


3 ,l R~mua~n?lu#io  tdo4

(Lifiits  and continuity)

~nRRmuo~  A

i-h 1iJn  f(x)  = f(c) LLR; f m'o rdm (continuous)
x-e

d qm  c

2 2
9rmLi14 3.1 n’nrum f :- - R2 -+ R Pnud fCx,y) = z-Y-

x2+ 2y2
#lurk

lim f(x,y) = 0
(x,y)+(O,O)









9 4

2
ffm.h4  3.4 n’mun

x + y=f(XrY) = x _
Y

98liGl f (x,y) n’otdowp  1 qnunr%  yn~w~&wnr4

x-y=0 rTi& m

-2%

rll7orh-r 3.5 fPnnmhhu-. cf(X,Y) =

i

x2+ y2
do x2+ y2 # 0

0
swqm&  g(x,y)  ti’n’otdo~

rdo x=y=o

9Jn’i-. h-iku g Ruwd'mivrp  1 x,y

d49r: Lih;l 2!?.l!-
x2+ y2

, x2+ y= f 0 S;o  tdo4~Vm9bpn  1

q#lfiEhJl~ 164  0

~wmm$m  (o,o)  ITI f uiotdmdqn to,01 ttR;

sr-b%  l i m fcx,Y) = f(O,O) u&lnti~ou’l~  3.2
hx,Y>-+(O,O)

9a L&~ln’lUO4 l i n l f(x,y) HlR(llUClnY  ftdu f 1a.i
(X,Y)'(O,O)

s;ordo-it$,  co,01 8

3.2 O@Uhu  R" (Derivative in Rn)















L-1 +I L rekrr9,ri~rO~~&&~tnr~~~o  Rn uwft~rus'no p uR;stifl

etwu4~~ kij),lsism,lsjdn elwJu mn

Uld& x = (x1,x*,  . . * ,XJ rbqn’lu  R” unsni

Y = L(x)  - (yl,yl,...  ,y,)  rOuwn1r4 ( i m a g e )  nlulR*  L

LLR; y1 = cllxl + clzxz+  . . . + ClnXn

Yz = czlxl  + czzxz+  . . . + CznXn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
C*). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

YLn * %lXl
+ cmzxz+ . . . + CmXn



el = (l,O,O,.,.,O)

e2 = (O,l,O  ,...,  0)

.,.................,

. . . . . . . . . . . . . ..a....

e n = (O,O,O,...,l)

rrlflslrmlnm (image) uo~~7ntno;rH~7~n’n7ul~~~~~ra,rAir  L

-91 L(y) = (C11’c21’..‘,cml)

L(e2) = k12’c22’..‘,Cm2)

.  .  .  .  .  . . I . . . . . . . . . . . . . . . .

.  . . * . . . . * * . * . . . . . . * . . . . .

Lb,)  = (Cln’c2n’.  . . ,c&

2; X = (x1,x2,...,xn)  f Rn

thb  X d7uin7rUuulvhurnouuo4  el,e2,...,cn

duhmo  x = xlel  + x2e2  + . , , + xnen

Lktl?J;l  L tlfti&hta-rt&

n&u L(x)  = L Ixlel+  x2e2+  . . . + 5nen)

= xlL(ell  +  x2LCe21  +  ..,  +  x,Lk,I



1 0 3

km&  L(el),L(e2)  . . . LCenI w-6

LW = xlccll,cu,.'.,cd)  + x2k12#c22'.",cmz)

+ . . . + xnICln,CZn,...'Cm*)

= kll⌧l�c*l⌧l�  l . . ,�a ⌧ 11 + (c12⌧2#cz*⌧z�...�

⌧cln2  2 ) + . . . + klnXn,CinXn�  . * . �C&Q

= (cllxl+  c12x2+  ..-  + Cl&p  c21x1+  52x2+  l **

+ a2n⌧nt......l Cm1 ⌧ + c1 m2X2+ . . . + CmXn)

ihlH1  Y<’ L(X)  = CY,,Y,r...,Y, ) LL&Wln;1~

Yl =
c x + c11 1 x +12 2 . , . + ClnXn

y2 = C21xlt  cz2x2+  . . . + C2nxn

. ..I............................

