
4.1 %hMdJ6&  (Limits of Functions)

4.1.1 ii”lu&ld

ihlU  4.1 ilMUn A G R, f: A - R ttWr c r~u@%l  (limit point) llElJ A LTlTXhl~l

hU1U6J L adh.4  %hWIJ  f 6!@1  c ( L is a limit of f at c) ~ldlM%J~lU1U6J

E> 0 1617 tmIlsnnlhu?u6J  6> 0 16  &ii1  XE A LtX 0 < ( x - c I< 6 tthh%

If(x)-LJ<&



L  =  plcf &I L= trnc  f(x)

riqnj  15  L’ = lim f (x) tt63t L” = lim f (x)
x - c x - c

iilMU@l  E 7 0

L-lUiiUlU  4.1 11;;  6,  >o hJ$  ii1 x  EA ttx  0 < 1 x-c (<6, t&J

1 f (x) - L’ I < ;

LtR:: 111” 6,  >O  b”d n"7  x EA LtR::  0 <I x-c I < & ttik

I f (x)  - L” ( < ;

t&n  6 = min { 6,,  & }

I&&  ihxxEA  LLA::O<lx-cl<6  ttfi?/f(x)-L’I<;

Ufi:: 1 f (x) - L” I < ;

LibWlTl  c tfh~R%hl~J  A ‘l$ x EA hJ$  0 < I x-c I<  6

a4 1 L’-L” 1 = 1 L’-f (x) + f(x) - L” I

5 I L’-f (x)  I + ( f(x) - L” 1
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iihh 4.1 iilVM b ER LLFI::  f : R - R iitnuhu  f (x) = b ??-I  7 xE  R t&

lim f (x) = b
x - c

If(x)-bl =  lb-b\ =  O<E

l.iU%l  ;S, f (x) = b

#

eiiSt)lJ  4.2 ‘lit f : R - R ~!JlIJhl  f(x) = x y1” x ER LtR,’  n”l  c tilJUhU?U6J  “I

h&2 IA f (a:) = cx _ c

&pi  iinum  E  >.o  L&m  6 =  E

1s  x  Lou%lu-JuP~J  T@“d  o <  1 x - c  I<  6 LLtvJ

If(x)-cl= IX-Cl<tj=E

iuh p;,  f(x) = c

#

&Sth 4.3 1% f : R - R ~fJlIJhl  f(x) = x2  tt& !imx-c f cd = c2

ripi  iilMU@l EBO t3m 6 = min { 1, E
Zlcl+ 1 1

1c x r0uPlu7uofJ  Id 0-c / x-c I<  6 51

LWWYh  I x I = I x-c+cls  1 x-c I + I c I

Lw5lwhJx~~~l+jcJ  LLR::Jx+cJ~]xJ+~c~<l+2)cJ

tttx ) f (x) - cz I =  Ix2-cZI  =  Ix-cl  (x+cl

5 ~x-cl(1+2~c~)<6(1+2(cl)

E
<

2lcl+ 1
(1 +tlcl)  = E

h&l  y, f (x) = cl
#
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liU8OOCJ-<J-  fil oilx-c~c;
cx Cl

lftln  6 = min { f , i E }

ti&J 4.5 pz
x’  - 4 4
I =x +1 5

f&d  b?f:R - R hotif(x yt”  XER
x +1

ilHWlE>O  tikfl  S =min{  I,$ c}

1% x th3luau~~ J h\uA 0 < x-21 I< 6

‘+?J&.i  Ocjx-2)Kl  dh l<x<3

tttir 5x’  +  6 x  + 12 5  5 (3’)  +  6 (3) + 1 2 = 7 5

5 (xl  -t- I) - 2  5 (1 + 1) = 1 0

nmx4r~u If(X)-;  ) =
I

x)-4 4
I - -
x +1 5 I

= 1 5x* + 6 x + 1 2 1 ) x - 2 1

5 (xl  + 1)

#



&pi  au$ limx-,c  f(x) = L

CTU~?I  lim f(x) # L dJ?lU1UP?J  E >0 rijJ?il  6 dUkU-JUP?J
x - c

O<lxm-c~l<!  -c l
n n,  < E’
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8JiJu”U  f;‘m- c f (x) = L ’
#

4.1.~ I~~U&II~~OUI  (Divergence Criteria)

nq”jjUTl  4.3 ilMU61  A L R, f : A - R LLW”  c Lk@hllJOJ  A

$-&4 4.7 I< sgn  : R - R iid@IfJ

61x # 0

61x = 0



109

1 0

0
- 0 -1

5.d  4.2 sgn (x)

1l.l  4.3 g (x) = sin f (x f 0)

LdoJWn sin t = 0 61 t = kn hlf?  k lfiUh&?UL&.J
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LLW:: Y. =  (4 +  2nnp

c

&JlZU  lim xm = 0 LLR:: lim y. = 0

LW~lZ11  g (x.)  = sin n x = 0 CdiJu”u  lim g (x0)  = 0

LLC lim g (Y) = 1 tdilJil7n  g (y.)  = sin (9 + 2 n n)

ii1 lim sin i
x - o

vwfilI6

I@IUVlfp+l  4.2 limOsin  ! =X lim g (xJ = lim g (y.)

tt4tiiawn  lim g (x.)  f lim g (y.)
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16lJlJ~n* 4.1

