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,(PE R”IP = Po+tv,t  ER]

x=2-&,
d

y = 2+&  LBlQ  t E R
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L:i%KJlf-  PO E Int(D)  nojiii  ikil  r > 0 k&l  It/  < r Lb&d  PO E D CjrgiU  ~IUl~bl

Mldl f(p,) I6

i%rmmiu  f(p,)-f(po) = f(po+  ti)-f(po) ?io  frdlud~~uud~dun~  f 9ln

PO nJf.2  Pl1
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= lim f(Pcl  + tv)  - f(P,)
:-cl t

ihu 61  f : D-+R,  D L; R”, p,, E Int(D),  v E R” Lb%  11~11  = 1

81 lim f(P0  + tv)  - f(P0)
t-0 t

~1fi11& wxhail f ih@~~~a=~~fln~~  n” po  ‘twfisr

ni4 v ttfirl~$~~n~6  (D,f) (po)

iYa0f.h  ri-i~~~~l~ f(x, y)  = 2~  -xy,  po  = (0,3) ILR:: v  = ( L - .$)
fi’

po+tv  = ($3 3-g)

f(p,+tv)  =

(D,~)(Po) = ‘,‘n~
(;-+)

t -

= --
u’afhfl 1 .  (D-,0 (PO) =  -(D,f)  (po)

38 MA 315

(D-,O(PO)  = ‘,‘;
f(P0  - tv)  - f(Po)

t

= _ ,im f(P0  + Av)  - f(P0)
i-0 I

= - Pvf) (PO)



2. iFIr? v = (1, O),  PO  = (&, yo)

(D,f) (PO) = *im  f((xo,  YO) + t(’ ) O))  - f(xO,  YO)
1-o t

= t’ry fbo + t. Yo)  - fob Yo)
t

P(X)  = f(x,  Yo)

.  (D,f)(p,)  =  f’y g(xo+t!-g(Q). .

= g’(xJ  6-l  B’(Q) p11dl~~

2.2 mphs”h? (Partial derivative)

61 f : R’“’ -+ Rem’ 18  v = ei eil’?ld  60 ran~&loiH:sH~a~~7a~~n~~~~~ i

ei = (&  ( Bi2,  . . . . aii,  . . ., ai”)

tda
6ij  =

I

0 6li#j

I ki=j

WMCU% el = (I, 0, 0)0, ,..,

e2 = (0,  1, 0, 0). . . .

en = (0,  0, . . . . 0, 1)
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ttnr lleill  = 1

8%  PO = (PI,  Pzt  . . . . P,h  ei  = (0, 0, . . . . 0, 1, 0, . . . .
Y

0) Prbuluo~w'u~~aulaa

n”ald&il

ih %Kv%i.4 f(Xl,  . . . . XJ  61 po = (p 1,  . . . . p,)  LLRX  ei  = (0, 0, . . . . Q 1, 0, . . . . 0) fi5llflUl

(D,,f)(po)  = f’;
f(P0  + te&-  f(po)

t

LLR:: f (X y) = lim  f(x’  Y+t)-f(x,Y)
Y ’ t-0 t

.

L-__ -/

X
Ah, Y, 0) Wx,  Y + t,  0)
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a-22
GIJUU AP = f(x, y)

BQ = f(x, y+t)

Lb% AB = t

t7aiu5’obuoss~umastiiu

PQ = f(x, Y + t) - f(x,  Y)
t

f (X y) =Y 9 lim  f(x,  Y +t)- f(x,  Y)

f (x  y) = lim f(x,Y)+t(l,O)-f(X,Y)
I 9 t-o t

= lirn f(x + t*  Y) - Rx, Y)
I-0 t

,im (x + t)* - 2(x + t)y  - (x2  - 2xy)=
t-0 t

= lim  2xt + tZ  - 2yt
t-0 t

= 2x-2y

f,(XO>  Yo) = 2x,-2y,
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aw
ax = 2xy’sin  z + ze”?

