
1 1
a-a = a’a = l

tiun k iiti?usi?wn&  (inverse) ciiGm75~ruu’ua~  a

9. a,(b+c)  = a.b + a.c LtRt

(a+b).c  =  a.c +  b,cy1fl  7 hU2UXI?J  a, b. c



2

nqrrjm  1.1 Il. 81 z, a Lh’hUW9~J  hLIGf  z+a = a tth  z = 0

‘u. ni  w, b LihilW?U1~J  hOd b # 0 LLA: web  = b LLAj w  =  1

w’q&  n ) 0 = a+(-a)

= (z+ a) + (-a)

=  z + ( a + ( - a ) ) =  z+O =  z

V 1 = b.;

= (web)  . ;

= w.(b.;)  = w.1  = w
#

nqnjm 1.2

Gpd  n )

n. oia..b  tihilU?U??J  hnd a+ b = 0 AtRy? b = -a

ll. n’i a, .b  th!h-4’IU5i~J~Nl~  a # 0 LLA: a*b = 1 tt&  b = i

-a = (-a)+0

=  ( - a )  +  (a+b)

=  ( - a + a ) + b  =  (I+b  =  b



.3

wqnr@Jn 1.3 n"? h,  b L%4ilU7U~~JllRv?

n. a.0 = 0.a  = 0

¶I. -a  = (-  I).a

Fl. -(a+b)  =  ( - a )  +  ( - b )

J. --(-a) = a

2. (-1).(-l)  = 1

i$pPa n ) a.O+a  = a+a.O

= a.1 +a.0

= a.(l+O)

z2 a.1 = a

;iJ~t4illflFltjW$JYl  1.1 a.0 = 0

qu) a + ( - l ) a  = 1.a + (-l).a

= (I+(-])).a

i?JZU  7m7nqu$n  1.2 (- 1)a  =  -a

4 - ( a + b )  = ( - 1 )  * ( a + b )

=  (-,l).a  +  (-i)*b

=  ( - a )  +  (-b)

3)  b%omm (-a)+a = 0

&;ju”u  ilvmp@n  1.2 a = -(-a)

3) (-1).(-I)  =  -(-I)  =  1

nq¶!&J?l  1.4
1 1

n) 61 a Lluiwx.4aiJlnf.d  a f 0 uRy?  a ,z  0 UR:. 7 =  a
a



4

‘3) RU$ a f 0

&&4 b = 1.b  = (k.a).b

= i.(a.b)  = i.0  = 0

fl) ( - a ) . ( - b )  =  ((-l).a)  .  ((-l).b)

=  (a.(d))  .  I(-l,.b)

= a@)  . (-  I).b)

=  a.(l.b)  =  a.b

9) (-a). (-i) = a.$  = 1

#
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6

i?ipsw’ n) filHU@I  a < b UlZ b < c

&~tfU b-a E’P LLRE  c-b E P

hUgf’t&~8.i~~~a~t~ti,  P, c-a = (b-a) + (c-b) E  P
A.4

UUWI a < c

#

nyui$n  1.6 LlMllIaJilPtau~~J  R tht%~~t~~~~TPrn”Y

nq?&ml1.7 n) $1 a th+i%t?I.&~~JI@U~  a f 0 ttni a2 > 0

u) I > 0

f&p; n)iil#URaZO~J~~aEPl?iia-aEP

51 a E P t&a  Tw.qfuauu%uaJ  P Vi% a2 = a+a  E  P

51 - a  E  P  ttt%I~u~nrauu~~aJ  P  Mil a2 = (-a) . (-a) E  P

~JtvaJns&f$L%7  a2 > 0

II) t<aJ5m  I = (ij2  6Gii I > 0
#

nqI&ln  1.8 fhMfl@~  a, b, c t&&IA?~??J

fl. tb a < b tttk  a+c  c b+c

II. t%aabtf&Cc<dU~~  a+c < b+d

Fl. 61 a < b LLRZ  c > 0 t&2 ac < bc

J. 61 a < b LLRt:  c < 0 tth bc < ac

3. %a  > 0 t&2

0. 51  a < d LLRY?  k < 0
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$pd n) hw&I  a < b <Jlfu  b-a E P