1 .  aJfiannr?t’Jou1uuoJ  Ix-11  darYm

n. 1x*-i I< !
2

2 .  hUR  c  LilU@%WNMVl  AG R LLR::  f  :  A -R

aJ$%jad+  ;ic  f(x) = L Aviordo  irnc If(x) - LI  =  0

3. ThU’il  f:R-R UFC  c E R WG%addl  lim f(x) = L fidEl& lim f(x+c) = L
x - c x - c

4. tWU7  f : R-R, I C R tilud%Xik  UI::  c E I

61  f,  L~U~~J~%U?!~?%WIJ  f l.ll.4  I (f,  is the restriction of f to I)

aJfi~u8l.b  f, HlCil8ij@6i?~ c 16  idard~ f Ulfi76ih~td~R  c

UR:  ;rnc f(x) = irnc  f,(x)

6. fi7nuR I = (0,a).  a>oltR:: g(x) = x1  yn x E I

(ilvi~ll  x.c  %il  ‘I 1u I aJ+i~aazl  (g(x) - cy c2a (x-cl

ufslhfunnd~qarli~  $mc x2  = c’ d&iJ  c Iflq  h I

7. It? I E R LhhJ  f: I-R US: c E I W@ld+lU?U6J  K UR::  L

hfi If(x)  - LIs  K Ix-cl yn  7 x E I uhaJS~adii

irnc  f(x) = L



¶I.  l i m  -2 1
x - l  1+x

=
z

fi. lim LY
= I)

x-0  IXI

x2-x  + 1
4.  lim - = 1

x - l  x+1 2

(x >O)

(x+0)

(x lo)

n. lim A
x - o  x*

(rc  9)

II. lim J-
x-o t/E (x >O)

+9.  imo (x + sgn(x))

J.  irno sin F, (x-f01
X

12.  fllHW f : R-R LLR::  lim f(x) = L I$~>~LLR::  g : R-R
x - o

TWJ g(x) = f(ax) yin  x E R

UJAfp.l-il  l i m  g ( x )  = L
x-0

.
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4.2 ?Np&JvHWbY~~~  (Limit Theorems)

iUlU  4.2  1;  A c R f : A -R LLI::  c t%C@kYDJ  A

twndi?%  f ?FIIo~~~ww~~?~~u~@I  c (f is bounded on a neighborhood of c)

66 E >O ttfwh~d  M 70 45  1 f(X) 1 s M YjfI  1 X EA n N,(C)

nqvjun  4.4 7hnum  f : A - R 61 f  Hl6l%@lk%5j6l  c  tt63 f  X%lE)UL9161Y~t?~

dlU?@-l  c YlJdW

6~iJu’M ?E; 6 >0 ‘%J& 0 < 1 x - c 1 < B LLX x EA t&7 1 f (x) - L 1 < 1

ido -l*< f(x) - L < 1

tW77zQziu  fil xE A n Ng (C) k1,04  X # C Uh

If(x)/  slLI+l

ii7ceA  ‘Ic  M = IL\ + 1

6lcEA I[fi M  =  m a x {  / f(c)I,/Ll  +  1)

~&fil:u~AnNg(c) tth  )f(x)l<M

I.&;~cI f iiuauww%atiiuy  c
#

ihl 4.3 ‘II! AC R f : A - R Lilt g : A - ‘R

f&~Uhf?h  Woman  (sum) f + g ~Jt%WJWklJ  (difference) f - g

dJT%4WR$TU(product)  fg YUt%W A SKI

(f + 9) cd = f 0) + g (x)

(f - g) (x) = f (4 - g (x)

ttn: (fg) cd = f (4 g w vy xEA

ttWfi1  b t%44lU?UTl?J  t~l~OlXJflJf%UW~~~  (multjple)  bf ~WJ

(bf) (xl  = W(x)) nn  “[ XEA

g
(i ;, (x) f(x)= - yqXEA

g w
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nt)bljlJTl  4.5 tilHU@~ AC R f : A-R, ,g  : A -R c t~U~@~i%laJ  A ttFI% b dU

4luauof  & 1

?l. til  lim f(x) = L LLFi:: lim g(x) = M t&J
X - C x - c

l i m  (ffg)(x)  =  L + M
x - c

$mc (f-g)(x) = L-M

f;‘mc  (fg)  (xl = LM LLI:: l i m  (bf)(x) = bL
x - c

Y. 81 h : A - R I”Udh(x)  f0 Y??ll xEA

LtFCni  limx c h(x) = H # 0 tlh limx-c  ($x)  = k

k@ n. 16 (x.)  lihb?Jbl  ‘j IU A kd xn  # c LLW::  lim xn  = c klWl+JYl  4.2

lim f(x*)  = L LLA:: Iim g(x.)  = M

tta3mnrp~m  2.5 Vi%

lim (f +g) (x.) = lim (f(x.)  + g(xJ) = L + M

lim (f-g) (x.) =  l im (f(xJ - g(xJ) 7 L - M

lim (fg) (xn) =  l im f(xJ  g(xJ =  LM

tti% lim (bf)  (xJ  = lim b(f(xJ = bL

hia lim (f+g) (x) = L + M
x - c

p,  (f-g)  (x) = L-M

lim (fg) (x) = LM
x - c

LLI:: ;mc  (bf)  (x) = bL

Il. I$ (x”)  Lb4h+iLlb  A blur xa  # c LLR:  lim X~ =  c

hnq~~un  4.2 lim f(xJ  = L LLRZ lim h(xJ  = H

f(xJ  L
Fh.fU  wpntp$M  2.5 lkh  lim ( k ) (xJ = lim -

h&l  ljmc(i)(x)  = k #

h(X”) = if

cn”DriN  4.9 lim x2  = c*
x - c

iQOri  ‘JlTlklOdlJ  4.2 lim x  =  c
x - c
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Fihh 4.10 81  c 170  b& lim ! = !
x - c  x C

fiiJdi fll c>O LA’1  l i m  x  =  c70
x - c

Taunq~~Yn 4.5
lim 1 b”-,  1 1
x - c  - = =-

X lim C
x-c x #

fiiish  4 . 1 1  lim (x2
x - 2

+ 1) (x’ - 4 ) = 20

rjgori  kwnt-p~un 4.5

ljm2(x* + 1) (x’ - 4) = x 2lim (x’ + 1) frim2(x’  - 4)

