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Sq = ( 1234,  1243, 1324, 1342, 1423, 1432,

2134, 2143, 2314, 2341, 2413, 2431,

3124,3142,  3214.3241.3412, 3421,

4123,4132,4213,  4231, 4312, 4321 ]

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

= Z(k) aij,  ilzj2  a3j3  a4,4

= all  k2 a33 a44 - all  a22 a34 a43 - alI  a23 a32 a44 + all  a23 a34 a42

+ all  az4 a32 a43 - aI1  az4 a33 a.42 - ai2 a21  a33 a44 + aI2 a21  a34 a43

+ aI2 a23 a31 a44 - a12 a23 a34 a41 - aI2 az4 a3,  a43 + al2 az4 a33 ad1

+ al3 a21  a32 a44 - al3 a21 a34 a42 - a13 az2 a3i ad4 + al3 a22 a34 a,

+ a13 a24 a31  a42 - at3 az4 a32 a41 - aI4 a2,  a32 a43 + aI4 a2,  a33 a42

+ a14 a22 a31  a43 - ah4 a22 a33 a41  - a14 a23 a3, a42 + aI4 a23 a32 a,

(2)(2) 1 1 2 01 1 2 0 55

3 4 13 4 1 77

- 2 5 2- 2 5 2 00

0 120 12 -7-7 ::
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= (1)(4)(2)(-7)-(l)(4)(0)(2)  - (1)(1)(5)(-7)  + u)(1)(0)(1)  + (u(7)(5)(2)

- (l)(7)(2)(1) - (2)(3)(2)(-7) + (2)(3)(o)(2) + (2)(1)(-2)(-7)  - (2)(l)(o) (0)

- (2) (7) (- 2) (2) + (2) (7) (2) 0 + 0 (3) (5) (- 7) - (0) (3) 0 (1) - (0) (4) (- 2) (- 7)

+ (0)  (9 (0)  (0)  + (0)  (7) (- 2) (1)  - (0)  (7) (5)  (0)  - (5) (3) (5)  (2) + (5)  (3) (2) (1)

+ (5)  (4) (-2) (2) - (5) (4) (2) (0)  - (5) (1)  (-2) (1)  - (5) (1)  (5)  (0)

= -56-0+35+0+70-14+84+0+28-0+56+0+0-O-0+0

+O+O+O-150+30-80-O+lO+O

= 13

(1) 3 -2
= (3)(5) - (4)(-2) = 15 + 8 = 23

4 5

(2) I 4 - 2 I = (4)(5) - (2)(-2) = 20 + 4 = 24
2 5

( 3 )  a  - b  a  + bl  =  ( a - b )  ( a - b )  - ( a + b ) ( a + b )  =  (a’-2ab+b*)  - (a2+2ab+b2)

I Ia+b a-b = -bab

(4) 1 2 3

4 -2 3 = (1)(-2x- 1) + (4)(5M3)  + (2x3)(2) - (2)(-2x3) - (5)(3)(l) - (-l)(2)  (4)

2 5 - 1  =2+60+12+12-15+8=79

(5) 2 5 - 1

4 -2 3 = (2)(-2x3) + (4)(2)(-  1) + (l)(3)(5) - w- 2)(- 1) - (2)(3x2) - (3)(5)(4)

1 2 3 = -12-8+15-2-12-60=  -79

(6) 1 0 0

4 -2 0 = (1X-2X-  1) + (4)(5X0)  + (2)(O)(O) - (2)(-2)(O) - (5)(O)(O) - (- l)(O)(4)

2 5 -1=2+0+0-o-o-o=2

(7) 2 1 3 = (2)(2)(2) + (O)(O)(3) + (O)(l)(l)  - (O)(2)(3) - (O)(l)(2) - (2)(1)(O)

0 2 1=8

0 0 2
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1 2 3

4 5 6 = (l)(5)(0) + (4)(O)(3) + (O)(6)(2) - ( W ( 3 ) - (O)(6)(1) - (O)(2)(4)

0 0 o = o

d e t  A  =  ( l ) ( 2 ) ( 2 )  + (l)(1)(5)  +  (3)(3)(-2)  - (3)(2)(5)  - ( l ) (3 ) (1 )  - (2 ) ( -2 ) ( l )

= 4+5-18-M-3+4 .

