
4 
fl'Dln 3 

fll316da4alflQl~Wfi$~ (The Inverse Laplace transform) 

f(t) = L-' [F(s)J (3.1) 

(fl) tWSlZd1 

e L-"--] 1 = -3f 

s + 3  

(U) IYy51dl 

3! 
s4 

L[ t 3 ]  =- 
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1. 1 I - 
s 

t" 
n! 
- 1 

Sn.l 
- n = 0, 1, 2. ... 3. 

2. 1 
t - 

S2 

4. 

S cos at &? 6. 

e" 1 
s- a 
- 

5 .  

134 

sin at - 1 - 
s2+ a2 a 

MA 343 

8. s cosh at 
sz - a2 



1 1 1 
= L-' I-] - L-' [- ] + 4L-' [ - J 

S S2 s- 2  

5 
2 = 1 - t  +4e2'-3 cos 4t +- sin 2t 

' 

3.2.2 ~nrnuU%nl~I&wDOfl~d (First shifting property) - L-' [F(s-a)] = eat f(t) (3.3) 

- 4 .  S x m  IW5lLdl L-I [-I = cos 3t 
s2+9 
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J = L-I [ - s-l% 
S-  1 L-I [ 

SZ-2S + 10 (s - I)'+ 9 

= e'cos 3t 

~ ' - 4 ~ + 2 0  = ( ~ ' - 4 ~ + 4 ) +  16 

= (s-2)'+16 

6s-4 6s-4 L-I ( J = L-l [ 
s2 -4s + 20 (s - 2)'+ 16 

6 ( ~  -2) + 8 = L-1 
(s - 2)' + 16 

s- 2  4 
= 6L" [ ] +2LJ [ -- 

(s - 2)'+ 16 (S -2)'+ 16 

= 6e2' cos 4t + 2eZt sin 4t 

s 2 + s + 1  = s 2 + s + ( j  1 2  +- 3 
2 4  

1 3  
= (s++-J 
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1 
= e L  

-i 

1 1  
S + + -  s + l  2 2  L-1 [ - ] = L-1 

s 2 + s + l  
[ 1 3 1  

(s +-)2 + - 
\ / J .  

1 

2 4  
1 

2 

d3 1 - i t .  \IJ 1 -i t 
= e L  cos - t +  - e  s i n i t  

2 v 3  

1 1  
S + + -  2 2  

2 4  
1 

S + -  2 

2 4  

1 3 1  (s +-)2 + - 
\ / J .  

’ (  1 3 1 + \/5 1 L-l[ ( S + $ + I  1 (s + -)2 + - 4 

t d3 l + . \ I J  cos - t + - e . sin-t 2 v 3  2 

I t  
k k  L-I [F(ks)J = - f(-) nja 

(3.4) 

9.vl .M.  
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1 4t 1 ] = -  
2s 

cos - = - cos 2t L-' [ 
(2s)'+ 16 2 2  

L" [F'"' (s)] = L-' [ -  d" F(s) ] = (-  1)" t" f(t) 
ds" A 

(3.5) 

n = 1 , 2 , 3  ,.... 

d 1  
= 

2s 
(s2 + a')' 
- 

s = ---(- 2ds I
d  

s2+az I ) (s' +a')' 

sin at WllJR1514 3-1 
L-' I-) 1 = - 

s' + a2 a 

i r i x n d u  

1 sin at L - ' [ - S _ )  = - - ( -  1) t (-) (s' + a')' 2 a 
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L-l(-( d s  -)) = L-1 I+] 
da s2+a2 (s +a2l2 

njo 

S I d  L-I I - ) = ---(cosat) 
(s2 +az)' 2a da 

= --  I ( - t  sin at) 
2a 

- t sin at -- 
2a 

!- 

MA 343 139 



- - 2a2 - 
s(s2 + a') 

= -21, 1 - - S 1 
s2 + a2 

14nqnim 3-4 SZ'M 

L-'[F'(s)] = L-'( -2(-- 1 - S = -tf(t)  
s s2+a2 

-2 (1 - cos at) = - t  f(t) 

2(1 - cosat) f(t) = 
t 

2(1 - cos at) n h  L-' (In ( 1 +"') = 
S' t 

1 1 1  - = - _ -  
s(s+l) s s+l 
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L-' [ s F(s) ] = f'(t) . 

