
I I I I I I I I I I I
a=x,  x, x1 Xt x.  = b

J& 6.1 f-mtti~$u  P VDJ  I = [a, b]

~“tt~JlFu x0,  x1,  . . . . x,  TRJ  I 9w.hi7~  I oontiIui7Jdoo [x0,x,],  [x1.  +I> ..-?

[x.-l. X”l
GUlol 6.2 1%  f : I -+  R tilU~J~~U~Jij4iovtmr~~U~7J~~  I = [a, b] ’

LLAZ  P = (x0,  XI,  . . . . x,)  th~~ttLiJl%~i3Jt~~  I

filH?-U  k = 1, 2, . . . . n

Ifi  mk  = inf [f(x)lx  E [xk-!, kx ]] UA:  Mu = SUP (f(x)Ix  E [x~-,,  xJ)  67 URL m

$13 (The  lower sum) llOJ f &bO~~LWRU~JI%4  P {Cl  L(P, f)

IFlU6  L(P, f) = j, mk(xk-XL-,)

UREHRlJ7nL1U (The upper sum) VOJ  f &Xl~TbE4tt~J&  P &I U(P,  f)

‘I”fJd U(P,  f-)  = j, M,(x, -x,-,)





mk(xk  -x&  = mk(c  -xt-,)  + mlr(xk  -c)  Q m;(c  - xL-,) + m;(xL  -c)

UUWO  L(P,  f) = :i1' Itli(Xi-Xirl).  + mk(x,  --.x*-J +i=~~p"xi-  Xi-l)

k - l

* d Jl  mibi  - Xi-l)  + mi(c  - xb,)+m;(x, - c) +i=i+  fni(xi  - xi-,)
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Xi:!& M;  < M,  UR::  M;  6 M,

Lr(313X&t  M;(c  - xk-,)  + M;(xk  - c) 4 M,(c  - xk-,)  + Mk(xk  - c)

= M&k  - xk-1)

:..a k - l .
UUtlO  U(P,,  f) =  iZ,  Mi(xi-xi+).  +  M;(c-xk-j) +  M[(xk-CC)E

&JlU 6.4 ?hUI  I = [a, b] UA:  f : 1-R LilU~~ria’ir~ijuoyLuolUU$?J  I bfifl?R

dlJ (the lower integral) V&l  f IJU  1%
sa

b f kKl~

p= Isup L(P,  f)(P  zhwwLJ4~uuu~?~  IJ

.





#JSdlJ  6.1 l%cER  UEC f : [a, b] -+  R ImA  f(x) = c vp  x E [a. b] da f mEin

kU  [a, b]

dgtd  IH’ P = 1x0,  X,, . . . . xn]  LhlRUl.hf?Ubl  3 WIJ  [a, b]

CkfU L(P, f) = i!l mi(xi- Xi-l)  = c(b-  a)

LLFC U(P, f) = i% Mi(xi-xi-,)  = c(b-a)

LW5lt0d.b  1: f = 1: f = c(b-a) #

= n(n+l)
2n2

= !(1+i)

.
L&IJ1ln  IP.lnEN]  s [PIP  dUWlUriJ#UllOJ  [O,  ljj

ii& !j = SUP (UP,.  g)(nEN]  d sup (L(P.  g)(P  dU~RtttiJ#Ull&lJ  [a, b]]

lEGi



thoth~  6.3 fh1Tip161  h : [0, l] + R b0~ h(x)  =  x2 n(n 7 x  E [0, 1] ttt% hwf%un^nr’R

r&Ju [o, l]

UP,,,  h) = O’+l*+  . . . +(n-1)’
n’ = f(1+n+2;*)

&a: U(p,,h)  =  1*+22+n3-.  +‘* = +(1+$+2+z)

kJn’l~l?k% f = sup iL(P,,  h)lnENj  6 sup (L(P,  h)lP  t!%4Wdd&  [O, l]]

= SPh

LtAt: 5:  h = inf [U(P,  h)lP  t%4Wdttl.!4&  [O, l]] Q inf (U(P,,  h)[nEN]

1=-
.3
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iiG*  f niiWins’Rlh.4  [a, b]

lim U(P,,  f) = ]if = lim L(P,,  f)

hKi1a 6 . 5  I$;  g :  [ o ,  l] - R hOi  g(x) = x vp x E [o, I]

