




I I
alI aI2

det = /A/ = T(- l)‘a,j, a,,w
a2] a22

~%os9mwhii  A ii 2 i=vwsl”  Ltwmmk.4  ‘bofm&biiu~nl~~~iuoJ  j, LLX  j2  WO

61 j, = 1,  j,  = 2 ttat

61 j,=2, j,=l

e;J& IAl =  (- l)‘a,,a,,  +  (- l)‘a12a2, (2.1.2)
t t t t



JI  = 3, j, = 1, j, = 2

kIfU  IA 1 = (-l)‘a,,a,,a13  + (-l)‘a,,a,,a,,  + (-l)‘a,2az3a~l

+ (- lh2a21a33  + (- l)‘a,3a22a31  + (- lh3a2932
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= (- I)0a,,a,,a33  + (- I)‘a,,a23a32  + (- 1)‘a,&a3,

+ (- l)‘a,,a,,a33  + (- l)‘a13azza3~  + (- l)*a,3a,,a32
*

= a11ka33 - a11a23a32  + a12a23a31  - a12az1a33

- a13a22a31  + a13az1a32 (2.1.4)

2 1 3

&‘aseilS~ 2.1.6 ?Gi A = i 4 80 I 6 15
?Wl det A 'GllXJ%JliJ  2.1.1

94 D
xull PlnckmJ~~~lPsu~  *

det A = det I 2 4 0 8  1 7 3 6 5

/A/ = -a a a13  22 31  -a~~a23a3z-alza2~a33+a,,a,za3,+a,2a2,a31+  a13az,a3,
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2.2 nlana~olubnu%~aa~na~Q~  (Cofactor expansion)

$IUJ  2.2.1 $X.$QEJ  (minor) wmwi%n qi YowmffdA  9]m  nxn (n B 2)

.all aI3

= det [ 1a2l a23

iaerbaerua.!  azl = det
= a12833 - a13832

I w azl az2

WduUQUVQs  a,3 = det
i I

= a2,a3, - az2+
a3L a32

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

= (-  I)“’  det
a22 a23All i 1 = a22833 - a23a32
a32 a3)

A12 = (-  1)“’ det = (-  1)  (a2933  - a23a31)
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Al3 = (-  1)“’ det

Plll6hi?ohJ~  2.1.4 flStPlU6~~lMU~  A bib

= alla32  - a22a3,

IAl = aI  sb2a33 - a11a23a32  - afi1:a21a33  + a12a23a31

+ a13a21a32  - a13a22a31

= a,l(a22a33  - az3a3J  - a12(azla33  - az3a3J

+ 43(a21a32  - a22a31) (2.2.1)

7mhh.d  2.2.2 ~wmA7

41 = a22a33  - a23832 (2.2.2)

-A,2  = a21833 - a23a31 (2.2.3)

-413  = a2la32 - a22a3, (2.2.4)

&I.% WlUn’l  (2.2.2),  (2.2.3) LLR: (2.2.4) RJh  (2.2.1) F1::lm’

IAl = atAl - a12(-Ad  + aA3



r
A =

‘3 4 6 1

0 1 0 3

0 1 0 4

l - 2 1 3

4

det A = ,s,  a& (llX’WfJ  det A 9llUAW.l~~  j)

= al,A,j + a,,Azj  + a,jAlj  + a&j



1 0 3

= 3( .- 1)“’ I 0 4

- 2 1 3

1 0 3 4

rz 3 1 0 4 - I

- 2 I 3 1

4 6 1

+ o+o+(-1)4+’ 1 0 3

1 0 4

6 1

0 3

0 4

=  ( -3 )  ( 4 -3 )  - ( -6 )  ( 4 -3 )

= -3+6

= 3

.



2 3 0

1. filMUFl~~ A = 3 2 2

- 1 4 0

anI an2 an3 h... arm
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(a) QJHlT;lllQJ

5. (n) w41fhm~

(3) PJMlfillla9

(fl) wtMl.3i1

2 0 0 0 0 0

9 1 0 0 0 0

7 6 2 0 0 0

4 9 6 2 0 0

3 8 9 6 2 0

9 7 4 3 0 1

1 -1 21

4 05

-3 -3 3

0 25 1

I-10 1

2 0 2 -1

3 21 0

O - l 1 1

0 2 - 1 - 1
=

2’-3
0

2 4

2 - 2 1 3

11 0 2-l0 2-l

3-2 6 43-2 6 4
zz -132-132

5 4 3 05 4 3 0

2 2-5 62 2-5 6



2.3 ~Wl%J¶%lDdhfhtW6l  (Properties of determinant)

