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fIlldQ4~1flalelr (The Laplace Transform) 
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Jd2.1 
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W N m 
j f(t) e-'I dt = j, f(t) e-'' dt + 
0 N 

e-" dt 
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L [ 1 ] = lm (l)e-"dt 
0 

s > o  1 = -  
S 

0"l f(t) = t 

m 

0 
L ( t ] = j (t) is' dt 

d U % n d t l Z d ? U  (integration by parts) 
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' Y  
1 

In" u = t, dv = e-S' dt 

e-S' 

du = d t , v  = - - 
S 

$1 f(t) = t" 

m 
L [ t"] = t" e-st dt 

0 

ln' 

-s1 
du = (n-l)t"-'dt : v = - e  

S 
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n! 1 
= 

n > - 1  

; s > a  1 
s- a  

- - -  

$1 f(t) = sin at 

(2.8) ' 

(2.9) 

MA 343 89 



m 

0 
L sin at = sin at e-sr dt 

In' u = sin at : dv = e-'l dt 

-st 
du = acos at dt ; v = - 5  

S 

-St -st a a la sin ate-" dt = sin at ( - c  ) I - J ( -2  ) (a cos at dt) 
0 s o 0  S 

m 

s o  
= O + s J  cose-" dt 

5U4ln5Rdn:d?Udnnf.l 

In' u = cos at ; dv = e-" dt 

e-st 
du = - a sin at dt ; v = -- 

S 

-st a a -st 
(mcosate-stdt  = c o s a t ( - c  ) I  - j (-s ) ( - a s ina td t )  
0 s o 0  

m 

s s o  
sin at e-" dt = --"I 1 

8 4 2 U  

a 1 a m  
0 s s s o  

Sin at e-" dt = -[ - - -1 sin at e-"' dt 1 

( 1 +$) sin at e-" dt = 7 a 
S 

a sin at e-" dt = - ; s > o  
0 sz +a2 

n h  L [sin at 1 = 2 . s > o  

l~"?aln"?fi,u~o:rk 

?+a2 ' 
.4 4 

s > o  
S L [ cos a t ]  = - 

s2 + a* 

(2.10) 

(2.1) 
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-1 



= a1 Fds) + a2 F ~ s )  

= at L [ fdt) ] + a2 L [ fdt) j 

(2.14) 

mW&ld 2.3 o4mifiluo4 L I t 3 + 2  sin 3t - e - ' )  

%Vil 
L [ t'+2 sin 3t -e-' j = L [ t' 1 + 2 ~  [ sin 3t 1 -L  [ e-' 1 

= 3 + 2 ( - ) - - .  3 1 

- -+--- 6 6  1 

s4 s2+9 s + l  

s4 s2+9 s + l  
- 
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m 
L[ea'f(t)] = Jo e"'f(t) e-" dt 

= 1 f(t) e-(s-a)l dt 
m 

0 

= F(s-a) 

4 
& - O d l M  2.4 0'; L[sin 4t] = o ~ m n ' l u o ~  L[e" sin 4t] 

s +16 

;hi1 

I ~ [ e "  sin 4t] = - 4 
sz+16 s-s-3 

d i i ? W  

4 
(S - 3)'+ 16 

- - 

I 
l T ( 5 I Z ~ l  L[t3] = 3- = ' 

s4 s4 

6 
s4 s-s+l 

~[e't'] = - I 

(2.15) 
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n! eattn 
(s -a)"+' s > a  

s > a  b eatsin bt 
(s - a)' + b' 

eatcos bt s - a  
(s - a)' + b' 

s>a 

eat sinh @t) b 
(s -a)' -b' 

1 eat cosh (bt) s - a  
(s -a)'- b' 

s>a+Ib(  

at = x 

1 
a dt = -dx  

x l  
0 a 
m 

L{f(at)] = 1 f(x) e-'(;!- dx 

(2.16) 
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.. 
sin at 1 sin at I = -L(-l, ....... (A) Lb- a t  

sinat 

1 1 1  = -tan- (-) I 
a s S'; 
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(2.17) 

m 

0 
L[f'(t)] = j f'(t) e-" dt 

u = e-" ; dv = f'(t)dt 

du = -se-'' dt ; v = f(t) 

m m  

0 0  
L{f'(t)] = e-".f(t) I + s  1 f(t) e-" dt 

= - f(0) + sL[f(t)] 

= sL[f(t)] - f(0) cII.n.w. 

(2.18) 
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Ljf"'(t)]  = s3L[f(t)j -s'f(O)-sf'(O)- f"(0) 

L[P"(t)]  = s"L[f(t)] -s"-'f(O)-~"-'f'(O)--.... -P-" (0) (2.19) 

f '  (t) = 2a sin at cos at 

= a sin'2at 

O l f l t p l l  L[f'(t)J = ~L(f(t)]  - f(0) 

@Y&U L[f'(t)J = aL[sin 2at] = sL[sin'atJ -sinz(0) 

- 2a2 = s~jsin*at] 
s'+ 4a' 

n b  L[sinzatJ = - 2a2 ; s > o  
s(s'+ 4a') 
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f(t) = t sin at 

f'(t) = sin at +at cos at 

11n: f"(t) = 2a cos at -a2t sin at 

lwi f(0) = f'(0) = 0 

0lnam5 L(f "(t)] = ?L(f(t)] - sf(0) - f '(0) 

~ a ~ ~ c o s  at] - a '~[ t  sin at) = s '~[t  sin at] 

(s' + 2) Llt sin at) = 2a~tcos at] 

2as L(t sin at] = - . S>O 
(s2+a2)' ' 

. 

L(j' f(t) dt] = Im[f f(x) dx] e-'I dt 
o a  

(2.20) 
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t In' u = I f(x) dx , dv = e-" dt * 

e-St 

du = f(t) dt , v = - 
S 

unun'ioz1A 

" 1 "  *-S' t 

L[f f(t) dt] = (; ) (I f(x) dx) lo +; I, f(t) e-" dt 

1 "  
S a  s o  

= 2 i" f(x) dx+-  f(t) e-St dt 

IddUUm"?lUd5~U (dummy variable) @hh 

1 0  
L[f f(t) dt) = L[f(t)] +;la f(t) dt 

#Jdlfd 2.9 WJWln'WO4 L[jb x sin x dx] 

1 1 1 0  
L[j x sinx dx] = - L[t sin t] +- t sint dt 

0 S s o  

= 1 L[t sint] 
S 

I .Vl .W.  

L- 

MA 343 

(2.21) 
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