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c-1,  -0
I
pJ 4.1
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(1, 1)
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L =
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eYa;l”aehs  GuI& ~c,,  c2,  c, fhumh

c , :  x=t,  y = t , o<t<1

c, : x = t , y = 1 , 1<t<2

c3 : x = 2t, y = t , o<t<1

wh+~  do t  udwiiein  0  Rs t c ,  $0 dasavosrEum3a  Y =  x sinja  (0,o)

if+ (1, 1 )  $¶J
Y

(1, 1)  c2

p- ‘) x

pl 4.4
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x

,: 4.5
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,’  Y+pl5”“U

-g¶J 4 . 9
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pJ 4.10
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4. i)JttAVtJ'h 61 F(t) = U(t)+iV(t) LLR”)PE!6

~b

1
F(t)dt  = F( - t)dt

a

x(t) = a+r,cos  t, y(t) = b+r,sin  t, 0 Q t < 277

VI% z = zo+r&,  0 < t < 272

1 5 6 M A  4 4 3  (s)



a = to < t, < . . . < t, =  b

f(z)dz  = lim i: f(z:)Az,
n--r-  k=,

Yl

I

0
x

ad  4 . 1 2
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\

b

f(z)dz  =
C s

f(z(t))z’(t)dt
a

A Z ,  =  zk-zk_, UR’; z(t:)  = z;

~WlYltjkt~¶Jdl K&J  (Mean-valued Theorem)

Z(h)  - zh,) = z’(t,*) ctl, -t&l)
A

LUQ tk.,  < t: < tl,

&&A  AZ, = z:‘At,

ain s, = ,$, f(z,*)Az,

I
b

f(z)dz  =
-C

lim S,  = f(z(t))z’(t)dt
“-CC a

I
-=I  *
a6pn z2dz  =

s
(t  fi?)’  (1 +tit)dt

C 0

1
I

= (t*  + 2it3 - t4)  (1 + 2it)dt
-0

= (t’ + 4it3 - 5t4  - 2it’)dt

1 5 8

zr

1;

+it4-t5-+?]1

0
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t+Ym.i1s  3hwmi11rns
3 C

Izl*dz  @llu&bn"s

1. C = C, : z,(t)  = I +it , 0 < t Q 1

2. C = C2  : z,(t)  = I2 + it , 0 < t < 1

1 .  c,: z,(t) = t+it

z\(t)  = I + i

I jzl*dz  =
, c,

jjt+ity (I +i)dt

~1
= (1 +i) 2t*dtI

- 0

2 2.zz
3+  J’

2. cz: z,(t) = t*+it

z;(t)  = 21 +i

#dz  =

,I

!

,I

x

~‘0
o(t4  + t’)dt

M A  4 4 3  tS1

i-SC,
/z/‘dz  f i“C; Izl’dz

1 5 9



?l’i)~$lW~  4 . 2  61 f(z) = u(x,  y)+iv.(x,  y) d~aludo~doJ~u,~~b~~~~~~  C llE!g

!
f(z)dz  =

!’
(udx - vdy) + i (vdx + udy)

C C C

b

f(z)dz  = B[u(x(t), y(t)) + iv(x(t),  y(t))]  [x’(t)  + iy’(t)ldt

1
b b

zz (ux’ - vy’)dt + i (vx’ + uy’)dt
,a a

= (udx - vdy) + i (vdx + udy)
C C

1 . kf(z)dz  = k f(z)dz
C i

Lib ‘k  Lihilfl.S~~iat~Ja”QU~~  7

2. “[&f(z)  + g(z))dz 1 icf(z)dz  + j$z)dz

3. 51  c  bL¶.iSb~U  c ,  ic,  dX

1 f(z)dz  = lc,f(z,dz+  !c,f(z)dz
SC

4.
! -C

?

b

< I Wz WI
a

1 6 0 M A  4 4 3  (S)



!
b

< M /z’(t)ldt
a

Id[x’(t))‘+(y’(t))‘dt = ML

c, : O<x<l, y = o

c2  : x = 1, O$Y<l

. 611%~  c,  dfil  dy  = 0 LLA~B)W  Cl iFi1  dx = 0

f(x, y)dz =
c,+c,

,;c,+w)dr

= ~~c,+$-y)dx+i~c,+$-y)dy

1(x-y)dx  =
c,+c!

