
p d”y  +
’ dx”

p d”-‘y,d~+  .  ..+Pn..!jf+Pny  7 Q

p d:y f p d”-‘~
a dx”

_  + . + P”_,  2 + P”Y1 dx”.’ = 0

(1)
x3 d3y 2x d=y 5  dy- -d;3 + dX2 z - xy = sin x

(*, dZy  3 dy
d:’  -

z+zy  = 0

f’od”y  + P, d”-‘y
_ + + ‘I-’ i? + pny&p” =

dx”
Q

P dyO-+P,y =  Q
dx

rai 216 (S) 9 7



3 d’y 4d2y d y-+5y =
d7;’  - dx2 dx

sin x

d2y 3 dy
dy2 - zity

= 1+x+x2

P,d”y  + P, d”-‘y  + ,,.  + KI dy
dx” dx”-  I z+P”y  = 0

nq&$n  4.1 fhwnI99” Y = Y,(X),  Y = Ye, . . . . Y = Y,(X)  t?hhwuos~un~~

( t ) aa~a  P~l6-h

Y = C,Y,(X)  + C,Y,(X)  + ... + C"Y"W

sduiimouuos~uni5  ( * )

w"qooa'  n~3~~~dwqw~w  4.1 ~iGhwioiatd~9iil  61 Y = Y,(X), y = Y,(X) LTh.k

hmwmwni5  ( * ) ~8-2 y = C,Y,(X)  + C,Y,(X)  k&&m.rm  ( il )

'Iw" y = y,(x), y = y,(x) t3uhmJllos  ( I )

&If%4  P,y;“’ + P,y\“+” + + P”-[y; + p”y, = 0 . . . . . . . (1)

LLAt P,y:“’ + p,y:“-”  + + P”.[y;  + P”YZ = 0 ..,....  (2)

(l)xC,  + (2) x C,9”16T

F,K,Yl”’ + C,y:“‘)  + P,(c,y:“-” + c,y:“-1))  +  .  +

L(c,y;  + c&J;)  + P”K,Y,iC2Y2)  = 0

a:Wh P,(C,y,  +  C2y3)‘“’  + P,(C,y,  + czyz)‘“-”  +  +

pn.!(c,y,+c,yJ  +  q,(c,y,+c,y,)  =  0

&& y = c,y,+c2y* Gh?mwIJoJ  (1)

ilH~ll~%~3fii~d  n A7~~~n"p;ilr~~~~~nl~~~~~~~

9 8 MA 216 (S)



dy
z = 2e’”

d& = 4e~h
dx’

9 = -C,e++2C,e2”
dx

&
d7

= C,e-‘+  4C,e2’

&J&4 d=y  dy
-- - 2Y

d7 - d x
= (C ,P+  4C,eZ”)  - ( - C,e-’ + ZC,e’“)

- 2(C,e‘“+  C,e’“)

M A  2 1 6  (S) 9 9



Linearly independence and linearly dependence

Gfil¶J  4 . 1 Tj~lJ99h?%U  y,(x), y,(x), y>(x),  . . . . y.(x)  biuniitiluZ~sttQ4t~u  (linearly

independent) fh i%oL$ohwoJll’l~  C,y,(x)+C,y,(x)  + . . . + CJ,(X) = 0 tth

c, = c, = = C” = 0

n”aOfh 4 . 2  ~~aej,,~,;t,4w”a67~~~~~~~~~~

(I) sin x, cos x l%.A linearly independent

tV43%il  C, sin x -t C,cos  x = 0

fidorija  c ,  =  c, =  0  chil351  c , ,  c, L&x=i

wn C ,  s i n x  +  C,cosx  =  0

HlayWUPli%aJ  (1) Xl&

C,cosx-C,sinx  =  0

(I)  x sin x + (2) x cos x %I&

. . . . . . . (1)

. . . . . . . (2)

C, sin’  x  + C, co?  x = 0

C,(sin’x+cos’x)  =  0

c ,  =I0 (‘.’ sin’x+cos’x  =  1 )

lurilunJt~ua~u~PbPtl~~l  c, = 0 I

(2) e-‘, e’  Lh linearly independent

&WI-il&. C,e-“+C,e”  =  0

lm~~ua’7laJ  (1) ?Z91

-C,e++C,e”  =  0

(1)+(2)il:M 2C,e” = 0

c, = 0

rRlufi1  c, = oa:Gi C,e-”  = 0

c, = 0

. . . . . . . (1)

. . . . . . . (2)

(‘: e’>O)

1 0 0 M A  216  (S )



5(4x)  + (-4)(5x) = 0

(2) e’, 2e”,  e‘” th  linearly dependent

tw31:i1  n"7'llT  c, = -2, c,  = I, c, = 0 5J:vi

( - 2)e”  +  (1)(2e’)  +  O(e-“) = 0

%llU  4 . 3 Wronskian 1104  y,(x), y,(x), . . . . y,(x) ~O’+h&fhMU~&4&JiYnd  n

Y I(X) Y*(X) . . Y”(X)