LWSlt~l  (b+c) - (a+c) =  h-a E P <JzU  a+c < h+c

ll)  filMU+l  a< b LLBt  c < d CJIfu  b-a E P LLRZ  d-c E P

LWll:il  (b+d) - (a+c)  = (b-a) + (d-c) E P

tWTl:Oz& a + c < b + d

CI) hW@l a < b LLFC  c 1 0 <JIfU  b-a E P LLA::  c E P

LrC~lCh  bc-ac = (b-a)c E P LW173At~u  ac < bc

J) ~lMU61a<bLLRt.c<O~J~ub-aEPUR~- CEP

LYWlYh  ac - bc = (b-a) (-c) E P tW57tQ:lfu  bc < ac

i))  rilMUfl  a > 0

$1  f = 0 tGa 1 =  a.$ = 0 &L~Uldl~l6

61 $ < 0 t&d 1 = a.$ < 0 4JtdulLll~~d

LWSl~Q:~u ; >o

Q) 7iwum  a < 0
.

61 $ = 0 trfh 1 =  a.: =  0 &t?h~Ll~~~~

51  ; > 0 LLAY? 1 = a*$  < 0 iGh4rlJrdr~

,t
WJUU ;<o

?l+j””  1.Q 61 a < b LLAY? a < $.la+b)  < b

f@& fhUFi a< b 6JIf7.A  2 a  i a+b  tL% a+b  <  2b

LW3lt-h 1  >  0  LW3l~O~Mkd  2  =  1+ 1  >  0  Gki  ; >  0

LW5XO~~U  (Za) .+<+ . (a+b) LW  i . 1(a+b) c - * (2b)
2

lh60  a < i * (a+b)  < b
#
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nqnkjun 1.10 h&lilU?,U?~J  a, b h 9 n’7 a*b  > 0 U&i  a > 0 LLAZ  b > 0 VI%

a<OttA,‘b<O

f&Od  lhUR a.b > 0 &lfU  a # 0 LLC b#O

61 a > 0 t& $>O <JlfU b = ($.a) * b = f * (a.b)  > 0

61 a < 0 t&I  k c 0 LLAt: b = (:.a) * b = t * (a*b)  < 0
#

1 . 61 abb LLRZ c<d  BJfiaP$‘h  a+c.<  b+d

2. 07 a<bvA::  c<d  OJ~jBOlfi%  a + c  C b + d

3 .  81 O<a<b  LLAZ O<c<d  9Jft@k  O<ac<bd

4. $1 O<a<b LLR:  OGcGd  ilJG@%  Ogacdbd

5 . tb acb  tt%  c<d  i!JGp$k  ad+bc < ac+bd

6. $7 a, b t&bhU?U9?J  i~Jfi~iR?k  a’+  b*  = 0 n’hh  a = 0 LLFC  b = 0

7 . 57 a, b LihilU?U7?J TGIU~  a--E < b 7’jn 9 +lU1UP?J  E>O

n. QJ$$k  a<b

¶I.  5lJUtV@lJ~l&f1?l%J  a<b  kki?J

8 .  1J$@h  [i(a+b)]’ Q $a’+ b*) yin 9 h?U8?J a,  b

9 .  81 OCc<l  ?Jw^$il O<c*<c<l

1 0 .  tii l<c ilJGfl’Ii-il  l<c<c*

1 1 . 67 c>l  URt m, n Li)Uh?UlkJ ?JtlWlJil  cm>c”  n’d&  m>n

1 2 . fil O<c<l  LLRL m, n LhhU?UIki QJttWlJh  cmcc”  n”&t&  m>n

1 3 . 61 a>O,  b>O URt n LdUShU?Ul&J 1JttB@lJ’h  a<b  && a”<b”