,............... *  . . . . . . . . . l . . . . .

Ynl  -

c  ⌧ + c

ml 1

m2⌧2+ . . . + cm⌧n

‘Lunl,n~“Clrlu~t7d7U7t~~q;~nYrflUflf~  LRU;I  L ~tkmhb~a4~&  t%h-

&I~;,  Lkx + by) - aLcX) + bL(y)

1H" x - (X1,X2,...#q

Y = (y1#Y2,...# yn)

ax+by  * bxl+  b~~,=~+  by2, . ..t  y,+ by,'

Llax+by)  - L~QC~+  byl,w2+  by2,  . . . . 5+ by,)



1 0 4

1;" LCax  + by) = (z1,z2,...,zm)  = z

&I%4  q.-l&

% = cll(axl+  byl) + cl2(ax2+  by21 + . . . + cln(axn+  by,)

=2 = =21
(axl+ byl) + ~~~(ax~+  bya) + . . . + c2n(axn+  by,)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..*.....-

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . ..*.......... . . . . . . . . . . . ..*.....*..................*.*.

z = cm ml
(axl+ byl) + cm2(ax2+  by2+  . . . + c mn (ax,+ by,)

~~lm!l aL(x) + bL(y) = a(Cllxl+  c12x2+  . . . + clnxnj

c21x1+  c22x2+  ,.* + C2nxn,.,.,  cmlxl+  cm2x2+  .., + CmnXn)

+ b(cllyl+  c12y2+  . . . + clnyn, c21~l+  c22~2+  . . . + c2n~n~ a..,

CmlY1+  cm2y2+  * * * + 'mnYn)

= ( Cll(dx1+  byi) + C12(ax2+ by2) + . . . + cln(axn+  by,),

c21(axl+  by1) + c22(ax2+  by21 + . . . + c2n(axn+  by,),......

. . . . . ..cml(axl+  byI) + cm2(ax2+  by21 + . . . . + cmn(axn+  by,))

btdh L(ax  + by) = aL(x) + bL(y)

r 5 52 *"" 'ln

I c21 c22
. . . . . c

2n

m



1 0 5

. . . + b;)



1 0 6

LwTl.aR&J K>O LLRZ

wdu IIy/ = (L(X)  1 < K 1x11

Ir; x = u-v

LWTlUJ&J I)&(U - v,j  6 K [LI - VI

jL(U) - L(v,II  4 K Iu - VI 8

sqnnrp&m  3.3 fl K > 0, IL(u) - L(v)! < K Itu - vu

#m5Yqx7  7 E>O. tRon 6=  i 9 .I&‘7

n; I(U - V# < 6 ltR;  [IL(U)  - L(V)  1 < 6 I

LWfle7@l  f ao@uarjm  c

tnufJu~u 3.6 qz-lP;hfl  6 > 0 &n;  0 < l/x - cl < 6.LLR;

J/f(x) - f(c) - L(x - c,II < Ix - cl1

(tnulJ  E = 1)
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ur; lfcxl - fCc)l=  (ftil - ftc) - Lcx - cl + Lb - cl1

'4 l/f(x)  - fk)  - L(x - cl I+ lLcx - cl1

< IIX - c/I + l(L(x  - cl/

uR’q1rmr)lib~ 3 . 3  S~-Glfl  M > 0 d4

IIL(x - 411 4 M 11~  - C!

vrdu  I.71 oc ix-cU<G u&qol&‘~

IIf - f(c,jI  < (M + 1) ix - cl1

6 K = l4+1

tr&q.'ln;'1 c1  6 > 0, K > 0 Qln; cl < lx - cl < 6 UR;

II f (xl - f(C)  1 < K ux - cjr

umodwdiY4n4qC4AwJCl  x = c
I

1-1 ;I A CR",  f : A -I.  R" ib@u;dqn  c E A uwn;  u E R"

