


2

(1-I) fYxo)  = ;;>",
0

f (XI  - f (x,)
x - x0

lim
= h+O

f (x, + h) - f (x,1
h

g(x)  _ f(x)  - f(x,)
x - x0

; x0 ~h~~lI.Jb%fl~~tlJ%~~~~  (removable discon-

tinuity)



C,  = cm
ll+0+

f( xo 4 ;I - f(xJ < o llRz

c, = lim
h30-

f(x,+h)-f(XJ  > o
la



ihfr”uty  x E (a. b) ii  f (a>  = f(b) tla’j&9dijn  x0 tlk.,b~

a”~  x0 E (a, b) 16~  f’  (x0>  = o



a 0 X0

Ill 1.1

X

nQ&Vl  1.3 (Mean Value Theorem) ?w” f 9!t96u”oJUU  [a, b] LltIa?~  d(x)  Gn’7;

?” x E (a, b) ~~i&~~.U~&lJU~~~~J~~  x, E (a, b) iq

(I-2) f(b) - f (a>  = (b -a> i(x)

VltjlJ$J?l  1.4 (General Mean Value  Theorem) ?I?  f 66az  g PhrrdWU~N  [a, b]

66az% i(x)  6raz  g’(x) vhi78&?~~  (a,b) U&,hUu”Oil~U%U

WIhp x, E (a,b) u”J

(I -3) [f(b) - f(a)] i(x) = [g(b) - g (a)] i(xb)

fI



9inwtvmWlpUlnqrj$m  1.4 6jjn*nF;l2Kuf;jlu  3)  0” g(x)  = mx + c h.qpI

(a, f(a)) 11~:  (b, f (b>)
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&;;u”u  &) = “b; 1 F) = g’(x,)  110: g(b) = f(b),  g(a)  = f (a>

11nulu  (I-3) ?iJYi

[f M - f (a)] lXb)  - f(a)b-a  = [f(b)-f(a)]  i(x)

$Jvi  f(b)  - f (a>  = (b--a> i(xOi



u -k  V/2” I&eJdlinwaln~iln’u  v=/4 IIs
1

IfwmnnnoJ 9; if J&&hi  th -&,  z .012
(4) (9)

‘l; f (x) = 2/d + x &;u f (0) = ” hlfu:~  f (v) t;uf;ln*nyoJnl5

~Immu

f (v> = f (0) + (v + 0)  fl(x,)

V=u+
2Ju=  + x,

t:oJPm  XO > 0, 2/-~2  + x0 > u tta:Vindmtto”?~i f(v)  < u + L

v-hhi1l~nlls~u7ru  u 4 L Gb.m&f;~9~J
2u



4 u” + x0< v5  + v < u + 1 nwl:a:~u
al

f (4  = Uf v
2JuZ  +x0

V uv
>u+

2[u+;]  = u+ 2up  + v

u+x<2u=+v 4-ua+v < u+g

[u+gl-[,.*J  = (2u)(;;*+v)  <$ o



lim
X-JO  +

2x sin (x2)  = lim
4x3

1 sin (xa)  = 1
x+0+2 x2 r

Imsnqw~un:~l~~l  lim I -cos (x9= 1
x30+ x4 2

lim x~ = lim
x+0 + x+0 +

clog  xlf

= e”



1 1

f(b)  - f(x) f’(t)
g(b)  -g(x) = 7g (0

L&JU?n  f(b) =  g(b)  = 0  ;J%

LLo~L&Juln  cm f(l)  = L &;;u”i  h F(x)  _ L = o
t+b  g’(c) x+b  g(x)
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w'p:  9:B;oJLlonJ~l lim (g(x) - g(r)) /(x - r> if;1
x-h

Ii g(x) = y LLR”,  g(r) i= c

Bij& x = f(y) Lb%  r = f(c)

b103&J531” f LLW: g 8;or:owt  2 w"Jn'ii
IPa dr

g’(r;l  = lim g(x) - g(r)
x3r x - r

= lim y -. c
y3c  f(y) -. f(c)

= iizc f(y)  - f(c)

Y-c



1 4

1 2 .  1;  f(x) = 1
1 -e*

a >  Uiih18fl?lUi%i1WlJ  t(x) i x  =  0  (w^WXUlWl@?lJthJ)