IIY  P.  = 110,  it i , . . . . G, 1)  LihWt~J&lJOJ  [0, l]

wwhori7~J 6.2 l&7  lim (U(P,: f) - L(P,,  0) = lim  i = 0

Tnuvnunrn  6.6 g n7&4FinTi=4M.n4  [o, I] UR:

5: X(1X  = limU(P,,f)  = lirn$(l+~)  = $ . #



2 0 4

eiieh  6.8 I$  h : [0, l] + R h”ff  h(x) = x2  7” 9 x E [0, I]

EPp, = to,  ;, ;, . . . . y,1> tSuHRtlliJ~uu*J  [o, l]

~lllcr?Ou’lJ  6.3 kh lim (U(P,,,  f)  - L(P,,  f))  =  lim  i =  o

&&A Twunttn7n  6.6 h vGu~n%I~~u  [o, l] tt~t

j: x’dx  =  limU(P,,f)  = lim f (l+$+-!-2)  = i

#

#

1. 61 f(x) =  cqn  x E [a, b] W~QP$<l  1: f = c(b-a)

t

1 &x+1
2. ?ilyLUGI  f : [0,2]  + R l@und f(x) =

0 ??Ix=l

rhuti,  g  : IO,  I] -+  RkUti  g(x) =
0

3 .
o<x<;

1 i<x<l

0 x tiJu~3wtu:
4. imu@  h : [o, l] --t  R k1u4  h(x) =

I x tOuos3snuz

i~~tirra~+t.  b mEufinr’Ald&m  [o, 11

5. riinua  f(x)  =  x-‘vjn  0 < x d i 9~tt~a~17  1: x3dx  =  t

(LlUGl  : 13+,23+...,  +m3  = [im(m+l)]‘)

6 . IilVlUFl  f : [+,  b] * R 1%.0?JI%i&hl~lJt~~YU  [a, b] &lfJ?!  f(x) = 0 UnliU

LQWI::  x E [c,,  c2,  . . . . C”) t&4 ww^pii7  f nGiufinfklb4  [a, b] tt(J::

jPf=O





mi(9 = inf [f(x)Ix  E [xi-,,  xi])

W23) = inf [g(x)Jx E [xi-,.  xi]]

mJf+g)  =  i n f  ((f+g)(x)lx E [xi-,,  xi]]

&m-in  f(x) d Mi (r) 7-p  7 x E [xi-,,  xi]

g(x)  Q W(g) vn 9 x E [x,-l,  xi]

t&4  (f+g)(x) = f(x)+g(x) < Mi(f)+Mi(g) v”  9 x E [xi-,,  xi]

~Jn’l~~‘%l M,(f+g)  c Mi(f)  + M,(g) qfl  7 i = 1, 2, . . . . n

~~arluviiua~~~u?~u~:oJ~ln  mi(f) d f(x) vp 7 x E [xi-,,  xi]

di9  Q g(X)  qn 9 X E [Xi-I, xi]

&lfU  Illi(  Illi  4 f(x)+g(x) = (f+g)(x) yn 7 x E [xi-,. Xi]

~JTillHy~~l  mi(fJ+mi(g)  < mJf+g)  YJfl 9 i = 1.2, .__,  n

LW’IltO:~u U(P, f+g)  < U(P,  f) + U(P, g)

LLtJ:: up, 9 + up, 9) 6 up, f+g)

lhao U(P, f+g) - L(P, f+g) < UP,  f) - L(P,  f) + U(P, g) - L(P.  g)

d UP,,  9 - up,,  9 + WP,, g) - up,,  g)
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E E

<?:+z  =E

9iol¶.oruanJil j; f+g =  j;  f  + j;  g

rilnua  ~1~0

dOJi)lrl  j;  f = 3; f = inf lU(P,  f)lP ~ht4WliJ??UlJtlJ I]

uar \i g = j:  g = inf [U(P,  g)lP  ~hUF4UliJiYuUOJ  I]

~JlfU P:QuaudJtu  P’, P”  llOJ  I4J

U(P’,f)<  jif+  ;’

URZ.  U(P#,  g) < j;  g t- ;’

11: Pf = P’UP” KJh4 P*  dU~JRLLdJ~U210J  I hx&hT-h  P’ UFC  P”

LLR::  u(P*,  f+g) 6 u(P*,  f) + u(P*, g)  6 U(P’,  f) + U(PU,  g)

< jif+ ;‘+ s: g+$ = j;f+  j;g+E’

&su”u  1; f+g  = j;  f+g  6 u(P*-,  f+g) < j;  f + j;  g + E’

