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(I) [ r t 1 ( k E , aik  bkr  ) crj  ] = (AW

(2)  [ S cjr  ( Z? hi  bkr  ) ] = C(A’B)
r=l k=l

10.  $1 c  l&AtUllWl%l 7 !&A:  A ,  B  ~B~bU~~n4~~~~‘61Y~l~~~~~~~  Wfi~'~dl

(1) Tr(  CA)  = c Tr(A)

(2) Tr(A  + B) =  Tr(A) +  T r ( B )

( 3 )  Tr(AB)  =  Tr(BA)

Gpd I’$  A  =  laijJ,  B  = [bij]  L~l-bWl?tl~TlUl@l  n x  n

(1) T r ( A )  = k aii
i =  I

. c Tr(A) = c* . iJ aii
i= I
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Tr(cA)  =. . ,?  c aii = c g a,, = c Tr(A)
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aaoaaml7J"~"~ 1.4

a< A Lh symmetric

bblGli19-h  A = A’

ih%A  (A’)’ = A’

~&Cl  A’ lh symmetric

2. 61 A A.wm%i%@i PsGjgaGil

(1) AA’ LbQE A’A L&.4  symmetric

(2) A + A’ b&4  symmetric

(3) A - A’ b&4  skew - symmetric

&pi

(1) (AA’)’ = (A’)’ A’ = AA’

66CiCldl  AA’ L%4  symmetric

ill4&Xi%an"Pa  (A’A)’  = A’(A’)’  = A’A

Utf@l&  A’A LdU symmetric

(2) LdOWl  (A + A’)’ = A’ + (A’)’ = A’ + A = A + A’

blRV1n9%  A + A’ b?.h  symmetric

(3) &J’Wl  (A - A’)’ = A’ - (A’)’ = A’ - A = -(A - A‘)

66WlYh  A - A’ 68U skew - symmetric

3. hWl~fl$  A l&X  B bfh.4  symmetric P9$@&~1

(1) A i- B bh symmetric

(2) AB bh  symmetric T%OL.dO  AB = BA

(1) &Wl (A + B)’ = A’ + B’ = A + B

6,7’If%  A + B dJLflU symmetric
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(2) 199”  AB = BA &&.di

(AB)’ = B’A’ = BA = AB

LbH@~2?  AB Lh symmetric

~U?'ll4fl~¶J~U RPJYGl%  AB Lh symmetric
L a

UU’+lO (AB)’ = AB

M% B’A’ = AB

&ii BA = AB

%x  S = ; (A ‘r”‘:  LL,,: =l\(A - A; 3

A+A’ =

A - A’

-2 3 0

0-I
9
z I

d3.h  symmetric

21
7- -
2

0 -
3

I

skew-symmetr ic
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5. $7 c &xm7aGh  7 ~9GjB9647

( 1 )  (c.A)*  =  ;A* (2) A = =A

( 3 )  (ii)’ =  ;I’ (4)  (A*)* = A

(5) (A + B)* = A* + B* ( 6 )  iii? =  iiE

(7) (AB)* = B*A*

i-pod’
( 1 )  lg A  = [aij]

&&4  CA = [Cai.j]

( C A ) *  = [ ( c  aij)*]

= [ (C Ztj)’ ]

= c [ qj ]
-

= c A ’

(2) A = [ Zij ]

I = [‘aij  ] = [ a, ] = A

(3) ~'  = [ aij’ ] = [ ~, ] = A’

(4) ( A * ) *  =  [ ( a $ * ]  =  [ai,] = A

__  ’ zz (A + g)’ = A’ + jj’*  = A’  + B*(5) (A + B)’  = A + B

(6) KE = [ Z  ai,  b,k  ] = [ Z  aij ] = [ .X aij  h I = AiLi

( 7 )  (AB)* = FB:  = (;i E)’  z jj’ A’ = B* A*
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(A* A)* = A* (A*)* = A* A 7JIl-l  (1) LLRt  (4) l%&l  5