Y; cd Y;(x) . . Y:(x)

Y ;w Y;(x) . . . Y,“(X)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

yy’(x) y:“-“(x)  y:“-“(x)

&OCLiUU~~  7 il WY,.  YIP  ...I Y,)

TI~%J?IJYE~J  Wronskian i)fk%f+il 61 y,(x),  y&s),  . . . . y,(x) tirqn

linearly independent L&l W(y,, yz,  . . . . y,) #  0 ttC~Zt?l  W(y,, y2, . . . . y,,) #  0 t&J  9:!;;1

T@I  y,(x), y,(x). . . . . y,(x) t?hty@l  linearly independent

<?0dlJ  4 .4  ildH1  W r o n s k i a n  ?J&J~‘+I~IoJ&T%  e‘, eLx, e”

e’  e’” e3’
ed  0
atin1 W(e”.  e’“, e“) = e’  2e2”  3e’”

e”  4e’” 9,

1 I 1

zz e' eLx  2' 1 2 3

14 9

rz e6'  [(18-12)  - (9-3) + (4-2)]

= e6'(6-6+2)

= p

m 2 1 6  (S) 101



n”aeh  4.5 TI-%L~@~~‘~~u%~  Wronskian %~FYilFI&lT%~~i~¶&h  linearly independent ;

1, sin x, cos x

I sin x cos x
94 0
am1 W(1, sin x, cos x) = 0 cos x - s in  x

0 - s in  x -cos  x

cos x - s i n  x
=

I ~ sin x -C”S  x

= - cos’x  - sin’x

= - (sin5  + cos%)

z -1 #  0

(?JIfU I, sin x, cos x Lh linearly independent

PO  d”y P, d”-‘y
(1) - + __

dx”-’

(2) cd”y  + P, d”-‘y %-I  dy
dx” 27 + ‘.’ +

- + q,y = 0
dx

Y = C,yl(x)  + C,Y,(X)  + + C,Y.(X)  + R(x)
v - -
YC YP

1 0 2 MA 216 (S)



u’mlpJ  &A4 lunlwwJ-d?  y  =  C,y,(x)  +  C,y,(x)  +  .  +  C,,y,(x)  tou~laolJlloJ

aamxonv%d  (2)  t~7t&~witt~~~~i Y,(X),  Y,(X),  . . . . Y,,(X)  tiYh.Gastt%~t~u  H%

WY,, Yp  . . . . Y.) f 0 n”wo

+h.h  4 . 0  ~Jtta~JiiRuni5B~tr~t~~t~~~  x3j$  - 6x dy
z+12y =  0

d=y
z= n(n - 1)x”-’

d’y
dx’

= n(n - I)(n  - 2) xnm3

tmufi~luaunir x3  d3y 6x dy
-iiT-

&+ny  - 0

x’[n(n- l ) ( n  -2)xnm3]  - Bx(nx”-‘) +  1 2 x ”  =  0

n(n-I)(n-2)  - 6 n  +  1 2  =  0

n3-3n2+2n-6nt  1 2  = 0

nJ-3n2-4n+12  =  0

(n+2)(n-2)(n-3)  =  0

n = -2, 2, 3

i)~Kh~fl¶J~Q  y  =  x-2,  y  =  x2  LLRE y  =  x’

9mhm&  3 tiluija~~l~~t~~n  twit-h

x-2  x*  x3

w(x-2, x2,  x ’ )  = -2x-3 2x 3x2

6x4 2 6x

= x-~(I~x~-~x~)  - x2(- 12x-=--  18x-3

+ x’( - 4x-3 - 12x-q

= 6+30-16

= 20 # 0

&itu  ~7nouaosffuni5~~7wu~~~  %I

Y = c,x-*  + c,x2+  c,x’

MA  2 1 6  (s)



arlJllanPlGl  4.1
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D”y = -2
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.$-6y = 0

94 0
BP11 ~:%hmi5lupl  D &I

(D*+D-6)y = 0

IGi y  =  em’ ~:l&wnisiw &I

m’+m-6 = 0

(m+3)(m-2) = 0

m = - 3 .2

6 4 d y
g- z+4v = 0

94 0
ami ~~l&wni~lupluo~  D &II

(D’-DZ-4D+4)y = 0

IK y  =  em’ocMumd?u  Gio

m’-m2-4m+4 = 0

m’(m-l)- 4(m-1)  =  0

(m-l)(m’-4) = 0

(m-I)(m-2)(m+2) = 0

x18 m = 1 , 2, - 2

tY.GU  Rl@lQdiQ  y  =  C,ex+C,eZx+C,emZ”