,ic,(x-y)dx+/4(r-y)dx

.I
= 1 x& = 1 ; 1; = ;

,o

c +c~(x-y)dy  = jc (x-y&b+ sI 1 I c,(x - y)dy
= (l-y)& =
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. s. (x-y)dz  =
c,+c*

+(l  +i)

pl 4.16

%?il IX C, Gh~‘pdmasa7n  2 = 0 ‘b¶JeJ”s  z = 1 +i

C, duGumasain  z =  0  YE)& z  =  1 bwmn  z  =  1 bJfY.3  z = 1 +i

zz + 1 =  (x+iy)‘+l  = x2  - y* + 1 + 2xyi

1 . wh4-h  afums  c, kdhmaawn~a  x = y GUKM

a< x = t, Y = t , O<t<1

z(t) = t +it , 0 ,< I < 1

z’(t) = I+i

z2+  1 = 1 +2t2i

/

.I

(z’+I)dz  =
,C,

(1 +Zt?)  (1 +i)dt
-0

= (1 + i + 2t*i  - 2t’)dt
0

zz j(l+i)t+  yi- ?t I’  =  i+ii

3 '0

1 6 2 MA 443 t.5)



2. c2da:nou6~iau~bv"um3~~~n  (o,o)  WC3 (1,o)  bkmin  (1.0)  bJ& (1, 1)

6a”ldffoso7fl  (0, IO)  l&ii (1, 0) Gil y = 0 k&x x(t) = t,  0 4  t < 1

z(t) = t , 0 4  t ,< 1

z’(t) = 1

2+1 = t2+ 1

sihsva?n  (1, 0) ;IzIl”s  (I, 1) Gil x = i LbR.z  y(t) = t, 0 < t < I

z(t) = L-tti , O<:t<l

z’(t) = i

2+ 1 = (l+ti)‘+l  = 2-tZ+2ti

I’  ’ ~1

(z’+ 1)dz  =
L 0

(t’  + 1) (I)dt  + o(2  - t*  t 2ti) (i)dtI

l3 3 2tZ  I’
m-+t+2itpfi-  ~ 1
! 3 2 10
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3”aoli  19i  c, rh.wmvh4~~  I LLWZ  c2  6hnawhu”a  2

1.9mCz  X x(t) = cos t, y(t) = sin t, 0 < t < n

MiO z(t) = cost+isint = e”, O<  t<n

s
n

Zdz  = - Zdz  = - e“‘(i$)dt  = - ai
C, -Cl 0

2. E/u  cz z(t) = cost+isint = e”, 72  $ t < 2n

jc,Zdr  = 1: e-“(i&dt = ni

1 . a’a’n’ 1 mn z(t) = t’+it LLRt f(2) = 5

3tlK x(t) = t2 LlWZ y(t) = t

z=O  iiS z=4+2i9:1&  O<t<2

%2

5dz = ! Zz’(t)dt
0

2
zz (tq)  (2t + i)dt

0

I’  2
= (t*  -it) (2t + i)dt

~0

,2
= 1 (2t3  -it*  + t)dt

~0

1 6 4 M A  4 4 3  (S)



-4:
asn  2 z = x-iy LbBE  dz  = dx+idy

s
zdz  =

C 5 c(x  - iy) (dx + idy)

= i (xdx + ydy) + i
.C

i C(xdy  - ydx)

9in  x = I?, y=t da o<t<2

2 ~2

idz = 1,O
(t2)  (2tdt) + tdt + i, ;‘dt  - t(2tdt)

I

- 2 -2

=
! (2t3  -k  t)dt  + i. o( - ?)dt

!

= 1;  +~~~+i(-~):

2 .  mn (x - iy) (dx + idy) = (xdx + ydy) + i (xdy - ydx)
C “C

1
y=2 ‘y=2

idz = I, y =  o[(0)(O)  + d + i _ y =  ~KWY)  - Y(O)I

~2=
! W

0

= 2

(0,  2) CL
(4.  2)

C,

+

x
0

M A  4 4 3  (S)
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Y = 2,

dy = 0 LLA: 0 < x Q 4

Zdz  =
C2

1 6 6 MA 443 (S)







J J

2n

jzldz = o Irei’  lire”dt
C

J

2n

= ir2 ei’dt
0

J

2n

zz ir2 o (cos t + i sint)dt = 0

J J

2n

z”dz  = (re”)“ire”dt
lz/=r 0

J

2n

= ir”‘l ei(““)‘dt

0

= ir”+’
J
r [cos(n  + 1)t  + i sin(n  + l)t]dt

&&4
s

:

0 ni n# - 1
z”dz  =

/z/  =r 2ni 51 n=  - 1
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Complex

