






ikIXUlWMJ?"i~Uli  Zf(pij) A(Rij) . . . . . . . . . . (3.2.1)

%IlftUl  (3.2.1) %h4i-hl~~3 "76i t% f(pij)  = I !U D

1) 2b&Jijuui Rij drtnou?w@.hlu  D ?kmJvl  nulh  chow@  pij

3=rff f(pij) A(Rij)  = A(Rij)

2) &Viii”UiiUw”l,  Rij hh~“d~o~sl%fb¶  D’ YlJhU LLFIXKI4  D’ UlJFhU

~J~U f(pij) A(RU)  = A(pij) v\iO  0

3) &V&Ji%4fil Rij ~JhChWl~@?JUtlfl  D (exterior) k&4 f(pij) A(Rij)  = 0

nil%T a ( N )  = khJVOJv\”  Rij C  D

A ( N )  =  khJVOJYJ”  Rij 44 Rij fl D  #  $

&& a(N) d  WPij)  A(Rij)  C A(N)

.
&JIU 61 D  r&.WIl~~d~~lJt%~  N  ~ilU~~~lJyUdRLM~UUPWU~lQJij  D  lJ7TjOi

M A@) =  ;up  a ( N )

URt: A(D) = i;f  A ( N )

t%J”  A(D)  &&llfJ~U  (inner area) LLR::  A(D) i?&dfllfJUfI” (outer area)

81 A(D) = A(D)  = A(D) ?:"h?il  A(D) dh&ffllW  D
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ikdl4 Ifl f %JlUh.J  f(p) = f(x, y) = x + 2y-  3

18  R rh&t&J&d’l  = [(x, y)lx E [0, 21,  y E [(- 1, I]]  @-iI%  N ¶JpI  R

2) LLR:¶JU  [ - 1, I]  du {- 1, 0, 1) Gqd~  3.4
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‘t
1

RI1 R22 32R

0.
I 3 2

T
X

R RI2
21  R31

- 1

I ylii 3.4

OZM.% A(R,,)  = A&)  = 1

A&,)  = AUQ2)  = A(R,,)  = A(R,,)  =
1
z

LLA:: ml1 = -5 , m12 = - 3

m21 = -4 , m22 = - 2

Im3, 3= - -,
2

m32 = - -
2

M,, = -2 , M,, = 0

3M2,  = --, 1
2 M22  = 2

M3,  = -1, M,, = 1

iGu S(N) = ZMij  A(Rij)

= MI,A(R,,)+  M,AW  + &A&,)  + M&W

+ M,,A(R,,)  + MwWW

= (-2)W+ow+(  - ;, ($)+($)($

+(- l)( ;,  +(I) ( f)

5= - -
2

S(N) = Zmij  A(Rij)

= mltA(R,,)+m,2A(R,2)  +m2,A(Rd +m22A(R22)

+ m3+W3,)  + m3A(R32)
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‘X!&  A(R;,) = A(R;,)  = A(R;,)  = A(R;,)  = A(R;,) = A(R;,)

= A(R;,)  =
1
2

kat A@;,) = A(R;,) = A(R;,) = A(R&)  =
1
2

uaz ml, - 5 ,  m;Z m;, - 4 , m;,= 1= = = m32 = - 3

m;, = ---,m  9 t 22 =
2

md’, z -- I m& = m.& = -- 5
2 2
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M;  = sup  f(P)
PC  R*,

LW5lYhLL@iA'.  Rij  E Rij  && Mi;  < Mij

XMijA(Rlj) 6 Mij  ZA(R;)  = Mij  A(Rij)

GAL $N’)  < S(N)

luiluoJliu-dl-iu  tir\aa

SW)  < SW’)

92 MA 315



MA 315



MA 315



f(x) bib  x E D
F(x) =

0 ih  x fi! D
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:
P C P

LT) \v 0

2 a i: \v 0



= 1 If+!  5 (f-F)
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= ss (x’dy + y*dy)dx
0  0

= Jolpy+ $ 1: 1 ydx

= J
I

0
x*mdx  + ; J

I 2
o (1 - x’)‘dx

IM’  x = sin 0
I[

ikGna”nlouuu D =
s
o~si$O  cm% + fcos40)d0

J h,(y)
G(Y)  = f(x, y)dx HIFilMh,(y)

d h,(y)= JJ f(x, y)dxdy
c h,(y)

Lihh+&dhU~aJ  f IN  D

P3PSCU-h  51  f(x, y) > 0 ywi7 (x, y) E D &I
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Y y = x

IM1'
'/

0 1 X
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.I di
x2ydA  = !!0 -6

x2ydydx  f x’ydydx

D

= -12
4 0

x dydx

cos(x + y) dxdy
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1 x
7.

ss
e”‘dydx

0 --x

8 .