L:OJillfl  E’ L@4’hu?U’3~JY?dFl  3 ‘8J&

j;  f+g  c j;  f + j;  g

hilU~J&Y-dih  Lw57ch



2 0 8



209



U?lllFl-ftI  6 . 1 5 6-l  F? = fq,  x,,  . . . . x.1  tihf4RttLiJT%4‘lJFlJ  I = [a, b] LLR:  f Mlhfin?R

ll) thHfUYUdR~ilU?U?~J  &>O  TlXWlXWWRttdJ&4  PC  = (xg,  x,,  . . . . x”)

YOJ  I lm’  ’ 45  6, (M,  -,md(xr-xlr-,)  c E

8) ki~T~ttiR:ii~a~9SJ  e-0 GhRuu’~fYi4  P, = [~g,  x,,  . . . . x,,)  WlJ  185

k!, wk(xk-xkwl)  < E Lib wk  = sup [f(x)-f(y)(x, y E [x,-,,  xt]] dlH%J  k = 1,  2, . . . . n

ii&  twJu?i  f ~l^ouGin~R1&Ju I

h.wp&n  6.5 ?riiuRudJ&  PC  = 1x0,  X,,  . . . . x3 ‘UflJ IT”Oi4

up,,  r)  - up,,  r)  < E

”
lhi%  f, (Mr-md(x,  -XL-,) c E





212

4&i filHU6l  &>O x4  a(&)  > 0 BJn;  x, y E I Inui  )x-y1 < J(E)  lLt%

If(x) - f(Y)1  < &a

‘Ifl  n Lih41uauuILI~J  n > @$

LmlHY P = (x0,  x,,  . . . . < m

y1n k = 1, 2, . . . . n

tWl:Qt&:‘l&  wk  = Mk -mk

= sup (f(x)  - f(Y)lX,  Y E B-1%  x*ll  G i&

y1n  k = 1, 2, . . . . n

“8 ” & b - a
@lJUU k:, wk(xk-xk-,)  < - * n  * - = E

b - a II

hnqwjun  6.16 f vduCins’AEha4  [a, bi

mk = id{f(x)  lxEhk-l  ,‘xk])
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G, = sup{lpof(x,~  XE[X,-,  ) x,]}  Gl,  = ~fbfC4 xa-, 7 %I1

&I?U k = 1, 2, . . . . n

UAr  A = (k  E (1, 2, _..,  n]  1 MI,-mk  < i3]

B = [k E (1, 2, .._,  n]  1 Mk-mk  > 61

Lbl”  i&i%,  = sup [@Of(X)  - cpef(y)  1 x, y E [x*-l,  Xk]]

‘&4 ni klEA  LLW:  x, y E [x*-,,  xL 9] zli If(x)- f(y)1  < 6

&hGl~~l lIpof  - wf(y)j  < E-’

lb.& oi kEA%\@h  ii&;;;,  6 E'

LlfCi kzA  (~k-~i,)(xk  - x,-,) < e’(b ‘a)

UFdl kEB8:~;h  &,-iii;,  Q 2K

&h  kzB  (iii,  - Gk)(xk  - xk..,) Q 2K It& (x, - xlr-,)

UA~L~OJ?lfl  6 < M, -mk &h kEB  UWTEQZI?u

z (Xk-xk-J  < 1
b kEB

z (Mk - mdtxk - xk-l)
kEB

Q f (U(P, f)  - L(P, f))  < d < E’

&u”U  x&(k?k  -i-&&x,  - xk-,)  < 2K & (x, - xkel)  < 2K.c’

i)q3,yl&u  up. cp0f-J  - up. cp0f-l

= k&  (Gk-~k)(xk-xk-,)  + kzB  (Gk-%&k-Xk-I)

c e’(b-a) + 2K.c’ = E

h.mp&n  6.5 cpef  dGinr’A1h.b  [a, b] #
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2 1 5
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fiiqd  ni  x, y E I hd xc y URYI)  hJYlK-jl+l  6.14 18i.k

Fa(~)--Fa(x)  = j: f - j: f

= j”a  f + j: f - j: f = j; f

t&.~a7n  f~iikKi3I&tu  1 &&A  eGiiuxb0~~  e-o&  If(x)1  Q icy-~  xEI

hl~l$JdX3lOlJ  6.24 %+I

IF,(Y)  - F,(x)1  = 1 j: fl < j: If1  Q WY-X)

ri~nusl  t:>o tton  a(~)  = k

Ia  x, y E 1 I”“6 lx-y1 < d(E)  t&a a:16

IF,(Y)  - F&4  Q Klv-xl  < 6
&&A F, d~LikJO~lJaillR~O~U I #

1iixEITblu~  0 < Ix-c]  < a(&)

nrfiin’  I 0 < x--c < d(E)  Hi0 c < x < c+B(&)