Variables and Applications

f(z)dz  Lh f(z)dz
C JZJ  = I

z’dz. = e’dz = sin zdz  = 0
C C C

iYa”aedls  w41hm cz+4dz  L&I C :  (z/  =  1

Gil aps” f(z) = z
2 + 4

M A  4 4 3  (S) 173









vhxh~ %nmiluaJ J e-‘dz

5% LW31~~1  -e-' + c tTh.AlJ!jKll~wlirhN  evZ

&&.4 s e-‘dz  = - e-’  + c

iYm.hJ  wGqalii1 JF(z)G’(z)dz  = F(z)G(z)  - JF’(z)G(z)dz

Glgeu’  omowy’ird d[F(z)G(z))  =  F(z)G’(z)dz  +  F’(z)G(z)dz

%.ditn&~ao~u’7~otrb

F(z)Ci(z)  =  jd[F(z)G(z)]  =  Sr;(z)G’(z)dz  +  JF’(z)G(z)dz

s F(z)G’  (z)dz  = F(z)G(z)  - jF’(z)G(z)dz

BJL5Un7~~U~Ln~R~R=i?U  (integration by parts) <UtOJ

tihtil~  95nifiim~  z cos 22  dzJ

sin’1  lsi F(z:) = z , G’(z) = cos 22

F’(z) = 1 ,
sin 22

G(z)  = 2

T~uni~^ou~tn~ol~A=~~u~in~~~~l~

J zcos 2zdz = J F(z)G’(z)dz

= F(z)G(z)  - iF’(z)G(z)dz

z s i n  22= - -
2 J 2!+,

cos 22c! Isin  2z+ - + c4

NA 443 CS) P77



!
L

F(z)  = f(s)ds  + k
20

J
22
21

f(z)dz  =  @:f(z)dz  +  j;f(z)dz

= iIf(z)dz  - i;f(z)dz

= WZZ)  -F(q)

1 7 8 MA 443 (S)



LLK F(z) = ;

s

;!  + i

Cl

in
LLRE e3”dz lUndi  f(z) = e3’

in / 2
F(z)  = ‘;

s

in
e”dz  = j f ;::/2

in / 2

= f Le3ni _ e3xi  / 21

= t(-l+i)

MA 443 (s)



f(z)dz  =
C,

f(z)dz
G

7d 4.24

IJ 4.25

1 8 0 MA 443 (5)



s f(z)dz = 0
L-c2*-L,+c,2

(4.4.1) + (4.4.2) f(z)dz + i f(z)dz = 0
c,,+b-G-Lz L*-G-L+c,,

I,;?;:  f [,.fWz  - [Lf(2)dz + ICI2  _ ;;)dz  + jLf(W - jLfWz = 0
1

. . . . . . . . . . (4.4.2)

s f(z)dz + ! f(z)dz = 0
c,,-Cl, CrG2

f(z)dz - s f(z)dz = 0
c,,+c,, cz,+  c*,

&f(z)dz  - i;c,f(z)dz  =  0

f(z)dz = 6 f(z)dz
Cl I CL

( f(z)dz =P f(z)dz +  + f(z)dz
C C,

MA 443 tS) 1 8 1



Smmia.mau  C ,  :  Iz-a/  =  r

orbY z-a = reil? do oge<2a

Z a+re i9=

dz = irei’d

=

= 2ai

= 2ni

C

Cl

r

a

0
a

Id 4.27

182 MA 443 (S)



s

2n
= g  de

0 rne’n0

i

2n
i= _ _

r”‘l
ei(l  -  n)Qde

0

l
= (1 - n)r”-’

[e2(1  -n)ni  _ 1]

z-z 0 L&l n f 1

ChiasdlJ F1Jp?1ci1210J
dz

ciz-i)’
L&l C : Iz-i/  = 1

dz

.

MA 443 t.5) 1 8 3



,

Y

-I I
0 x

,c

- Zi

Ifi  c = c,+c,+c,+c, 6qLl

t5 = J,,si+J,,~+J,,~+Jc,~
ln4 Cl I< x = t , -1gt<1 UA::  y=o

z = x+iy  = t

J J
I

d z dt-= -= [I&t  + i)j! , =
c, z + i -1 t + i

Log(1  + i) - L0g(  - 1 + i)

1 8 4 MA 443.  (S)



lJU  C2  I$: z = x+iy IIJdu’ x = -1, -2 6 y < 0 II!  y = t

. z = -l+it,. . -2<t<o uF4: dz  = idt

J J
0

dz idt-=
c,  z+i -2 - l + ( t + l ) i

= (Log[-l+(t+l)i]p_Z

=  L o g ( - l + i ) - L o g ( - l - i )