nqnjun 1.13 81 n tilUilU?UlhtAy?  n  > 0

Gp!  hHU@  A ( n )  ~Ou'of~IlU  n > 0

m-m-p&n  1.7(v)  1  > 0  @i&t  A ( 1 )  LihjJ

~-~J~@~~+IH+~JYY~~U?UU'Y  k  2  1  A ( k )  tilUl%l 4

u’ui%  k > O  @ii&i  hunqk$n  1.8(Y)  l + k  > 0

tw-m&4  3lnnrp$n  1.12 n > 0 vph4?uClJ  n

6b.i14  1 .1 dinSIUttdflri7uauUly  n, 1+2+3+...+n = 2n(n+  1) .#

sud  fhHU61 A(n) &lhl?lU  1+2+3  + . . . +n = -n(n 4 1)
2

fpUw.73  A(1) tilu9jdtioi97n l=  -I(1 + I)
2

-WJ@ihh%JiiU?Uu’u  k  > 1  A ( k )  LiiUafJ

La
UUclO 1+2+...+k = -

k(k + 1)
2

2iJUU (1+2+...+k) +  (k+l) =  kw +(k+l)

= (ic+l)(k+2)
2

u’ukWpbfWu~  A(k+  I )  LiluojJ
~@un~~jWl  1.12 A(n) th9?J  dl~%qnilU?U~~  n

#
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hfh~  1.2 dlV1'I'YUoiSt4~lU?~ltU  n, f’i  2’+  ,,.  + n2 = i n(n  + 1) (2n  f 1)

6uOd  lhMU@l  A(n) %&Fl?lU  12+2’+  . ..+n’ = in(n+l)(2n+l)

qntau~  A(1) tilUxi~&wm 12  = ; w (3)

mJy%liin%Jh4?UW’ir  k ) 1, A(k) LilUO~J

L-1
12+22+...+k2  =

-1
uum 6 k(k+l)  (2k+l)

GJ& (12+2’+...+k2)  +  (k+l)’  = i k(k+.lj  (2k+ 1) + (k+ 1)’

= f (k+l) (k+2)  (2k+3)

1  -p’
fi+ hnum;9(n)  i%Gl?W  l+r+r’+...+rl  = -l - r

m~y~j~~~n~uil~?~U'Y  k 2 1 A(k) Lib%

i.1
UUcltl , - r**’

14-r  +...+r*  = -
l - r

1 -rk*’(l+r  +...+r’)  +  rk+’  = -.  +  rkr,
l - r

, - #+f=
l - r

LWSl:Q&b  A(k + 1) t&b&

Twnqw&n  1.12 A(n) r0u~3ahnr’u7pi7uxdu  n
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6hh 1.4 51 x rhiluau??Jlau~  x > - 1 wtk

(I +x)"  2 1 +nx  gniiwuu’Y n

(ElWJrll~llElJUUisfR~  Bernoulli’s Inequ$ity) *

$Od lgA(n)  &&lCl?lLJ (1+x)” > 1+nx

~fWJU.%  A(1) tilU~?Jlh~7”  1 + x 2 1 +x

m.yiihhdYhmbU’Y  k ) 1 (1+x)*  > 1+kx

&;Ju”U (1  +-qk+’ = .(l+x)k(l+x)

> (l+kx)(l+x)  = l+(k+l)x+kx’

l.tU%l  A(k+l)  ~i)Uil?J

2 l+(k+l)x

2 . wfip?ii  61 C>  1 iiRy?  C”~C  1”  7 iw7uwuY  n

(Wlil  thJn?3U,i\RP  Tnoi  c = 1+x)

