
X Y
pl 2.1

- 2 - 1 0 1 2 3 4

d(x, y) = wm~~wh~  x 6u  y

= IX-Y1

p.l 2.2



d(x, y) = sxmlmlngm  (x1,  x2)  !hhh  (yI,  y2)

= \/(xl-Yl)2+(x2-Y2)2

-h R(” &Iii  x  = (Xl,  x2, x3)

Y’ (YhY2,  Y3)

6du d(x, Y) = 5xJm99lngR  ( x , ,  x2,  x3)  Y&h (Yl, y2,  y3)

= \/(xl-Yl)2+(x2-Y2)2+(x3-Y3)2 m

d(x,  z)
d(x,  Y) d(y,  4-p---x-z

d(x, z)

(1) (2)

id 2.3

n5tiid  1 d(x, z) < d(x, y) + d(y, z)

nsdd  2 d(x, z) = d(x, y) + d(y, z)



t-nmfm+  d 6h~m%uu  X i;or~M~‘b  d tia@~“a”asn’Y~tu~uu~~~ 4 91”~

b4iiUlU

TAX, y,z tirunaJl~fl~osx

(I) nww-hd(x, y) = 0 &I x = y

LlX d(x, y) = 1 < 0 I&I x # y

&&bqn q nsdo=n$%h  d(x, y),O

(2) o~nik~uuo~  d(x, y) 'hvkd~m%%

d(x, y) = 0 i%i~~i%  x = y

( 3 )  IW5lrh {IX = y d-J y = x

hh d(x, y) = 0 IEC  d(y, x) = 0

$1 x # y I&-J y # x

&d’u d(x, y) = 1 LLB=  d(y, x) = 1

,wsmd’u d(x, y) = d(y, x)

( 4 )  lun~J?'lnonnn'oJn'Y?~~U~~

d(x, z) 4 d(x, Y) + d(y, 4
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4.1 x = y = z

&-Ju”u  d(x, z) = 0 = 0+0 = d;x,  y) + d(y, z)

4.2 X = y 66d  x #z,  y #Z

&th  d(x, z) = 1 = 0+ 1 = d(x, y) +d(y, z)

4.3 x # y, x #z  wi y = z

idu d(x, z) = 1 = 1 +0 = d(x, y) +d(y, z)

4.4 x #y,  y #z  66d  x = z

+du  d(x, z) = 0 < I+ 1 = d(x, y) +d(y,  z)

4.5 x # y, y # z raaz  x # z

&&  d(x, z) = 1 < 1 + 1 = d(x, y) +d(y,  z)

&&d,wi’uy  q nsihqd%+h  d(x, z) < d(x,y)+d(y, z)

wmadu d dmu~~n~~u  X 8

Iw” x, y, z 6hhnII0~9%~  q

( 1 )  Iw’jl=-;l I x - y  1 z 0

&8u  d(x, y) 2 0

( 2 )  &d(x,y)  =  0  &hlx-yl =  0

a&%x-y  =  0  hhJ  x  =  y

Iwvl1an~u”nrnvw  t?lX  =  y  dxx-y  =  0

6duJI  x-y 1 = 0 ii&  d(x, y) = 0

(3) 4x,  Y) = I X-Y I
= Iv-xl
= d(y, x)
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(4) d(x, z) = 1 x-z 1

= I (x-Y)f(Y-z)  I

d IX-Y1 + IY-zl

=  d(x,  Y) +  W, z)
nnwr+  d rduru&wu R

ld

wq%&w2.1 6wnb?  X = R”, x, y ~h$h  R” hi x = (x,, x2,  . . . . x,)

y = (y,, y2, . . . . yn) ua: d : R”xR”  --+  R hiubu

‘k Y) = II X-Y  II

=ipd (1) nw1:~1 (xi-y,)2  a 0

iT9lfU  i f, (Xi-yl)' 2 0



4 2

(2) &lmmlFlrh d(x, y) = 0 t%ia&~ x = y

2.1 qiJ$ W, Y) = 0

Iw57zQ:zu (x~-Y~)~ = 0 iiH% i = 1, 2, 3, . . ., n

xi = yi d&u i = 1, 2, 3, . . . . n
:4ldURFl x = y

2.2 myi? x = y

Lws,:Q~du xi yi= h&i i = 1, 2, 3, . . . . n

(x~-Y,)~  =  0 din% i = 1, 2, 3, . .., n

W, Y) = 0

(Xi-yyi)' = (yi-Xi)2

:4
IJUnO d(x, Y) = W, x)