~&o@i~;;ou  DUfk)  u0-1 f ff9n  C rfk~urf(l  u n~fi~ln-  bt~e

DUf(c) = Df (cl  b-d

aui bvmri~  f Clo~z#qn  c

3; E > 0 rUu+niwqiqwnln  q

crvC1 6 > 0 d4n;oc fltu// < 6 u&

If@ + tu) - f(c) - Df (c)  (tu) 1 < E 1 tu 1

Cl u = 0 UR; olp4G~oud4  rflwrlb  0 cl0  0 = Df(c) (0)

Br&uLTl,.~R  u f 0



1 0 8

II rcc + al)  - fCc)
t Dfk)  lu)  1 < E IIuII

udm ;-I Dfcc) (u),ItfwO~Us;;~~Ut~0~  f &fl C thf~db u

ho DfCc) (U) = DUf(.c) n

Dlftc),  Dgf(d,..., Dnf(C) dhw R tint:  <'I

u = (u1,u2,...,un)  E R" rrRi

Dfk)  (u) = ulDlf(c)  f uZDpf(c)  + .e. + u,D,f(C)

wili reeele,

O@U;;OU  Dlf(c),D2f(c),...,Dnf(c)  n?&'ls; LLRC

fln'?rhdb Df(c) (e,)  ,Df(c)(e2),...,Df(c)  (en)

LWTl& Df(c) t&44fitrutU~~&  IIRr:

u = ulel+  uZe2+  .,,  + Unen

n
rr&s~'ln;l~  Dfic) (u) = c

j=l
UjDfbz)  (ej)

n
re  C U,D.ftc)

j=l J '

1; f : R2 -+ R t%~?utnu



1 0 9

D(a,b) f(O,O) = 1i.m f(-(O,O) ,+ tki,b)l-  f(O,O)
t+o t

= 1i.m  f(at,bt)  - fCO,o)
t-to t

= lim a2bt3

I?0 t(2a2t2+  b2t2)

= lim a*b
t+o 2a2+ b2

aif=-
2a2+b2

, (a&)  # (O,O)

D2f(0,0)  = 0

duyFI&  Df(O,O)  wvi'tlvi

vimtnunrn  3.5 .l qrIn;li

D(a,b)f(O,O) = DfCO,O)  (a,b)

= aDlf(O,O)  + bD2fC0,0)

= 0
2

tfinu’offnu& twnr-h D (a b)f(O,O)  - aI 2a2+ b2
ffdu  Df(O,O)  w&%hi

,



D f  Cc)  (dx) = g (c)dx

ff'-mh  3 . 1 0  1; A  ER LLRI: f : A+Rm  (m > 1)

f(x) = (flCx),f$x) I...,  f,(x)) , x E A

fiv-1~~11  ;I f n~~~oyrPk~lvi,dqm  c E A ttR;RmJCI  E > 0

II f (c + u) - f Ic) - L(U)  11  ‘ E \\ug

d.wfbo<IIuII  < 6

LWtlz&  f (x1 = (fl(X) ,f,(X),...,fm(X)) LLRC  L

t%#6htQ-lt&usin  R ‘1&h  R” k&

L(u)  = (L1b.l)  ,L2(u)  ,...,$hl))

twt,s;1  If+ +  u) - fp - Lib) I E UfCc  +  u) - f(c)- Lb) 1

< E Ilull



1 1 1

udm&  fi fJotp4b&tqn  c d’m*nti~  i = 1,2,. . . ,m.

lun?~ll~ffU rilnunlH1  E ' 0 Lw1lt~l  fi no+J&i c

Ir&u Ifi(C + u) - fi(C) - Li(U)l < 2 u
ri;

hl6J o&U < 6

ssln;lq II f(c + u) - f(c) - L(u)!  < E IIuj

&~udfl-4;q  & fi SbpGdqn c uR; f S.hp&I$n  c nv9u-

lunr& otp4u;  Df(c) ~th?incpJktd4r&  w-i R 'LJrlJ .R"_

tnufl

Df(c) (u) = uCfp),f;(C),...,f;(C)) I

1
~Ymuw 3.11 1

1~ nAcR, n >1 1; f: A + R &'~hsirmnttnrn  3.5.1- -

m(c)(u)  = ulDlf(c)  + u2D2f(c)  + a,. + u,D,f(c)

u14nf4um#iqslJ  u = (u1,u2,.  . . ,un) Lfl9S  rauu

dx = (dxl,dx2,...,dxn)  unuqnlu R"

n&4 qalni'1

Of(c) b3.d = 2 (c)dxl+  s (cldx2+  . . . (cjdx
1 2 nn

@hxh 3.12 n’mufli’L~  A CR* URI f :A+Rm Tnuf/  n, m > 1

lunrSf!~r~unu  Y = f(x) Tnu



y2 = f2(Xl,k2,..',Xn)

