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1 S (N,  f, (Pij})-v  I< E

d&o S (N,  f, { Pij ] ) = JJRf
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M,, = SUP f(P)
II P E Rij

inf f (p>
mij = p E Rij
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I 1 I I

2 (N) s s i(N)

: (NJ i (NJ
s (N ) d 2 (N) G  5 (N) < -
- 2 S (NJ
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61u”U  1 S(N,f,  [ Pij)) - V < E &1811m3l~Nf&m.~  d(N)  < 6 6h.h1
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( 2 - l ) F(p)  =
f(p) L&~ED

0 Lie p 4 D



JJ,F  = JJ,! = JJ,r’=  JJ,”





7 1

2) thGihmm~ c, J J Cf=C f
D JJD

3 )  OFI  f(p) > 0  a”7ns”uty  p E D , JJ f>0

4) JJ, 1 fl i%-h=  IJJ,fl G JJJ :I
5) t-?  D = D, LJ  Dz  66%  A(D, n D,) = 0 16a”a

JJ: = JJDIf+ JJ,f

rilMrir~dt&~h  D ttn”?n?~u~utis’

~[[f.  (Pij>  + g(Pij)  ]A(Rij) = Zf (Pij>A(Rij)  + ~:g(Pij)A~Rij)

CCf (Pij)A(Rij)  = CZf (Fij)A(Rij)

&i11J~  i>  ttfc  2) fhG~  3) ihfrhn"7  f (p> 2 0

htll?J~n  p E D  llr;?  S(N,  f, {Pij)P  0  Wl 3) u’lwi  4) lt?flJPln

¶i~u;Uu  D LuWhu*0JYu  D &Iii

JJ)l+ JJ; 2 0
LLR::

JJ,,bl-JJ,I  a 0
riju”  JJ,l+ - JJ,

an= JJ,I  d a JJ,



7 2

i

f(p)  L& p E
F(p)  = o

D
1  1lLc-J

lib p 65 D1

JJ,f = JJ, F+ JJp)
= JJDlf+ JJp-)
= JJDlf+ JJD2f-  JJD2~
= JJDlf+ JJD2f  0

-J[b, .I’

Jabf+  J;f = Jcf
a
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E

JJp  = f(F)  JJDg





Evalution of definite integral

JJ, ( 9 )f x y dxdy &~~&i”i~h%i~~m~~  2 9~~~Jfil~J~J~Tln~nl5~n0J  “x” h

Jbf (x)dx  60  x LM: y IU J J f(x,y) dx dy ~J&hv~n”o:r?“u~;o~ii uo&htvi~
e

nitiou~7
bJ 0f u du M;D J 0a ,” f ‘: dt vi%  j-JDf  (u,v> du dv M&I J J;(s, t> ds dt
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S (Nk) = X:f(Pij)  A(Rij)

' ;

k
=- i 1 j'

k6 i=l j=I

L~oJpln ,~ i - k(k2+') LLo: ~ j* = k(k+')$2k+')

f;;cu  5cNk)  _ ~(k(k2+l))k(k+‘)6(2k+1)

1 5 1 1=-
6 +12k+3k2 +12

LLR:: ssR
xy’dxdy  =  ;ymS(Nk)  =  $
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s( N,)  = Jr(r-l) +  Jr%‘- r> +  Jr%’  -3)

+ Jrn(rn  -m-I)

= >I;) (1 +rdmr]‘+[rJTl.

+...+[rZ/T’)
3-l

= &m ;;y
1

= &Z,, “3’”  -’
r -1

--
= (2J*-1)JrfJ

r - 1

(2J2--1)J,(,f--1)  (r’+l)
=

Q-l) (r+r’+1)

(*J2-I)  JTrt+l)
=

fr + r  +1

f-h”u
I -

SJx dx =
2

j&i (N, >

]im  (*&l)&r’+l)
= r31

ar + r  +I

(2y’2-I  X1X2)=
,1+1+1

4y'2-2
=

3



F&x + h) - F,(x)  = s:(;  h - Jxf
II

s

X+h= f
e

=f’$)h

F,(x  + h)  - F&d  = f(‘i)
h

lim  FJx + h)  - F&d,  = ;I0  ffjr)

h+O h

t;;&  F,(x)  = f(x)
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8 0

ii& Iii F’ = f ttR:filMU(I  G W&J [cc, ,!I] h&i

G (u)  = F(&)  L&i

G’(u)  = F’@(u))  &>

= f($M)  #‘(u>

fiiu”u  j-j f <#(u>>  #‘(u)du  = fs G’(u)dua a

= G(F)  - G(a)

