
&J~U  2.1 fi-&~  (!jequences)  uoJ37uju~~J~~)rTJ~~u~Jdrsltuu  (Domain) t%&~~

YE)J~IU?U~\LI  N UB:: fi$tl  (Range) t%WiT’&WaJ~lu~U~~  J

n$l?k  ii7 X : N - R t&l  X kl~l’kllilJ~lU?U~J  llF3~tt6;~~~lU’luIkl  n

t%Il X (n) +I  tWll%l (element) llaJ&l&  V&l cjl (value) llClJt!lhl

I~o~~?rlJfiWt~ou  X,  +a an Go Z, unu X(n) ttfWWW  X zkt”nduuttnuk~

(x,) da  (a,) nia (2,)

UR::  {x.  1 nEN}  &Itr%~?laJ’Fil  (value) llaJt%ilJ  X

tic&~  2.1 iiinw (xn) = ( (-lY 9
c

6Jlh (x,) = (-1, 1, -1, 1, -1 . )1. T”..

LLRr  (x1 1 nEN} = (-1, I}

lhnulil  (Yn9 = (2n9
”

<Jiju”U (Yn) = (2.4.6,8,10  ,...)

LLRZ {y.  1 nEN} = i&4,6,8,10 ,...  }

iilMUFl(2.J = (I+ ‘ 9
10”

2iJ& tzn9 = (1.1, 1.01, 1.001, 1.ooo1,.._)

LLX {$,‘I  n EN) = II.1, 1.01;1.001, l.OOOl,...  } #

w”?StiN  2.2 ti-lI’M  b lilU~lU?U~J  ttFi::il~~  B = (b,b,b,...)  t%ln B i7LirlUt!l&J

&mJ&(the  constant sequence)

&lU 2.2 51 X = (x,) LLR:  Y = (yn)  L~Ufi7~tiVE)JkU?U~J  UkWtW?fl  (sum)

~addGia  X + Y = (xn  + y,)

UACilJ (difference) Yi)J&l~Lk  X - Y = (x,  - yn) LtREk c SfiU~lU?U3?J

dl4U cx = (cx,) ’
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il&lIWRfJrU  (product) &I XY = (xnyn)

LLRdkl  Z = (2,) GhilhlCI4W?U~J  hJA  zn # 0 V@lU?Urlu  n Uis?

X
z = (2)

ti5Ofh4  2.3 7ilHUR  X = (2n) URZ  Y = ( b* ),

6&.4 x+y =
(3,

9 1 9 2n’ + 1
5, 3 ’ . . . . ,...I*

X - Y = (1, f,  ;,  . . . . 2n’,  l ,...)

XY = (2,2,2,...)  4jJLilull~~m’lmJm’a

3x = (6,12,!8  ,..., 6n ,...)

X
v

= (2,8,18  ,....  2n’,...)

#

UC&  x &%hllOJ~l~Ll  X = (xn) Khh%kWtVlUhJ  Iim  xllr = x &I

x, - x

i&pd  It; x,x’ ih&hA?UdJ  hlA lim x, = x. UA::  lim xn = x’ filWfl  E>O.

h.ltil%J 2 . 3  ~h4-JUIh  N ,  UR::  N, I”“#  61 n  &.4h&?UlhJ  UA::  n2N,:  k&-J

1 X, - x 1 c i UF&l  n &4h&?UIhI  had  n 2 N2 Uh 1 x,.,  - x’)  c i

lib  N = max  {N,, N,}
”

bt n tih+lU?Ulkl~~~~  n 2 N <JiJuU  1 x, - x1<;  UR: ixn-xyc;

UAZ: Ix-x’1  = Ix,-xl-x,  +x1 $ Ix,-x’l + Ix-Xnl
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‘d
i)JMil  IirnA  = 0

1 + na #

eiitlh  2 . 8  liml  =  0
2”

limi  = 0
2” #

tiiioh  2.9 61 O< b<l  &kJ  limb” = 0

%pri r&N?ln 04 b<l d.¶alulaa&iu  b = & hW~  a>0 16

Ua~illnonUnl~~aJLLLlj~Rfj  (Bernoulli’s Inequality) 16%

(1 + a)” zl + na 7y4iuxdI.J  n

tRv?tltilJ  2.10 ii1 c> 0 UtFJ lim c l/n  = 1

ri-gOl.f fMiI  C = 1 L~UNh+l  lim c l/n  = ,

fllfii  c > 1 &II4 c”~  = 1 + de hfi  da7  0





1
J .  x* =  -n’ +  2

2. il.Ghunou  X~  mt!12iy (x,i  eiaklir

n. (5,7,9,  11, . ..I

“.(;‘-l ! -1

4 ‘8 ’
z j . ..I

1 2 3 4
fl.  ( -2 f 3 9 4 , 3  , . ..)

