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(Vector spaces)



m”adld  7.1.2 tfl  R,.,  4Ro rmmq7  7 w?hd~~.3m.m  1 xn [a, a2 . . . a,] lurdo

~aiQuiamixh?iunia  0 du

[a1 a, . . a,] @ [b, b2  . . b,] = [a,+b,  a,+b,  . . . a,+b,]

rmZkmmis$iirQuni~  0 du

@[a,  aI . a,] = [ca,  ca2  . . . ca,]

Yg:

(1)  AOB = [a, a2 . . . a,] 0 [b,  b2 . . . b,]

zz [a,+b,  a,+bz  . . . a,+b,]

: tYC&l ai+bi  L&I  i = I, 2, . . . . n &I  6lUWPjJ &I%4  A@B E RIXn  LLA:

ai+bi  = bi+ai  LWTXQ3fU

A@B = [bl+a,  b,+&  . . . bn+an]

= [b,  b . . . b,]  0 [al  a2 . . . a,,]

= BOA #*

t
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( 2 )  A  @ (BBC) = [a, az a,/ 0 {lb,  bz b.]Olc,  c2  . . . c,,ll

zz [a, a2 a,] 0 Ib,+c,  b,+c,  b,,+c,]

= la,+(b,  +c,) a,+(b,+‘c,)  a,+(b,,+cJ

awa1-k  ai, bi LLR: ci  $0 i = 1,  2, ,,.,  n L%K~lUaU9?d  LWTl~Q.Z’Ifd Ol&

~~~XJGifll~Ld~UU~~IJ  (associative property)

ai  + (b,  ‘+  c,) = (a,+b,)+c,

=

(3) IWif~Hl&d  e =

A@e  =

=

3

l(a,+b,)+c,  (a,+b,)+q  (a,tb,)+c,]

la,tb,  altb2 . a,tb,/@/c,  CI, . . . c,,]

(AOWOC #

10 0 . . . ol,x” &lfM~

B@A 9llaJqauRsJP~~o I

[0 0 Oj@ia,  a, a,/

[O+a, O+a,  O+a,/

la, a2 a,l

A #

(4) ~WW-h~~~~llO~  A :O -A LWXWk4

A @ ( - A )  = [a, az . . . a,]@i-a,  -a1  -a,]

= /a,+(-a,) az+(-aJ  . . . a,+(-ia,)1

:= lo 0 . . . o]

z= 0

5mQfmniaAiaQufm  0

. CA  = [ca,  ca2  . . . ca,]

LWTlZil  cai  LiD i = I, 2, . . . . n a%.bh4,,,~,  LWSltdi4  CA  E R,.z K&4

(5) c@(A@B)  = c@[a,+b,  a,+bZ  . a,+b,]

= [c(a,  + b,)  c(a,  t b2) c(a,  + b,)]

= [ca, +cb, ca2+cb2  . . . ca,+cb,]

= [ ca, caz . . . ca,] @ [cb,  cb2  . . . cb,]

z @[a,  aI . . . a,] 0 c[b,  bz . . . b,]

= c@A@c@B
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(6) (c+d)@A  = (cfd)  0 [a, a2 .“ . a,/

= [(c +d)a,  (c + d)az  (c  + d)a,]

zz [ca, + da, ca, + da, . ca, + da,]

= I ca, caz . . . ca,]  @ [da, da* . . . da,]

= c@[a, az . . . a,] @ d[a, a, a,,]

= c@A@d@A

(7) c@(d@A)  = @[da,  da, .  .  da,]

= [ c d a ,  cda, cda,]

= (cd)@[a, az . . . a,]

= (cd)OA

(8) 18A = Iala,  a1 ..,  a,,]

= [l-a, l-al  ..,  laa,]

= I a, al . . .4

= A
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= [(q  + bo)tn + (aI + b,)t”-’  + . . . + (a,,..l  + b,-,)t

+ (a,, + b,)]  @(c,,t”  + qt”-’ + 1..  +c,-,t  + CJ

= [P(t)m(t)l  0 v(t) #

e = (O)t”+(O)t”-‘+...+(O)t+O
t%;ju”u p(t)@0 = (a,+O)t”+(a,  +O)t”-‘+  . . . +(G,_,  +O)t+(a,+O)

= %t”+a,t”-‘+...+a,-,t+a,

= p(t)

tttlt P0)OB  = mMt) @mJ+pmm  (1)

Lwlal’,Qt&A