= 5x4 = 20

x3  - 4
fidlJ  4 . 1 2  lim I

4
=

x - 2 x +1 i

fiiJOti Ldi)Ji)lTI  Em2x’  +  1  =  5  # 0

lim xl-4
ijm2  (x1-4)

4
x-2  -- =

x*+1 lii2(x2+1) = r #

eiiah  4.13 lim x*-Q 4- =
x - 2  3 x - 6 j

x2  - 4
lim - = 4
x - 2  3 x - 6 j
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nt)k$J?l  4.8 ilHU@  AC  R f : A - R c$u@i$j@-~yoJ  A

fil a  sf  (x)  I b  Yj?l  1 xEA,  x  # c LLWfil  lim  f  ( x ) Mldl~&LAj
x - c

a<  Cm f(x) <b
x-x

LltX  lim xB = c hntp+l  4 . 2  l i m  f(x”)  =  L

uFcL&~Jem  a 5  f(xn)s  b ‘IWJVifp$Jn  2.8 !&k

a 5  lim f(xn)  5  b

k4&1 asEmcf(x)sb

ll~k&JTl  4.7 ‘I$  AC R f, g, h : A - R c  dbA3,‘X%mYn~  A

ii1 f(x) sg(x)  I h(x) dldJ~?l  1 XE A, x # c ttRtfi1

lim f(x) = L = lim  h(x) LlCj?  lim g(x) = L
x - c x - c x - c

ikpri  wwnnfpt~m  4.2 tm:nfp$n  2.9

m”?tNh  4.14 IjmO  x3/’  = 0 (x > 0 )

i$lQ  Ir;; f ( x )  =  x1’* din5%jn  x 7 0

&mm  x-c  XV’ 5 1 fiw-hyn 1 x ii7 0 -z x 11
w

#
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‘II?  6’ = min { 6, 1 }

IP; x  lUuQlu?uaSJ  b”Si  0  <(x-01<6’

&IL/f(x)-01  =

iUftl  GmO f ( x )  =  0

If/,,,1 (X)-O/<&

9ihh  4.15 liTno  x sin ! = 0
X

*
6JiTU I sin t 1 25  1 51x  # 0

iU%l Ixsint  /Ilxl ii1  x # 0

LWT1X& +1x(  S xsini  2  1x1 $1  x # 0

LW3lZ:jl  l i mx-o-IxI  =  0  =  liiolXl

hnqu~m 4:7 Mii ijmoxsin!  =  0
X

ihJlU 4 . 4  %Ac  R  LLRt f : A - R

%~liJ  1 f\: A - R hd 1 f 1 (x) = 1 f(x) 1 Y-!fl ‘J xEA

nqM$Jll  4.8 ‘Lii  As R f : A - R LlCiz  c LflU~a%hllJaJ  A

ii1  l i m  f ( x )  MlfilI~Ltl?  lim  ( fl ( x )  HlCilVlhl  LLFI;
x - c x - c

;rnc  1 f i(x)  = ( lim  f(x) 1
x - c

#
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rSpd  Iii lximc  f ( x )  =  L

r’l1VJ-M  E>O 1h1  S>O  h.~d t+h  xEA llR:  O<Ix-cl < 6 tth

If(X)-L(  <E

tdaJ17n  1 If(x) 1 - 1 L  1 1 5) f ( x )  - L  1 h+JYg’2fI  xe A

?hb%iil 1 ) f(X) 1 - 1 L ( 1 5  ) f(X) - L ( <E

81  XE A  LlR::  0 <  Ix-cl  <&

hkl  fin,  1 f I (x) = IL I

ihl 4.5I<AACR  f : A - R  hldf(x)sO TnqxEA

fh~fi:A--R  TsluJf(x)=Jfi;r,  ?nxEA

A

#

nfpjun 4.10 19;;  AC;R f:A - R tlfc  c tihgdG.huo~  A

fh 1’;mc  f(x) ,o tt&?e&i1u-~uir3~  wo Iwfi f(xg0 fhfqn  7 XE A n i$ (c)

llt3~ZUfllUDJlGiU7fiU  ii1  ;mc  f ( x )  <‘O llt%9::?JBlU?U63’aJ  6 > 0 Infk f(x) < 0

i%Jd  111’  lim f(x) = L LlI’.  L >O
x - c

[ f(x) - L [ -CL

iuk3  O<f(x)<2L

lWn’,Q:l.h f(x) > 0 777  7 x E A n NE (c)

ttw~lumfii  l i m  f ( x )  =  Lc 0  FijgTdViIUYhU~JtdfJ?n”u
x - c
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66lJlJihh  4.2

1. BJnldl~~~vi0ld~

?‘I.  ljml  (x+1)  (2x+3)