3 . h7Ua f : N -,  N blfJG( f(1) = a &A:  f(x+y)  = f(x)‘f(y) y1” 7 X, y&N u&a

di@iil f(n) = an

4. ?J$&<l 13+23+33+  . . . +n3  = [ "QlUWUYUn



‘- (k:,)  + (;) = (“;‘) LilHfiJ k>O

1 0 .  aJftpzi1 (X+yy  = ,f,  (i)  xkgk rphwu’u k
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GgOU n. til a = 0 URV? /aI = 101 = 0 h.ihlU

filHlNl~a~  =OOY7a#OUlJj-a#O&lfU~a~  +O

ikdhl  51 Ial = 0 U&2 a = 0

ll. ill a = 0 UAY? Ial  = 0 = )-al

fila>OUAj  Ial  =  a  =  I-al

ii1 a < 0 L&2 Ial  = -a = j-al

&iO  Ial  =  ( -al rpiluaUorj~  a

FL 61 a > 0 UR’:  b > 0

rJ:jn’  ab > 0 6& labI  = ab = IalIbI

61 a > 0 UBZ b < 0

?:I6 ab < 0 URZ labI  = - (ab) = a( -b) = jallbl

UtWk6iln~rii~U  9 &do  RlZJlXl~p86~l  lab/ = IalIbI

J. fil#U~  Ial  d c US’:  c  >,  0 6& a < e US: -a < c

leunrp&tn  1.8(J) -c  g a  LW’z13&.i  --c  Q a  4 c

lunimljirn’u  rimua  -c < a d c ufc c 2 0

h.mp~~n  l-8(5) -a d fz  663 Ial  Q c

0.  &i)ln  Ial  2 0 LLR:  (a( g (a( &Zuo7nu’o  4. ldijl  -Ial  < a 6 ]a(

#

q&n  1.16 tlRU?llT~~~lhULMhUJ  (The triangle IneaditY)

81 a ,  b  L%4%hU?U5lfJbl  9 U&l  [Ial - lb11 < (tib[  $ laj+lbl

tifjud ?Innqw~un  1.15 9. -Ial  G a G /al  UA:: - (bJ  c kb d Ibl

&&4  -(la1  +  lbl)  6  tib < ( a l  +  Ib(

174131sa&4  hIonqw~un  1.15 J. la&b/  6 la) + IbJ

LihJi)‘ln Ial  = I(a-  b) + bl  6JlfU  5llrl7llrw^~~u’u’7J~U~6?l

Ial  d /a-b!  + Lb]  kU%  Ial  - (bj  -Q  la-b!

URtlUvilUoJt~U?n’ui~~~~~l  Jbl  - Ial  < la-b1 &80

-la-b1  < Ia/ - lb1 < la-b1 1WltQt&d  [Ial  - lb11 4 la-b1

URZXrt~X~l  lal = J(a+b) - bJ 6 )a+bJ  +’  lb1

lb1 = I(b+a)  - al Q la+bl  + la/

hk4  Ial - Ib(  < la+bl  UR:: (bl  - Ial  < la+bl

%\6<1  11al  - Ibl/ G la+ bl



15

unman  1.17 61 a,, a2.  . . , a, hh.m4~5JI~  7 a:M+h

la,+a,+...+a,l  6 Iat1  + jazl + . . . + ]a,1

1. PJMlcil  x&idii x + lx-21 = 1+1x1

2. i)Jmil  x&11$;  (x-31 + 1x-l)  < 4

3 . ni  X,  y,  E rh-iiuauG.9  ‘Islund  6~0  utx  lx-y-1  < E u& w$jdil

ft. 1x1 < (y( + &  UAZ lyl c 1x1 + E

ll. 1x1 > )yJ -& UAZ Jy] > 1x1 --E

4 . 61 b, E th&MW&l  hi? E>O  d+i-h Ix-  bj  < E i%JLd~ b--E < x < b+c

5 . 51 a, b rihh?u~jJ  URZ b # 0 i3J?$$+I  ) t 1 = i

6 .  61 a ,  b thh4X.b~~J  W%jP6’h  la+bl  =  (al+  lb1 ?WkItd0  a b  B 0

I. t% x, y,  z lh+ilU-JU~fJ  h.l~ x<z Uh ‘JJ++l  x<y<z  I%&

lx-y\  + Jy-zl  = Ix-z\

8 .  81 a<x<b  LLWt a < y < b  iiJfiffO$<l  (x-y1 c b - a



vYa0f.h  1.6 ?ilMWI S,  = [x E Rlx < 1)