IAl = $(-  1)’ a,,,  a212  . . at,, . . . apJ.  . . . a,,,, (2.3.2)

LLi=c IBI = I: (- l)“a,,,  aI,>  . . . ap, . . . aLli . . . a,,”
01

(2.3.3)

~lTlhY'2llKlJ~~nl~  (2.3.2) LLAE  (2.3.3) &ilLViln'pr  f.J?l6l.bLR%~ilk  t <¶J

t, tilL~l~O~l  t &I +mw~~4@Lun-mhJ&84  j,, j,, . . . . j,, . . . . j,, . . . . j, IGi%J.WllX.J&G¶J

bTTZJTfl?i  CJlfU  ~lUXAFl~Jwdl~“bL¶J&JU  j,, j,, . . . . j,, . . . . j,, . . . . j, 2KL9’biUJ@llti&&J

mauTlFi  &I t+ I (&I.&  t, = t + I)

&I.& t = t,- 1

M%l (-  1)’ = (-I)“-  I = (-l)“(-l)-’  = -(-I)”

9lfl  (2.3.2) bLW&l  (- 1)’  ‘i1:!6

jAl = - Z(-  I)“a,,,  a,,, . . . a,,, . . . apJ9  . . . a,,n
lil

a,,,  a,,, . ak,,  . . apI.  a,,n = aI,,  a,,, api.  . . . akIk  . an,”
nmx-du /Al  = -lBI
MY0 IBI  = -IAl



8 1



02



(A/ = I(- 1)"' i 2 0 I + 0 + 0 = 8, 4

ux&n  i = 1



IAT/ = l(-- 1)“’ I 2 0 I + 0 + 0 = 81 4

zz 0 #

0 1 4

2 1 6

0 0 I0



det c,Ai, + czAiz  + . . . + c,Ain

LLtlai  i “1109  A

+d (2) t?lrlXalU IAl W~.uwm~~'$j mnnt)w$wl2.2.1 c"h%

IAl  = a,jA,, +  a,,A,, +  +  a,,jA,j
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c, 6 I
3 2 6 1 6 1

~32 =c, - c2 + c3
4 1 4 1 3 2

C) 4 1



ai,Ak,  + ailA,,  + . . . + ainAkn = 0 81 i # k

a,jA,k + %jAzk + . . . + anjAnk  . = 0 61 j # k

GpQd  (1) lg  A = [aij].., n22

9mnrpjun  2.2.1  mtmu  IA/  mwrrmG/  k cM

/Al  = akhk,  + ak2Ak2  + .  .  . + ad% (2.3.10)

ihmu ai,, ai2,  . . . . ai, lurmd  k uow.Gnd  A <h.% ~tMumTn(liZmi  biunh

lWl%-l~ B ‘l#Yl~WjYYl  2.3.4 %!Gi?‘l

ail&l  t as%2  + . + aid% = IBI

uirsJ~3r-d  E ginulQnna~rln?~-ln’M  @-i-&4  det B = 0 miunrp3jun  2.3.5

I #
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0 4 6 = (I)(- 1)“’

4 6 0 4

LW = (1)(-l?” I I +0+(1)(-l)“’2 , I - 2 2 I



, r1 3 0 2

0

I 0
2 1 3

-R;+R,
det

0 0 3 5I 0 0 - 7

= 1*2~3*(-7)

E - 4 2



-4R,+R,

= (-1)(4.1.6.(-S)) (2-ihp+~m  2.3.10)

= 120



11 22 33

55 66 ’’(n)(n)
88 77 66

44 33 22

1 3 - 4

(ll) 2 8 3

0 - 2 - 5

2x 3x 4x

(n)  5x 6x 7x

8x 9x 9x

44 22 11 ‘4‘4 33

88 66 55 88 77
==

55 77 88 55 66

1 3 4 1 2II 13 4 1 2

1 2 0

= 3 8 - 2

- 4 3 - 5

= x

2 3 4

5 6 7 81 x # 0 LLR:: x # *1

a 9 9

i
2 4 6 4.