Y. lim x’+z  (X>O)
x - l  x - 2

A. ljm2  (J-  - rt;)
- x+1

J lim Ix+l’
- x-O,‘Z

Izx
TI.  Em2 d----

x+3

X l - 4
21.  l i m  - -

x-2 x-2

fl. lim
(x+$-  1

x - o X

J . *im & - 1- -
x - 1  x - l

3. iNHlfi1 lim
JFz-JG3z

x - o x+2x1

(x  E RI

(x> 0)

w-0)

6 E RI

(X>‘O)

c-0)

CC-O)

(x> 0)

(X>O)

UVi $moxcosi  =  0
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4.3 %k&Jl&J~  (One-Sided Limits)

dUlU  a.aI<AACR  LtR::  f : A - R

IL ii7 c Lih~C~%hlWlWl  A n (c, Q))  da LYilnil?ilh4?U=d~J  L LilU?iib!

fhJWTlltlJ  f d?Fl  c (L is a right - hand limit of fat c) Utm%nwIU~ai?o  lim +f(x) =  L
x - c

tkdivtfyn  1 hu-~uo~J  E>O

mlfnnl  8=-o  d~fil  XEALLW  0.~  X-C <6 vfi?  1 f(X)  -L  1 <E
V. 61 c tilU~d6.hYaJt’ifol  A f~  (-03,  c) tth  tWldl7hJ?U~~J  L tilU:ijVl

u’lJ&IlllklJf  dpn c (L is a left - hand limit off at c) ttt3~t%lUttVlU6Xl  ,jm,-  f(x) = L

fmhfuyn  1 Biuau64 E > 0
AlUiSn Ml 6ro dJfI?  X‘.%At~%d~C-X~~  Llh  / f(X) - L ) < E

Tlq"ijlJtl  4.111t;iAS.  R  f : A  - R c tih~cl%hlIl~JLCd9l  A n(c,a~)
LLRZ  L tOuQwau33JttKa

lii,+f(X’  = L iieiotiia  cidiqn  1 thYu  (XJ  lu  A un:  xm >  c

yln3iuaut.b  n ii7 lim xn  = c u&a  lim f(xn)  =  L

t$d &J%%i%ltl~ltl~ln~fJlU 2.3 ttdkll8.J  4.6 -il ii1 Iim f(x) = L
x - c +

UR::  (xJ th6lh hf!  xm  CA  n (c.  00)  n,n~luauir,  n ME lim x= = c lltb

lim f(x,)  =  L

!uniJniSlrn’uri7nu~i~~~n~~~n  7 ij7h1  (XJ  hod ?,EAn(c.  0~)
61 lim x. = c ufi?  lim f(xn)  =  L

~U+iil  lim f(x) # L 6Jiju”U
x-c+

xii &>O

UR::  dinr”YudarPiuauC~  n ilrii  X, EA  n (c. 03) hd

o< X, -CC  i LLn: 1 f(Xm)  - L 1 z E qnhaw% II



llqkljlJll  4.12 Ii; ACR f : A - R c ~~U~~~%~UOJ~~FI  An (-CO,  C) LLR:  L dU

31umaf Jttstl

Em;(x)  = L  +iot&  l i m  + f ( x )  = L  =  f;‘i,-f(x)
x - c

d;d tffUVlhl~1  61  lim (f(x) = L tth  lim
x - c x-c+

f(x) = L = ljmc- f(x)

IuniimVuiiu~uyG  lim l f(i)  = L = lim f(x)
x - c x - c ’

ilMU@l  E>O

tdmmn  lim
x-c+

f ( x )  =  L  Wd  6,>0 dl XE  A LLRri

o<x-c<6, t&J 1 f(x) - L [,LE

LtA~LdOJPVl  lim If(x) = L Xij 6,70
x-c

4Jfi-l x GA LLR::

o<c-x<& ttii 1 f(x) - L I< &

tton 6 == min { 6,, & }

~J~UiilxEAI[~U~O<Ix-c1<6  tth  If(x)-L/<E

lkin l&f(x)  =  L
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eiidlJ 4.16 %sgn  :R- R $JIJJTRU

i

1 fil x>o

sgn cd = 0 iilx=O

-1 ii1 x<o
ld* JWI  lim

x - o + sgn(x)  = 1 LLR::  lim -sgn(x) = -1
x - o

VbrilJ~  4.17 It?  f : [O, 21  - R iiyUba

I X ihO~X<l
pl 4.4 f(x) =

x+1 iil11XS2

t&l JilXl lim
x-l- f(x) = 1 LLR::  Iii,+ f(x) = 2

GJJu”u  hJnq~~Un  4.13 $rnl f(x) vwi~bj~&

#
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n. lim ’
x - l *  -x-l

(x+1)

lh  !j!&s (x+1)

CC-O)

4 l i m  -’-.
* x-o x w-1)

2
3 .  JJG@jl  Iim  x

x-o+ x+ 1x1
= 0

4. i1wta
x+1

f’(X) =
iilXS2

2x-3 ii1 x, 2

aafltyrii1  lii2*f(X’ = 1 Uw. Ern2-f(x)  =  3

5 .  lilMUfl
i

X1
f(x) =

if1 x2()

-x ii?  xq

PJLLWlJdl  ljmo  f ( x )  =  0

6. hU@l f(x) = 2 11 (x-1) i)JLLfWlJ~l lim f(x) HlfilWM
x--l*

- 1-
7. WtM'+lJ<l  I:im

x+1e = 0

x=1+
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4.4 %hGJA  (Infinite Limits)

ihl 4.7 ir; A c R f: A - R UA::  c dh.&~@~h~a~ A

n. tmKh?~l  f h.ht?+ii  00  h~wd  x l%tn~ c (f  tends to CXI  as x - c)

ttR~tilUl.4 Iim f(x) = 00
x - c

LLRZ  x EA  t&J f(x) > a

Il. L~lnFhil  f hht+il~fil  -00 b.tlltX~  x dljl[nt!  c (f tends to -a3 as x - cl