P(t)08  = em(t) = P(t). #

(4) 61 p(t)  RlMu~a?aJ~l4~%  iKE%&mlos  p(t)  &I  -p(t)  BsQu~ur~u

&&4

(5)

- p ( t )  = -&t”-a,t”-‘-...-a,_,t-a,

mm[  -P(o]  = e

c@[p(t)@q(t)]  = c@[(a,+b,)t”+(a,  +b,jt”“+...

+ (a,., + b,.,)t  + (a, + b,)]

#

= c(a,,+bo)t”+c(a,+b,)tne’+...

+ da,_, + b,_,)t  + da, + b,)

= ca,,t”+cbot”+ca,tns’  +cb,t”“+  ,..

+ca,.,t+cb,.,t+ca,+cb,

= c.gt”+ca,tnm’ + . . . . +ca,_,t+ca,)

+ (cb,t”  + cb,t”-’  + . . . + cb,-,t  + cb,)

= c&t”  + a,t”-’ +...+a,-,t+a,)  \

+c(botn+b,t”“+...+b,_,t+bn)

= COP(i) Co cOq(t) #
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Cc + d)Op(O = (c +d)a#  + (c + d)a, t”“  + + (c + d)a,,., t + (c + d)a,

= c~t”+da,,t”+ca,t”e’+da,t”m’+...

+ca,.,t+da,_,t+ca,+da,

= c%t”+ca,t”-’ +...+ca,_,t+ca,

+ d%t”  + da,t”“ + . . . + da,.,t  + da,

= c&t”  + a,t”-’ + . . . + a,.,t  + a,,)

+d(~t”+a,t”e’+...+a,m,t+a,)

= cOp@)  0  dOp(t) #

(7) c@[d@p(t)]  = c@[da&“+da,tnm’+....+da,.,t-Ida,]

= [cd+t”+cda,t”-’  + +cda,-,t  +cda,l

=  ( c d )  (+t”+a,t”m’+...+a,.lt+a,,)-

= (cd)Op(t)

(8) l@p(t)  = 1 @(%t” +‘a,t”“ + .:. + a,,-,t + a,,)

= (l)%t”+(l)a,tnm’  + . . +(l)a,,-,t  -t(l)a,

= agt”+a,t”-‘+...+a._,t+a,

= p(t) #

qlnni$$pd&  l--8 ~Q~~~Q~~lu~~l~ 7.1.1 &¶!.f~ndl’J%i+  P,,  L!k~?gij
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c@aCiJd@a  =  ca@da =  w-da
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= O@a
MiO O@a  = e

Gqad  & ( 2 )

c@tl  = c@(O@a) 66Yl~il  B  = O@a

= (c.O)@a 2&pw”~~JM  (7) %osikaJ 7.1.1

= O@a

= e

i?qaP;  %I ( 3 )

51 c@a = 19 = O@a &k.4  c = 0

v&l
,t

c@a = e  = c@B W9l.bl.4  a =:  0

Gpi 7%  ( 4 )  wm:-h

( -  I)@a@n = (-l)@a@l@a



236

P



2 3 7



2 3 8
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-.
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,
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(n)

(4

-a

b

-1 I

E] LdFJ a>0 ( 4 )  E]

. 1 5 .  IB~~UD~J”UQJ  R,,, 2x2

(n) rum5n&wuiar  (Symmetric matrices)

(?I)  bum5ndmnp.4  (Singular matrices)

(CI)  t%Ml~llfldtQn;lU  (Nonsingular matrices)

1 6 .  PJLLRWh l,‘WWl~YJfl  9 thWll&¶T~U¶Jt-Wll5  AX = B & B # 0  hh%4

dSr$kiouuoJ  R”
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2 4 4

f

-----------__
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2 4 7



2

/

- - - - -  -._---  -_

x4
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(7.3.4)
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a, = a,a,  + azaz  + . . . + a,-,aiwl

&-i&4

9%QdN$ 7.3.3 !K V = R’ Lb% a, = [I 2 - 1 1, a2 = [l - 2 I], a, = [ - 3 2 -11