14. K-7

a >

b)

15. a>

b)

c>

16. ii



1. lim Vi - 6 2. lim x3 - xe - 7 x + 2
x + 2 JX- J?- x + 2 2x8 - 5x= + 6x - 8

3. Xm

x+-m- e';;

a) lim 1 - cos (x7
x+0 x3 sin x

lim
X+-l

b) lim xx
x+0 +

Cl l i m  sinx+cosx-eX
x+0 log (1 + x3>

lim 2x + sin2x
x+oo-  (zx + sin2x) e~tn  x LLo=linfJ  1’ Hospital

lim 4 cos x =
X+00 (2x + 4 cos x + sin 2x) @in X 0

PJo~LlIu9J"o~~ttc;J~



26.

27.

28.

29.

30.

31. x < 00,  f > 0 LLR: f” < 0 My7  f’ 2 0

Rn



1 8

(I-6) (D$)  (p,) = fJo  f (‘Of ‘“: - f (‘~3)

6-JQ;lJliU 1:  f(x,  y) = X2+  3X5’,  PO  =  (2, 0)  110:  B =  ( 1,  - 1)  hllJ  - 45’
J2 1/2



f(p, + t
B

1 = (2 + t-$’  + 3(2  +k) (- k’

(4- -1t  - t2>  - 4

&l&i  ‘“s f> (p,) = ;Fo JT
t

f(P,-tB-f(Po)  = _ f (PO + @s> - f (PO)
t a

&& (D+f) (p,) = - ‘Ds f)(p)
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w = f(x,y,d

B= (1 , 0, 0) (O,l,O) (o,o,  1)

D  f =
le fl f* f8

Dlf D*f w
af af af
3-x & z
fx fY fz
aw
ZF 22  f??

ay
WX WY WZ
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f (x,y.z>  = w = ~‘4,  + y3sin  (it”>  LLS;a

f$x,y,z)  = 2 = 2xy

f2(X,y,Z)  = 2$ = x”  + 3y’sin  (z”>

f,(x,y,z)  = g = 2ysz cos (z2>

fJx,y,z)  = ag = $2x$ = 2y

fJx.,y,z>  = ag-x  ==  8 = (E) = 2x

f,,(x,,y,z) = $ = 6y sin b?‘>

fJx,y,z) = 02w
3X&

= & (2x)  2 2X



2 2

unail  1.3.1 IN”  f E  C’  hhu  (open bad B (p,,r)  R?U 7 1” p, Oih n I/?$

% p E B&=c%  p - p, = Ap = (AxI,  Ax2,  Ax,, . . . , Ax,)

lla&h.d~~  p,, p,, p,, . . . , pn  h B ih

(I-7) f(p)  - f (p,>  = f,(p)Ax,  f f,(pz)Ax,  + f,(p.)Ax,  + . . .

+ f, (P”>  Ax,



P+nP

1’ P

PO 90

(x,3  Y,) P (x,  + ox,  y,)

phi 1.3

f (I$  - f (x0> =f(x,  + Ax, y,)  - f (x,9  Y,)

= Axf,(x’,  x0>  = fI(P’hX

f(p) - f(q)  = f (x, + Ax, y, + ny>  - f (x,  + Ax, Y,)

= Ayf,(x,  + Ax, y’>  = fz(P’hY

liiiio  f(p) - f(P)  = f,(P& x1 + f,(p,>Ax2  W’1M’r’Yfl~lL~5~fIJfi~“?LLZIS  q
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thiJ i=1,2,3  ,...,  n 9in (l-7)  &Vi