?!I!
ay

= 2x’ysinz

aw
az = x2y2cos z + xexz

- = 4xytsinz  = -a2w
,,

a%
ayax axay

MA 315



Mit

a2w a2w
- = 2X~YCOSZ  = -azay \ aya2

a2w a2w
- =  2xy2cos  z+eU+z2eU  =  -azax axaz

fk Y)  =

L

2xY2 + 1 1 (x, Y) f (03  0)
x fY

1 (x, Y) =, (0, 0)

2?x  @J,  Yo) = (0,  0)
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&l.fU  lim f(x y)
h YbrJ.  b)

MldlWi&

.. . f bhior&l&l  (0, 0)

&Qf.h

huvllx f ( x , y )  =  2x2y-sin(  t), x  > 0

fxk Y) = 4xy- ;cos(;)

fyk Y) = 2x2+$ys(  ;,

f,,(x,y) = 4x-i i +in(  f) --+a(  :)I

= 4x-$sin(  t) +-+s(  %)

f,& Y) = 4x+$(  - isin(  t)) +-+s(  t)

= 4x-+in(  t)++os(  :)

n’adis r x3y  - xy3
f(x,  Y) = x2+y2 9  C&Y) f (0,O)

4 4

c 0 , 6% Y) = (0,  0)
.

QWl fx,(O,  O),  fy,CO,  0)

MA 315

.



= lim
g (0, t) - $ (0, 0)

t-0 t

~i9l‘SCU~l fxh Y) =
x3y  - xy'

+J >x=+y=

x4y  f 4x=y3  - y5=
(x2  + y=)=

$OJ)  = q E -t

X (o, o) = ‘,:  f(h,  0) ; f(O,  0)

.‘.  $(O, 0 )  =  l i m  --+
t .”

zz - 1

. .. g&o,  0) = & ( 8 (0, 0,)

QO)-  $o,o,
= lim dy

t-0
t -

%13ru1

z x5  - xy4  - 5x3y=  f x’y
(x2  + y=y

g (t, 0) = $ = t

~ (0.0) = lirn f(O,  h’h  f(O,  0)
II-0

= lim 0 = 0
h-o h

MA 315



h(h)  - gk(o) = hg;W

oin (2.2.1) &a) = $xo+t,yo+k)&+O-  ~(xo+t,yo)~(xo+t)

= ;(xo+t.yo+k)-  $XO+LYO)

LW g,(h) -g,(o) = ~fh,  + h, YO + k) - fbo + h, ~011  - [f@o,  YO + k) - fbo, ~011
k k

LWSlt%& +$ (x0+  h, yo)  - $ (x0,  yo)

= lim f[(x,  + h, YO + k)  - f(xo  + h, YO)] - [fk,,  YO + k)  - fC% YO)~
k-o k

= lim &(h) --g,(o)

k--O k

= lim -?$)-  , 1~1 < IhJ
k-0

46

= lim h [ ~(X,+c,yo+k)-~(XD+F.YO)/
k-o k

MA315 ’



azf  (x0 + c, yo  + s)
= ayax

LWmc&.4 $(xo+h,yo)-  i$(xo,m) = lim h[W)  - G(O)]

e k-0 k

= lim. hG’(d)
k-0

= lim h
k-0 ( $(xo+~.\.o+d))

&(x, + c,  yo  + d)  -
E ho + h, YO)  - g (xo,  ~0)

h
) < $- ..I....... (2.2.3)
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+JI~w  ~I&+G yo+d)-(q,,  YO)II’  = Ilk,  d)ll’

= 24

< h2+kz

$J& l$$+c.yo+d)-  a2fayax(XO’YO)l <  4 . . . . . . . . . . (2.2.4)

Ulfl  (2.2.3) UR:  (2.2.4) ?:!f

;(xo+h,  yo)-

h

. ,im ~(X.+hyo)_~(xc,,yo). .
h-0

h
- -  =&(x0’  Yo)

UB; S(~Y~)  = lim ayaf  bo + h. YO)  - ;J  (xo,  ~0)
h-cl - +-

h

e;j& g(%,  Yo)  = g&(x,.  Yo)  ’

61 f(x,  y,z) = xy- z* 1 P = (x, Y, z)

UA:: Ap = (Ax,  AY.  AZ)

~Ul11Ul  f(p + Ap) = f(x+Ax,  y+Ay.  z+Az)

= (x+Ax)  (y+Ay)  - (z+Az)’