. . . . . . . . ...*......**..

w1 = Dlfl@ul+  D2flk)u2+  . . . t D,fl(c)u,

w2 = Dlf2(c)U1+  D2f2k)u2+  . . . + Dnf2(c)un

. . . . . . . ..*.*.......................**...*

. . . . . . . . . . . . . . . . . . . . . . ..*....*.**........

W
m = Dlfm(c)ul+  D2fm(c)u2+  . . . + Dnfm(c)u n



1 1 3

fl,,‘c) .fl,2 (cl . . . f 1 p

f2,F f2,2w . . . f2:P
I

I 1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f*,p fm,2bl  *.. fm,p)

HI0 Jf k)

ni~@~si;w  D,fi(i  = 1,2 ,..., III,  j = 1,2 ,..., n) dl’h

hisc4qn  c ufw dordod~n  c uR; f iIo@GLp c



1 1 4

ID f(Y)
j

- Djf(C)(  < 5 d'7Ht-Q
hi

1; x = (X1,X2,...#Xn)

c = k1'C2#...#Cn)

UArG Z1tz2'".'=n-~ wwrjnlu  Rn Q4

j = 1,2,...,n

3 = kp2+'...'q

=2 = kp2'X3'...'q

*....*.i..........*...

7;  2  = x LlAt:  2  = c
0 n

ITI 0 < 11x-cl<  ti UR;

0 <(Izj- cl < 6 fh4ti j = 0,1,2,...,n 1

n
m1tD(1  f(x) - f(c)  = 1 [ f(zj,l) - f(Zj)]

j=l

1Jnqv~ilnni4 (Mean value theorem) tPndtnou4(  j tmwfmn

i.hn4qa7n*~lfl~n zj 41~0~u~?U”O,Ld;mt~Q(rdou  zj-pj  d-4

fCz j - 1 )
- f(zj) = Lxj- cj)Djf(ijl

n&Jssl&



1 1 5

n
Djfk)12)  Ix - cl 2

n
< cz i2, Ix - on 2

j=l
2

- ( 5 n) Ix - cl '

E21X - cl 2I

&Roso7& (f(x)  - f Cc)  - i tx  - c )D f(c) 1 < E  IX -C/j
j=l j j j

'lsaf~~rllu?~  rdomp%s;'ou  Djfi(i = 1,2,...,m,j  ='1,2,...n)

CI&u&wl~~~ of flrh~s~6M&b~6~~&~~n  R” WSI Rm bdc(4

&Mh  u = (ur,u2,...,un)  c R" Id& w = (wl,w2,...,wm)  c R"

au1utnlJ

Df(c)(U)  - (W~rw2'*vwn)
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h-4 WI= Dlflkhl+  D2flkh2+  . . . + Dnfl(c)un

W2= Dlf2(c)ul+  D2f2kh2+  1..  + Dnf2(c)u n

. . . . . . . . . . . . . . ..*......*....**..........

*.........*..........*.*..*,............

wm'  DLfm(c)ul+  D2fmk)u2+  . . . + Dnfm(c)u n

Dlf2 (c) D2f2k)  . . . Dnf2k)

. . . . . . . . . . . . . ..a............... . . . . . . . . . . . . ..a..............