= - 3 8

2 3 -4

(2) B = O  [1 -4 2 1-1 5

det  B = (2)(-4)(5)  + (ON-I)(-4)  + (l)(2)(3) - (l)(-4)(-4)  - (- 1) (2) (2)

- (5)(3)(O)

= - 4 0 + 0 + 6 - 1 6 + 4 - O

= - 4 6

(3) AB -[: -; :][8 Ii -:]

=.
det AB = (7)(-8)(O) + (5)(3)(17)  + (8)(15)(a)  - (8)( -8)(17) - (3)(15)(7)  - (O)(6)(5)

= 0 + 255 + 720 + 1088 - 315 - 0

= 1748
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det  AB = 1748 = (-38)(  - 46) = det A . det B

4 - 1 3 = 0 m-laJnq93~ 3.3.4

0 0 0

(2) 2 0 0

0 2 0 = 2 x 2 x 4 = 16(VlY. 3.3.7)

0 0 4

(3)

(4)

1 3 - 1 1 3 - 1

- 2 1 3 = 0 7 1

2 5 0 0 - 1 2

=

= 1

40 3

2 1 -1

63 5

R2+-  2R1  + R2

Rj+-  (-2)R1  + Rj

1 3 - 1

0 7 1

0 0 y
1

Rs+  - R2  + R,
7

x 7 x  ‘5 =I5
7

40 3

2 1 -1

00 8 R3+- (-3)Rz  + Rs

4 0 3

zz 0 1 -; R2t -;R, + Rz

0 0 8

= 4x1x8=32
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(5)

(6)

(7)

340 2

0 2 1 -3

0 0 1 -2

0 0 0 -4

I 2 1 - 3 2

10 1 2

-3 1 4 - 5

2 -12 - 1

4 2 2 0

2 0 0 0

3 .o 0 1

:o 0 1 0

= 3 x 2 x 1 x (-4) = -24

10 110 1 22

2 1 - 32 1 - 3 22 RIRI ++++ RzRz
== --

-3 1 4-3 1 4 - 5- 5

2 2 -12 2 -1 - 1- 1

1 0 1 2

0 1 - 5 - 2 Rz+ -2Ri  + Rz
= -

0 1 7 1 Rat 3R,  + R,

0 2 -3 -5 R4+- -2Ri  + Rat

1 01 0 11 22

0 10 1 - 5- 5 - 2- 2
== --

0 00 0 1 21 2 33 iR3*iR3* (-(- 1)Rz1)Rz ++ RJRJ

0 00 0 77 - 1- 1 RI+-RI+- (-(- 2)Rz2)Rz ++ %%

10 1 2

0 1 -5 - 2

= - 00 12
0 0 0 -

3 1
’ Rp- (- ; ) R3 + Rq
4

= -(l)  (1) (12) (- y )= 33

4 2 2 0

2 0 0 0
R3 ++

0 0  10
R.i

.30  \o 1
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(8) 2 0 1 4

3 2 -4 - 2

2 3 - l 0

11 8 -4 6

= -

4 2 2 0
0 - 1 -1 0
0 0 1 0 Rz  -iR,  + Rz+

2

0 -- 3
2

- -  3 1 Rs+-z  R I  +  R4
2 4

4 2 2 0

0 - 1 -1 0
= -

0 0 IO
0 0 01 %+  -; Rz  + Rq

= -(4)  (- 1) (1)  (1)  = 4

10 1
2

2

3 2 -4 - 2
= 2

2 3 - l 0

11 8 -4 6

10 1
z

2

02-i! -8
2 Rz+ -3R,  + R2

=2 0 3 -2 - 4 RJ+ -2Ri + RJ

0 8 -‘9 - 1 62 Rq+ -llR, + RJ

10 1
i

2
1

01-c - 4
4

= 2.2 0 3 -2 - 4

0 8 -‘9
2

- 16

10 1
2

2

=4 0  1 - -  1 1 - 4
4

00 257 8 R3+ -3Rz + Rj

00 25z 1 6 Ft.,+- -8Rz + Rq
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(9)