UUC~  Iudur  y =  - 2 ,  -l<x<l 1s x=t

2: = t+(-2)i = t-2i UAE dz = dt

J dz
s

’ dt-= __
c,  z+i -1  t - i

= Log(t - if,

= Log(l-i)-Log(-l-i)

YUC, luiiw’  x=1, -26yGO  IVY  y = t

;!.  = l+it , -26tCO  Ul: d z  =  i d t

s
0

dz idt-.  =
c,z+i -2 1 + (t + 1)i

= Log[l+(t+l)i]Oz

= Log(  1 + i) - Log(  1 - i)

dz-_
cz+i

= Log(l+i)-Log(-I+i)+Log(-l+i)-Log(-1-i)

+Log(l-i)-Log(-.I-i)+Log(l+i)-Log(l-i)

= 2Log(l  +i)-2Log(-  1 -i)

= 2[Pn\TZ+  qij--2[Pnfi+  - 2 i]

zz Zi+ 3ni. =

2 2
2ni

MA 443 (S) 1 8 5



-2i

dz dz-= -
c z+i c,  z+i

#
dz
- = 2ni

c,  z+i

- = 2ni

MA 443 (s)



0II
Ii

II
I

I



4.2 1 z sin z’dz

4.3 j
,3::,:2  dz

1 8 8 MA 443 (S)
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! fodz = s, f(z) dzcz--zo c z--o

s i

2n
f(z)-dz =

f(z,  + reie)rie”dO
cz--zo 0 i0re

s

2n
zz i f(z,  + rei8)d0

0

272
= i

s
f(z)d0

0

s

2n
491am1 , c z&k  dz- 2nif(z,,)  = i o f(z)dz  - Znif(qJ

= ijrf(z)dtr-i~~f(~)dtV

'2X
= i I o (f(z)- f(zo))dtJ

Ii,-c  zzo dz - Znif(Q)  1 = Ii1  1 ir(f(z)  - f(Q)d8  1

< I f(z)  - f(zo)  I de

~277
<

?
Lde  = &

0 2n

LWaltQ’Ju I c z*.  de-- 27cif(z+)  =  0

L a
uuFl0 f&J = 2+i SC zzo dz

MA 443 (S) 191



Y
3i

- i

IJ 4.34

+ fodz =
c z+2i 9; ’ dz

cz24

= 2nif(2i)

= 2ni&-

= ni

1,92 MA 443 tS)



Y

3i

- 3i

M A  4 4 3  (S)

z dz = z
c - 2 2

rdz  +
2

c ,  2 +4
rdz

c,z  +4

z 2= --t-dz +
c,z  +4 c = dz+

sL22
rdz  +

-L 2 +4
Gdz

c,z  +4

= ” dzi
C,+L=

--&dz
-L+c,  z +4

1 9 3



z

iTQlXU1 -+-dz = z f 2i
c,+Lz +4

- dz
C,+L z-2i

=  2ni  f ( - 2 i )

= 2ni(  -iyzi)

’
c22

dz = ni+ni  = 2ni

c&dz = 2n i  f(ni)

= 2ni  e3ni

= Zni(cos  372  + i sin 37~)

= - 2 n i

1 9 4 MA 443 t.5)



vYa;l”aehi  3 osvmiiuos
4;c zc2t2dz b%Q C : Jz+iJ  = 3

44  0
ami  5inmmwrm  zZ+2z+2  =  0  ii0  z  =  -l&i  b&El  z  =  -l+i  LLR: z= - 1 - i

8Jw” 2 ~@lQ$U?JllRXI Iz+il = 3

+cz~:~:2dz = ~cI+Lz2:2:1:24+C1  z2:2::2dz

lps” f,(z) = z2 +  1
Z-(-l-i)

f*(z)  = z2+ 1
z-(-I+i)

z2 + 1
c,+L  zZi2z+2 dz = !i

f,(z) dz
C,+L z-C-l+9

= 2ni f,( - 1 i-i)

=  2ni  (-l+i)‘+l
-l+i+l+i

= -2ni+n

z2 + 1
-1.+c,  zZ+2z+2 dz = fz(z) dz

-L+c,  z - ( - l - i )

= 2ni f,(-1-i)

= 2ni (-l-i)‘+1
- l - i - ( - l - i )