9 .  %¶HldlYQJ cos y2dydx

2 I

1 0 .  19HlCilllQ9 II e-“‘dxdy
0 y/2

1 I

‘-’  d y d x  #
(x+yY !I

‘-’  dxdy
0 0 (x+yj3
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= $[2(1+2+...+n)  + (2+4+...+4n)]

zz

2

1 2 nd+l  ) +  2( 2n(;+  1)  );

I(

=  5+5

n
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wau-dniihri  =
n-l
I: F(ti)Axii=o

C = y. < y, < . . . < y,,  = d 45

AYj = Yj-l-Yj  Q 6 ilMSYUUOiW~  j 6JJ2Ll

0 a Xi Xi+l b

pJ;i  3.12

ilH5J  x I@ q

!
d

F(x)  = f(x, YNJY =c f(x.  My

Y,
zz

s

“I

f (x ,  y)dy  + f(x,y)dy + . . . +
YO “r

f(x,  y)dy
Y.-I
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Yj.1

s f(x, y)dy = f(x,  Y i)[Yj+t  -Yjl
YI

= f(xv  YJAYj
vj  QUQ~C¶J  X 6dt:U  lpi’  yj = Yj(X)

F(x) = f(x,  Y,(x))Ay, + . . . + f(x, Y,.,(x))Ay,_,

tih x p6onm  $4 (x, Yj(x))  Cogn  (x,, Yj(xi))  Zu R

m--l
LLAZ F(xi)  = z f(Xij)AYj

j=o
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b BAX)
~tLM-h f HlFiliM LLArifilbtilnUEl JJ 0, y)Wx

D a a(x)
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i

d

F(x,  y)dy  =
c

=

h d. ss.  . F(x,  y)dydx  =
a c

!! F =
R

b d

!! F(x,  y)Wx
a c

!
g,(x) &) d

W, My + Rx,  My + i F(x,  yk-b
c g,(x) g*(x)

f(x, y)dy Wil‘a6

b g,(x)
!! f(x, y)dydx ?Wil~~

= g,(x)

Rx, y)Wx #

f(x, y)dxdy Wlc;l~6
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(x3 + 4y)dA = (x3  f 4y)dydx

s

2
=

0
(x3y  + 2y*@dx

s 2
= o ( -x5 + 8x’)dx

=

ihx.ilS~ 2 %wlfil
JJ
D

1 ‘1 f = j:J’~i y)dydr
l-hT7

jl)i JJf = -, eJ;lr;;rf(x,  y)Wx

l&CZ

f =
s s-I -di=?

fk y)dydx
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f(x, yk-bdx

Y
“I  =  x - l

/
,, 2’

0 .pv(l,  O)l2 x
-17
/

.I .o .2 x-l

z -
Ii

Rx, y)dydx +
!!

fk y)dydx
-0 -x-l I 0

~2 X-l
= f(x, y)dydx  + i! f(x, y)dydx, o

~2 -x-l
= i! f(x, v)dydx,. o
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=

=

i i
a2f- dxdy

ayax
R

fU’,)  - f(Q,)  + KP,)  - f(Qz)
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= fh, b-f@,,  b-INa,,  b,)-fb,, b,)]

= W’,)  - f(Q,) + W’,)  - RQ,)

> ~
I? e’“‘Y’dxdy  IdO  D = ((x, y)i  1x1 + IyI 6 l]
.’

I>

~
3.1 I I Ix/  +3ydA &I  R = [(x.  y)l  -2 < x < 2, ~ 1 4 Y < 1)

‘R‘

3.2 ij sin(x-2y)dA  IdO  R = ((x,  y)lx E [0, n],  Y E 10,  5 1)
R
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>d

I f(@(O) $’ (t)dt = G’ (t)dt
4

formation Theorem)
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2) 61 Jacobian J(u, v) = ah. Y)-#OOUM
a(u, VI

mt f ( x ,  y)dA  =

R

”
I (x, y)
0

M
S

A”, v)/J(u,  WA . . . . . . . . . . (3.5.2)

s‘

YY’

1

01
* F

u 0 ’ X
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v,+dv
4 3

sJzl1 2

u. . u,+du

~WflgWN~~flt?l~  (Law of the mean) %I6

(x,(uo  + e,du>  vddu,

&I  0 < 8, < 1 bbRZ

Y ,(uo  + Wu,  vddu)