= F(&9))  - F&c))

= F(b)  - F(a)
b=

f ()f x dx
a



8 1

Jk4f  (:x)dx  = s,’  f (u*)mdu = s_: f (u*hudu  = &-.kukudu

s 2 x-2,jx = _ x-1 = - = _ ,
- 2

I 2
- 2

-1 2 1 2

Vii&  f (x> ntwtih  (sin u)‘dx  = - u-‘ddu t&l  x = 1, u  = 1

C = r’ (sin u>‘(-  u-‘)du
- 1

= - j-‘,  (v)‘du

f;l (iy)’ via&m4  [- I. I] onr%i  u = 0 fh.&iuin3Y,lvlu’;r;l

filam:tM+l

ttn:

ttfit&
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Y
d ----_

Yj”  - &
yj-*

1 hj

c ------‘I I
1 I I

0 a ‘Pi  ‘i+l  B ’

S(N,Fs[ pi}) = ‘ii F(Pi)AXi
i=O

c = y, <: y, < y, < . . . < ym = d

x ln1

F(x) = Jdf (x,y)dy  = s”  f (x,  y>  dy

= +f (x.  y>  dy + ;‘f (x,  y>  dy + SY’f  (x> dy
yo Yl y,

t- . . . -I-  s”  f(x,y)dy
Ym-  1



~?nh& j = 0, 1, 2,. . ., m - 1 &Iii

F(x)  = f(x,Y,(x)hy,  + (x,Y,(x)hyl

+ f(x,Y&x)hy,  + . . . + f(x,Y,-,(x)  Aym-,

&I  x @b;lpnilrw?-,r;~:i  pi  ?fl (X, Yj(X))  ihwtlu

?fl Pij = (pi,Yj(Pi>)  IU  R MO=

F(pi) = 2;’  f (Pij>  Ayj



JJ,f = J”,  dx J) (x, y>  dy

F(x) = J;f(x,  y)dy
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= 5 J; (y’-y’)dy

A+  2’
[ - 115 0

1 1= & -$I

1=-
40



x = sin (fly) ttn:  y = (x  + lY(&  x + 1) = c(x)

jS,lf = j-, dx joc(‘)f(x,  y)dy



89

JJ f 1
=

J J

sin($y)

D,UD, o dy f (x,  y)dx
J(Y)

P,  = (al,bl),  Q,  = (a,,bl),  p, = (a,,b,),

Q,  = (a,,b) IiD a, < a, na,u  b, G b, ll&

JJ,fn  = JJ, $$ dxdy
= f(p) - f(Q)  + f(p) - fiQ,)

JJ,, f,a = J) J; ,$ (2, dy1

= pf$x,b,)dx  - cfJx,b)dx
a1 %

I

x = a2

I

x = aB
= f(x,  b,) - f (x, bl)

x = a, x 53,



9 0

= f (a,,b,)  - f (a,,b,)  - f (a,.b,)  + f (a,,b,)

= f (PI) - f (Q,,  + f (P,>  - f(Qp) 0

(2-5) v _ 2dX xB-’s s0 1 f (x,y)  dy
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f+(x)

.$,  ,“’ = j

g(x)

fdy  - j-

$m

f dy
7. c c
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= s’  dx[ (‘ii:, y)dy - s’  f(x,  y)dy ]
0 -1 -1

= f dx  j’-;(x,  y)dy - s’  dx(  f(x, y)dy
0 -1 0 -1

(2-6) v = JJDf - JJ f1 D2

(2-7) v = JJ,f - JJ,f



(e-9)  aJbdx sx f (x,y)dy  = jbdy Jbf (x,y)dx
a a Y



X*-1 =x”
= j-?ix,,  (x,d2  - x,,> dx,

0

f”d:“e2 j”&,, (x”p2  - x,)  dx,0 0

f”ik j”&,)  (xne2  - x,) dxne20 X”

_ f”,;,“) P-3*;  X”  j2 dx”
0
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d

J Jdy
%f=

= Jd[f(x,,,y)  - f(a,y>]dy
c

= F(x)  - F(a)