LLW: a, = [ 2 0 o]  WblW9-h ’



2 5 3



2 5 4



-1 3)
(9) A = 2 0 / LlRt B =

1 6 .  I~~vos~a”bmoi~“aa~~o$~~apa  R’ bh&Mh%&~~“aaD9

(n) (2. ~-  1.  4). (3, 6. 2~  (2..  IO,  -4)

(3) (3, 1,  1).  (2, - 1,  5),  (‘4 0,  -3)

(a) (6. 0,  -1).  (1,  1,  4)

(9) (1. 3.  31,  a 1,  4), (5. 4,  3),  (7, 2,  - 1)

1 7 .  I~~voslanraoi~~~~~~~‘~~~~  R’ b.sh&?s:don’eaIu~~~os

(n) (1, 2, 1,  -2),  a -2, -2, Ok (0,  2, 3, I), (3, 0, - 3 .  6)

(91) (4, - 4,  8,  01,  (2, 2, 4,  O),  (6, 0, 0,  2L  (6. 3,  - 3, 0)

(n) (4, 4,  0,  ‘3, (0,  0.  6,  61,  (- 5,  0,  5,  5)

(4) (3, 0,  4, I), (6, 2,  - 1,  2).  (-I, 3,  5, I), (-3,  7, 8, 3)
(*
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-k,+k, = -1

p9%2 k, = l+k,

amlud1  (7.4.5)  a.?%pa  (7.4.3)

(I+k,) + 2k2 + 3k,  = 4
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3kz  = 3-3kZ

k3  = l-k2 (7.4.6)

9:nRSJnlT  (7.4.5) 66a:  (7.4.6) ~lL~lmJ8)@#l  k2  VI&d7 5l~tTlulanw1Fi1  k ,

6663:  k ,  ~&,!,Fl bMei%L&4

th=WJi=i~~~  k,  =  0  %'b;

k, = I+0  = 1

hat k,  = 1-o = 1

V,%lhWJ6?~~~  k ,  =  I  9-,%

k, = l+l = 2

66.0: k,  = l--l = 0

hAhI  sil$%I  k , ,  kz  blFlt k,  TGlLL=dil  WifJI.4

(4,5)  = l(l,  2) + O(2,  i) + 1(3,3) (7.4.7)

66iYip;K%~‘&il  k , ,  k,  LLR"  k,  7@&0N  CL&.4

(4,5)  = 2(1,2)  + l(2, 1)  i- O(3.3) (7.4.8)



dS@banamoi  R' dscnoGaugn  q sanamoia3,s  2 GGi

%w"l $1 V = (3, 4) liuua~~wRYans~s~ku~oJlan~~~~  (0, I), (I, 0) bbtx (I, 1) %d

PJHI k,, kz LLB: k, 16 h&b

(3,4)  = k,(O, 1) + k,(l, 0) + k,(l, 1)

= (0, k,) + (k,,  0) + (k,,  kd

= (k,+k,, k,+k,)

*unlsrana~oi~~~~~s~~~

k,+k, = 3

k,+k, = 4

mntwni5  (7.4.9) ~b~r (7.4.10) c%&

k, = 3-k,

u&ir k, = 4-k,

(7.4.9) _

(7.4.10)

(7.4.11)

(7.4.12)
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t5lWJl3CIl4lf+  k,, k, LIR:  k, 10”  b~a’lt~:Pd~

(3,4)  = 3(0,  I) + 2(1,  0) + l(1, 1)

~q~~~~l  LTm  ICO,  1). (I,  O), (1, 1))  a~ejw’ad~q~aans~t2,i  R~

b%IIw [co,  0, (1, o),  (1, I)] r~uZasrdon"pdlpa&aiabos  ~%o~ilo

k,(O, 1) + k,(l, 0) + k,(l, 1) = (0,O)

LLRZ k, = k2  = kj := 0

wmmia  (7.4.13)

(0, k,)  + (kzr  0) + (WJ  = (0, 0)

(7.4.13)

k,+k, = 0

k,+k,  = 0

trhmir  (7.4.14) tw (7.4.16)

P~%il  k, = k, = kS = 0

(7.4.14)

(7.4.15)



2 6 0
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1 .

2.

3 .

4.

5.

6.

7.

8 .

9.

10.

2 1![I ill1  , 1

4 1

1 3 1ill II Iii2,1901 0 0



,-
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(7, 3) = 2(2,  0) + 3(1,  1)