O<O,<l
64 CCI

~anmmPbnm aanmia”&iik  < 49

Y

7, = ( g du, 2 du) w”gn  (u,, vO) . . . . . .(3.5.3)
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L- Yt D

3 2
r 3 1= - -
1 1 5
s -s
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ax 1 ax 1
ii= -- 2’av  - = 2

ay 1 ay 1
au = 5’ z = z
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WGY) =
ah V)

ax ay
au au

ax ay
av av

1 1- -
2 z

iii

yI
eytr  dxdy = jj et I-;idUdV

R S

1
1.” c

= is2 . 0  -”
e ’ dudv

1= 2 ,’ ve’i: 1 ‘, d v
!I

= $v[e-i’]dv

=

= i sin hl
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WGY)  =
& ar

a(r,  e)
ax ay
ae ae

cos e

L
-rsin

=
sin e “Ir cos e

= r cos2e+  r sin20  = r

ak Y).-. .
a(r,  e)

+ 0 L&r>0

TC f(x,  y)dxdy =
.  . IS

$(r  cos 0,  r sin 0) rdrdf3

s II

= f(r  cos 0,  r sin 0)r  drdf?

= r2.  rdrd0

m/2
r’= br 15

: z ;de
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K sin e

(x2  + y2jfdydx =
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f(rcos  8,  rsin e)rdrdO

-& 3.26

ni4

4 s [ r2 1 r = am=
-5

de
0 r=O
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-n/4= 2 ! a’cos  2ede
~0

Y ’

2

pJii 3.28

, fcr, e) = 4-r~

v = 4 (4 - r')dA
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= 4 (4 - r*).rdrde

n/2 n/2

= 4
s

4dt?  = 160
0 s0

= 87~

1 .

2.

3.

4.
L-

7

11 (x’+y*)dxdy  lib R  L%UJ%~tU%kJ~ClIJ~X  x*-y*  =  1 ,  x2-y* =  9 ,
“R
XY = 2 LLRZ  xy = 4

ss
(x+y)*dA  L&l  R lilu~rftiu~~~uuu7w~~~~~  (1, 0). (3, l), (2, 2) bbaf  (0,  1)

R
barJl99’  ll  =  x + y ,  ” =  x - 2 y

j[ cos( z;, ’dxdy LdO  R &UJ%-JW%~JXIIJ~~~~  x+y = 1,x = 0,y  =  0
Ii
~1  x

I?‘
e d y d x  r@KJlx x  =  u,  y  =  uv

0 0

6.1

6.2
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6.3 f(x,  y)dxdy

124 MA 315

s z,(x. Y)

Fk Y) = f(x,  y, z)dz
z,k  Y)



.a2 .).2(X) .z,k .?I
&.Gin?a+huvos  f ~lpd D = II i f(x,  y, z)dzdydx . . . . . . . . . .

.a, .?‘,(Xl  ~Z,(X.?)

61 R = 1(x,  y)/b, < Y c b,, X,(Y) < x < x2(y)]

Zi&in?ah.4uo~  f u-4  D = f(x,  y, z)dzdxdy . . . . . . . . . . (3.7.2)
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bat D =

v =

.2,!9 gT7

I! I dxdydz
,o  0 .o

((Y,  410 < y 4 1,  0 Q z $ 2-2y)

((XT  Y .  m 6  Y  < 1,  0 < z  $  2-2y,  0  < x < &q

is 00  1  2-2y s 0 457  dxdzdy
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2 t
z =  4 - x *

/

X

pli 3 . 3 2

= (16 - 20x2  + 4x4)dx
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3.8 ~W~&bl%l&  (Triple integrals)

= lim Zf,(pij)  V(Rij)
IIW-0
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V(D) = IdV

Y

a-

X
-2 0 2

R = [(x, y)/-2  6 x Q 2, -w<  y < &ii

D  =  [(x,y,z)l-2Cx<2, -Gi7<y~J4x2+y2~z~
12-x*-y*

2 1
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f(x, y, z)dV  = lm;l;z  !X;l’b:: y, z)dzdydx

*

Y

cl f(x,  y, 2)  = 1 ?I:%

,2 67
-v = 4 1s 12 3’2”2 + YZ)dydx- 0

0

.

= 6 4 - (x2  + y2)dydx

s

2

= 4 (4-x’)“‘dx
0

= 12n

aau¶Janpl”clii  3 . 5
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f(x,  y)dA = ,,l$,  xf(Pij)  A(RiJ
,-
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