LLIZtLdUU  irnc  f(x) = -co

1
l+&l~ 4 . 1 8  lim - =  00

x - o  x’

auy?i  a + 0 t&m  6(u)  =
AT
-



JlJ  4.6 g(x) = .; (x  f 0)

n~M’i”Yl  4 . 1 4  %ACR f,g:A- R It%  c tdlA~~%hVEN  A ii1 f (x )  5 g (x )  77-l ‘j

xE4 ttar  x  + c  L&J

n.  ii1 l im f(x) = w L&J lim g(x) = co
x - c x - c

U. 81 lim g(x) = -03  tth  Emc  f(x) = -a
x - c

,
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66lJlJafl*  4.4

1 . w3jAyaii
1

liioi;;l  = 03

=OJ

3. It?  c E R UA::  f tihth%dklludlM+il  x E (c. CD) t&f+:  f(x)>0  qn 1 x E (c, oo)

?Jfii(z9d41  Iim  f = OD  i%XdFl  lim ! = 0
x - c x - c  f
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n.lh  X
x-2  Ix-21

ll. lim -I
x - - l  &+1)1

=

%%o*-  =

4.  lim x-2 =
x--2

x:’  +4x*  +4x

5. ilJ+iiR;ild

n. imo  lcot  x1

w

- w

W

w

v. lim Isin 4
x-0  I-cos x

6 .  ‘3JkJIzs

n. ljmo-Ci  ) = w

ll. ljmel$- x&) =

x-2 c
51.  lim =

x--3’ x*+x-6

J. lim
x-1+

-w

W

al

7. a4fiqadTj7  lim f ( x )  = w  fi&& lim
x - a x - a *

f(x) = ha- f(x) = w



4.5 %hGiSu”u~  (Limits at Infinity)

ihl 4.8 btA(;R  11X f: A - R

n. U’2Jr(%%hU?U-Js^J  a 4 J (a, m) 5; A l~lndl?ili!lU?U~~J  L 1%.4%hVi)J  f

ll Wd  x lCllTl&ilCdU4i  (L is a limit of f as x - Q)).ll~~l(ijOU  f;‘m, f(x) = L

fi7fhnw  E > 0 Im 7 a7amnmhm*~  K(E)  > a 1s &ii,  x > K(E) 1163

if(x)-Li  <,E

U.  ‘.W%$Jh.4?U~J  b dJ  (-m,  b) CA  l7ltldl2i7’d?U?U~J  L th&h.Ehl  f

¶lXd  X l%hl~dl~LkdUdi (L is a limit of f as x - -co) ua=tqnU  lim f(x) = L
x--co

thiivm~  E 5 0 1~7  maJl1nMlhU1l4~J  K(E)  < b 16  !dSfh  x c K(E) lth

If(X)-L]  < E

nqnjun  4 .15  16A<R  f :  A - R llUrnUy?iilifhA?U6J  a hd (a, ao)  c A

d-2

h f(x) = L %hldO dlM%JVJ?J  1 816Ll  (x.)  b.4  A n (a, w)  61  lim  x” =oO
x - m

1163  lim f(xa)  9 L

?hU@l  E > 0 ldElJ87TI  lim f(X) = L
x-a

Ifi  K(E) lfh+lU?U6Jtdi  K(E): > a lldil x > &E)  llh

1 f(x) - L I < E

1Wl:il  lim xm = a2 Ifi  rio  lilU3lU?UuuU  t&i

81 n .z  no U&l xa ) K(E)

h.#m  ]f(x-)  - L) c E yin  n zn,

lW5XOZdU  lim f(x,)  =  L

lun7dMm.@rh~n  1 tV&  (x,)  lu A n (a, 03) 67 lim x0 = a, lttk

limf(X,)  =  L



nf)l+JVl  4.16 % A c R f : A - R tt~XR~~8il~‘jlU,U6J  b 49 (-a,  b) C A t&d

lim
X--CO

f(x) == L i%iat%0i7mTuyn  1 &-lkJ  (XJ  lu (-03,  b) nA

til  lim xm = -00 t&I  lim f(xs)  = L



ljm  -1 = 0
x--m x+1

pl  4 .7  f(x) = $

v3qd  h~rul  f lJuh  (-1, co)

ii1MW1  &> 0  ti%?l K(s) =  ;

6JiJu”U  K(E) > -1 LLAZh  x >  K ( E )  U6-l

If(x)-01 =  I&-o/ =  x-&<k<E

lidiE.l  lim  -$ = 0
x - m

ch,zul f llUd?J  (-co, -1)

iil#U+l  E > 0  &Ill  K(e) = - (  1  +  ; )

&lfU  K(E) < -1 URdh  x  <  K ( E )  L&J

d’  X +  1 C  - I &til~+i%?-k  - -& <  E

~l&l  If(x)-01  = I--&llj  = -&<E
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n.lim 1 = 0
x-al x

21.  lim -5 =
x---a,  x-2

I

fl. lim e-’ = 0
x - a l

x*+x
J .  l i m  -

x---o0 l-zx*

9. lim e-1  / (x + 1) = 1
x--m

sin x
a. lim - = 0

x--a, x

2 .  OJ@,d’h  61 lim f(x) = L kfi a E R dJ f hKOJtY’+HJU  [a,oo)
x-Q)