.F)t~ti<l  F.(x)-  FJc)  = j: f - j’a f

trtxTwnrp@n  6.14

F,(x)  - F,(c)  = j; f

LWSl.&u  F=(x)-F,(c)  _ f(c) =e s.
x-c & [ s: f - s: f(c)1

= & 1 j: f - f(c)/

Q && jE”  If- WI

< 1. & .X--c = Ex -c
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nsoi~ 2  0  < C - X  c S(E)  nio c-m c x  c c

A~'3riluoJL~U3~~yY7J~uFl~mY

1 w;(x)  - f(c)l < e

Lwl:~l F.(c) - F.(x) = F.(x) - F,(c)
c - x x - c

&l.k 1 FJ;IJc)  - f(c)1  < &

u’uikl fil XEI LLfc  0 c Ix-cl < S(E) rrh

I
F&4-  F,(c)  _  f(c)l < e

x - c

UA:l~il  lim  Fa(xjI  F(‘)  = f(c)
x - c

IWflXlfU F. H70@i&%+  c LLAr  F;(c)  = f(c) #

TIqY$Jn  8.27 nq~jYnn~n~AYoJLL~~Q~~  (The Fundamehtal  Theorem of Calculus)

filHUS\ f &~%?xW%~~~OL&N~JU+X  I = [a, b] UAY?

lk%i.b  F : 1-R Wfo”&1&4~ui~

F(x)-F(a) = .i:  f rp xEI

r%iOLdO  F’(x) = f(x) qn 9 XEI

+I; WJ&J6?  F : I-rR  kVJ~ F(x)-F(a) = j:  f y1rl  9 xEI

&U  dV&iJVJfl xEI  9:j%l  F(x)-F(a) = F,(x)

hJtltJl+l7l  6.26 iJb% F’(x) = F;(x)  =. f’(x) 7” xEI

hnxmfY~  auuf  F: I-rRI@“$ F’(x)  = f(x) 7-p  XEl

Ll’4WA&  F ’ ( x )  = F;(x)  ‘1”  xEI

huununm  5.9 orifimd  c 95  F(X) = F,(x)  + c qn 9 XC I twmti7 F,(a) = 0

LWI%X&U F(a) F c

URt F(x)-F(a) = F,(X) = 5: f y1n  9 xEI #
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s: f’g + fg’=si  h’ = h(b)-h(a)

= f(b).g(b)  - f(a).g(a)

variable)

{“,  f(q(t.))  * cp’(t)dt  = jz: f(x) dx

t&j’6  I<  c = (p(a) LLRZ d = cpcg)  kIVlr)~&lYl  4.32 I = q(J) tikLi?J%  UR: c,  d E I

LWflh  f Vi&W I ih2.J  F : 1-R kKl

F(u)  = s; f(x) dx n(n  uEI

LtRtlg  I-I  : J-+R kIU$ H(t) = F@(t)) 7” tEJ

buntpljvn 5.4 H’(t) = F+(t))  * q’(t)  yp tEJ

t~&U7l~W$lTl  6.26 F’(u) = f(u) 1” uE1

“&u”U  H’(t) =  ‘(q(t))  .  q’(t)  7”  tEJ

L:OJi)lfl  H(a) = F(cp(a))  =  F ( c )  =  0

hmptjm  6.27 Ei-ii

11 H’(t)dt  = j: f@(t)) . q’(t) dt = Ho-H(a)  = H(B)

LLAWd~l~‘il H(B) =  F(&3))  =  F ( d )  =  _SC”  f(x)dx

LWfl:Q:&4  56’ f(cp(t))  . q’(t) dt = j:t f(x)dx



?lE&Wl  6.31 nQV~unsilnRlJdlYI~~YijU~n~R  (Mean Value Theorem for Integrals)

tiiniun  f tilU~~r%.bireiotiLwU  1 = [a, b] ttRt p tiZlUr;TJl%.4ftvG.4%~t7~~

IJU  1

bid p(x)  ) 0 In XEI t&a Psi  CEI lslu~

sz f(x) . p(x)  dx = f(c)  j; p(x) dx

+a;  TmunqvjUn 6.18 uw:nqu$n  6.23 G&4  fp diufin%i~Eiuu I

I?? m = inf f(I) LLA: M = sup  f(I) G&

mpW  Q f(x) * P(X)  < MP(x)