Dltm  Cc) D2f,k)  . . .

r
Dlfl  (c) D2flk)  . . . Dnfl(c)1

rwuClnffmd  3

1. 94Uln(l~El0;01d6

(1) liln x2-y2 (2)  lim x
x-to  2 2

x+Y

(.3) lim U + y2)sin  x
X+0 X

Y--

(4) lilnl+x-~
1 x+0
w

x2+ y2



1 1 7
3

2 . rfmml;  f I R2 * R hd fh1d2) - x1  x2
2

x1+ 3
, (x1,x2) z (O,O)

44uhi-I  47 1i.m fCxp2)  = 0
(x1,x2)+~0,0)

ii1 xlx2
f%*x21 = x2 + x2 I $,x2) f (O,O)

1 2

3 . 4aLAtt~  49 kim  3x2y4  = 0

g (x2+  Y212

5. n’mdl<  f I R2 + R Qulutnu

1

5 #ma%  yj0

f(x,y) =
0 Km*  y= 0

4&nAll#4usi;olJ  Dlf (0,O) , D2f(0,0)  w~n'~ln'u~rfJn$rnh  0

oth*lrhiuo~sbo4  f &n (0,O) rfluulnJ  LwltnO; u - (a,b)  w&l&%

Ii?  abjo

wudnah f Giordo&n  (o,o)

6. n’wnlti f I R2 + R ~Ulutnu

0 t-i?  xy=o

fbby)  =
1 ni xyjo



1 1 8

‘Wtdn&ot#'ui-&u  Dlf(",O),  D,f(.O,O)  ~vi~-l&wd~,htt~  0

olh4ltflmW0~J;IO4  f dqn (0,O)  r?inJlnl u = (a,b)  HI~I~u~~&

ab f 0

wudm&  f l~~oldo4d~n  (0,O)

7. fhunl4  f : It* + R fmutau

f(X,Y) =

i

xy

x2+ y2 n; (x,y)  f (O,O)

0 I-G (x,y)  = (O,O)

s4n1n'-l Dlf(O,O),  D2f(0,0)  Lmw~tdfl~~~  f &hk~,d~n  (0,O)

8. rimun'l~ f : R* + R Quwbw

fCx,Y) =

I

d
x2+ y4

rdo (X,Y)  # (O,O)

0 do (x,y)  = (0,O)

wt~m4~7o~J;'clJtlo4  f AFpl
2

(O,O)  rflwt?i~  u = (a,b) n1&1n* tm

Du f,(O,O)  = g rdo  a#0

9. n'-wfiCG f : R* + R Ruiutnu

(X#Y)  # (0,O)

(x,y)  = (0,O)

DU f(O,O) = abL
a*+ b*

ni (a,b)  tr (O,O)

wrrdm+  f Aordo4d~n (0,O)  unh?3o~;ir(qn  (0,O)



(x2+ y2)sin  -L
(x2+ y2.)

hl*  cx,y)  f (D,O)

G(x,Y) -
0 d"HJcI  (x,y)  = (0,O)

12. n’munl~  H  t R2 * R2 Qu?ufnu

(x2+ x2ein  i, y)  fht6J x+0
HCx,Y)  -

0 elweJ x=0

wdflido\d&  H Qol+lffusdqn  co,01

13. n*nqwCl~ AC;R",f : A+Rm QO@UC&I  c &~&qnn~ulu  A URI&

v C Rm

&QUIU  g t A + R frw g(xl=f(x)*v  IwhxcA,

wbdn4;l  g a-;JI c LLFW

&f(c)  (4 = (Df  (cl  (u))  -v Amfi  UER"



1 2 0

quIIu L7nrna; vctfun;7tnttRuu~  (gradient) uoq f ffqn  c

urmn’7u#~tinnW;  Vcf H~KI grad f(c)

squdnq;? Vcf = (Dlf(c), . . . . D,f(c))

15. 1; C ldU9nnlU?UUO~  A CR",  1; f J g : A -+ R r&~?rtj&"flo\rvlk~

dgn  c URZ  a e R

wrtdn447  (1) Vc(af) = aVcf

(2) Vc(f+g) = vcf+ PC4

(3) vc cfg) = fk)Vcg  + gw$f

1 6 . wnvh bnr rh~usi (gradient) ua4rT4rithioblddqn  (x,y,z) In 71~.  R3

(1)  f(x,y,z)  = x2+ y2+ z2

(2) gtx,y,z)  = x2-  yz + z2

0) h(x,y,z)  = x y z

*jr*