J. (1, 4, 9, 16, . ..)

3 .  ilJt?hIU 5  rnour~~n~oJ~l~~~JiiU,U  hJ~@lX&l~d

n. xl  = 1,  x”+,  = 3~”  + I

II. YI  = 2, Y ” +I = f (Y.  + ; )
m

J. s,  = 3, sz  = 5, s~+~ = so + So+,



2n
Y. lim -

II+1

fI.  lim (
3n+l
2n + 5 1

J. lim (
n’ - 1

2n' + 3
)

6. a.G~ad

fl. l im I
G-T-7

2n
ll. I:im -

n+2

fl. lim - 6
n+l

J.  lim 0’
nz + 1
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= 2

3=
i

1=
i

= 0

= 2

= 0

= 0

lim (a - -' ) =
n+l

0

9. ii1 b dU-5lU?Uaf J h”i  0 < b < 1 ~J~t$il  lim nb’ = 0

(ttux.Ii  : bh-p$mn"?ulu  &di?0d1~  2.11.)

10. aJfiffyaGi7  lim (Zn)” = 1

11. = 0

12. dijczatkh lim
2'
-, = 0
n.

D

(UU,U41  ii7 n 5 3 UAi 0 < ;! 5; 2 (5 j-I )
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2.2 Ilfp&JWU&&  (Limit Theorems)

h6 2.5 h&l  X = (x.)  t~UhdhJWl  (bounded sequence) ~&I~V~V~IWI~~~U~U



1(x. + ym) -. (x + y)I 5 Ixm - Xi + IY. - Y I -= 1 + i = E

UR,” 1(x.-Y.)-(X-Y)1 5 Ix. -XI + IY - Y.I <;+E
2

= E

IG n tiIlU+N?Uulu Td nZno 6dU

Ix"Y"-xYl  = lXmYn - X-Y + XnY - XYI

I IX.(Yn  - Y) I' I(% - X)Y I

6 lxmI IY.-Yl  + k-xl IYI

E
< M’FM,  +  2~’  . M’ = E

&Al lim x.y, = xy

n. ttlmoln  x tOuf!iciy$~i Islonqu~m  1.20 uazmtpfjm  2.4 II?  M'

tijUilU?UirfJU'?n  kl"d IX-1 5 M' ~RhWhJ Il i <M' US= Ix1 <M'
Izl



lZ/Zl<&, ttnr  Ixa-x(  CL
2K

t&n  n, = max (no, k}

‘I<  n tihB7U?UislJ  T&i  n 2 n, u&a

xn x
1 I
- - - =
Zrn  =

1.2. - > + 5 iy 1
n 2 z

lz  - z.l
5

lx=’ 1z.l  Izl + ,$ k-xl

< K’$ + K.FK  = E
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PVJOtilJ  2.16 lim
2n + 1

n+5
= 2

2n + 1 2+!--
ud -

n
=

n+S
I+;

~JlfU  lim X = 2 UX lim Y = 1 # 0

2n +  1
LW7X5&4  lim - =

n+5
tirnc  = 2

#



5 3

2n
dkilJ  2 .17  1im-j;;  = 0

n +1

dzpmX=(~)  LLI,’ Y=(l+ r-1
n’

QZl&+  lim X = 0 ‘ufir lim  Y = 1  f 0

* 2n
6TJG.t l i m  -’

n’  + 1
= lim  $ = 0

sin n
$dl4  2.18 lim 7 = 0

sin n
hnrp~m  2 . 9  16+ 1irn-y  =  0

WvDtilJ  2.19 RIYIU~ (xJ tflUil6iuu~J4lU1U05J  I@Ut+l  lim x” =  x

1; p t0UW~UDJ  (polynomial) nhaWo

P (0 = a.1’  + aI.,tke’ + . . . + a,t  + a0

hi  k tfh.&~lU:lU~Ll  LLI::  a, t~UhU?UJ~J~lM~Ll  j = 0, 1, 2, . . . . k

lslmpfjm  2.5 16% lim p (x~)  = p (x)
#

$lOh~ 2 . 2 0  I~HUFI  (x”)  tiflU~l~lJll~J~lU?Uil~J  hd  l i m  X~ =  x

lri  r KhWiirucn-I3nar  r-h-&

ldi  p  LLI::  q  t0uYiqu1u

m.$iil q (x.)  + 0 v@wautTu  n UfC q (x) f 0

Tmmpt~un  2 . 5  Wh hm  T (x.)  = r ( x ) #

Vl~I$JTl 2 . 1 0  ?h#U@l  X  =  (x,)  tih48l~lJ%lJhU?U~fJ  h.lfl lim x0  = x  Ufh

l i m  Jx.J =  1x1



Ix. -XI E-ii
I.&q-dl  5 < = E

d J;;



X X a*,
tbn.mn~  =:  i (1 + a )  LLR:: lim-- =

X” xa
f <I

Tmntp~w7  2.12 l&h  lim x0  =  0



5 6

fl. lim (2 + i )’

fl lim +-’. -
A+1

n+l
J. lim -

nJii



10.