U’Ulll  4.10 1% A 5 R f : A - R  I?1 B  c A  t~lfldl~il  f  &ltflaJYUillR  B  ( f  i s

continuous on B) h f &ltdElJci’Yjn  1 ?llU B

TltjNjjlJ”  4 . 1 7  ‘LfiAC;R  f :  A - R  LLR:: cEA  tth  f  hdaJi;?n  c  hht~a  n,?l’j

h6lJ (x) \U A ii? lim xa  = c U#J Jim f(xm)  = f(c)

rizJ”\i  WJrfl  f pi&J+@ c

ndd  1 c  \rjtilU~?iihaJ  A

LdDJ?lfl c CA ‘8JiJu’l.b  J:~bW?U6J  E’ > b hd NE, (c)  n A = {C)

Ifi  (x,)  t~U~ld%~U  A bid limx.  = c

GJ&  P~ikU?UI.kl  no dJhn>n,  tthIx*-cl<&’

td637in  N,,(C) n A = {c) 6JiJu”u  x. = c vy  1 n 2 no
c

LWXQSU  f(x@)  = f(c)  yn  1 n tn,  UhllI#l6~l lim f(x,)  = f (c)
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LlRZ S = {kENI  x, + c}

ill S = @ I&? lim f(xm)  = f(c)

61 s 10ulv@ou’ul

l%lJ67~LljuaUl%l~U  S hei6 k, = min S 11% k,<  kz<kl<...Cka<...
s.

6JGU (x,)  lOuAl6lJdoouoJ  (XJ  klufi  x,. f c YpBlU?UlG.l  n

ldDJ$~?l  lim x”  =  c  ilZ%GiIim  x,.  = C @Xl

llEWW5l~~l  c  1~UpF1%hlY0J A 11X  f  &ll&IJ~  c  TIZ%h  lim f(x) = f(c) hJ
x - c

Vltp$JYl 4.2 lim f(x,,)  = f(c)

llFGlbDJ1Vl  X~ = c yn 1 n g S +Thh  lim f(x*)  = f(c)

ii1  s liflUlwl’jl?i~  ll~~~rjI~l’6~~lJ

1% k* = max S m&JJu”U  X~ = c ??lq n > k*

iufto f(xa) = f(c) ?n 1 II  7 k’
u

iWU  lim f(xm)  = f(c)

‘luniJn~~~u~“alinfjlualnnulotn?uiJ~u  llEWIi~%ph~F+~YYI  4 . 2

4.6.1 WW~I~%~TI&J  (Discontinuity Criterion)
#

nqvjm  4.18 GAAR f: A - R LLRZ c E A fh.hhl&lJ%j@l  c (f is not continuous

at c or f is discontinuous at c) %Llld~~7IJ7~llM7~7~lJ  (x”)  h A 16  bO4  lim X- = c

1lR:: lim f(xn)  # f (c)

ikpd  u~ainnzp~un  4.17
#

Vihh  4.21 % t, lhhU1U6J 11X  f(x) = b Y?lhU?U’J3J  x llh f ViElld~JYU

R

#



6hhJ  4.25 I%?  sgn : R - R iifJll  ~H.I

i

I x>o

sgn(x)  = 0 x=0

-1 xc0

PlMlhilJ 4.7 zmosgn(x)  M7iilWbi  I.&&i* Wi~U sm(x)

Wvisriiasd~n  x=0 #

numln~  n. t;fAh f : A - R oddddkdy  c ~ik~wn  f bi~nwi$n  c witi

f g%k~ L dj6l c ldUllJrfjf%hU?~lt~  (extension function) F 1IE)J  f

b&F:An(c}-R  ktu

f(x) = L

I

ii1 x=c

f(x) 61 XfC

uhrmatl6-h  F n’odn~+ign  c lwnriihn F ~IL~~u~~~J~~u~BL~~JI~uo~u
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C silx=c

G(x) =
g($ 81 XfC

#XdlJ 4.26 'lg f(x)
1

= sin - ilM?ii X#O
X

sin&mii,r  4.0 Emosin  ! milbmi
X

&Oh 4.27 lfi,g(x)  = x sin i dlM3h  XfO

IL]  4.8 g(X) = x sin !
X

(x*0)



lim g(x) = g(c) LLtX lim h(x) = h(c)
x - c x - c

uxTmmp$.tn  4.5 Vi%

pc (f+g) 6)

p, (f-g)  (x)

;mc  (fg) 6)

gmc (bf) (xl

, UAE  Iim f (x)

= f(c) + P(C) = (f+g) (d

= f ( c ) - g ( c ) = (f-g) Cc)

= qo  g(c) = (fg)  (c)

= WC) = (W (c)

f(c)=-
h(c)
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URE sin x - :rin y = 2 sin (y) XfYcos (---
2 )

I$ c L.ihBluauP~Jl~  1 i1nusl  E >o

r&m &  = E

?iJiJu’U 1 sin x - sin c [ =
, 2 sin (q)  cos (x+c) I

2

5 &A .
. 2 1 =Ix-c(<6  =&

uw: cos x -- cos y =
2 sin W-yJsin  (Y-X  )-

2 2

1; c  l,ilUhU3UO?Jh  1 ilMU@l  E  >O

tGon  6 =E 1;; x duhu~u6~ Tad 1 x-c I < 6

cn’\ru’U
1

(c-x)cos x: - cos c
1

= 12 sin (x+c)
T

snl
2 ’