6jJIK-i  1  LhllO~tV~~uW3J  S, doJP7n  x  g  1 vp  7 x E S, ttA:niri1~u~  r

tihhXL~~JlJ~nt@l  7 l + r  ilttih’UElIJtlI6IUullaJ  S ,  Ei?fJt&Jilln  x < 1  < l + r  TJTl

XES,
#

iTa0f.h  1.6 fillW@  S, = (x E R(x 2 11

<J&b  1 LfhYMlULlWl$lJllOJ  S, L&JOln  x > 1 y1n  x E s2  tt~~&~l~U@  r th

~lUX4~~J~lJ~~  7 1 fr O~L%4~OlJLldlJllOJ  S, &l?J  L&lJTln  x > 1 2  1 +r y1n  x E S,

#

9Yaoh 1.7 filWt~  S, = (x E RIO < x < I)

%7n&llrJll~J  S, Wit 0  tihllOlJLllWhJll~J  S, LLFI:  1  L!hWlULY9WU-JKJJ s,

gJlfl.4  S3 ththhJDlltllFl  (bounded set)



Gml  1.7 hHU@l St&ttTldhlYtYWhJ  (aboundedbelowset)LLRZ  b Lih’lJDlJtll~dlJ

llE)J  13  7lh?2?  b l%.&llCl¶J~Y@ldlJ~lgJ~‘S  (the greatest lower bound  or infmum)

Ln
uufla I = SUP  s,
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nqnjm  1.18 ~~IHUFI  S ~%4L%WkJUlJEJJ  R a = sup S, b = inf S

l-l. lilH+iJlhbX4Q~J  x til 9 81 x < a URY? Ot111113llHl  s,  E S 1; 45

xcs,Qa

#
1~““~~d~lnPlyOJjlU7UJfJCIJZndl?iiJdolll  i%~tUUIJikiNJLWHJUfii7

u’OOq@l  (the least upper bourid property or supremum property) &E4~~tUtWl%fllJ~7l~$75

f?l%J~n~~Gl  (the greatest lower bound property or infimum  property) ~J~JMlJ~tUtWL?~d

riUniltilUlnrnu~~~~l~~j~~~~~J~lU~U~~J  (the completeness property of real

numbers)



S LLR~L&fJUUilUGXl  u = max S

2. 51 s =:  inf S LLRE  s E S L~l0li)ndl7'h  s LhfhVhq~  (minimum) ‘IIOJ  S

tLXZLu”UWLYlI4~7tl  s = min S



2 0

1 2 . lfl  X th~dOU%ElJ  R &~dL’ifol’?J  UAf  f : X i R I@&  range $Li)UL’lfnfG

llOLllll@l  ii?  a dUblI.4au0fJbl~  QJfi&il.

Sup[a+f(x)lxE&J  = a + Suplf(x)lsEX)  UW: infla+,f(x)lxEX)  = a+inflf(x)lxEX)

. 13. I$: X dUt?WldClUll~J  R $k~TihYWl;lJ  f, g : X --+  R bKI~  range f LLR:: range g

&MWl~ii%Qll~llVl i)J@d+

sup[f(x)+g(x)(xEXj  < sup(f(x)JxEX]  + sup(g(x)JxEX] ufl:

inf[f(x)+g(x)JxEXj  >, inf{f(x)lxEX]  + inf(f(X)lXEX)
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1.7 J?J (Intervals)