Tnumttnsn  6.lob?h m 1:  p < ji fp $ M 1: p
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s: fp
Tvwuntmn  4.31 otii  cEI&  f(c)  = -

sa”  p

ah  Ja”  fp = f(c) 5,”  p #

lJ?lll?l7fI  6.32 61 f ‘iiElLhUU  I = [a, b] 9:; cE1  iJ jf f = f(c).(b-a)

tipod wailinn~w~un  6.31 I@LllK p(x) 7 1 #

f(b) q = f(a) + y(b-a)  + . . . + P’(a)
- (b-a)” + R,

n !

R, : = b la” (b-t)” df@‘(t)

:= $ [ - ( b - a ) ”  e”‘(a)  - iie)(t)d  (b-t)“)

:z -$ (b-a)” c”‘(a)  + & j: (b-t)“-’  p)(t)  dt

:= - >b - a)” f’“‘(a) + d si (b-t)“-’  df’“-‘)  (t)

zz - $ (b - a)” f@‘(a)

+ & I-(b  - a)“-’  f’“-“(a)  - 1: f’“-‘)(t)d  (b-t)“-‘]

= -$  (b-a)” p’(a)

- & (b-a)“-’ @““)(a) + & ja” (b-t)“-’  f’“-‘)  (t)dt

= -& (b-a)” *“‘(a)  - & (b-a)“-’ c”‘“(a)

+ & j,” (b-t)“-’  de”-*’  (t)
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L~oJm  n LilUilU?Uu'tl  Gi& 1;Y7W”73ldU~L”.rR~~~~~U~”  LWTlrQ:&
”

R” = -$(b-a)”  f’“‘(a) - h (b-a)“.’  f”-‘)  (a)

- & (b-a)“-’  p-“(a) - . . . + 1: (b-t) f”(t) dt

= -2  (b - a)” f”‘(a) - & (b - a)“-’ f’“-“(a)

- & (b-a)“-‘@“-*)(a)  - . . . + JL(b-t)df’(t)

= -5 (b-a)” f’“‘(a) - & (b-a)“-’ f’“-*‘(a)

- & (b-a)“-’  p-*)(a)  - . . . - (b-a) f’(a) + 1: f’(t)dt

= -5 (b-a)” f@‘(a)  - & (b-a)“.’  p-“(a)

- - (b-a)“-* pm’)  (a) - . . . - (b-a)  f’(a) + f(b) - f(a)
1

(n-2)!

.+yJ& f(b) = f(a) + (b - a) f’(a)+ (b - a)* f”(a) + f’“‘GNb  - a)” + R #
I ! 2! ... + nn !
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1 . fhU@l  f ~?h&%?Jf%dCllhlJLM  I = [a, b] LLAZ  H : 1-R  %JllJ~W H(x) = jp f

vp XEI i)Jtmil  H’(x) (i-p&J  XEI

2. i)JHl F’ &O  F %JlUuu  I = [0, l] $J@iO\&

fl.  F(x)  = j:  sin(t’)dt

?I. F(x)  = j;’  (1 + t’)-’ dt

f~. F(x)  = 112 mdt

4. F(x)  = j;“’  cos  t dt

1
3. ULllU  L : (0, ‘P)  + R h L(x) = j;  i dt i=hH%J x>O QJLLIGIJ~I

n .  L’(X)  =  !L  vp  X>O

II. L(xY)  = L(X)+  L(y)  v-p 7 X, y > 0

fL L(x”)  = [IL(X) pfl9 x>O LLFi:  nEN

4 .  .JJn1fhiMnGiab!if

n-  si x6;2dx
fi

21. j; -
1+fi

d x

1
c1*  5: xx/i  dx J. j;  L dx

x(x + 4)

6 . hWa I = [a, b] UR:  g : I-R LhV?Jf%NkILdCIJYU  1 LWl$i%kU?U??J

K>O +J /g(x)1  < K j:  lgl  7” 7 xE1 QJi?@l  g(x) = 07”  7 xE1

7. riinun  I = [a, b] uA: f, g Sh?~i?hi~~~~~~u  I lw6  5: f = j: g

1Ji?+il  ‘Jt<  cE1 t, f(c) = g(c)