m%l  (2, 3) rn'ulJriiJ7:lllJbi4IdJ  (irb)  1w.i
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dimV  = m.n
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dimW  = n+l

(twrlril4loraorran~glo~ler~aa  n+ 1 imaPd)

a = alal  + a2a2  + . . . + aj-,aj_,  + ajaj + aj+jaj+l + . . . + anan

81  aj = b,a,  + b,a2 f . . . f bj_laj-l

&ifU  a = a,a,  +a2a2+  . . . + aj-laj-1 +aj(bla, +b2a,+ . . . +b,-Iaj-l)

+ aj+laj+l + . . . + anan

= (a, +ajb,)a,  +(a2  +ajb&2 + . . . + (aj-l  +ajbj_,)aj-l

+aj+,aj+,  +...+a,a,

= qa,  +c2a2+  . . . +cj-,qel  +cj+laj+l  + . . . +c,a.

l .

&m.m~a7arh  s,  tuGa v #
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-1- 1- 0- 2

1 0

I ,

r

I

1

1

a , = =2

a2

, a , = ,

a4

=

o 1 1 1

i o- 1 0 L 0, II I0 J
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k,w,  + kzwz + . . . + k,,,w, = B

~ihJnl~b4  (7.5.1) alWa~L%U  (7.5.2) h.h%4

. . . . . . . . . . (7.5.2)

(k,a,,  + k,al,+  . . + k,,,a,,,,)v,

+(k,a2,  + kzaz2  + . . . + k,a,,)vz
. .
. .
. .

+(k,a,,+k,a,,+...+k,a,,,)v, = 0

LKewh9t~~brlRl~ kI, k,,  . . . . k, b.hjn~~%hL%NJU~  LLR:RO~Ri~~3~lU881n19

a,,k,+a,,k,+...+a,,k,, =  0

a,,k,+a,,k,+...+a,,k,  =  0
. . . . . . . . . . (7.5.3)

a,,k,  +a,,k,  + +a,,k, = 0
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Xl

X2

x3 =

X4

- x5 -

--S-t-

-s - - t  -

s S 0

. - t Lx i 0 1 + - t

0 I

L

0 1 0

t _ 0 - t _

se-  --1 -1 0 0 O- 4-t 1 -1 -I 0 0 1



2 6 9
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1.
M

(n) u1 = (1, 2), u2 = (0, 3),  uj = (2, 7) th‘ia"El  R2

('11)  Ul = C-1,  3, 21, uz = (6, 1, 1) iI,,-, R3

(fl) P,  = 1+x+x*, Pz  =  x - l  t-h&  P*
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7. Xl+XZ-XJ  = 0 8. 3 x , + x , + x , + x , = 0

- 2 x , - x , + 2 x ,  = 0 5x,-x*+x3-xq = 0

--x1 +x3 =  0

9. x,-4x,+3x,-x, = 0 10. x , - 3 x , + x ,  = Cl

2x,-8x,+6x,-2x, = 0 2x,-6x,+2x, = 01

3x,-9x,+3x, = 0

I I .  2 x , + x , + 3 x ,  =  0 12. x+y+z =  0

XI + 5 x ,  =  0 3x+2y-2z =  0

x*+ xj =  0 4x+3y-z =  0

6x+5y+z  =  0

1 3 .  249v iv,,  v*. ~~1  60w~agiuuoJIJjqa~anr~~~  v a~b=ewh  [(I,,  u2,  u,) thapp4

h+iJ v  m”au  Lib  “,  =  v,,  “* =  v,+vz LLRr UJ  = v,+  v:1+v3



vector space

subspace

negative

degree

zero  polynomial

solution space

linear combination

span or generate

linear dependence

linear independekce

basis

dimension

finite dimension

infinite dimension

dimensional zero

7.1

7.1

7.1

7.1

7.1

7.1

7.2

7.2

7.3

7.3

7.4

7.4

7.5

1.5

7.5