(4) tkwnsmwh d(x, z) < d(x, y)+d(y, z)
L xl

i $ (Xipzi)’ = i t, [ (Xi-Yi)+(Yimzi)  I’

= if,  [(xi-Yi)‘+2(xi-Yi)(yi-zi)

+(Yiezi)’  ]

= i $, txi-Yi):  + T$,  (Xi-Yi)(Yi-Zi)

+ i $,  (YimziJ2



:a
PdPdncl d(x, 4 G d(x, Y) + d(y,  z)

8ln (l)--(4) ilzb%  (R”, d) ai?u#@k~~%~

ii%hs 2.5 fhu~“h? X = R2 x, y a?h@u  R2 b~i  x = (x,, x2),  y = (~1,  y2)

bLa:  d : R2x R2 -+  R ?if~i~~?na

d(x,  y) = max { I xl-y1 I, I x2-YZ I }

dih~~~dw~~~  (x, d) a%n&k~~%

94 D
3BYll aw" x = (x,, x,),  y = (yl,  y2) aaa- z = (z,, z2) I%~FI~U  R2

(1) IW'b.l"ll  (xl-y,1 z 0, 1x2-yzI>O

&tiU max { 1x, -yl 1, 1x2-y2l } >, 0

d’uh d(x, y) 2 0

(2) 1.  a’uyt? d(x, y) = 0

tT-skR  max { 1 xl-y, 1, I x2-y2 ) } =  0

1 xl-y1 1 = 0 [ia= I x2-y2)  = 0

X1-Y, = 0 iba: x2-y2  = 0

x, = y, iaa- x2 = y2
w <:

RSMU (Xl, x2) = (Yl,  Y2)
: .a

MUfl0 x = y
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2. my3  x = y

o::l&i (Xl,  x2)  = (Yl. Yd

&lk x1 = y1 6ra:  x2 = y2

1x1-y,  1 = 0 66ar  1 x2-y2 I = 0

~J~Urnax{ Ixl-y,I,Ixz-yzI} =  0
:.a

UMWO 4x, Y) = 0

(3) d(x,y)  = max  { I xl-YI I, I x2-YZ  I>
= max  { I -(YI--Ml, I -(Yz-~2) I)
= max  ( I yl-xl  I, I y2-x2  I >
= d(y,  x)

(4) d(x, 4 = max  ( I xl-z1  I, I Q-G I >
n3tli  1 : 61 max { 1 xl-z1  1, I x2-z2  I >  = 1 xl-z1  I

d I x1--1  1 G I Xl-lYl I + I Y1-Zl  I
m:  I xl-y1 I Q max  { I xl-y1 I, ! x2--y2  I)

= d(x, Y)

I yl-zl  I G max  { I yl-zl  I, I y2-z2  I>

= d(y,  z)

&a& d(x, z) G d(x, y)+d(y,  z)

nstid  2 : 66  max

6wi I x2-z2

LLa:  ) x2-y2

( I xl-z1  I, I x2-z2  I ) = I x2-z2  I
6 I xl-Y2 I + I Y2-z2 I
G max  { I xl-y1  0 I x2-y2  I 1
= W, Y)

= max  { I yl-zl  I , I y2-~2  I )
= db, z)

~J&A  d(x, z) Q d(x, y)+d(y, z)

wmd’u  (R’, d) hhfi+~i% m

Tlqnri$wl2.2  RlwlSw”  x  =  & = X,xX,x  . . . xx,
Y

n ns’4
Iia- (Xi,  di)  ~fh~~f$h~@~~ndi&~~n  q n’i i = 1, 2, 3, . . ., n h~$u

x = (xy,xz,  . . . . xd lia: Y = (yl Y,,  . . . . ym) 6bunm4nwo~  X ihiu+hf%~

d uin XxX bh R hu
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d(x, y) = l yiyn { di(Xi,  YJ >

(2)

(3)