TvwIa.Xamxmo rtviIfI+  2nqu$mmiluo~
0 4 6 9

2.
2 1 4 Cl

1 2 3 2

3. rjlHU~Tjl  det A = 8 LL%  B Lilutuatn~~JtHdount~~~n~  A Mlthttn?d  1’LLR:

ttfd 4  ~lJtLih4~n’u  BJMlfhQJ  d e t  B

4. Kbo’U5hWlJ  IAl  ulnnil  1 tttTrn’7  (Al  #  0 &lIfM 2 det A = det (2A) Hiob.i  i1b.J

5. 61 d e t  [aij],.)  = 4 PJHI det  3[aii],.,

6 .  PJLLA@lJ-h
x+Y - z(x  + Y)

z + x Y(Z  + xl

hfJh@JYl  2.3.’

= (x+YKz+MY+z)



9 4

3 3 4

10. IhmSnd I 5 6 7 I &~M"dlYltJl&JVl 2.3.6 LihdJ

8 9 1

(@A= [: -;]s B= [I: -;]

0 2 -1 -1
b-0

2-3 2 4

o-1 1 1

2

0

,!

1

0



2 1

17. [ 4 61
i

3 1

18. 9 4I

19.

20.

21.

,.... . ..-



I 3 2 1
24.

0 0 2 1

25. ~igPhJ¶+JW 2.3.10

a b C

26. PJ+@&h d e f

g+h i+j k+P
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a b c

d e f

g i k

+

a b c

d e f

h j P
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cofA  =

adj A = (cof A)T (2.4.1)

_ i .._, . I ..-.-  -- .



?lqM$J?l 2.4.1 51 A = [aij],., h.f-U

A(adj A) = (adj A)A =

i7q0l.i 1lTlklW 2.4.2 ?lZtt;

AllL

‘42~

1;

A22

adj A =

.A.I An,

=

I

All A21

-412 A22

. .
Ah A2”

i all aI2&iii.4
I

a21 a22
A(adj A) =

. .

. .

anI an2

(det A)I, (2.4.2)

. . aIn Al,. . . a2” A12

II
. .
. .
. .

. . . arm A,, A2n

~~l5~ltWl%flhtW.h~  (i, j) bKlG(  i WW~~ j llQGEW#M.JR~Tl~  A(adj A) 80

ai,Aj,  + ai,Aj,  + . . . + ainAjn

n'7  i = j olnntJk+~Yn  2.3.3 %bti

ai,Ai,  + aizAi2 + . . . + ainain = det A

ttdil  i # j 9lnntJ'3~Wl  2.3.6 err&

ailAil  + ai2Aj2 + . . . + ainAjn = 0
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A(adj A )  =

0 . . . 0

det A . . . 0

1

1 0

0 1
= (det A)

. .

. .

. .

0 0

(adj A)A =

All 4, ,.. A,,

A12 A22  . . . An2

. .

.

. .

Al, A,,  . . . Ann

. . .

. . . 0

0

. . . !1

alI a,2 . . . aIn

azl a22 ,.. ah

.

. .

. .

an1 an2 . . . am

~Pl~tUlkWl~lldlll~risWd  (i, j) llElJWiQ~UJ@lfll~  (adj A)A &I

A,ia,j  + Aziazj  + . . + Anianj

H5Q a,jA,i  + azjA,i + . . . + a&i

61 i = j TUWl~l+$JVl  2.3.3 9C%

a,jA,j  + a2jA2j + . . . + a,A, = det A

a,jA,i  + a2jA2i + . . . + a,jA,i  = 0

rdet A 0 . . . O '1
(adj A)A

det A

0

(2.4.3)

(2.4.4)
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(2.4.3) = (2.4.4)

&&4 A(adj A) = (adj A)A = (det A)I, (2.4.5)

51 det A # 0 LO1 det  A MlX+kXYFlRUnl3  (2.4.5) bh?d%~~Ifk~~  %!?I

A( &adj A )  =  (&adj A ) A  =  I , (2.4.6)

(adj A)A LdElfhWM~~  A =

-6 3 4

2

t&4
A(adj A)

= I 0

1 0

2 1 /

LLRE ( ad jA)A =

= 111,

(2.4.7) = (2.4.8)

LW57ZXWfT.h  A(adj A) = (adj A)A = 111,

1 1 1 , (2.4.7)

(2.4.8)



2 3

1 . A = [ - 4 1 1
2 . A =

0 1 - 1

3.A= i O - 2 2

-1 -1 0

1 3 0

5.A= [ 2 10 1 0 1- 1

1

0

0

2I -(

._ _ _



1 0 2

1.6 dl6J&dUCNtW%l~  (Rank of matrix)
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det A, = (2)(4)  - (l)( - 1)