LbWWYh  A*A bh Hermitian

7. 6lWtl~Fl~  H bbPb  Hermitian P9$$9)6%  B* H B 71’3% Hermitian ‘?%I

i+d

(B” H B)* = B* H* (B*)* = B* H B

bbRWS%  B* H B ah Hermitian

9. $1 A  dPrDJ~~~9%~~~  64 A  = - A *  (kU$fl  aij = -aji) b51?3~fJflRJ~~fl~  A  41

Skew Hermitian 09fi~'hh

(1) iA Deb Skew Hermitian 61 A LbU  Hermitian

(2) iA L?.h Hermitian t% A bh Skew Hermitian

(1) 61 A LdSa  HBmitian  L.bWFlXh  A* = A

$J$U  -(iA)*  = -;A* = iA* = iA

bbHW9h  iA L?h Skew - Hermitian

(2) $1 A LbU Skew - Hermitian Lb1Gl9'k  A = -A*

&ispdl-k (iA)*  = ?A*=  (-i) (-A) = iA

LLtZ@Th  iA bh Hermitian
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10. 61 H Lh Herrnitian bat  H = A + iB I$0 A bl8’.  B bh real matrix 396jB76'h A bh

symmetric bbWZ  B bh Skew - symmetric

Plfl  H = ,4  + iB WMI.4

H*=  (A + iB)* = A* + (iB)* = A* + 7 B*

=: A’ - iB’ (bW5lE  A bbaZ  B bgI.4  real matrix)

LLd H* = H lW5lZ H bh Hermitian &$U

A’ -- iB’ = A + iB

UWID  A’ := A URf -B’ =  B

LLtTGlCh  A S?h symmetric bbRZ B a’%  Skew - symmetric

aepl [: :I[: :] = [If :]
12. llW11 diagonal matrix "Upbl'Fl 3 x 3 LLa:L&.J idempotent

13. %¶V1lLWl5Fl~llUl@l 2 x 2 l.laEth involutory

2 -3

nmJ [ I1 -2
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2 -3[ 1 h.iaYi1rh  I es%
1 -2

-I Lau

15. ?-URF19~64"aPs"ea'h  A + B LbRt  AB b&4  upper Triangular $1

A=[:  -;  -:] ,B=[^  -: !]

28 U?i 226 (Ii)



0

0

Sn= .I:00
bbRL99Hl  St

1 0

0 1

0 0 . 0

0 0 . 0

do  k &I jlgaZ-U6B1El-J

al2

a22

an2

. . . 0

. . . 0

0

0

1

0 i

nla q

a22 . . .

a32 . . .

29



1
1. . . . .
0
11

Ad322 1

lib 12  =
1 0

[ I0 1
.AI= ,+B,=[;  :]  .Bz=[:]

30 H?i  2 2 6  (Ii)



I 2 0 0 !i 0 2 0 1 0 0 8 5 0 0 2 3

I ..-  10 2 0  .5 ._.. 0;s  210  Oi8 li0 .  .  +  i .  ..--....  0 0 2 3 .

Ii
1

- 2

0

0

- 2 0 0

5 0 0

0 2 - 3

0 --5 8

I
1 -

- 2. . . . . ..V̂ . . . . .
0

0

2 i 0 q r1 ojo.01
5/ 0 0 0 1 0. . .._..” .. . ..i .
01 2

_  . ..-. It = .-........e *  io I . . . . ..I . . . .
- 3

:

0 Oil 0

oi-5 8 0 ojo 1

MA  2 2 6  (H) 31



B =

C&aflg T13fiWh  A’ = A p6U6fiO A bh Symmetric Matrix
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(3)

dlb?@Nl

(1)

(3)

(5)

s-1 =:
I

1 0 . 0

0 l
z . .

0

.