= xy + x(Ay)  + y(Ax)  + (Ax) (Ay)  - z* - Zz(Az)  - (AZ)’  1

= (xy  - z*)  + [y(Ax)  + x(Ay)  - 2z(Az)]  + ((Ax) (Ay) - (AZ)‘]
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y(Ax) i- x(Ay) - Zz(Az) = ;Ax+  $Ay.  $Az

61171x L = (y,  x, -22) =

df(p) = (f,(p)+ f,(P), . ..I  f”(P))

tkWifJ?lfilWlJ  df(p) ti x E R” %I

df(p).x = (f,(P), fi(P). ..‘, f”(P)) (XI,  x2,  ...*  X”)

= f,(P) XI + f,(P)% + + f,(P)X”

-he~w”Pas’aaaJWe~  f ; p &I  x E R”

f(po+Ap)  = f(p,) + df(p,).  AP + R(AP)

bd0  l i m  - -R(AP)  _
P-PO  IIAPII

0 Xk0JU%.MiU~~~l~  (uniformly) y?l p0 E E
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yndl 51 f a~~~Jn’~~~d~aludo~~QJ~Ul~al~~  B(p, r)  fi Mlfh!6~ll  i L%&JL$IJIJ~  s

&dU  tgpo  = (xo, yo), Ap = (Ax, Ay) $9  (Apl  < r ;a-,%%id7tWJlXW~~  p’ ‘GC p” II.4

B(P,,  0 4J

Wo + AP) - f(po) = f,(p’)Ax  + fi(p”)Ay

i+.i  2G q = (x,+Ax>  YO)

i%llTtl&l f(q) - f(po) = f(xo  + Ax,  YO)  - f(xo,  YO)

f(P) - f(Po) = [f(P) - f(q)] + [f(q) - f(Pdl
.  .. f j;,,,,doa%ElJ~~a-,H~~~~~*~~~~  (xo, x,,  + Ax)

hJnC&illQ&J  ilrij x’&  x’ E (xg,  xo+Ax)

LlRf f(s)  - f(p,) = f(xo  + Ax,  YO)  - fbo, YO)

= Axfdx’,  YO)

18 P ’ = (x’, Yo)

f(q) - fb,)  = Axf,(p’)

h~lUOSl~U7n’ulJU~?J  (yo, yo+Ay)  9,;  y’ & y’ E (yo, yo+Ay)  &'b~Ji

f(p)  - f(q) = f(x,  + Ax, YO + AY) - fh,  + Ax,  YO)

= Ay  fz(x,+Ax,  Y’)

2r;; P” = bo+Ax, Y’)

. f(p)- f(q) = fAp”)Ay. .
A.4
uum f(p) - f(po) = f,(p’)Ax  + fAp”Wy

nt-p$jwl~ 2.2

mnmCi P =  PO+AP  , Ap = (Ax, Ay)

iltd  p’,  p” E B(po,  F) &h!rfi

f(p)  - f&d = f,(p’Wx  f f,W’)Ay

~ii)lXlll f(po + AP) = f(po) + f,(p’)Ax + f,(p”)Ay

= fbo) + [f,(po)Ax  + f,(po)Ay)

+ [[f&i-  f,(po)]Ax  + [fAp”)  - fApo)]Ay

do

= f(po) + df(po)-  AP + NAP)

WAP)  = rf,(p’)-fdpo)]Ax+  [f,(p”)-f,(~o)]Ay

#
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LdOJJl,,n  IiAxll  d IIAPII  ufit  IIAYII  4 IIAPI

II fUA~)ll. .
IIAPII

Q Ilf,~P’~-f,~P,~ll+Ilf*~P”~-f,~P,~ll

M E > 0

&mm f,, fi Ciwaluviob~os~  pO  a~A=d~~iudatQasoeii~~~~~~u~~~~~~l~

(uniformly continuous) 4 pO  dU E
a-t

@JUU  &In  6 >  0

ilM%l  p,,  E E  61 IlApll <  6

&m IIP’  -PoII < IlA~ll  uR=  11~”  -poll < IIAPII

&& IIP’  -poll < IlA~lt  < 6 -+  IIf,(f,(Pdll  < $

LLRZ HP”-PPOII  < IIAPII  < 8 -+  IIMP”)-fdpdll  < $

llNA~)ll  <
_ IIAPII

?+$+<E

IWP)I  = /
. . $-i  IIApll

0 vjnv-i-3  po E E

WV-J(P,  = df(p).v

i?$JOd  tfi Ap = tv LW llvll = 1

IiA~ll  = ltl llvll  = ItI

ir-tnnqrk~ f(P+W-f(P)  = Up) 09 + NW
t t

= tdf(p)  W + NW
t

MA 315 5 1



,

= df(p).v+ ‘G

lim f(P+~tv)-  f(P) = lim  df(p).v+ ‘(tv)
t-0 t / -0 IIAPII  ’

