LL~: s1n a = -- 'V\1 cosa 'lf\1-;J:Lu"'~u Ltltl\1"' 

.. 5 

cos 2 a = 1 - sin 2 a 

= 1 - (- 4 )2 
5 

= 1 -~ 
9 

25 
3 

25 

cosa ---

sin 2 p 

sinp 

5 

= 1 - cos 2 p 
-5 = 1 - (-- )2 
13 

25 = 1--
169 

144 

169 
12 

13 

-;J1n sin( a + p) = sin a cos p + cos a sil1 p 
\1 ... • 4 5 3 12 

-;J: Ltl Sin( a + p) = (-- )(--) + (-- )(-) 
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5 13 5 13 
20 36 

65 65 
16 

65 
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":!!I a.. 
LL1.J1.J HflM(;l 5.10 

II "" ..d II"" I 1. LU'lJel'Yl 1) - 8) ';1.:1 L'lf\1fi""InT~1J1n V\1fl1 

1) cos(:+:) 
3) cos(:-:) 
5) cos (60°+ 180°) 

2) sin(;+:) 
4) sin(;-:) 
6) sin (270° - 45 °) 

7) sin 11n I 12 (LL u::ib : 11n /12 =: n 16 + 3n /4) 

8) cos 7tr/12 (LLU::: 7tr/12 = 5tr/6- tr/4) 

2. LULLuutJnilil 1) - 4) ';l.:JL;juuih~';lU1u~';lU'lJ£l.:J lfiVf.:~niu (co functions) '11£1.:11111 
" 

th::n£lU1111\\1n (complementary angle) 
" 

1) sin 34 ° 2) tan 1r /3 

3) cos 1r 16 4) sin 4 7 ° 34' 

3. n1 cos{} = -3/5 LLa:: {} fin L U';lfl111f1~ 3 ';).:JV\1 sin ( 1r 12 - {}) 
" 

4. n1 sin{} = 5/13 LLa:: {} fin LU';lfl111~~ 2 ';).:JV\1 cos ( {} - 1r) 
" 

5. n1 tan{} = 4/3 LLa::~11 {} fin LU';l~111fl~ 3 ';).:JV\1 tan ( {} + 1r 14) 

6. n1 cos{} = 0.4 LLa:: {} fin LU';lfl111fl~ 4 ';).:JV\1 cot ( {} + 1r) 
" 

7. n1 sin{} = 4/5 LLa:: cosa = -5/13llilll {} flnLU';lfl111fl~ 2 ua:: a flnLU';lfl111fl~ 3 
" " 

';l.:IV\1 sin (0 + a) 

8. n1 sin{} = 12/13 LLa:: tan a = -2 ltlll {} fin L U';lfl111fl~ 1 ua:: a fin L U';l<il111fl~ 2 
" " 

';l.:IV\1 tan ( {} + a ) 

9. ';l.:!~a'';lUL£lnanHmtieJltHtllilliLLUa.:J~1ni1u'li1ll'lJ£l.:Ja'11n1""ILUUit~';lU'Yl1.:Ji1U'lJ11 

262 

'II 

2tana 
1) sin 2a = 2sina cos a 2) tan 2a = ---

1-tan2a 

4) 
sin( A+ B) __ tan A+ tan B 

3) sin(a + P> + sin(a - P> = 2 sin a cosp 
sin( A- B) tan A- tan B 
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I .:f I 

5.11 \1Gl,-~3Jti'W.1cPlftih1LYI1LLat~JJA,-\JLYI1 (double and half angle formula) 
"..r 'AI'l .... 'AI.r .... A~ • " ~ 
L'UL1JEh1fi'UL'UV\1-nEI'U';l:L-ntJ'U'WVf;J'U-nEI-\I Sin 2a , COS 2a LLft: tan 2a L'U'Vi';l'U 

-nEI-\IVf-\lni-ufl11nmii~-nEI-\I a L,-1';l:L~1Ji'Ufln~1 ~fi,-1J1J-n'U1~~EI-\IL 'Yh 