11.

12.

13.

14.

15. PJ$;TJd'k limi  + 2 + . . . + !! 1=
n2 n’ nZ i



58

2.3 di6%VIi&J?  (Monotone Sequences)

ihl 2 . 6  n’lIW+l  X  lih&6l&JWlJh4?U6J  15lndl7i? X Lfht!1&lfhLkJh  (in-
I

creasing sequence) LWI  x,  5 x1  5 x, I ..:S x 5 xm+,  S . . ..

ttXnh?'h  X ~~U~l&JdlA@lRJ  (decreasing sequence) L&l

R. (1 + 2- )
IOU c

c).  ( 7 6 4 3  1234,...),>,,1,,

IKp$Jn  2.13 ThHU@l X = (x.)  Lhh%JW&kl?  (monotone sequence)Uh  X iC

dudMuf$5ddoda  x iilu~76~dijuo~~~~
uanaintiu
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x2n =1+;  +(; t;)+...+(++
2 fl

pl+J
2 +(!4 +J)+. . .4 +g+..+q .2’ 2’

* )+-
2’



x = lim X,  = lim X = lim $ (Zxs + 3)

= i (2 lim x”  + 3) = t (2 x + 3)
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#JdlJ 2.29 51 a >O  U@JfWJliXlR~lJL%‘&  A = (a-)  b&hJd  lim am  = .K

an-am+,  = aa - f (aa  + :)
m

1
a: - a

=
t-12 a0

r-0

Tmntp&n 2.5 x = lim a” = IirrI  f (a”  + a )
an

=
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1 1- -k)
k(k-I)  =  k - l

7-t.  ( (1  + A  )‘+‘)

Y. ((1 + y’)
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fl. ((1 + &)‘I

2.4 hiih,U  (Subsequences)

ihl 2 . 7  ti1WVf1  X  =  (x~)  thh&JzlaJhU1U6J  LLRZl$ (r,)  L%4~lhlYBJ~lU1~

lhfi&iltk.AUTNKtV?  nhWa r, <rI <r, c... < fk<  r,+, . . .

IT?  X ’ tfht%~~llO  JhUW6  J kid

x’ = (x,,,x  ,,...,  x,k ,...)

&In X’ %htt!l~lJ~a~  (subsequence) VEIJ  X

n.(f,i,f ’ *“.’- n 1 + 2 ‘- 1

41.  (1, ; 5 1
) ,*.., 2n-I  ,...I
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PihfhJ  2.34 thkl ( (-1)’ ) LitlUf%J@lTl

riip\i  R3J~~il6U  ( (-1)’ ) tbUdl~lJ$ih  hd lim (-1)’ = x

t&mm  x  =  (1,  1,  I,...) ttaz Y =  (-I,  -I, -1 ,.._I rihA12iudnf~uo~  ( (-1)‘)

‘IWJYl~WjjtiVl  2.14 lim X = lim Y = Iim (-1)’  = x

LLGi lim X = I LLlE lim Y = -1
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IYo-Y.l<! n



YYl  2.17 lim  X’E  K
#
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LLR:: 1 x,k  - x* 1 < F2 Y@U-JUiru  k 2 K



7 3



= f I L* - ; xp-*  -; XI_,  I

= ; I L* - x,-,  I

= La.,  + A- f . ..-I-  ;.,
_ 2 2' 2

-+., ; .(1 + + + -&..r&,-2
1

= . . . =2
2

7
2 2



)xm-xm(< 1 4z = -, 5’  4
2 2 2K

<E

hia  :x = (x.)  dud16uTcl%
#

#y&l4 2.38 filvM  X  =  (x*)  lilutwm.lJ’jlU7UP~.l  TRUd

x, = 1 1 1
*-i! ’ x 2 = - - -l! 2!

St,
1URZ  x.  =: 1,
T!  - 2!

. . . + (-1, Ylt7 n>2  lL67XLihfilCJTfl%
n!

(-l)“l (-lj+l
xm - xn = (n)!  + (n + 2)! + “’ +

(A)=+’
m!

I x_ - x* I
1 1

5 (n + l)! +(n + . . . +  5

1 1
I-- + .*,+...+2’ 2 -k,&

2 2

Ix.- ;xmlll-  <E

iuaa x = (x,) tiluMuln%
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1.

2 .

3 .

4 .

5 .

6.

7.

a.

n+l
n. CT)
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8 0

Y.&)
n’ +  1

"(-I).
Jr;

J. (sin Jr;  )
X0

Y, ‘JJfifjOI.%l  81  (x,)  ththh$llaUtlNltt&l  lim y. =  0