I c-x I5 2.1.- =
2

IX-CI<ti=E

~U#O  lim cos x = cos c LW5ltQtIfI.4  cosine dordilJLlU  R
x - c

$&J 4.30 1;; A = { xE R ) x # nn + 5 k10d n = 0, 1 , 2, 3 ,... }

~tk?r;l~fdhi  tangent d?.UdLNLJUVif~  A
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tdimn tan  x = -sin x
cos x

UR:: cosx#O  V?~I~XEA

hlYl~kk~Wl  4.20 tangent ViotbEMJlU%9l  A

nfpijun  4.21 MAAR  f : A-R
#

n. til cEA LLR:: f dElthi\n  c tttb  ( f ( ddE1Jd~”  c

Yl. 61 f dDtihLIWl  A L&J 1 f ) diXhJUWtWl  A

dipri  moinntp)un  4.0 x

nfpjun  432 MAAR  f : A-R ttfc  f(x) 20 yn 1 XCA

n .  51 cEA LLI:: f  dadsadgn  c  t&a  Jf dil&Jdj”  c

ll. 61 f  ddMJUt~~A  Lti% Jf dOtii~JYUtWl  A

&pi  wnomqu~un  4.9 #

ihl 4:ll  1s ACR  f ,  g  :  A - R  %JW+iJ+8U

s u p  (f,g) :  A - R  UR: inf (f, g) : A-R hl

SUP (f. g)(x) = sup ( f(x), g(xj-,

inf (f, g)(x) = inf ( f(x), g(x) }

nqw’jUn  4.22 ‘I$  A CR f ,  g : A - R

u&J sup Cf. !3) = ; (f+g)  + f I f-g (

LLR’: inf (f, g) = ; (f+g)-f If-gl

i$Iri  1%  XE A ii1 f (x)  5  g(x)

t&a sup  (f, g) (x) = g(x)  = f m)+gw) + f I W-g(x)  I

inf  (f, g) (x) = f (x) = ; u-(x)+&)  ) - ; I w-m I

fil B(X) 5  f(x)

ttiia sup  (f, g) (x) = f(x) = f (f(x)+gcd  1  + ; I f(xbg(x) I
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inf (f, g) (x) = g(x)  = ; (f(x)+g(x)  1 - 5 I fWgo4 I

iuwa  s‘up(f,  g) = ; (ffg)  + ; I f-g I

LLR:: inf (f, g) = 5 u+?d-;  If-g1 #

Tl~I&lTl  4.24 1s A.c  R f,g:A-R
n. 61 ce A UA::  f, g &dEd?~ CL&J sup(f, g) LLA::  inf(f, g) dEltihld~‘?l  c

V.  fil  f tttX g n’C&.oJYhlMl  A tth  sup(f, g) LtR::  inf(f, g) ‘klt&lJYUtWl  A

ikpd wawnntp$n  4.23 nfpjun  4.19 mrnrp+$m  4.20 #

4.6.2 Ih%.dFhkkldX~CllJ  (Composition of Continuous Functions)
”

d&hh:fi@il  ii7  P:A-R &ltihd~@  c LLRt  g:B-R  hd f(A)CB  UN::

nf)M$Jll  4.25 h!AGR LLfC  f:A-R  ?ilVJM  f(A)SB LLRZ  g:B-R
61 f OiilLhi~”  c Iu A LLB::  g siati;aad?a  f(c) tth &v%h.kmu

g.f:A-R riatihJd;n  c



;Ji?U go f : R -  { 0) LLI”,  gof(x)
1

= sin -
X

Y

6iJlh hJ?lZJl+fJUYl  4 . 26  gof(x)  =  s i n  j dDLdDJLlW  R- { 0 } #
X
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1. hU@ a<b<c  ffJJ$  f  t~UfiJfi%Udat&~J¶JU  [ a , b ]  g  t~U~J%dJtl%IJlJU  (b,c]

LLX f(b) = g(b) %J7U  h  lJU [a,c] ~%I

i

f(x) ni x E [a,b]
h ( x )  =

P(X) ii7 x E hcl

W%iJPiiil  h ‘&tdilJLW  [a,c]

2 .  flMU@  A  6 R  LLR: f  :  A - R  oidIJ+l c  E A  PJ%%=&d7M~Il~ll  ‘j E>O

TiE:d S>OdJiil  x:.y E A r-l  N&c) tt5-d  If(x)-f(y)\  < E

3 .  iilHW f : R - R  @i&iJd~  c  LLR::  f(c)>0  PJ~~ild~l  9:; 6 >Oa”Jiil  x  E Ng(c)

tth  f(X)>0

4 .  ?hMUQ  f : R - R  tilUr;fJI%iotdoJLlU  R  LLR:: S  =  { x  E Rlf(x) =  0)

i)J@&l  S  tilUtTWl%~U  R

(LLU3il  bq’f?jun 2.17)

5 .  iilMU61 AC  B& R  LtRE f  :  B - R  Ifig tflUr;fJi;%U ri??%YaJ  f  UU A

(ndi-h g(x) = f(x) vjn 1 x E A)

n. fil f ciildaJ?i~a  c E A  t&I g  oimddi~n  c

V. BJLLflaJ  (~WJnlXln~‘XldlJ)  -il  fil g d&Jf$R  c  tth b.hihfi f

ei&Jd?@l  c

6 .  TIJtWlJil  f ( x )  =  1x1 &daJlJU  R

7 .  Ti1nl.M  K>O  LLR::  f  :  R - R  I”& If(x)-f(y)/  <K/x-y(  ?n  1 x , y  E R