A 

V\,-EI 

sin 2a = 2sina cosa 

cos 2 a = cos 2 a - sin 2 a 

cos 2 a = 1 - 2 sin 2 a 

V\'iEI cos 2a = 2 cos 2 a - 1 

2tana 
tan 2a = 2 1-tan a 

'II 'I 

......................................... (1) 

......................................... (2) 

......................................... (3) 

......................................... (4) 

......................................... (5) 

I ..f'l ... I d .... A 0 " !.\'1 ... " .... d 0 ~ •'VI '&oiA' ... 
~<il"H V\~1'UL-n'1JEitJ 'lf-\I'Ufiflfi~1flTHl~Hl1 LV\ L~ L'Ufi,-m'Yl'iil~';lTLlJ L~fi';l:<ilEI-\1~111,-tlLL~~-\1 
'II . 

~1J1Li L~1Ji-u~11n1,. (1) L,.1';l:L;juu, 2a LU'U a +a LLft:Li~<il,.n1,-u1n 
'II 

sin 2 a = sin( a + a ) 

= sina cosa + cosa sina 

= 2sina cosa 

n1,-~~';)U (2) , (3) , (4) LLft: (5) rhLii-\ld 
'II 

cos 2 a = cos( a + a ) 

=cos a cos a -sin a sin a 

= cos 2 a - sin 2 a 

= (1 -sin 2 a) -sin 2 a 

= 1 -2 sin 2 a 

V\'iEI ';l1n cos 2 a = cos 2 a - sin 2 a 

= cos 2 a - ( 1 - cos 2 a ) 

= 2 cos 2 a - 1 

tan 2 a = tan (a + a ) 
tana+tana 

=-----
1-tanatana 

2tana 
=---

1-tan2a 
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41,; 1 ...I ~ 3 ~~ ...I ' (} 2(} fl1£ltJ1-\I'Yl 1 tl1 COS(} = -- LL~: (} fin L'U.';lfl1l1fi'Yl 2 ';l-\I'V\1 Sin 2 LL~: COS LL~: 
5 ~ 

'V\111 2 o fin L'U.';)fl1l1f1Ltl 
~ 

1n-vh L it£l-\l';l1n sin 2 (} = 2sin B cos(} LL.~: cos 2 B = cos 2 B - sin 2 B 

'V\1 sin(} 1t1tJ~ (} £lUL'U.';lfl1l1fl~ 2 ~-\l,f'U. sin (J LU'U.U1n .. ~ 

sin 2 (J = 1 - cos 2 (J 

sinfJ 

16 

25 
4 

5 
sin 2 (J = 2sin (} cos (J 

24 

25 

LL~: cos 2 (J = cos 2 
(} - sin 2 (J 

7 

25 
A 'I ...I .:'1 .:'1 A 'I L'U.£l-\l';l1n (J flnL'U.';lfl1l1fi'Y12 LL~: sin 201 Lu'U.~U cos 2 (J Lu'U.~U 2(} ';l-\lflnL'U.';lfl111fl 

~ ~ 

i1£lU1-\Ifl 2 ';l-\ILLfttl-\1 sin 3 (} L'U.Yi';l11'-n£l-\l sin (} LL~: cos (} 

1ili1 sin 30 =sin (fJ + 20) 

264 

=sin (} cos 29 +cos (J sin 29 

=sin (} [cos 2 (J - sin 2 0] +cos (} [2sin (}cosO] 

=sin (} cos 2 (J - sin 3 fJ + 2sin Bcos 2
. (J 

= 3 sin (J cos 2 8 - sin 3 (J 
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... 1 -1 I 2sinecose 
fl1£lti1~'Yl 3 ~~fl11~R£llJ11 = cote 

A ... 0 

11l'Yl1 

1-cos2e 
2sinecose 2sinecose 

= 
1- cos2e 1- (1- 2sin2 e) 

2sinecose 
=----

cose 
sine 

=cote 

... I 

5.11.1 ftfi1'1JIJA1\ILYI1 (half-angle fomula) .. . 
"" ~ "" .I .,. ...1 ...1 o l 
tl1LT1L11JflU~1n1lJR~lJ'Yl'll£l~ cos 2e 'Yln1'V\Ufl UR11n11 (3) LL~: (4) L11 .. 