1  f (p> - f (p,)  l = l f,(pl)Axl  + f,(p,)Ax,  + f,(p,hx,

f... + f,(p,)  Ax,  1

“If,b,)I  IAxll+lf~(p,)llAx,(+If,(p,)l  b”sI+.-

+lfn (P*)ll,~x”I

<MlAxIl+MlAw2(+MlAx,l+...+Ml~x,  1

~MIP-P,I+MIP-~~I+M(P-P,I+...+MIP-P~I,

t~f~~-alnIAx~l  41p-pOI  dmfi~n  i

=nM p - p ,I I
1w’21:c\:~u ;.gp  If(P)-f(P,)I=o

0

&l.Fu ;Jp f (P>  = f (PO>
D





26



2 7
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lim

apJ

f(p,+Ap)-f(p,)-u*Ap  = 0

lApI

+ifi nX u = (u,,u,,u,,  . . . , U, > Tfwli  Ap t~lno'r?n~no;?u;cliuunu

~n=unun"9=rii~7d7M~iyunu~  i, Ap = (O,O,O, . . ., ai , . . . . 0);  ai Z 0

tw51:x&4

lim f(p,+Ap)-f(p,) _

Apd lApI
ll’ ,A!& = 0 &Iii

lim

ap.2

f(Po+nP)-f(PJ _ “.(O  0 0 ,,  ,  ,...I ,...,0)  = 0 ;ili;
lApI

lim

.4,+;:

f(p,+Ap)-f(p) =

P-1 9

c;Ju”u  Ui  i fi (p,>

l.ii~ooywyws’;ouYoJ f GilGi p, uo:%i

u = (f&J, f*(PJ,  fs(P,>,  . . . , f” (PO>>
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Df(p:) = (f,(p), f,(p), f,(p), . . , f,(p)) Tnol~ nqktjunnidxuiru

fh (nfp$Jn 1.8) h’l~  &I = ap LlA: IAPI = I J I

f (p -k  +?>  - f(p) - Df(p>J,g = R

ttw: f (P + ;Is) - f (P)  = Df(p).b  + +
a

n;ut  lim f (p + ,2bI - f(p) = PDf  (p> + lim &
230 a ajo  a

lii& Dbf(p)  = /%Df  (p> tihl ;z,  y = 0 0

mqb&n  1.11

(local maximum (minimum)) nd!Pl  p,  E S U& Df (p,)  = z l&m”8
u dr
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1rlJlJdow’sl  1 . 2

1. 9JMl  f,(x,yI,  f,(x, y>.  f,,(x,y) t-i?

a>  f (x,y>  = xSlog  (xp  + y9

b) f (x,y>  = xy

2. Iii f(x,y) = xays - 2y 9JM7  fl(x,y),  f*(x.y), f&2,3)  Ml:: f,(y,x)

3. Wilu-~nrMl  Df roJur;nrw”Jnb;;;~n~~~U~~~

a) f (x,y> = 3xay - xy* + 2 4 (I,21

b) f (u,v) = u sin L.Iv) n” @,2)
4

c> f (x,y,z .)  = xayz  + 3xz2  n’ (1,2,  - 1)

I

+ do  (x,y>  # (0,o)
4. a> ‘1;  f(x,y>  = x3 +y

0 d o  (x,y>  = (0,o)
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(Differentiation of Composite Functions)

I~J~XU~JWI.~O~  1 i,n5”7~~~l~aw”~n’4iir97nc;79loJw”un’au  0’7

f (x,y>- xy* + x2, g(x,y)  = y sin x LLA: h(x) = e”  ltlV’?w”Jn’lf’u  F fl19fi1MU&.ikltl



3 3

(I -I  5) F(x.y)  = f (g(x,y),h(x))

n’i)~l.&n  1 1 . 4 ?H” F(t) = f(x,y) lui x = g(t) kit y = h(t)

g lo& h t$U C’ Md?UVoJ  t, lla,”  f O$U Cl UUhUOJ

p, - (x,,y,>  ii& x, = g(t),  y. = h (to> Usfy F O$  hJ CL 2/U

47ulm  t, u&Y
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(1-17) F’(t)  - f,(p)&)  + f,(p)h’(t)

litI  p = (g(t),h(t))

d~=awd~+a~*
dt axdT aydt

‘lunl~~~qw’n’o~fincu  F(t + At> - F(t)

tii  Ax = g(t  + At)  -g(t), Ay = h(t + At> -h(t) L&i

F(t + At) - F(t) = f(x + Ax,y  + Ay> - f(x, y>

= f(p + Ap> -f(p)

= Df(p).Ap  + R

- f,(p)Ax+f,(p)Ay +R &o A;$$

~l~v~nof~ri?t~  At 6%

h-18) F(t + At, - F(t)  = f*(P)