(10)

1 0 ’z 2

=2 0 1 -!j - 4

0 0 25 16

0 0 z 16
= 2.0=0  z

x - l - 1 - 2

0 x - 2 2 = (x - 1) (x - 2) (x - 3)

0 0 x - 3 = x3 - 6x2 + 11x - 6

1 x x2
X x21 = x3 + x3 + x3 - x6 - 1 - x3

x2 1 x = 2x3 - x6 - 1

= 2x3 - (X3)* - 1

= 2(l) - (I)2 - 1 (x # 1, x3 = 1)

=  2 - l - l

= 0

(11) - i 1 2 i+2

2 3 i - 1 3

1 0 4 - 1

0 - i 0 1

= - i 1 2 2

2 3 i - 1 - 3 i  + 3

1 0 4 -I

0 - i 0 0

C4 + iC2 + C4,

= (--i) 1 -i 2 2

2 i - l -3i+ 3 rxvwlULLna6 4

1 4 - 1

= (-i) [ (-1 - i) + 16 + (-6i + 6) - (2i - 2) - (-12 - 12i)  - (-4) ]

= (--i)  (39 + 3i)

= 3 - 39i
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( 1 2 1 1 i -i
I

0 - 1 2i = (-1) + (-2 - 2i) - (i - 1)

l+i - 1 1 = -l-2-2i-i+l

= -2 - 3i

2. e~ol~~~runu~~uos~tno~~ttPIOI~~~i)lfi~l

1 a a’

1 b b2 = (b - a) (c - a) (c  - b)

1 c c2

I a a2

1 b b2  =

1 c c2

1 a a’

0 b - a b2  - a2

1 C C2

R2+-  RZ  - RI

= (b - a) 1 a a2

0 1 b + a

1 c C2

= (b - a) 1 a a2

0 1 b + a

0 c - a c2 - a2 R3+  R3 - RI

= ( b - a) ( c - a) 1 a a2

0 1 b + a

0 1 c + a

= ( b - a) ( c - a) 1 a a2

0 1 b + a

0 0 c - b R,t Rj - Rz

= (b - a) (c - a) (c  - b)

= (b - a) (c - a) (c - b)

1 a a2

0 1 b + a

0 0 1

HA 226 00



3 . 16-1  L.&J@l?tl~  A b2T.b  nonsingular OJ~$P~“h  det A-’ = -
det A

Gqeii

51 A bh nonsingular XlZ!m

AA-’ = I

det AA-’ = det 1

detA.detA-’  = 1

. . det A-’ = -!--  h det A # 0 LWflZ A Lb nonsingular
det A

4. 51 A0 = In ‘iN~$Xld~l det A # 0 LLR:: det B # 0

i+d

51 AB = I XI:%

det A.B  = der 1
.

. . det A . det B = 1

UIGdl det A + 0 LLAZ det B # 0

thin AA-’ = 1 ;iJ&&

det AA-’ = det I

det Aedet A-’ = 1

det A * det A = 1

(det A)’ = 1
.

. . det A = rt 1
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6. 61 A’ = A-’ i19991 det A

bd098lTl AA-’ = I

detA.detA-’  = 1

det A . det A’ = 1 LW%l:  A’ = A-’

det A . det A = 1 LWTlt det A = det A’
.