\II ... A .. I ll.l.r 0 ... 2 2 4 A .. I .r, ... I l 0 

~: L~U~~Ufl£1 LlJUR1'V\11J sin e LL~: cos e 'Jf~U~~UL'V\~1UL1flJ£lll ') Un11fi1U'H\.L 

• 2 L) 1 - cos 2e 
Sin u = ---

2 
................................................... (6) 

LL~: cos2e = 1+cos2e ................................................... (?) 
2 

Liie~~1nLenan~m1uR11n11 (6) LL~: (7) Lilu~;~th'V\i'unnfi1'11£l~ e ~~ 
q 

:'I A .. ... e 4 \II ... I 

LlJU~1~L11£lLL'YlU e ~1ll - 'Jf~~: L~fl'll£l~R11n11 2 .. 
. 2e 1-cose 
Sin-=---

2 2 
28 1 +cose 

cos-=---
2 2 

.. ... \II ... 
Lll£lLLn~11n11~: L~ 

. e ±l-cos0 s1n- = 
2 2 

..................................................... (8) 

cos~ = ± ~1 + ~osO ..................................................... (9) 

A "" ""l~ ,¥ I&; "" e I ... ~ 
Lfl1£l~'V\111li'YlL'V\lJ1:R1J'Yl ~LUR11n11 (8) LL~: (9) '1JU£ltlnlJ~fl111fi'Yl - fln£lll ~~UU 

.. q 2 .. 

. e :'1 ... e ll ..l • ..1 0 ... ... • "" 

Sin- LlJUlJ1nn1 - £lll U~fl111fi'Yl 1 'V\1£1 ~fl111fi'Yl 2 'Yl1U£l~L~ll1nU LT1L~£ln11n'Yl 2 2 .. • • 
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!"I o _, (} l II (} 11 .,.! A .,.! _, c' 
Lu\UJ1ntnV\11J cos- cu,a-11n11 (9) n1 - elr.J CU,';l<il111fl'Yl 1 V\1£l';l<il1l1fl'Yl 4 ';l1nLan~n~m 

2 2 'll 'I 'I 

. (} 
stn-

tan (} = --2 L11';l::Li 
2 (} 

cos-
2 

tan(}=± 1-cosB .................................................... (10) 
2 1 +cosO 

II., l A d I 

~<il1 (8) , (9) LL~:: (10) 1';ln CU,8Jf£l11JJ£l\l R<il'lllllfl1\IL'Yl1 (half-angle formula} 
'll 'll 'll 'I 

_, 1 ...1 II , 4 ll ...1 0 (} 

<il1£lr.J1\I'Yl 5 t11 stn (} = -- LL~:: (} £lr.J CU,';l<il111fl'Yl 3 ';l\lfl1CU,1ntV\1 cos-
5 'll 'I 2 

1n-rh ,ffcu,LL1nf'hcu,1m coso lt1£JliLan~n~nt' 
cos 2 

(} = 1 - sin 2 
(} 

= 1- G~) 
9 

(} !"I .. I I (} J5 cos- LuCU,~tJ L11R1u11 cos- = --
2 'I 2 5 
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uuu1JncMtol 5.11 

1. sin 8 = 4/5 LL~:: () fln1u.11fl111fl~ 2 11-\JV\1 cos 2A 
'I 

2. cos () = -12/13 LL~:: () fin 1u.11fl111fl~ 3 11-\JV\1 sin 2A 
'I 

3. sec () = -2 LL~:: () fin 1u.11fl111fl~ 2 11-\JV\1 cos 2A 
'I 

4. tan 8 = 3/4 LL~:: () fin 1 'U.11fl111fil~ 1 11~\1\1 cos 2 8 
'I . 