= df(p).v+ lizo  E

= df(p)*v

df(P) = ( g (x, VA  2 (x, y,)

7: I?--  y,  -x)

df(O,  3) = (- I, o)

(D,f)(0,3) = (-l.O’.(&)  = -5

5 2 MA 315



%naNl  0  i Ijf(p,+Ap)-f(p,)ll  =  Ildf(p,).Ap  +  R(Ap)//

< l/M-d~  IlA~ll  + ilfW~)l/
l i m  f(p,+Ap)  =  f(p,J.  .

P ‘PI.

l i m  f(p,+ Ap) = f(p,)
*p +o

+wi%wwii  e E lo, 2n)
,%
wtiu %ismi  2n-A &I COST f 0 bbat COST = 0

,< -;
nifurf  il c0se  f 0

MA 315 5 3



= ,im f(t cos 0, t sin 0) - f(0,  0)
r-0 t

= lim 2~0s e sin3 8 2sin’B=
t-0 c0s3e + t3sin68 cos2B

2. aJwlo~w”wi7r~~nn2~un~  f +I  p AI

2.1  fk 19 = sin (xy2),  p = (0, 1) luhm - 3i+4j

2.2 f(x,  Y) = d?TT  p = (- 1, 2) IGkwrwhJa7nCuv  f(p)

2.3 f(x,  Y, Z) = xy2+  YZ, p  =  (I ,  I,  2) ~U%TYIIJ  Ii- ij+ tk

2.4 f(x,  y,  Z) = XYZ, p = (1, 2, 3) ~Prfirrnimin  p %-ii’,9  (3, 3, I)

2.5 f(x,  y,  Z) = 3x*y*+  2yz, p = (-  I,  0,4) \Pr%lnlJ  Q = ( &, 0, - $ >

3. Irs”  f(x,  y) =

i

XY I
2x+y  ’ (T,Y)  * (0.0)

0 . 6,  Y) = (0, 0)

3.1 ~L~FWIJ-~  f,, f,  pr\lfiiRiyvp  wi f,, f2 b.iG~-wdoriro~

3.2 f &%y~ds:~tierYll~~  (0, 0) %&I%
Y 6-I

4 .  oJnlortwnraernu~~~~iEle4dJuoJ

4 . 1  f(x,y) =
sin(x’)--,y#O

Y

4.2 f(x,  y) = y(“) , y > 0
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5.2 f(x,  y) = tan-‘(f)

5.3 f(x,  y) = x sin(xy)  6jFl  (p,  2)

3.4 f(x, y, z) = x*yz+tyZ~  n” (1, 2, - 1)

6. fhMp1~~~  f ?kJXJIJU  R2  bW

i

3xy2
f(x,  Y) = X’ n”l  cc Y) f (CO)

0 86 (x9  Y) = (0, 0)

wwwh  f BoywiriTry%n&  (0.0)  ~u~nh-ww  wi f w~oywCur%  (0.0)  b.G

7 .  awwlsd1  Tf  azf
ax2  = a? Ido f(x,y) = Pn(x+y)+tan(x-y)

azf a2f
8. 61 f(x,  y) = eXtanZy  P9WXW9k  __ = -axay ayax

10.2 f(x,  y) = arctan  (y/x)

MA 315 5 5



2.4 flldXWWil

mnnquijunn”  2.2

f(po+Ap)  = f(po) + dfbo) * AP + NAP)