1 
2 

] = - - t i n t  L-l - 
(s2 + 1)2 

(3.7) 

I S s2+  1 - 1 L-' 1 s - 
(s2+ l +  = (s2+ 1)2 
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L-' (-1 = Lt 2 sin t 

-(t 1 cos t +sin t) = L-' I--- 1 ] - L-' 7 1 1 
s2+ 1 (s + I )  2 

nio 

L-' (-- 1 ] = LJ (XI 1 ) - + (t cos t +sin t) 
(s2 + 1)* 

= sint- - 1 t cos t - -sin 1 t 2 2 

1 
2 

= +sin t - t cos t )  

142 



11n: 

n3a 

(3.9) 
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t 

0 
L-’ 1 F(s) G(s) J = j f(x) g(t -x) dx = f I )  g (3.10) 

1qo6 o1n (2.40) 

F(s) G(s) = L [ f t g ] 
Y 

&CU 

L-’ [ F(s) G(s) ] = f t g 
‘L 

= 1: f(x) g(t -x) dx cII.m.n. 

~lv3sthd 3.14 04n1~1vw L-L 1 + 1 r~,v’l.antlujlrnwnnisJs=niu 
(s +a’)’ 

- 4  
3IiTil 1 W S l Z i l  = 1 - 

(s’ + a’)’ s2 +a’ s’ + a’ 

L-’ { ”-1 = cos at 
s’ + a’ 

L-1 1-j 1 = - sin at 
s’ + a’ a 

dx S sin a(t - x) L-l 1- 
(s2+ J = I ~ C O S  ax a 

1 ‘  
= - j (cos ax) (sin at cos ax-cos at sin ax) dx 

a o  

t 1 t sin 2ax dx - = 1 sin at 1 cos’ ax dx - - cos at 
a 0 a 0 2  

1 t sin at cosat ) --cosat 1 ( -) sin’ at 
a 2 ?a a 2a 

= -sin at (-+ 
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I cos at sin' at - 1 cos at sin' at - -- - I sin at +- a 2  a 2a a 2a 

t sin at 
2a 

= -  

1 t 
L-I ( - ) = lo (xe-") (t - x) dx 

s'(s + 1)2 

t 

0 
= (xt -x2) e-' dx 

1 = (xt-x2)(-ee'")I t + J  .t ( t - 2 x ) f " d x  
L-I [ 

S*(S + 1)' 0 0  

'In' u = (t-2x) : dv = e-"dx 

du = ( - 2 ) d x  '; . v = -e-' 

$4&l 

1 t t 
L-'[-] = O+(t-2x)(-e-")) - 2 1  e+dx  

s2(s + 1)' 0 0 

146 
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m i  (s+ 1) (s-2)3 p ~ ~ n ~ ~ ~ u n i - ,  Q ~ A  
5s’- 15s - 11 = A(s -2y +B(s + 1) (S - 2)*+ C(S + 1) (s-2) +D(s+ 1) 

= A(s3 - 6s2 + 12s - 8) + B(s3 - 3Bs2 - 4) 

+ C(s’- s-2)+D(s + 1) 

= (A+B) s3-(6A+3B-C) s2+(12A-C+D) s 

- (8A - 4B + 2C - D) 

niuurlulJs:dni 

A + B  = 0 

-(6A+3B-C) = 5 

12A-C+D = -15 

8A-4B+2C-D = 11 

oin (3.11) A = -B 11vlUdltl~lU (3.12) 

3B+C = 5 

m i  (3.13) uann’u (3.14) Q:IX 

20A-4B+C = -4 

iinun’i A = -B i l+lU (3.16) 

-24B+C = - 4 

27B = 9 

1 1 
3 3 

B = Iu (3.15) Sz’ l6 

B = - A = -_ 

3 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 
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c = 4  

1 
3 A = -- IIW C = 4 a~lu (3.13) & i u  iinun'i 

1 
3 12(--)-(4)+D = -15  

V i D  D = - 7 

I 5s'- 15s - 11 B C D lim = A+lim ( s + l ) [ - + -  +- 
S - - 1  (s - 213 S - + - l  s - 2  (s-2)2 (s-2)3 

n b  5( - 15( - 1) - 11 - 1 - -- 
3 

A =  
(- 1 - 213 

5 ~ ~ - 1 5 ~ - 1 1  = - 7  D = lim 
s-2 s + l  

(3.18) 
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1 
3 B  C - 7  

-- 
= -  +-  +- +- 5s2 - 15s - 11 

( ~ + 1 ' )  ( ~ - 2 ) ~  ( s + U  s - 2  ( ~ - 2 ) ~  (s-2)3 

iinudi s = orin: s = 1 

1 B C 7  +-+- 1 1  
8 -  3 2 4 8  
- - -_-- 

W h  -6B+3C = 10 

- - _ _  B + C + 7  21 _ -  
2 6 11a: 

W;Q -3B+3C = 1 1  

(3.19) 

(3.20) 

(3.21) 

(3.20) - (3.21) d n '  

c = 4  

1 1  
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