83 a, b l%VhU?U5+~  hd a < b llh

(a, b)  = (x E Rla c x < b]

[a, b] = ix E  Rla C x 6 b]

[a, b)  = [x  E  ![a’ G x < b]

(a. b]  = (x E Rla < x 6 b]

l%fl (a, b)  41 h&l (open interval) II4 R

[a, b] ‘?l &%I (closed interval) 174 R

[a, b) llfi:  (a, b]  l%?l~l  ~?J*~JlO”nJod?JnfJO”OIalf  open or half closed)

h R

a ill% b l?fJll~l  ~@lLhlU?hJ  (end point)

W23JfJl?9hJ  (a, b),  [a, b], [a, b) LllX (a, b] u”fhl~ln”ukQ  b-a

HIJ?UIN~ 1. (a, a) = @

2. ia, a] = [a]

(a, =J)  = (x E R/x  > a)

(-=,a)  = (x E Rlx < a]

~~nojtasltillnil-d?~t~*~~~~  (infinite open intervals or open rays) LLI:

[a, 0~)  = Ix  E Rjx  2 aJ

(--=,a]  = [x E R/x < a1

~JaoJl~~~~J~llli~n~~~~J~~~~~~  (infinite closed intervals or closed rays)
Y

11~:6Ju”ull7J~~Jj9Jl?h.4  (-  m, 00)  ~‘W¶.~~TWLEI&U?UP~J  R llW;fhjl~~Jn~u~

(infinite intervals)



2 3

51 x

I
&,‘,  x = 0 UR:  n I, = lo]

IlEN

II #
A/- \
13

/
r r r r r 1 1 1 1 1

- -F-

J’-l  1.1 i?.ltWlFlttTl~n  (Nested Intervals)

vYaaf.iis  1.12 I$ Jn  = (0, !-)  n E N

&l.h J,  2 J,,,  y+hum~~  n ii&o  {Jni  n 6, N) thia.mmtn3n ttR::

l-l J, = @ t&bmn
IIEN

i&i0 [K,ln E N ]  tih4+lJao9Ittn~n LLAr  fl K, =  $ L&N8ln
IIEN
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nqnjm  1.26 Tlr)i3&JWhJRIMln3fl  (The  Nested Interval Theorem)

thil~~UlloiRt~lu?u~U  n I, = [q,  bA  UR:  (I&  E N]  ltk?i~J%IpEWWlWI

&lOlJlYlol  (a nested sequence of closed and bounded intervals) URV? f-l  I, f @
IkEN

n I,  = Id
IIEN
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f.hp a

Point a)

~6~Z~lId~fl~~F1  a (Neighborhood of the Point a and Deleted Neighborhood of the



2 6

Guw 1.0 Iii a iihi7uauG41~  9

~lU’Ln8~cI  a <ffu’ E (deleted E - neighborhood of a) n”OtYl+l

N:(a) = NC(a)  - (a)

u’l&l  N:(a) = (a-c,a)U(a,a+c)



2 7

8aiasfha  1.14 iiintm  s ,  =  (0,  I)
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R-[b , m ) = (-co,  b) hwih%ih  R

Iii F  =  =&F.  &l&4  R - F  =  U,(R  -FJ

t:WlfltWi~:  F, l%4tWl%1bt  R &lki  R-F. lihl%9ll~~~U  R

Plnnqkt$In 1.29(?l.)  R - F  =  U&R-  FJ thl‘Ilolt?h~U  R







3 4
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1.10 RdWl~urdM  (Compact Sets)

ihu 1.13

%Jl¶J 1.14

ihlal  1.15



J.  < 1-X
k2

1% k = maxik,,  k,)

<  l - x

J c fJ  G,,
i=l

1; M = max III,,  nz, . . . . II,]
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tilnwl  ~>Olkn  n,l?hbi’lu?U%k  45 + < E