= 8+1 = 9 # 0

‘@ii& h6ilJ~UllOJ  A ii0 2

2 1 3 0

G=kN.h?l  d 2.6.2 b?A = [ 0 0 ‘0 2 1 ,

l 0 O O 3x4

i1.JHlfh6J fU‘llO.3  A

4c(  D
36911 +ixmnbw~Sn~‘Lio~~u~~  3 x 3

A, = ; det A, = 0

A, = ; det A.*  = 0

A, =
0

; det A3 = 1(- I)‘+*
I

= 2 # 0

‘&&I4  il~U~Ull0.l  A $0 3

alI a,* . . . : aIn

a21 a2* . . . 4: a,,

. . f .. . I .. . I  ._-. ___-__- --I---
a,, am2 . . . ‘ I: amn

2

0 I



:

I
aI2 a22 . . . I am2

I
. . ’ .. .. I :
---------_L--.
aIn ah : amn

6 #  0

rwa1r-h AT  =



det A2 = det = -3 # 0

0 0 0

&,“aedls~ 68.J96fla’ 0 0 0 0 02.6.4 [0], [ 0 0 01, UR::o o o o o ’ !I 0 0 0

0 0 0



L 2 0 3 2 1  1 2 4 3 4, 0 1I

x+y = 6

x+3y = 4
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1l?l  (2.4.5)

A-’ zz & (a& 4

adj A Bx = -
det A

= d+A  (cof A)T  B

(2.6.2)

r @,A,, + b2A2,  + . . . i- b,A.,)

1
-

= det A
(b,A,z  +  b2h2  +  .  -I-  b,A.J

) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1 (b,A,,  + b2A2,,  + . . . -i- b,A,,)

det (‘A)xi = -
det A

ilM5Tou i := 1,2,3,  . . . . n

. . -



A = [; -1 ii, X = ;j, B = [j

2 1 1

det A = 1 - 1 5  = - 6

0 1 - 1

LW5lf-h

‘A  =[;-;lj, 2A  =[I4’1.  ‘A  =[:-;I

LWal~Q~~u

0 1 1

det (‘A) = o-1 5 = 2 4

4 l-l

2 0 1

det (‘A) = 1 0 5 = - 3 6

0 4-1

2 1 0

det (‘A) = l-1 0 = - 12

0 1 4
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det (‘A)x1  = - 24 = -4
det A ~=  -6

- 3 6x*  = det (‘A)- = -=
det A - 6

6

xj  = det (‘A)-=
det A

I.!?==
- 6

x,-x,+x,-x,  =  6

2x,+x*+x4  =  - 1

x,+2x,+x,-2x4  =  5

3x,-x,-2x,+x,  =  - 2

Tmil%quom~tuoi

I -1 1
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6 -1 1 -1

det (‘A) - 1 1 0 1=
= - 3 2

5 2 1 -2

- 2 - l - 2  1

1 6 1 -1

det (‘A) 2-l 0 1= = 32
1 5 1 -2

3’-2 -2 1

1 -1 6 -1

det (‘A) 2 l-l 1=
= -64

1 2 5 -2

3 - l - 2  1

l-l .l 6

det (4A) 2 1 0 -1= = 64
1 2 1 5

3 -1 -2 -2

1 -1 1 -1

2 1 0 1
= - 3 2

1 2 1 -2

3 - l - 2  1

det (‘A)x1 = ~ zz - 3 2
det A - = ’

x2 d e t= - (*A) = 32
det A

-q.j = -1

x3 d e t= - (3A)  = - 6 4
det A -32 =2
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det (4A) 6 4x,= - z
det A

__ = -2
- 3 2



(n)

(VI

(R)

(4

i

2x-2y  = 5

x-4y = I

i

x+y+z  = 2

2x+3y+4z  = 3

x-2y-r  = I

1 3x+y+4z-3t  x+y+z-t 2x+3y-t = = = 0 0 0

x-y+z = I

3x+y+3z+6w = 1

2x+3y+2z-w = 9

x-y-z+3w = - 9

x+2y+z+2w = 2



determinant

permutation

interchange

nature order

cofactor expansion

minor of a,,

cofactor matrix

adjoint matrix

rank of matrix

Cramer’s rule

2 . 1

2 . 1

2 . 1

2.1 ,

2.2

I
2.2

2.4

2.4

2.5

2.6

_ .._.