(4)

wx& di(xi,  yi)  2 0

max { di(xi,  yi)  } 2 0
l<i<n

h&~  d(x, y) >,  0

I. i=m$  d(x, y) = 0

64 ih max { di(xi,  yi)  >  = 0
l<i<n

s~zb$i  di(xi,  yi)  =  0 ; i = 1,2, 3, . . . . n

Xi = yf ; i = 1, 2, 3, . . . , n

LW5XR& x = y

2. myi? x = y
w  c
RJUU xi = yi hiu  i = 1, 2, ?, . . . . n

di(xi,  yi) = 0 h&l i = 1, 2, 3, . . . . n

TIZIX;~ I~::" { di(Xi,  yi)  } = 0

nw~:p~~u  d(x,y)  = 0

es=$b%  d(x, y) = 0 ~;&IL&I  x = y

nwl~:-;l di(xi,  yi)  = di(yi,  xi)  dv!% i = 1, 2, 3, . . . . n

d(x, Y) = d(y, x)

IM” j, k I~~~JXJ~IJ’I~  %S

d(x, y) =’ I 7~5~  { di(xi,  Yi) I

= dj(x,,  YJ

d(y, Z) = , yiy,  { di(Yiv  Zi) }
.

= d&k, zk)

dins’uvjn  q fii  i, 1 Q i < n

di(Xi,  Yi) d dj(Xj,  Yj)

di(yiv  Zi) Q dk(Yk*  Zk)
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(1) LW5lrh I f(x)-km  I 2 0

&a%~ ,d 1 f(x) -g(x) 1 dx 2 0

LWS~“R~~U W, g) a 0
(2) myti d(f, 8 = 0

&&J  ,d 1 f(x)-g(x) I dx = 0 t%+ii~ty  q x E [0, l]

UE%Gh I f(x)-g(x)  I = 0
f(x)-g(x) = 0
(f-g)(x) = 0 dlMcJvy q x E [O,  l]

f - g  =  0
f=g

ffIJ$  f = g
&&A  f(x) = g(x) ilpf%lvp  q x E[O,  l]

I f(x)  - g(x)  I = 0

rdigth ,d 1 f(x) -g(x) I dx = 0
: aUURO d(f, g) = 0

(3) IW5lL-h I f(x)  -g(x)  I = I g(x)  - fo4  I

nm=Q=~~  ,d 1 f(x)-g(x) Jdx = ,d I g(x)-f(x) I dx

d(f, g) = d(is  0

d(f, h) = ,d I f(x)-h(x) I dx

= ,d ) ( f(x)-g(x) ) + ( g(x)- h(x) ) I dx

G ,d ( I f(x)  -g(x)  I + I g(x)  - h(x)  I ) dx

= ,d I f(x)- g(x) I dx + ,d I g(x)- h(x) I dx

= d(f, g) + d(g,  h)

n



4H

mmang  ~g7uln~n%sliiaa,“6~~~“~66~n~,~~~  fknmmh¶n”u  ,+bhmiu

%6X  = R’, x = (Xl, x2),  Y = (Yi, Y2)

dl(x,  Y) = \/ (xI-Y~)~+(x.L-Yz)~

d2(x,  Y) = max { I XI-Y, I, I x2-y,  I 1

&(x, Y) = I XI-Y, I + I x2-~2  I
IW~E&  dI, d2,  d3 ih~~n~~tiuo~~~~~ (R2,  d,), (R’,  d,),  (R2,  d3)  6h

GghJ&l lan’lgu~glluw5”~66~“~,~~~  69h  RlHUA~R 2  yl%OdGQG  %I  (-  1 ,  3),

(2,  1)

dl((-l,3hw))  = m

=i/TT

d2( (- 1,  31,  (2,  1))  =  max { I-31,  I2 I I
= 3

&((-1,?),(2,  1,)  =  l - 3 1  + 121
= 5

da  = 2+3



=
( n

I+!

I &I-YY, I = ;

l im  1 x,-yy,  ( =  Fz-k
n-m

= 0

ii&  d ( CL),  (Y,) ) =



5 0

66ulJh%l  2.1

4x, Y) = I 3x-3~ I

d(x,  Y)  = I XI-Y, I + I x2--2  I
hIi-!  x = (x,, X2), y = (yl, y2) dhm~~~n~~~ R2

w66tWi-h  d 6fhn%

d/ct& Y) = kdtx,  Y)

d*tx,  Y)  = min { 1,  d(x,  Y)  }

W66fWWh  d* 6ih6¶J&l

6. %ud%~ih~~~~n  (X, d) wfii=~~~&h I d(x,  y)-d(y, z) I < d(x, z) dwiuyn  q X, y

ala: z $adw?ru~3nvos  X

d'(x,  y) = dfx, y)
I+ dtx, Y)