Id, ;lTo  y$f = 0

n'7  llapll  = [(AxI  + cAyj21i  ijfiiw’ouuin  LL~  R(hp)  iht&In~o  &IL ~fiil:

dXUlWi1 f(p, + Ap) hl f(p,) +df(p,).Ap
?:a
uum f(po+Ap)  = fbo) + df(po)  *  AP

M% fbo  + AP) - f(p,) = df(p,)  . Ap

&Qh f(x,  y) = 3x2+2xy-y2, Ax = 0.03, Ay = -0.02 Wllfh  f(l.03,  1.98) h

LIXUIW
I

3iTil  zsi PO = (1s  2)

AP = (Ax, AY)

= (0.03, -0.02)

f(l.03,  1.98) = f(l+O.O3,  2-0.02)

= f(1, 2)+df(l, 2).(Ax,  Ay )

Ml, 2) = (f,(l,  2). f,(l,  2))

f, = 6x+2y

f,(l,2)  = 10

fY =  2 x - 2 y

.f,(l,2)  = -2

ttnufil f(l,2)+df(l,  2)*(Ax, Ay) = 3 +(lO,  -2)*(0.03,  -0.02)

= 3 + lo(O.03)  + (- 2) (- 0.02)

=  3  +0.03+o.o4

= 3.34

56 MA 315



v(r, h) = nr*h

~5~7~5uoJbRw~~~~~ln~~~OJ  =  v(r,,+  A r ,  ho+ Ah)-v(r,,  h , )

Gil r. = 3, h,  = 7, Ar = 0.1, Ah = 0.2

v(r,+Ar,  ho+ Ah)-v(ro,  ho)  = dv(ro,  ho). (Ar, Ah)

dv(r,,  ho) = ( g (ro,  ho),  g h, hd)

1. 61 f(x, y) = x2y-2x, Ax = -0 .01 , A y = 0.02 WWl

1 . 1  tkx&Ld~UMYElJ  f  i$R (4,3)

1.2 aL~orrutBtJaamlloJ  f +I  (4, 3)

1.3 fhhJ¶htUlt-ti  f(3.99, 3.02)

2. oJ¶ls~ulm6licl~¶J~

2.1 (8.04) (5.99:)

2.2 3d(3.8)2  + U:2.  1)3

2.3 sin E

3.1 f(x,  y) = ~7,  f(l.1,  0.08)

3.2 f(x,  y,  z) =: b (xy) -yz,  Ax = 0.01, Ay = -0.03, AZ  = .Ol  61” (-3, 1, 2)
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dz az  dx az  dy
Tit = zxii+ay*z  ~

Gp.i TM z  =  f(x, y )  tmtx = g(t), Y = h(t)

M t = tofAt

P = (g(t),  h(O)

MA315 -



blat Ap = P-PO

ihfl-& AP =  ( A x ,  Ay)

a&l A x .  =  g(t) -&to)

bbRf AY =  h ( t )  -h&J

ah

,im R,(At)
__  =

,A, .o 1 At 1
,im R,(ht)
AIV.C /AtI

Ap = (dg(At),  dh(At))  + (R,(At),  R2(At))

df(Ap)  = df(dg(At),  dh(At))  + df(R,(At), R,(At))

F(t) - F(t,) = df(dg(At),  dh(At))  + R(At)

R ( A t )  = df(R,(At), R2(At))+  R,(Ap)

sijaTam1 Y

df(dg(At),  dh(At))  = f,kd d&-t)  + fh,)  WAt)

= f,h)  k’(tdAt)+fApo)  (h’(b)At)
I

= 8 (%,A,+ $ (s)(At)

LLYiWil F(t) - F(t,)
az dx

= ax . di
.At  + e . * .‘At  + R(At)ay dt

F(t)  - FM a2 dx= _ -+& dy++.-R(At)

/AtI ax dt ay dt IAd.

GPlcdblbl
RN) df R,(W) , R

(-
(AtI R,(Ap)__ z

IAd /At/
2-)+-

IAtl Ptl

WihKh lim
cl-0 (

!y ,  q$) =  (0,O)
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&&.4 IWAP)I  < M lR,(At)I  .&b~UO  & At  4  o
IAt1 IAtl

. .. Iii.% = 0

&&.4

HiO

- zz, . p& y;, 0

,im F(t)  - F(to) = & dx +  g dy

*t-o IAt\ ax dt ay dt

60 MA 315



$(Po)  =
I

a$, h-lo)  $$Po)  + a;  (qo)  $yPo)  + ... + a;  (qo)
2 n

$yPo)
*

a$ [PO) =
af

-2
aT  (q,).  $y$(Po)  + ;;  iso).  $pPo)  + . . . + - (90).