&I At:: 6-1  $f+  &t>

t&mm  IApl<lAxlflAyI 6;;u”u 9,  h~lJWl
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36



3 7

at ax dt ily dt
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(-1,-l>  LW (u,v>  =

u^&& f  ttns g  tuo’lw N  WM?fi (Ld



aA  aA

(I-25)  acs - E ;a(A,B) _
*

au 1 acF,G)  8F.G)

(I-26) ;I
- a0 a h.v)l-

a(F.G)  a(F,G)-=
ax - a0 ah9I-

hfl'Za"~~7 (l-26) t-ihXJ?ll~fj  (l-23)  hJ%

F(x, y,u,  v>  = x2 + ux + y2 +  v

LltC

LLG-J

G(x,  y, u, v) = x + yu + v’ + x’v

d_F:=px+“;  E=x.?.L,.
ax au *av 9

aG -ag=,+2xv;--y;~
au

aG 2v + xI
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CJU”U au  _  _  2x + u
xi- I 1+2xv 2itx+l; 2v'+xj

=- 2xv +2uv+2x8+  ux=  -1
2xv + x8-y

LLW av-- x 2x+u  i  x I

&- I y 1 + 2xv I I y 2v+xp I

& = au as au at--f-B
ax  as ax at ax

e = au  as + & at
ay 3i & at  3

hn~~~~~~uni~  (f-27) ;J%i S = (X  + y)/2  Llx, t = (X - y)/2  &.&

2 = f!(l)  + 2!<;,  = L!(L&  + $)(J

ttn: $ = G?!(L)  + f?!(-  5) = p&-  2gu)



4 1

ak ak = &
2  - -  -7ax  ay asat

v-ii;ju~U~Jl~ a%=,
atsat

(I-28)
i

O=?$ cos e - $-f  r sin i3

0 = ?L  sin e + ae r cos 8
ax 3i

u6’1=~&.mn  x2 -t-  y2 = r2 ar -BijVi’U 2r ($) = 2x LEG  2r - -
ay

2 y  LW5lx&

(I-29) ar -.  x -z -- ; - cos 8 bLR: $ = f sin e
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Ltnufh  (l-29)  nJb4  (l-28)  &%

LlflLi - -au-auar+auae_cos,au_sine &I
ax Z Z ae Xi  -

- -
ar r at3

~~fjg&=g  &+~~=‘sine&+cos~au
ay  ar  ay  ae ay

- -

( “+y!?.L)uar

r 8tl

= sin 8
Jr

a5
2 - cos e ar- (  L--+!!.f)(coSe~-~&!)

asu sin% au2= c0sae  7 + - _
ar r2  ae2

_ 2 sine  c0se  &
r arae

+ 2 sin e cos e a2 + sin’ e au
r’

- -
de r Jr

a%
FY  = (

= sin*e  azu2ar
+ * azu  +

2r2 ae
~02  e- 2sint3 c0se aA,

r2 de r

r%nrJa”n~ProJou”l~~~J~u~J~~

2 sin e cost3  as
r ar  de

au
z

ak as
7 + dy2 =eax Jr2 + :azU  + 1 au

r2 de2 rZ

&91n a% ak
37 ay

+-$ = 0 &Iii

ak
ar2

+ 1 a% + la"pg$z  -=r ae
0

luw’Gt?dv?



aE aE = fi
I

ap _ 8~- -
l

!%
E-av  T g,' 37- 37 v=-g,



( I - 3 4 ) ‘$+  T g+p E = 0

E = F (V,T)

p = G h,T)

aE -,av dETFav+,
ape l&T’ ar 1% a

,=&,
1 ap

o = G,g+G,

F,- TG, -t p = 0 ~J\l;imJfm (i-34)

1 .  ~S;JLLWU~lWt~OLL~~J~~l~~~~~~~OJnjtt~3Lt~~M1O~~~~~~~~~l~~~~~~~

(a) w = f (x,  y, z),  x = 4(t)  , y = g(t),  z = ‘k>  9JMl %

(b) w = F(x,u,t),  u = f(x,t),  x = $(t> 9JMl.g

6) w=F(x,u,v).u=f(x,y),v=~(x.z)9JVll~,~LLR:~
X
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2. t-i” w = f (x, y>  LLtX y = F(x) QJVLI g bkx d$