2.2 aclrntYn
Open Set
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flaGi  &r>l
et%? d(x, x,) ~ovnl,i,uawo~s~on”“~,  1
&a&  d(x, x,) = 1 w%  d(x,  x,) = 0
atAX  x #x0  w%J  x = x,
LW5lIQ:tk  S(x,,  r) = X w

n”aef.hs  2.9 fh~~fi%??  (R, d) ~d&%$hrn?n  Iflu; d rdu6u~?nh?  (usual metric)
?ioirtwws4nau6h%u  (R, d)

S(x,;  r) = ( x E R 1 d(x,  x,) < r }
= (xER(  Ix-x,(<r}
= {xER[  -r<x-x,<x}
= {xERIx,-r<x<x,+r}
= (x,-r, x,+r)
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(1) S( (0, Oh 1 ) ‘h CR’, d,)
wm+ S( (0,O);  1 ) = { (x, y) E R2  1 dl(  (x, y), (0,O)  ) < 1 }

= { (x,y)ER’j  ~(~-O)~+(y-0)~<1  j

= {(x,y)ER21x2+y2<1}

wlSl::Az2¶J  S( (0, 0); 1 ) ZhJws~naaJEkl  ?quu”na,si  (0, 0) 1151:

is'flihi~fh  1 '&iJ5d 2.6

Y

if] 2.6

u~:aAPr~i~Sug~niuforasnwuYf;s?lJ?RPruPI

(2)  S( (0,  0);  1 ) 1~  (R2,  dd

wm:~l  S( (0,O);  1 ) = { (x, y) E R2  ( dz( (x, y), (0,O)  ) < 1 }

= { 6,  Y) E R2  1max{Ix-OLIY-Ol}<l)

= { 0,  Y) E RZ 1max{Ixl,I~II<1)
= { (x, y) E R2  ) I x I < 1 ua- I y I < 1 }

= {(x,y)ER’(  -l<x<l  ata:  -l<y<l)

Wd&~iJqd 2.7



5 4

I
(0,  - 1)



d(f>  g)  = II f-g II

= SUP  { I f(x) -m I I x E [O,  11  1
i%m.6i  S(f,;  r) = { f E CIO, l] ( d(f, f,) < r }

= ~f~~t~,~ll~~P~lf~~~-~~~~/I~~~~~~l~~~~
&66d&@d  2.10

I pl  2.10 n



pJ 2.11

4onr  = min{Ix(,(l-x()

9blls~~u~~l  S(x, r) c (0, 1)

?ti  y E S(x,  r)

hfu ly-xl<r
TJ:G (y-x 1 < r < (x ( = x

118: Jy-xJ<rQIl-xl  =  l - x

o1fl (1) a:% -x  <  y -x  <  x

o<y<2x<2

. . . . . (1)

. . . . . (2)

. . . . . (3)
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r-d(x, y) > 0

a”aon r’ = r-d(x, y)
)-----

0’ -\ \
// ‘\\

1’
\
\
\
\

\
I

\ :
\
\ .I’\ /
‘\ /0.i--H

Aowns~~a~Jll  S(y; r’) C S(x;  r)

14  2 E S(y; r ‘)

IWSI:RZ~U d(y, z) < r’

?IUlXlIl d(x, z) G d(x, Y)+~(Y,  z)
< d(x, y)+r’

= d(x, y)+r-d(x,  y)

= r

z E S(x;  r)

ii4?ta  S(y;  r’) C S(x; r)

wmdi4  S(x; r) t?hWlWll~R





x E S(X; ri)  C Gi i  =  1,2,...,n

I&n r = min { rl, r2,  . .., rn }

IlZh%l r < ri  dltls"utpl~  i = 1, 2, . . . . n

&;ju"w  S(X,r)  C S(X; ri) i  =  1,2,...,n

IW513&U S(x,  r) c if?  Sk rJ c ie,  Gi



01



0
l

Re (Z☺

;d 2.14





s2  = { 61,  x2)  I X1  20,  X2 >o 66tl1=  X : + X :  <  1 } 66tdh%J~d  2 . 1 7
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Ext (S,)
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7 1



Fz = [ ;, 1 ]

FJ = [;,I]

. . . . . . . . . . . .