I 2 2 ax,
Z$Po)

af
a$ (PO) = a~(qo).~Po)+a~~(qo)~Po)+...+  -(qo).

m I m ax,
$p,P,)

az

aY,
= 2 af.a3  ; j = l,3,,,,,m

I=! axi ayj

$ (PO) = aq,  (90).  $yP,)  + a$  (qo)  . dx2
2

dy(Po)  + . . . + a$  (cl”~~PO)
”

Gaiaaha  18 z = h XY+$  ; x = I$, y = es’

85951d1"110~ dz
Tt

@M Z = f(x, y)  = h xy+y2

X = e’  , y = em’

. z(t) =. few. Y(O)

dz  .=
dt

af  *+af.*
i&’  dt av  dt

af 1 a(w 1 af_.- = -. - =
ax x~ ax X' ay

dz
z = x

2 de-y  ; ,.zy)

e’ em’= _--- 2ye.’
X Y

tYli?aLVlUfh  x = e’,  y = e-’

dz
iii =

- p’
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S&i!  2 Iwnixm49ii  x,  y fir~uHi0~~u~

z = mxy+y2

= &y(e’  . em’)  + e-”

= Pn  1 + e-”

= a
!L

dz
iit =

- &-2

dz
z =

!!?.dx+%.dy  ‘
ax dt ay iii
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a2 az au az av
aY Z'&%'a\,

= f,g, + fzh,

&&a~  3 z = f(x, y,  t), x = g(t), y  = h(t)

bawunlwaaansnalu~~~~~~~

dz az az dx az dy
z = z+a,‘x+ay’z

= f +f dx  +f dy3 ’ dt = d t
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2 = a2 au-+&.av+az.au.av
ii . ay av ay au av ay

@h’aed~~~  1 fh%Wl~~  z = f(x, y) bllf  x = g(t), y = h(t) CJJHI $

dz - - + a ”  59az dx
z = ax dt ay dt
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Grl5m1 d22
dt2= $(Z)

d’z

$( 25)  = 2%  dx + $ $
axay  d t

ibe;lJ~  2 ?hWa~Ps  z = f(u,  v), u = g(x,  y), v = h(x,y)  1JMl  ;$

a2
ax =

az a~+&.*
ii ’ ax aV ax

a22- =;(g) = $pp)+.jyp)
ax2

a22  au a22  av=
ai ’ aX +

-. -
avau ax
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+p) = ““au+g.p
auav  ax



a*z
a;2  =

av azz au azz av az a2v-.-
+ aX auav ax +aT'z 'G'ax

a*z av au a2 a*u= f-.-.-+-.-
avau ax ax au ax*

auav ax ax

d’z
dX2

/

X

z

4Y

d z. & + c. dy
;i; = ax ay dx

= f+f dyI ’ dx

d2z
dxz= %( f,+f*  2)

P,
t-n  f12  = fz,  &&

d2z
==
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4.2 w = F(x,  y, z), y = f(x, z), x = g(t) PJMI  dT;

aw  aw  aw4.3 w = F(x,  y, z). y = g(x, t), Y = h(x, s) 'iUp  ax , at  ,
as

4.4  w = F(x,  y. z, t),  bdO x = f(t), y = g(t), z = h(t) ilJy11  ‘2

5. 61 w = f(x, y) LLRE x = u cash  v,  y = sinh v 99LLR&l

6. 61  z = ekes  y Id9 x, y L%.&~J6%.4llOJ  t 45

x3+eX-t2-t  =  1

ytL+yZt-t+y  = 0

7Jvll  $  Ido  t = 0 [do; = 0,axx  = 0 LW y’ = o]

8. 61  w = F(xz,  yz) PJbWWh

aw  aw aw
xg+yay  = “z
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9. fi&ih f 9tndl?ilri)u~J~Jn’a’u~~n~u~~ni  k Iutj7u N unqmiiiG~

6-1  f(tx, ty) = tkf(x, y) di~G.qn  (x,  y) E  N uwpil t, t E [o, I]

WLtff@Jil  x( $f) + y( ;) = kf
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iihh $lSIxZ+xy+zZ-C+ 1 = 0 LLAZ.  z = f(x,y)TlJHl  g ua::  afay