. I det A = k 1

7 . 61 A Lfh  nonsingular bb8:  A* = A WHI det A

9111  A2 = A ‘%I:%

det A2 = det A

detA.A = det A

det A . det A = det A
.. . det A = 1 (LW'TI::  A Lh nonsingular &;Ju”u  det A # 0)

tU@lfl.l’ii A similar n”y B %ClLdfl$  nonsingular matrix P 8il’t’h~F?

B = P-’  A P

&ifu det B = det P-’  A P

= det P-’  . det A . det P

= det P-’  det P . det A

= det P-’  P . det A

= det I . det A

= 1 * det A

= det A
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9. 51 det  AB = 0 ?JUU’CtJ’h  det A = 0 H$O det B = 0

iipi

1l?l  det AB = 0 OZ!%

det A * det B = 0

61 det A # 0 ICI6  det B = 0

51 det B # 0 ‘C’1$  det A = 0

lk&O  det ,4 = 0 M%l  det B = 0

IO. 61 c t~Uutnvlfl~  9 uA:: A ti)ULuol’in&Ul~  n x n W~pziil  det CA = C” det  A-

fiqwi

‘1Gi A = [ aij ]

CA  = [ C&j I

det CA = Z ( f ) caLj,  Cazj,  . . . C&j,

= 2 ( 2 ) C”  alj,  a2jr  . . . &ijn

= c”Z ( f ) alj,  azj2  . . . anj,

= c” det A

11. 51 A t&i  Skew - Symmetric UC n th?lU?ULh.J~  WfiflOfi%  det A.= 0

n’7 A LOU  Skew - Symmetric Xl&

A = -.A’

. . det A = det (-A’)

=  (-1)“det  A ’

= ( - 1)” det A

= - d e t  A

UUVlXh  det A = 0

(33nluyo  IO)

(det A’ = det A)
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12. 61 A LLW:  B dl4.L2J~^rn~liUl@  n x n PSipdi?

det A’B = det AB’  = det A’B’  = det AB

i$j’ai

det A’B = det A’ det B = det A det B’ = det AB’

= det A’ det B’ ’ det A’B’

= det A det B = det AB

99LbH@Wh  det A = det B

1 0mn A =
0 B

1 0 0 0

. . A=01 00

0 0 1 2

0 0 -2 3

10 0 0

. . detA = 0 1 0 0

0 0 1 2

0 0 -2 3

1 0 0

=(lo) 0 1 2

0 -2 3

1 2
= (1) (1)

-2 3

= det B
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det C = det A det B

‘5777 c =

0 1 0 0

C=230[ 0

. .

0 0 1 - 1

0 0 4 2 1
0 1 0 0

d e t C = 2 3 0 0

0 0 1 - 1

0 0 4 2

2 0 0

= (1). 0 1 - 1

0 4 2

1 - 1
= (-1) (2) 4I 12

Ld&lF)ln  d e t  A  =
0 1I I = - 2
2 - 3

%~‘%I  det C = det A . det B

3 1
UAt:  c  = [ 1 %MWlJil  det D = det A . det B

0 2
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A C
3-m D = [ 10 B

:. D

det D =

[

0

2

= 0

0

3 1

0 2

1 - 1

4 21
013 I

230 2

0 0 1 -1

004 2

1 3 I

= ( - 2 ) 0 1 - 1

0 4 2

1 - 1
= f-2) (1)

4 2

0 1trvi det A = = - 2
2 3

“aJ%h  det D = det A * det B

1 1 I - 3

I 1 - 3 1

1 - 3 1 1

- 3 1 1 1

det A = = 0
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a - b 1 a a 1 b

b - c 1 b = b 1 c

c - a 1 c c 1 a

GjBP5

a-b 1 a

b-c 1 b =

c-a 1 c

= a 1 b

b 1 c

c 1 a

a - b  l b

b-c 1 c c; -c,

c-a 1 a

c3 + Cl

18. a%?  A = [ aij ] b!h  upper triangular matrix IlT?iQ’&;l  A XlZX!h  nonsingular ?%DL~kJ