3 . SbQ  x, y bld::  z &wi~n’uni;aaaaJn1a x2 + yz2 + y2x + 1
= O QJwl  F

ax LLAZ g

b&  x = -1 m:  z = 1

x (g)  - y @) .= 0

lo. f$  w = F(xz,yz)  QJ~K&I

X4y-=&aw aw
dX aY a2

11. w"&ii  f fl&a~khunw?4s"  (homogeneous) n’lsj; k ‘luilu  N sloJ~nn”ltiin t-7

f(tx, ty) -: tkf(x,y)  ilt6h~n~81  (x,y>  E N Lkwyl  t, 0 < t < 1 k%JiJ~~l  f
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15. ni z = #(x, y) &.hi:~ao~ F(x  + y -I- 2, Ax + BY)  = 0 ~Lfff~J’h

1 6 .  9JMWlJ~I  &Ii  x  =  es,  y  =  et  Yil~hJnla

aA7 + ab =
a x ay2 0 na7otG4 a+ + a3 = o

au a?

aE ap
--TE+p=oav

WJ$4$  3 - T $ + p K = 0
,



47



48
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;JWlJil  g(x)  = f(x)  11X g(C)  = P,(x)  6$.4

R,(x)  = f(x)  .-  P,(x)

= g(x)  - g(c)

= J 0‘g’ t dt
c

g’(t) = f’(t)  + [ f”(t)  (x - t> - f’(t))  +

( f(3)h) (x - tf/*!  - 2fYt) (x-t> / 21) + . ..+

i 6” + ‘) (t> (x - 1)”  / nl - f’“‘(t)  (x - t)n-’ / nl }

=  f(n  +  “(t:,  (x - t)”  / Ill

R,(x)  = J Xf(”  + ‘U;;  ( x - t ) ”  dt 0

c

unmsn  i n’; 1 f@+  “Cd  1 G M hfs"urp  x E I 11&,,  I

(l-38)

I

1  R,(x)  1 < M ;,“;fj”,+  ’

$9: 1 R,(x)  1 G L Jx  M (t-c)“dt
n! f

I M(x-c)“+  1=-
ll! n+l

= M (x-c)”  + ’ /-J
(n+l)!
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untmn  2  nY7  f  E cn + ’ 1u&i111  I vm c ua”?d1ns”u  x h 7 9u I,

(l-39) f(x)  =  f(c)  +  fyc)  (x - c>  +  f  “CC>  9

+ . , . + f(“)(c) ( ’ ,!”  )” + R,(x)

la23

(I -40) R , ( x )  =  f(“+  I) (T)  :;;f;;+ ’

P(x)-1 +x+  f+...+$



5 1
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5 3



nqu&n  1.17 37  f o,u’  Iurma$  C” + ’ 9uu’lum~fl  P, = (x,  , Y,)  ui=G

p = (x9 y)

f(p)=f(p,)+~~lp+~~~lp
0 - 0

+ (x - x,Y a

I

, (x - x0) (y - Yo)a2t-
2! ax”  po 11 I! a+ p.I

+ (y - yJ”  a 2f

2!
a Pa+.-.

I
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+ cx-  xc  a2
III I

anf
ax” p.

+ cx  - x,w (Y - yo)
h-l)! I! ax”-1 ay I po

+
cy - ~2 a “f

. . .
+---ay”pon ! I

+ R, (x,y)

Rn(x y)  = (x-x)(,)n+lan+lf, (n+l)! a1 P.f...

+ (Y - Yo)nfl a n t  lf

(n+I)! a p*
I

+(

1
U

n+l)!
+ ‘f($)

U2f (p,)  = [ bx)2  & + 2(/3x) (Ay)  sy + L!!ly)z  $1 (f)  (PO>

= (nx)z  $1 P O + 2hx)  by) a2f
axay  I p.  + hy)2  $4 p.
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. . . , AX,) tto:&iifiltu^unls  u h

(l-43) u = Ax& a+Ax-+Ax a
Xl 2aX, + Ax,-

ax”

ll¶JlJi!"Gii  1.4
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