. . . . . . . . . . . . .

F,= [;,I]



pl 2.20

lWSl~Q~:pIIU  x $ S[x,;  r]
o:b%i  d(x, x,) > r

&&A d(x, x,)-r > 0

&fl r’ = d(x, x,)-r

~09ni5bbtm911  S(x,  r’) C X-S[x,;  r]

1; y E S(x;  r’)
Y

i’& d(x, y) < r’

lwi d(x, Y) + d(y, xo)  3 d(x, xo)
w  &

flSMPd d(y, x0)  > d(x, x , ) - r ’

(2)  dnrha~~%  d %J~J~J  d( (xl,  yl),  (x2,  y2) )

= I x1-x2  I + lY1-Y2  I
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(1) (2)

gd 2.21 w
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hk x E X - A

nmw.k x E ii Cl (X-A)

x E Bd(A)

&tu x E A U Bd(A)

mm& ;i = A U Bd(A)

(3) ( -+  ) t=m$  A &wm%~

&-spa”u A=;i

wi Bd(A)U A = A

&th Bd(A) c A

(-)  aq?i Bd(A) 5: A
Y

Giiglh A = AU Bd(A)

= A

66¶JlJ?h%l 2.3





. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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l Xl

’ x2

. x3
.

.

,.----.
/ \

1�  .
. l

\

�:
\
1

: ;

I

⌧;***

\

\.
�of� \E

\ X-0

,\

\
\
\

):

\
W---R

/�

11 1( 4 )  il&J  1 ,  - -
(-1y+l  I P,  9,

2’  3’  -4,  . . . . 7’“. plJ1p10

(5) &&I  1, - 1, 1, - 1, . . . . (-  I)“+‘, . . . &KI~T  (diverge) n

iihfh  2.22 fhnu~~~‘(R2,  d,), (R’, d2)  ba: (R’, d3)  $h!%$hm~n  kw&n  q
‘a

x = (x, ,  x2), y = (yl,  y2) tu R2  %m~aa~w%~  dI, d2 AAO=  d3 &LI

dl(x,  Y) = ~/~1-~1)~+(~2-~2)2

d2(x,  Y) = max { 1x1-y~ I, 1x2-~2  I )

ua: ddx, Y) = IXI-YI l+I x2-~2I
fhma~  { x, } ahd1&J~Pd  x Fwi

X, = (0,:) nEN



8 1

SXXh d,( x,, (0,  0) ) = dl( (0,  $3 (0,  0) )

= l/(0-0,2 + (+J,’

XY&dl dz( x,,  (0, 0) ) = dz ( (0,  ;)t (0,  0) )

= max { ( O-O I, I i-0  I I

= max { 0, k)



8 2

w% S(x;  E) f-l S(y; E) = 0



d&n,  x) < ;

d(x,,  x) < $

d&n, xn) G d(xm, x) + d(x,  L)

=  d(x,,  xl +  dh, x)
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Continuous function



8 5
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a?? E >o 6SPailuaue~~u~n~~  q

wvm:~~I  S(  f(xJ; E ) &wsma¶J6~~vo~  f(x,)
oinm~qiGp4  t-“(S( f(x,);  E)) aSPaws-mim~~v~9  x,

Lw5,~:o:~ld  f’(  S(  f(x,);  E ) ) I~pdLIW~~~
&hz  d > 0 $9  xg  E S(x,; 6)  c f’(  S(  f(xJ; E ) )

hk  f( S(x,; 6)  c: S(  f(x,);  E )
&th& f(x)  E f( S(x,; cl)  ) Mh  f(x) E S(  f(xJ; E)
w%  $1  x E S(x,;  6)  a& f(x) E S(  f(xJ; E)

6%  d(x,  x,) < d a&a  d’( f(x), f(x,)  ) < E
bWSm”~u  f aSPads6$udo6tos 8
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Ql

o1nnuyGig1u  iJd&lii  S( f(x,);  E ) %qn  q vl5wltGihl  S(x,;  6)

f( S(xo;  4 ) Q S(  f(xo);  E  )

&In x1 o-lfl S(x,;  1)

x2  o1fl S(x,;  ;)

x3  o1n S(x,,  ;,

. . . . . . . . . . . . . .

. . . . . . . . . . . . . .

X" il1n S(x,; i)
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