5. esc () = -17/8 LL~:: () fin 1 'U.11fl111fl~ 4 11~\1\1 tan 2 () 
'I 

t; 1 t; A I 1 1 t; 

11£1 6-8 11-\J I!Jfa'fl,.llllfi,.-\J (half-angle) V\1fl1 'U.LLfl~::-n£1 
'II 'I 

6. sin 15° 

7. tan 1! /8 

8. sec 51!/8 

i£1 9-11 1-HL~El'" 1-n~n1V\u~ 1~ fl,.111a-£lufi1-n£l-\JVJ-\Jniu.fl~lnmij~~,.::u 
9. sin () = -4/5 LL~:: () fin 1 'U.11'il111fl~ 4 11-\JV\1 sin() 12 

'I 

10. cot () = 3/4 LL~:: () fin 1u.11Cil111fl~ 3 11-\JV\1 tan() 12 
'I 

•'I .J 
11. esc a = 13/12 LL~:: a flnEltJ L'U.11fl111fi'Yl 2 11-\JV\1 tan a 12 

'II 'I 

-n'El~ 12-15 11-\Jfl,.111a'EllJLEln~n~nt~n1V\u.~ 1~ 
. sina 

12. s1na /2 cos a /2 = --
2 

13 t 
p - 1-cos p . an-- __ ;....._ 
2 sinp 

14. cos 4 a - sin 4 a = cos 2 a 

15_ sin2t _ cos2t =sect 
sint cost 

ME 504 

'I 

267 



Rfl,~£llt.JifLLRth'l~aflmlu,t.J~atnn 
~ ~ ~ 

. p sin( a+ p) +sin( a- p) 
Sin a cos = -------"------'--

2 
.................................... (1) 

. p sin( a+ p) -sin( a- p) cos a Sin = __ __,;_ __ ._;._----.;...-'-
2 

.................................... (2) 

P 
cos( a + p) +cos( a - p) 

cos a cos = --_.;._-"---·---'--
2 

.................................... (3) 

. . p cos(a- p) -cos(a + p) 
Sin a Sin = -----'---. ___ ...;_.,;_ 

2 
.................................... (4) . ... .. ,.:. ... ... 

L~£l~81l'U. 81Jn1, (1) L,1L,1JfiU1l1nfi1\L'll11'lJ£l-\J81Jn1, 
~ 

sin( a+ P) +sin( a- p) = (sinacosp +cosasinp) + (sinacosp -cosasinP) 

2 2 
= 2sinacosp 

2 

=sin a cosp 

~w,'lfw11n1, (2) ,(3) LLa: (4) l~t1r.JJ1EJ 
~ 

... I ..d , al ... I 

Cil1£lr.J1-\Jrl 1 1l-\JLL8fl-\J sin 4A cos 3A L\t,lJ~atJ1n'V\,£l~afi1-\J 
~ 

1nn1 t.J,:un~w11n1,~ 1 L,,:l~ 
II 

. 
4

A 
3
A sin( 4A + 3A) +sin( 4A- 3A) 

Sin COS = ----------
2 

sin7A+sinA 
=----

2 

... 1 ..d e S1r 37r 1 , ... 
fl1£lr.J1-\Jrl 2 1l-\Jfl1U1m~aflm'JJ£l-\J cos(-) cos(-) flU L~Rfl,~aflm - ~au1n 

~ 8 8 ~ ~ 

1nn1 l'lfw11n1, (3) L,,ij 

S1r 37r 1 S1r 3n· S1r 37r 
cos(-g) cos(S) = 

2 
(cos(-g+-g-) + cos(-g--g )1 

1 1r 
= - [cos1r +cos-1 

2 4 

1 .J2 
= 2 [-1 + 21 

.fi-2 
=--

4 
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sina + sinp a+P a-P = 2 sin-- cos-- ................................... (5) 
2 2 

a+P a-p = 2 cos-- sin-- ................................... (6) 
2 2 

sin a - sinp 

a+P a-p cosa + cosp = 2 cos-- cos-- ................................... (?) 
2 2 

cos a - cotp = -2 sin a+ p sin a- p ................................... (8) 
2 2 

nT~~~-;n!L£lnin~m1u~1JnT~ (5) L~1Jfi'u-;nn~1U-n11LL~:tJ~:unG1~1Jn1~ (1) i",f-u, 
~ ~ 