0 0 . 1
n

s-1 =: [ 1 - 1 1

0 1 - 1

0 0 1

s-1  =: 1 0[ 1-a 1

(2) s-’ =

(4) s-’ =

n

0

0 I

0 . 0 1

0 . .; 0

0 . . 0

1 0 0

0 10

- a -b 1 1
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AA-’ = A-‘A = I

Ql?l AB = AC LO1 A-’ ~&XWhdd

A-‘(AB) = A-‘(AC)

(A-‘A)B  =  (A-IA) C

I’B = I,c

B=c
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35

blR%¶<l  A-’ L?h4 symmetric

tlipd  A =:
[I :] TB  = [: :]

1 2
AxB= [ 1 BJldPr  nonsingular

3 4
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0 0
A + B  = [ 1 ddLU9a  singular matrix

0 0
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1. W=Gpdil

(1) A row (column) equivalent n’El  A

(2) $1 A row (column) equivalent <II  B Lk%

B 9: row (column) equivalent n’pI  A

(3) $1 A row (column) equivalent <¶.I B LLA:  B row (column) equivalent n’El C !da”a

A 9::  row (column) equivalent <¶.J C

ikppa”

ck  Q-I  c2  CI  (A) = B

&l&d  A = C,Q . . . ck.,ck(B)

(3) 1; ,4 row (column) equivalent f% B bb8:  B row (column) equivalent n”El  C

t-w.$es”  Cl, cz, . . . Cr Lbat  c;,  c;,  . . . . c: Gh.misna3hmuusa  (9mmG.6.)

&ihlps”

cr  cr.1 . . cz  CI  (A) = B

bla: c; CL,, . . . c; c; (B) = C

&I%4  c; cc, , . . . c; c; (c, cry,  . . . WI)  (A) = C

U1@l9dl  A row (column) equivalent 7% C
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A = I 2 0 1 3 1 1

7 4

6 1

-3 4J

R2  + -2R,  + RZ

RI + 3R1  + R,

I 0 0 1 -5 3 1 -3 -8 I -7 4 4I
1 0 16 -8

0 1 6 - 8 1
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1

C3 + -16C,  + C , 0

c4 +- 9c, + c, 0 0 0 1

1 - 3 4

0 - 2 3 13 I

Rr + - 14R3  + RZ 0

0

1

0

R3 + 2R1 + R3 2

RI - Rz

0 0 1

1 0 - 2

0 - 2 3 I- 2 5

0 0 1

1 0 - 2

0 1 - 2 5 10 0 1

0 i - 25

1 0 1- 200 1
-14 1 3

1 0 I- 2

40 1

-2 1 3

-7 0 -2 1
4 0 1

-2 1 311 0 0

-2 1 3

4 0 1  = B

1 10 0
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(1)

:

1 2 1

A=0 1 1

1 -1 0

, B=

(2) 1 0 1

A = 0 1 1

1 1 0

(1) A

R3 + R, - R,

R,  + R, - 2Rz

R, + 3Rz  + R3

cq  + 3c3 + cq

c3  ++  c4

2 1 4

-3 -1 -2

i 0 0 10 0 1 -1 2 1 -1 -5 6 I

1 0 -1 3

01 12

00 21

012 1

001 2
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(2)

cq  + c4 - c3

c.$ +- 2c2 + c4

c, + c3  - c2

1c3  + c3 - XI

c‘j  +.- 4CI  + c4

A

R3 + R3 - R,

Rx + Rs - Rz

RI + 2R2  + R,

1 0 3 -4L I0 1 2 -1

001 1

1 0 3 -4i I011 1

0 0 1 1

0 0 1 1

i 01 0 10 1 -1 1  1 1
r 01 0 10 0 -2 1 1 1
1

1 2 3-

0 1 1

0 0 1
L
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1! 0 2 3

R2 t (-3)Rz 0 - 3 - 3

Rs + (-3)R3 0 - 3 1
1 2 3

0 - 3 - 3

R3 + R2 + R3 ! 0 - 3 - 6 I
1 2 3

Rz  + 2R,  + R2 2 1 3 = B

Rs +- 3R, + R3 ! I3 3 3
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ehl¶J
1 0 0 0.
0 - 2 0 0

(1) ralvl’iFl~L50s~~~o I 0 0 1 0

0 0 0 1.