MA 443 ts) 1 9 5



= -2ni-n

z2+  1
c 22+22+2

dz = -2xi-bx-2ni-x  = - 4 n i

f’(G)  = 1
+

f(z) dz-
2ai c (2 - zo)*

f(z,+h)-fb,)  = 1
h - -I_jf(z)dz

z - zo

1=-- f(z)dz
2ni c (z-z0  - h) (z-z,).

f(z)dz
c (z-zo-h)(z-zo)Z

c (z-zg-h)(z-za)’  =

1 9 6 M A  4 4 3  t S)



f(z)dz
c,  (z-zo-h)(z-z,J’

f(z) = o
c, (z-z0  - h) (z - z$

. ,im fk,+Wf(zo)
. .

h
=f’(zo) =  1

2ni
f(z)  dz___

h-0 c (z-zo)*

+“)(q,)  = $ c (z~~jn+, dz  , n = 0, 1,2, .

. . . . . . . . ..(4.4.3)

+“-“(z, + h) - f(““~(zo) =
h

f(z)dz

MA 443 (S) 1 9 7



(z-7*)“-(z-zo-h)”
(z-z,,-h)“(z-z,,)”  dzI

Pin an-b” =  ( a - b )  (a”-‘+a”-‘b+...+b”-I)

:. (z-zo)“-(z-z,,--)”  = [z-z, ,- z+z,+h]  [(z-z,,)“-‘+(z-zJ-2(z-z,,-h)+...+

(z-z, - ,,,-‘I

= h[(z-~)“-‘+(~-z,,Zg)“-~(z--.z~-h)+...+(z-~-hh).-‘]

f+‘)(q  + h) - f+‘)(q)
h

f(z) [(z - z,J”-’  + (z - z,)“-2(z  - z,,  - h) + . . . + (z -z,,  - h)““]
(z-z,,-h)“(z-q)

dz

f(z) (z  -zJ’  + (z - zJ-‘(z  - q,  - h) + . . . +(z-zo-h)“-*(z-~)-n(z-~-h)“dz
( z - q - h ) ”  (z-zo) “+I

(n - I)!
I92ni  c,

f(z) (z-~)“+(z-zZg)“-‘(z-~-h)+...+(z-zZO-h)”-’(z-~)-n(z-~-h)
(z -Q -h)”  (z  - z,#+’ dzl

< ( n - l ) !  M2nE  (E”+&“(&-h)+...+&(&-h)“-‘-n(&-h)”)
2n (&  - h)R&Q+’ hilru’7ln&phiio

h-+0

.  ,im p-‘)(z,, +h)-P”(z,,)  = n ! f(z)dz. .
h - 0 h c,  (z-Q)“+’

nio f-vi) = n ! f(z)dz__2ni c (z-q)“+’  ’
n = 0,1,2,3  ,...

hlfh IlJ%ll’iilllOJ ezz
c(z

dz rdo c rDera.mu  Izj  = 3

fyzo)  = n!
27ci #

f(z)  dz
c (z - zo)“+’

f(z) = e*’ UN:: Q = - 1 ,  n=3

f’(z) = 2e2’, f’(z) = 88

f’(z&)  = f’(-  I) = 8e-*

19,8 MA 443-(S)



eZr
adz = 843

c (Zfl)

= 8 em2*i
3

Edeh  PJHlfi121QJ
t si” z dz Lu;O c duamau  JZI  =  4

ctZ-n)7

sin z, z, = n, n = 7

2ni
-sin(“‘)(n)

6!

= $g(  - cos 7r)

2ni=_
6!

eYa0di-a  ~~wifi1210~ dz
c zyz - 1)’

tdo  c Zh.wnau  lz-2(  = 3

4* 0

arm  &I c : 12-2)  = 2 LLR:: f(z) = 1
z2(z  - 1))

n”q@l  z = 0 LLAE z = 1 o$.ua+

mu c &qd

MA 443 t.S) 1 9 9



1 1

=
C,
y dz+ 2 dz

c, (z- 1)’

I
! f(z)dz  =
G s f(z)dz

G

IIT
z

F(z) =
s f(t)dt

zl

htl4  F fflLJlXlhdh4  D

ilHfUU  h  # 0  'fiialXtt1

2QQ MA 443 (S)



F(z + h)  - F(z)
=

h

= f(t)dt

1 !‘(Z+h;-F(z)  - f ( z ) )  = I$i:il’r(t)dt-f(z)1

= hf(t)dt - [;+‘f(z)dt)  (

,z+h

I I

1
=

il  z
(f(t) - f(z))dt  1

If(t)  - fW < E
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