2 sin a+ p cos a- p = _!_[sin( a+ p + a~ p ) + sin( a+ p - a- P )] 
2 2 2 2 2 2 2 

= sina + sinp 

... I ...r A .. l .I Cil1£lli1"'Yl 3 'ii"LL~~"UVf'ilU sin 7A- sin 5A U~un1~flm 
~ ~ 

ii'Yi1 li~11n1~ (6) L~1'il:l~ 

sin 7A- sin 5A = 2 cos ?A+SA sin ?A-SA 
2 2 

= 2 cos 6A sin A 

i1£l[h"~ 4 'il"fhu1m cos(5nl12)- cos (nl12) l~uli~fl~n1~u1n- nT~flm 
~ ~ 

ii'Yi1 li~11n1~ (8) L~1ij 

cos(5 1r I 12) - cos( n I 12) = -2 sin n 14 sin 1r 16 

= -2( ~) ~ 
J2 
2 
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~· Q,, LL1J1J HflMtil 5.12 

1) 2sin 7 a cosa 

3) sin 5C sin (-2C) 

5) -2 cos 2A cos 5A 

7) -2 sin 3 p cos 5 p 

2) -3 cos 88 sin 28 

4) cos 7A cos (-3A) 

6) 
. 7a . {} 

Sin- Sln-
2 2 

2. 'lin 1)- 4) ';1'11LLGfiHI~afltu.L'ULL9ia::'li'EJLiEJUL'U"fUGfCil"f ~aflnt-~GUJ1n 
\1 \1 \1 \1 \1 

7tr . 57! 
1) cos- s~n-

8 8 

3) cos 60° sin 120° 

1) sin 5x +sin 3x 

3) sin (A + B) + sin (A - B) 

5} cos SA- cos 2A 

2} cos 4A + cos6A 

4) sin 9A- sin 5A 

6} cos 58 + cos 38 

4. ';11n'lin 1} - 5} ';1'11fi1'U1tu.LL9ia::~au1n ltHJL'liGf'il"f ~au1n-~aflm 
\1 \1 

57! 1! 
1} sin 75° +sin 30° 2) cos- +cos-

12 12 
. 13tr . 57! 37! 1! 

3} s~n-· - s1n- 4) cos- -cos-
12 12 4 4 

5. ';1'11Cil"f1';)GfEJULEJnin~m1'"iEJ 5 'li'EJtiau 1) - 6} 

1} sin 40° +sin 20° =sin 10° 

3} 
sin A- sin B A + B 
---- =-cos --
cosA-cosB 2 

2) sin SA- sin 3A = cos 4A 
sin3A- cos5A 

4} sin50° -sin10° = -.J3 
cos 50° -cos 10° 

5} cotx-tanx =cos 2x 
cotx+tanx 

6} cos 6Acos2A + sin 2 4A = cos 2 2A 
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5.13 ftJJn11Gl~TnmijGi (Trigonometric Equations) 
II .... ... ..r A ... ....,. AA A !'I A I ~ I 

L'U 'V\111 eJULdl-;J:fln~1nTnLn Wlln1,.Cil,. LnmliCil'D'\ILuU-;J,.\JLu vn:u1\lfl1 L ,.,-;J:L 'V\U11 

Wlln1,.~'1ffl mCil fl1-;J ii fh Cil eJU'V\ it\I'V\~fl Wfl\1 fi1 LLc;i Wlln1,.Cil'i1 n mij ~-;J:iifh Cil flU ll1n ll1 E.J Lll 
-;i1nCil~\ILUuL1E~\IfieJui1\l'lfu'lfeJu L'liu o Lrluf11CileJulu'li1\l o :::;; o < 2rc i\l,t'u o + 