F’(x) = s1 cos xy dy = ‘in
I

y=l

0 X y-0

F(x)  =  (?log (sin2  0 +  x2  COS’  0) de

7l
CJ4.4 F’(x)  (x2 - 1) =

s
-r

2 x
(x2-l) CO29  de

o sin’ tl + XI cos*  e
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71

J
yx” cos’ 0 + sin2 0 - 1

= 0 sin’ 9 + x2  co2  8
de

77
71 T d9=_-
2 Jo sin’  e + x2cos2  e

LLW
J

de
J

se2  ede
sin%  + A20s~e = tan’ 8 + x2

-. Ix arctan  [X1 t ane ]

“ii~Ui1WSyY  x > 0 ktx x # 1

F’(x)  = -& {$ - gx)

F’(1)  = Jo2 sin~ecocs1,~s2  e de

77
r

=
2.J

cos’  fld0

f=(x) = fllog( x + I > + c

F(I) = J;log  (I >  de = o

fii& F(I)  = fllogz+C  = G

wl:Q:cu c:  = -71log2

LLRZ  F( x  > =  ‘dlog ‘+
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(2 - 12) F(x)  = f%.  y) dy
~c(X)

G1(x,u,v) = j-1 fl(x,yhy

G,(x,u,v)  = - f(x,u)

G8(x,u,v) = f(x,v)

~d%tomn  F(X) It.4  (2 - 12)  iin*0 G(x,cc(x),,~(x))  Inong~nl$8o~nistliot\wuub’

;Jlii

(2 - 13) F’(x)  = /i(x)  f(x,,&))  - cc’(x) f(x,cc  (x))  + j-i?k  Y) dy
ma

fib.ilJ  t-i? F(x)  = (1’ sin (x u)
u du

LLn; F’(x) = ex “ine: ex ) _ 2 x sif (xs) + Jexcos  (Xu)du
X X=

= sin cxex) _ 2  s i n  (x9  +. s i n  (xex)sin (x8)
X X X

= (1 + X’ ) sin xe” - 3x-’  sin(x”)
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+xt  x t... + x3  > dx = 1.436210
2 120
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(2-14)
1

y=L, RfJ J

(2-M)
1

” = A( J J J J f
s
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16. 9JMlf;l

a> ddyJ J 81 r
ex  dx

:Y
b) t2dx  J:yexYdy

x



i=r  j=r II j-r i=j  ‘J

J
’ 4xemX dx < .47
0



(a)  Ji  2/j + x3dx (b>  sa  -9/sinxdx

2.7 WWlJ'il

(a.) 07 F(x) = J’, IO~(I  + xe”)du  LLPI’J

F’(x) = x-‘log (; I:“,,)

(b) n” F(x) = Jo’  u- ’ ? sinudu 1~6

F'(x) = 3 cos (x3) cos x- -
2x 2x

(c) & F(x) = s,” I.-  ’ eXUsinudu  ~6

,flx  i-1
F’(x)  = 2X

28. 'Inu+ (2-13)  dOWI F'(x) t-i'7

( a )  F(x) =  ~Xx2t’e.x’dt (b) F(x) = s:,”  cos (4x)dx

mm-h J;  dx $;  F(x,y)dy  = I u(; J;  dyJ;  F(x,y)dx  ~~fiddti
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30.

31 .

32.

(C + d - a - b)/2

(a>

(b)

3
d x J ( x=y + 6xy’)dy

-1



107

V = j-t F(t$(u)) qf&)du

(2-20)
1  x ~~  f(ll,“>

/ y -- g:u,v >

bwlii~n~~w7~s~u

(2-21) h~i~~%a~  D* ‘ZUXUIPI  UV &dh (2-20)  ‘I~uuuhu  D,

(I -vilO-1)

(2-22) LLYIU  F(x,y) h f\u,v ,( ) g(u,v) &t;~&%h~  (u,v>  r-~~ublfil~ii~u D*

(2-23) atwuh~  dxdy &;au
I I
;$f$-  du dv

U,
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(2-27)  LLYlU  d x d y  &f.l

a (x. y) _
I

Cos  tl - r sin 6
- -
a err 8) sin 8 r cosEl I

= r { (COS  e>’ + (sin e)’  }

r

a*aliimu  ( 2 - 2 5 )  sino’i~