%in"l 1% F(x,  y, z) = xz+xy+z2-ee‘z+  I = 0,

F, = 2x+y, FY  = i, F, =  2z+e“

af F-2 =
%i  = F,

-2x-y
22+e-"

af !zY  =  2
G = -F, 2z+e-'

%a1am1 F(x,Y,Kv) = 0 . . . . . . . . . . (2.6.3)

ka: G(x,Y,u,v)  = 0 . . . . . . . . ..(2.6.4)

da u = f(x,  y), v = g(x,  y) 'IUilUCNtkI&  6hO~w'~b'eiOU~OJ (2.6.3)

LLRZ  (2.6.4) t&J¶J?%l x C!n"

F +F * +F !! = 0x u ax ” ax

F !%! +F  ?! zz
u ax v ax

-F I

ttar G,+G, 2 +c,g  =  0
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= - F3-5 - FL4
FuG - F&k

av
ax =

= - F&x  - F,G,
FSv  - FS,

aA  aA
as at = a(A,B)  dd
aB aB - WLfOt~Wl~tiUfTh  Jacobians

as
ah t)

at

au
ax  =

W, G) a(F, G)- -
/

- -
ah,  V) ah  V)

av
ax =

a@, G)- -
/

a -
ah X) ah V)

au  -- -
ay  =

a(F, G)
/

a@,  ‘3
ah,  9 ah  V)

av
ay  =

a(F, G)- -
/

acF,
ah  Y) a(u,  V)
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n”aei1d  1  R1Mwl=L~  “2  -v =  3 x  +  v bm: u-2? = x-2y

%hi1 F(x,y,u,v) =  u*-v-3x-3y  =  0

G(x,y,u,v)  =  u-2?-x++y  =  0

aF
ax  =

-3, ag '= 2u,
aF
av  =

- 1

aG -1, a$  = 1, aG
ax = av =

-4v

au
ax  =

_ 1% G I
F”

Fv I

94 0

aml-l 'bfi u(x.y)  = x+y+z

vk Y) = Ax+By

G(x,  Y) = F(x+y+z,  Ax+By)

aG
ax  =

.aF al + a2 . av
aU  ’ ax av ax

= g (I+ g)+ g(A)

0 = F,+F,g +AF,

az
ax  =

_ (F, +A%)
FI
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ae aF au aF av
ay  = au’ay’av’ay

0 = F,(l+$)+BF,

a2
ay =

_ (F,  + BFz)
F,

~o1rnb1 A!?%,&  =
ay ax

- $ (F,  + BF,) + ;(F,  + AF,)
I I

= -AF, + BF,
F,

4. .
3sni

M Wu.  v, x, Y) = uziv=+x=+y2-3 = 0

un: G(u,v,x,y)  = uz+2v2-x=+y'-3 = 0

au
z

=

a+
ah V)--
am
ah VI

=

I 2x

I -2x--
2u

2v

4v

2v
= 3x--

U

2u 4v I

28 2v

2Y 4v = -y
2u 2v u

2u 4v

6&b a% 3~  au 3
-G= 3-g-i = $(-$)-i

9x2 3= -7-i

a% Y au 1- - -  =
T= 7ay u

$(2)-t = +;

#
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1 . 7ilMUFI~~  2x-1.~-32-2~  =  0

LLA: x+Zy+z+3  =  0

2. 51 u = x3y LLR:  x5+y  = t, x2+y3 = t* i)Jvll  5%
dt

3. 51 xu*  +v = y3 LLRZ 2yu  -xv3  - 4x vm1 + n”io  @-
ax ax

4 .  ti1nuGll~  xi  y*  = u,  y+z*  = v, z+x*  = w 5IJHl - -ax a% LLA' a*x
au' au* *siz