aii  # 0

\$ A = [ aij ] I!h  upper triangular matrix

&¶lf%  det A = a,, aI2 . . . a,,” VW. 3.3.7

51 A bh nonsingular LLHR9%

det A = all a22 . . . abn  # 0

lit&l a,i + 0 LCQ i = 1, 2, . . . . n

61 ajj j; 0 OZIf5
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det A = all a22  . . . arm  # 0

h&I  A lfh nonsingular matrix

19. ‘1%?  A2 = A %@~<I  A th singular M%l  det A = 1

l$A2=A& UdetA2=detAH!Q(detA)‘=detAfi

i~uaucl~~~nri~tY~  2 ttR’?tV;~n’YAU’Ulo~r~~a~~~u~  2 1iuaurni’ lki ;a 1 UFC  0

&I det A # I MWlXh det A = 0 k&l A k?h  singular

6’7 A LbU nonsingular &l&l  det A # 0 LWilJ~l  det A = 1

-8‘TN U ~5lK$~~‘fl  A tilI.4  singular Hi0 det A = 1
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WHI  det MI,, det MJ,,  det MZZ  illL  det M~z

3 1
det MI, = I I = 6-5=1

5 2

0 - 2
det M,I = = 0 - (-2) = 2

1 4

1 - 2
det M22  = = (-3) - (-10) = 7

5 - 3

I - 2
det Ma2 = = 4 - (-6) = 1 0

3 4

3 1
All = ( -  l)‘+‘det MII  =  (1)2 zz 5

1 2

A12 = (-  I)“* det MIZ = (-  1)3
I 2  1 2 1

s-3

,413 = (- I)“.’  det MIX  = (-  1)4 = -1
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2 0
A21 = (- I)“’  det M21  = (- 1)’ * 2 = -4

1 0
An = (- 1)2’2 det M22 = (-  l)4 = 2

1 2

A23 = (-  1)2”  det M23  = (-  1)’

2 0
I AU = (-l)‘*‘det  MJI  = (-1)4 = 2

3 1

A32 = (-  1)3’2 det M32 = (- 1)'

1 2
AH = (-  I)‘+)  det M33  = (-  1)6 = - 1

2 3

aIt aI2 al3 a14 al5

a21 a22 a23 a24 a25

1; A = a31 a32 a33 a34 a35

a41 a42 a43 a44 a45

a51 a52 a53 a54 a55

ali at3 a14 al5

a31  a33 a34 a35

bJLUOhtEM a22 &l det M22  = a41 a43 a44 a45

a51  a53 a54 a55

htdntflDfY8J a22 &I (- 1)2*2 det M22  = det M22
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aIt al2 a14 aI5

a21  a22 a24 a25

10 3 01 0 3 0

2 1 4 -12 1 4 - 1

.4..4. IHYIHY A=32 4 0A = 3 2I 4 0 I WHI AIZ,  A23,  A33 LllE  AatWHI A12, A23, A 3 3 kl= Aa,

0 3 - 1 0I 0 3 -1 0
I

A12 = (-l)‘*’  det  MIZ  = (- 1)3

2 4 -1

3 4 0

0 -1 0

1 0 0

A23 = (- l)2+3 det  Mz3  = (- 1)5 3 2 0 =

0 3 0

= - 3

0

1 0 0

A 3 3 = (- 1)3+3 d e t M?j = (- 1)6 2 1 - 1 = 3

0 3 0

A41 = (-I)*+’  d e t  Mql  = (-lj5

0 3 0 ’

1 4 - 1 =6

2 4 0
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= (- 1Y

= (- 1s
= -13

(2) wlQtwni0uM

1 4 3 1
- (2)(-1Y

2 -3 5 2

= (- I)4  (7) + 2(- 1y (10)

= 7 - 20 = -13

(3) P~L1;;Mjl~bn0iij~bPle(~~l~~7n  (1) but: (2) ~d1f54
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1 0 3