1 0 0 0

0 0 1 0

(2) Lua?nBLSo46u;o r 0 1 00 0 0 0 11
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1 0 0 0

- 4 1 0 0

(3) baJ@l~“G%b&b;a i 0 0 10 0 0 0 1l-
2 0 0

c = 1 0 1 0L 1 0 3 I
1e,  = -RI

6&i C = E;‘E;‘E;’

HA 226 (IS) 4 5



E s =

2 0 0
E-I=

I ! 0 1 00 0 1 I

(E;’ E;’ E;‘)-’  = EsEzE,

1

[ 0

0 0

E;l = 10 0 0 I3

0 31

1
z 0 0

0 1

0

0 0 1 1

46 N?A 226  (HI



%A =

et = c,+c,+c2

edA)  =

I, = I 0 0 1 0  0  1 0 0 1I
e2 = c, + -3c3  + c,

rl  -1 0
ezer(A) :=

1 I
e2(13) =0 01

e3  = c* +- c3 -t c2

I 0 0
I -1 0

e3ezel (A) = c 1 e3(13 = 0 1 0 1 = E30 1 1
0 1 1

e4 = 2cs

ege3ezel  64)  = [i -: I] es(I3)  =,.  6 ‘i = Ed

e5 = c3  + c, + c3
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emenezel  (A)  = [,l,  -: :] es&)  =[a %  J = Es

4 8
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1. IX

(1)

(2)

94 Q
ami

(1)

00-l 2 3

02 3 4 5

A = 0 1 3,o 3 2 -1 2 I4 ‘J

WMlUJVl?fl6n  B $JO$.&~~  row echelon LbRt row equivalent c¶J A

0 0 2 37

0 2i 01

- 1

3 4 5

A = 3,o 3 2, -1 2 I4 1

R, + -’ RI

R2 + (-:)Rz

3 5
i 2 z
1 - 2 - 3

R> + RJ - R, 3 - 3 -;

3RJ - R3 - - Rz
2

Rq + 2 Rz + R.,
2

row equivalent n”El  A
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0 0 1 -2 -30 0 1 -2 -3

0 0 0 -70 0 0 -7

000 0 4000 0 4

0 0 1 -2 -30 0 1 -2 -3
== BB

0 0 0  1 20 0 0  1 2
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RI  ++  R3

RZ + Rz - 2R,

R3 + (- 1Wa

Rq + Rq - 3R,

R, ++ R4

R3 + (-3 )Rj

R4 + (-$ JR4

L
01 3

02 3

0 0 -1

03 2

i

01 3

0 0 -3

00 1

0 0 -7

01 3

00 1

L

0 0 -3

0

r:: 1 :I

I-

O 13

0 0 1 -2 -3

0 0 0

-1 2 I

-7 -26

0 0 0 O - 8

-1 2

4 5

2 3

4 1 I

-1 2

6 1

-2 -3

7 -5

-1 2

-2 -3

6 1

7 -5

-1 2-l

Iu 226 (H) 51



9* D

a6911 (2) :
Y

PlflRJ@l~fl~ B Ibkt~~%&l~~Ug~  row reduced echelon &I’9Q

R, + R I - 2R4 0 1 3 -1 0

Rz .-  3R4  + R2

0 0 0 1 0

0 0 0 1

R, + R, + R,

Rz * 2R, + Rz

(1) OSP9lbUFt~&  B 6!JOL$UZE]  column echelon LLAZ column equivalent n’El A

(2) 79Wlb%J611?T1~  C ~4O$U~?J  column reduced echelon LLAE column equivalent

f%J  A

9d 0
am1 (1) :

A = !

1 0 1

0 2 0 II 0 1

62 HA 226 (El)



1 0 0

c’3 + Cl - c, I 0 2 0 ’1 0 oj

c 2  + -l cz = B
2

n4  0
ami (2) :

El$pb~~  row echelon (ILa’EEl$U;E]  row reduced echelon $a;aU)

U?i  2 2 6  (HI 63