5.  rh-w~rs”  f(x,  ‘Y, r,  s) = 0, g(x,  y,  r,  s) = 0 9wwlJil

ay  ar+!?L*  = 0
Z . (ax as ax

6. WLbRWh 51 F(x,  y, z) = 0 b&d  ( g,,  ( 8 >, ( g ). = - 1

7. fhnwllf)i x*-y  cos(uv)+z*  =  0

x2  + y*  - sin(uv)  + 2z2 = 2

xy-sinucos v+z = 0

9Jn1 ( 2 >,I (,  g )” +xX  = 1,y  = l,u = ;,v  = 0,z  = 0

8 .  jilWl%'P?  F(x+y-z,  x*+y*)  =  0

xKMwlJ11  x (  g,-y( g, =  x - y
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qlnnptnJ$  2 = 52 .aS + * .at
as  ax at ax

au au  as
ay  =

-+aU.!!!
Z . ay at ay

oin X = s+t

Y = s - t

s x+Y=-
2

tm  t = (x
.2

as 1 as 1
g = 29 ay = 5

a t 1 a t 1ax  = 2’  ay  = -?

ttnwii a u i au I au
ax  =‘2as+Tat

tmt au i au I au
ay  =

----_
2 as 2 at

a*u
z= ix(:)

7 4 MA 315



au ax= au ay
ax’% + ay’r

au ax= - +a&!.!3
iii.  ae ay a9

ax= case,  z  = - r sin e

= sin t9, ay
ae =

rcosB

= case  25 + s i n e  +!
ax ay

= -rsinB  3 + rcose  +
ax ay

.......... (2.7.2)

.......... (2.7.3)
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LbRZ tr(g)  = x(g)$+;y(e)g

a%
= axay--ccosB+$$sin*

meil 828 case 1
a2u

-g= ---*cos8+  ~.finOl+sinO/~~~~O+~sin~~ax2

a2u
cos28  --i- + sin 6 cos 9i

a2u a2u -=
ax+ - + __ayax I+sin’B$axay.

n4 0
atim pin au a#

z=ar =
cosB  au +sinB  @ax ay

kar au a@
ae=ae  =

-rsinB  au +rcosB  auax ay
,t
%lpIu I au-- = -

r a0 sin 0 5 + cos e +ax ay

($,'+$(fff  = ( costI:  +sinBE)‘+(-sin@: +co~.D~$)~
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au au ar
ax =

- + a2 . ae
;i; * ax ae aX

= cose&  _ s i n e  au- -
ar r ae

au au ar au ae
& = ar'&+G'ay

= sine+  + c0se  au- -
ar r ae

a*u
-s=

tx(cdse$?  - sin
r

au
Zi)

Lwlwi1 ix(  g ) LL% ix( g ) 9:%5

a*u
Jgi=

2 azucos e sin%  a%
-T+yZ

2sin  e cos e ah
arae+

2sin  e cos e au- -
ar a@ r r* ae

sin%  au
+- zr
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= 2 a2u c0s2e a2usin e-- + - - 2sin  e c0s e a%
ar2 r2 ae2 + r arae

_ 2sin e cos 0 au + ~0~~8  au- -
r2 ae r ar

a% a% a2u +--+1 ?A!i a2u
-g+F = arz r2 a@ r ar

&&A a% +--+raui a%
ar2 r2  ae2 r ar

= 0

au- -T;$+p  =  0 . . . . . . . . . .
av

(2.7.6)

apfl  + -,-  a-u  - p ;; = 0
av

T = f(U, V)
. . . . . . . . . . . (2.7.7)

P = gw,  v
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0 = f aJ+f
‘av  2

a u -fi
aV  = f,

ap
aV  =

ag . a_u + ag av
a u  a v a v  a v

a+ au
av = Iaa<+g2

0@i&E1~  (2.7.7) ~&J¶J?%J  T;

aT af au af av
aT = aU  ’ a?  +  a?  .  a?

uar

1 = f as  +o ?4sso  au I
’ aT a?  = f,

ap
a?  =

ag  au ag  av
Zi ’ dT  + aV  ’ a?

ap
aT

= g,g+o

wlwil as LLR'
a v

w  a_u  hWfl1~  (2.7. )aT
6 ‘it!&

-T;++p  = +-TfL+p
I I

-f,-Tg,+pf, =  0

f,+Tg,-pf,  =  0

&I aT ap  aTav +Tav  -pax  =  0
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5 . 3  T-pa2 + !(T, = 0
ap aw,  P)
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au
ax =

a(F,  (3- - /
a -

ah, 9 ah 9

LLR::
av
ax =

m, (3- -
/
am

ah X) ah 9
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