= (-l)(-lp4 3 2 4

0 3 - 1

= (- 1) (- 1Y (13)

= -13

= (-l)* 1: ;I + 2(-l)$  *, j + 3(-l)‘]: :/

l4A  226 (li)

= (1)  (1)  + (2)  (- 1) (10) + (3)  (1)  (7)

= l - 2 0 + 2 1 = 2

109



(2) 2 1 - 3 4

5 - 4 I - 2 =

4 0 6 - 3 =

3 - 2 5 2

=

+ (-4)(-V

=

=

1  AIZ  +  ( - 4 )  A22  +  0  Ax  +  ( - 2 )  A42

A12 +  C-4) A22 +  (-2) A42

5 7 - 2

(-1)3 4 6 - 3

3 - 5 2

2-3 4 2 - 3 4

4 6 -3 + (-2) (-1)6 5 I - 2

3 5 2 4 6 - 3 .

(-1) (12) + (-4) (I) (113) + (-2) (1) (-31)

-12-452i-62= -318

12 10

23 41

1 2 1 0

2 3 4 1

d e t B = 0 1 -2 1

3 0 2 2

1 2 1 0

= 0 -1 2 1 R2  (-2)R,+- + R2

0 1 -2 1

0 -6 -1 2 Rd+(-3)R, + %

- 1 2 1

= 1 - 2 1 nximsium~~dd 1

- 6 - 1 2
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= (4) t-  1) (- 12) - (12) (1) (4)

= 48 - 48

= 0

9 .  WMldlllflJ t  bilt$

(1) I t - 2 2

3 t - 3

(3) t - 1 0

- 2 t+2

0 0

(2) t-1 -4
= 0 = 0

0 t - 4

1
= 0

- 1

t+1

Pd .

arm (1) t - 2

I

2
= 0

3 t - 3 I

(t - 2) (t - 3 ) - 6 = 0

t2 -. St + 6 - 6 = 0

t(t - 5) = 0

.. . t = 0,5

(2) t-l -4
= 0

0 t - 4

(t - 1) (t 4)- = 0

.. t =. 1,4

(3) t - 1 0 1

- 2 t+2 - 1 = 0

0 0 t+1

(t - 1) (t + 2) (t + 1) = 0

t = 1, - 2 , - 1

10. WHI det (t1, - A) L&l A &I h.J~~Tl~dO~~~
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(1) th-A  = r;’ 21

d e t (t12 - A) = t - 1 2 = (t - 1) (t -
3

4) - 6
t - 4

= t2  - 5t + 4 - 6

d e t (tI3 - A) = t - 1 3 2

2 t+1 3

3 0 t - 1

= (t - 1)2 (t + 1 ) + 27 - 6(t + 1) - 6(t - 1) .

= t3-t2-t+1+27-6t-6-6t+6

= t3 - t2  - 13t + 28

(3) &-A =[‘Tl  II]

det (tIz - A) = t - 1 1

1 t-1

= @-1)2-l

= t2  - 2t + I- 1

= t2  - 2t

= t(t - 2)
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(1) 1 2I 1 (2)

3 4

nd  0am1
(1) adj

(2)

(3)

1 2 -1 (3) 1 0 1 2

01 0 02 0 1

4 1

11 0 0 0 - l  1

0 0 0 -2
-IAll A21= [ 1A12 .421

= !

0 -1 1

0 10

1 -1 1I

1 2 All A21 A31 A.41
0 1 A12 A22 A32  A42

0 0 - l  1 = An A13 A33  &\43
0 ‘0 0 - 21r 1A14  A24 AM kts
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nooo-  ow-
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(w

0’0  0 ,wl-  w,
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- N

w 0)
II

0 0 -0 0 - oo-  000

I I
0-r  0-w

I I
w-t4  PJ-N

II
0 0 0 0 N 0

m
I
N - PJ

ul
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