2n rc -;J:LU'Ufl1Cilel1J~1E.J tn'V\i'U'Ylnfl11Jel\l-;i1U1ULiill n 
'I 

• A :'1 o ~ B = 0 + 2n rc = 2n rc 'V\,.el () = rc + 2n rc Lllel n Lu'U';l1'U1'ULCilll 

i1e1£i1\l~ 2 ';l-\I'V\1fl1Cilel1J1Jel\1Wlln1,. 2 cos 2 B- cosO- 1LU'li1\l [0 I 2rc] 
A .... 0 .... tl ... .... ..r 
11f'YI1 LLE.JnCil1 1:ne11J LL~:LLnWlln11Cil\I'U 

2 cos 2 
() -cosO - 1 = (2cos() + 1 )(cosO - 1) = 0 

.... .t • 
Cil\I'U'U 2cos B + 1 = 0 'V\1el cos() - 1 = 0 

1 • 
cosO = -- 'V\1el cosO = 1 

2 

A 
Lllel cos() 

1 A 
Lllel cos(} = 1 

2 
(} = 0 2rc • 4rc (} = - 'V\1el () = -

3 3 

tl1EI£i1\l~ 2 ';l\I'V\1fJnfl1Cilfl1J1Jel\IWlln11 sin 2 () - 3 sin B = 0 lu'li1-\l [0 I 2rc] 

1~rh liLE~nin~mfl'ilnmijil f11liwlln11eJ£il",-tleJ£i1\1~1E.JL~eJ'li1E.Jn1,LLnwlln1,. 
'U 'U 

LiieJ\J-;J1n sin 2 B = 2sin () cos() -;J:l~ 
LL~: sin 2 () - 3 sin () = 0 
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... ~ 
"~'"'" 2sin (} cos(} - 3sin (} = 0 

sin(} (2cos (} - 3) = 0 

"il: l~ siri' (} = 0 'V\'iEl 2cos (} - 3 = 0 

-;nn sin(} = 0 ';l:l~ 

B=O~n 

';l1n 2cos(} - 3 = 0 ';l:l~ 
3 

cos(} = -
2 
3 \'1 .... 0 

a-11n11 coso = - L1111fl1«ilElU 
2 

fl1tlElU-nEl~ sin(} = 0 flEl (} = 0 LLa: (} = n 

sin 3x = 0 I 0 ~ x < 2 n 

l~ y = 3x 

... ~ y 
fi~UU siny =O~OS -<2~ 

3 

sin y = 0 I 0 ~ y < 6 n 

y =~,0 In I 2n I 3n I 4n I 5n 
I 
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LLtJtJ1Jn\1ti~ 5.13 

l II 0 ....lo ,~ I 0 ~ 
1. \.L8j)£l 1) - 8) ~{I'V\1'Ylnfl1fl£llJ8j)£l{JtUJn11'Yln1'V\'U~ 'V\ L'U'lf1{1 [O , 2rc] LL~~{Ifl1~£llJ'Yl{J .. 

n111~ LUUL 1Ltl tJ'ULLa:£1{1fl1 

1 ) 2sin 0 - 1 = 0 2) 1 +cosO = 0 

3) 4 cos 2 0 - 3 = 0 4) 3 tan 2 0 - 1 = 0 

5) 2 sin 2 0 - sin 0 = 0 6) 2 cos 2 0 - 3cos 0 = 0 

7) 2cos 2 0 -sinO = 1 8) sin 2 0 + 3cos0 = 3 

l 11 o .Jo lll 
2. \.L8j)£l 1) - 9) ~{I'V\1'Ylnfl1fl£llJ8j)£l{J~1Jn11'Yln1'V\t.L~ 'V\ .. 

1 ) 3tan 2 0 = 1 2) 3 cot 2 0 = 1 

3) 1 - 4 cos 2 0 = 0 

5) 4 cos 2 2 0 = 3 

7) 2sin 2 0 + 3sin0 = 2 

9) sec 2 0 - 5 cos 0 - 3 = 0 

ME 504 

4) esc 2 2x - 2 = 0 

6) cos 2 0 + sin 0 = 0 

8) 2cos20 + 2sin 0 = 0 
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