‘JJtLcIdl  f ‘&ltdoJlJU  R

8 .  FM.@ f  :  R - R  L~UflJ7%U&lLdilJUU  R  LLR”,  f ( r )  =  0  nn  1 3luaumxlr  r

~iitpdil  f(x) = 0 vp  1 x  E R

9. ~J~i175~~n7~dotdoJvElJ~J~~U~ilrLj$

n. f(x) =
x2+2x+1

x1+1
(x E R)

‘u. .m = .jFT? c-0)

% h(x) =
Jiqziiq

(x+0)
X

J. k(x) = cos JET NE RI



w”7ath  4.92 ‘iii f(x) = f x+0

$J?%b  f ‘3kltdE1JLiUtWl  R- { 0 }
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riulll  4.19 1%  HCR LtAr f:A-R

alndl?il  f &il~J~a~SJ$l5&JU  A (f has an absolute maximum on A) fili  x*cA

8 J f(x’)  h f(x) YjTl  X E A

f dfhhP(l@$~l$&  (f has an absolute minimum on A) fili7d x,E  A lii~

f(x*) If(X) vjn  x  EA

LL%  ndl?-h  X*  Lh?@$J~@l~~~&?lM<ti  f LIU A (x’ is an absolute maximum

point for f on A)

x+ LUU?bl~l~,~~~~5ni~7MSY  f UU  A (xr  is an absolute minimum point for

fonA)

th  f ( x )  =  c t~U~J+h9iat~aJlJUtYWl  { xE R  1 x>o  } =  A

(f is not bounded above on A)

LLArLdaJ9ln  0 = inf { f(x) 1 xEA } ttoi f(x) # 0 Y?Tl  x EA

8JiJu”U  f  ~Jb&ilh@J&JU  A  &Xl





h.mp~un  2.9 WI lim  f(y,j  = s,

iu‘h  f(x*) = s, Lw*l::ar<u  x, r0ugdm@Jynivm  f lJu I
#

a+P
i$di  lw’  I,  = [a$]  LLRZ y = 7j-

l auyGi  f(a) <O<f@)

I- r

&
J

.Y P

‘ELI  4.10 I,  = [a, B]
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81 f(y)  = 0 lSC=Y

til f(Y) >o I’Ha2=a 9, = Y

81 f(Y)  <o Ir;ia,  = y 92 = 9

rrarl~  I, = I%,921

6&k f(a&c 0-c  f(rj,)

~~nf'wi~r~~uau~~  k Iii Y, = ; (a,  + P,)

i i1 f(Y,)  = 0 thl c = yt

&f(Y,) >OIIXQ,+,  = a. h,,.  = Y,

ii1 fly,)<  0 1s;  Q,+, = Y, B,,,  - 9,
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limp-c=O=limc-a  &&iOlimp~=c=lima~m n

~w+ji  f vhihfign c ilCki+  lim f(a)  = f(c)

LLBZ lim f(9)  = f(C)

uartwmr~l  f(a,) ~0  UR::  f@.)>O  qa’j?U?Uau  n

dA lim f(am)  == f(c) 5 0 LLRZ lim f(p.)  = f(c) 2 0

2iJi6.4  f(c) =.o
#

7l~bl&ltl 4.30 n~l!i~YnfhflRlJ'll~Jhi%l~U  (Bolzano’s Intermediate Value Theorem)

II?  I tflUd?J’ltl  1 LLRX  f : I-R L~U~J&&lLdElJLlU  I 81 a,bE  I

LLFC k lilU’JlU?UP?J6!J  f(a)<k<f(b)  u&  a:ij c~  I +J  f(c)=k

i~ilir RlJl.@  a,<bht  g(x)= f(x)-k v?  x E I

LWSlZO&4  g(a)< Oc  g(b).

dmam  f oiatiiawu  I azl6+  g d~ltiio~uu  1 &XI

Iwmp?jm  4.29 arG  c E 1 4J g(c) = 0

ii%&  f(c)-k = 0 4 J~#i’-!l  T(c) = k

unmrn  4.31 I$  I = [a,b]  t0ulGlnua~:ijuautu~
#

f:I-R Li%4~Jt%Mi?l,d~JlJU  I 61 k &&WX.b6~J

inf f(I)5 k <sup f(I) trAiP%i~U?UP~J  c ~1 iJ f(c) = k

B%$ ainnrp$n  4.23 arij C*  tmr C,EI  QJ f(c*) = SUP f(I)

UFC f(c,)  = inf f(1)

kdi; f(c,)  s k 5 f(c*)

&J&A  Tmmp~un  4.30 aSi CEI 45  f(c) = k
#



-l--
b



#

1

/(
----

-1 1

2l.i  4.12 f(X) = -!-
x*+1



---a-----

---- P
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(1)
u-xg(x) - g(u) = -
u x

c
6JiJuir  fil uEA=  (0, m)  t&In

(2) S(w)  =
1, 12

min { -
2 'i UE 1

t1hr1~~1  ii1 Ix-U)<S(&,U)  UB Ix-u1 <i"

.

(3) Ilm-ldu)l  5 :*  Ix-al
U
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e-neighborhood
{I

\2/
6 -neighborhood

all 4.14 g(x) = i (x70)
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nql&l  4.34 16  I = [a.b] tih&$?J%Ci’iiYoutYl@l  I:I-R lilU~Jii%hd.lJWt  I

u&l f dot~oJohJa&tau~Yu  I

.
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n. f(x) = k D(f) = {x E R(Ch<x<I}

il.  g(x) = xZL D(g) = R