MA 216 (S) 1 0 7



sl”?OrilJ 4 . 8  OJHl~l~D¶JlJ0J~Ufll~ (D3-3DZ+3D- I)y = 0

9 4  0xni lsi  y  = em’  ~c%-wnviiau  %

m’-3m2+3m-1 = 0

(m- 1)’  = 0

m = 1, 1, 1

~ilwns6i&7n&n’u  3 $2

&Ju”w  n’l@lDlJZD  y  =, ( C ,  +C,x+C,x’)e”

n’ia  y = C e”+C  xe”+C  x2exI 2 3

9Yadip  4 . 1 0  snvhmmm~n~3 d’y 2 d=y Ah
z- dXZ-  d x

-+8y =  0

9 4  e-drni -J:M7uni~lupJuo~  D wo

(D’-2DZ-4D+8)y  =  0

I< y = em’  ~rK=funi5iao  i%

m’-2m*-4m+8 =  0

1 0 8 MA 216 (S)



T~u~a’nrlu~LcrurHbiolun~~uunii?lll=nou

Mm = 29cIf 8-8-8+8  =  0

6&4 (m - 2) rh6hJ7:nou6mit~

9rKi (m-Z)(m*-4)  =  0

(m-2)(m-2)(m+2)  =  0

Vi m = -2,2.2

&4 ti1wnJii0  y =  C,e-*”  +  (C,+C,x)e*”

l&l y = C e-‘“+C  e*‘+C  xe”I 2 3

d2y 4dy+Jy  = ()
dxl- d x

a. .anni o~l&wmlu@m  D &I

(D’-4D+S)y  =  0

MA  216 (S) 1 0 9



m*-4m+5  =  0

4Jizz
m =

2

4+J-4=-
2

4*2izz-
2

= 2ki

Y = e’“(C,  cos x + C, sin x)

ihh 4.12 WllbWUYQ~  (D4-  SD*--36)~  =  0

PP  0

am1 Irs" y = e ma ~~M-w-miau  &I

m4-5mZ-36  =  0

(m’-4)(mZ+9)  =  0

( m +  2)(m  - 2)(m  +  3i)(m  - 3i)  =  0

m = k2,  +3i

h.54  bmm9wni5  %I

Y = C,e++ C,e2”+  C, cos 3x+ C, sin 3x

ihl’aoha 4 . 1 5  8J~i~itiloEIVasR~ni~~~~~~~~~~~~~

d4y  d’y 2 d=y  dy
yg+g+  dx2 -G+3y  = 0

9d  0
ami 7cMwni~~wpJuos  D &I

(D4+D3+2D2-D+3)y  =  0

IT?  y = em’ ~~Miamiaiau  &I.

m4+m3+2mZ-mf3  =  0

(m2+2m+3)(mZ-m+l) = 0

- 2eLcE 14x
m =

2 ’
m =

2

- 2kJ-8=
2

1 1 0 MA 216 (S)



44 0

16111 It? y = emx ~~!Gkwnvi~u  Ao

(m*-2m+5)’  =  0

(m2-2m+5)(mZ-2m+S)  =  0

MA 216 (S) 1 1 1



I2dy1. +g-$- &=o

’ 2. $+2$-‘g-6y  = 0

3 .  (D4+6D’+SDZ-24D-36)~  =  0

4 .  (D4-D’-9DZ-IID-4)y =  0

5. d’y 4dy  o
6 yp+  z=

6. (DZ+2D-15)~  =  0

7. (D’-4D+13)y  =  0

8. (D’-D2+9D-9)y  =  0

9. (D4+4D2)y  =  0

10. (D”+9D4+24D2+16)y  = 0

1 1 2 MA  216 (s)



(1) %fll3~Clo”oa&J  (reduction of order method)

i1inmmi5 F(D)Y = Q(x)

MA 216 (S) 1 1 3



Y = &j  Q(x)

1 1
= D - m ,  D - m ,
-.-. . . . .&“QfX)

ti1nucl ufhni7 +hcJu

u = IQ(x)
du

D - m ,
--mm,u  = Q(x)
dx

u = emma  Q(x)e-“n’dxs

1
Y Q

= (D-m,)(D-mJ

1 1 Q- -
= ( D - m , )  ( D - m , )

u = A-Q
D - m ,

g-m,u  =  Q

U z emzx  { Qe-“Pdx

Y = emlx 1 ue-“l’dx

Y =

E

1 1 4 MA  216 (S)



a. *mni ( 1 )  IWt’hilDudTrnDU  y,  Plrl  (D2-3D+2)y  =  0

IG  y = em’  arMw-miau  Wa

m2-3m+2  =  0

(m-2)(m-1)  =  0

m = 1,2

!%64 YC = C,e’+  C,e’”

( 2 )  nl~l~ollrawlr  y,

9in
1 es’

Y =
D2-3D+2

1 e5’
=  ( D - l ) ( D - 2 )

I I e5’-.-
=  D - l  D - 2

= ex { e@-I)”  { eJa  e-2”(dx)2

= ex 1 e” 1 e’“dxdx

= ex j e” ( f e”)dx

Pd  Danni (1)  ~IfhDrJ  y, Ql7-l  (D’-5DZ+8D-4)y  =  0

1;  y = ema  arlm’c;tunxdau  &I

m’-5m2+8m-4  =  0

(m-l)(m2-4m+4)  =  0

( m - l ) ( m - 2 ) ( m - 2 )  =  0

MA 216 (S)

m = 1, 2, 2
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8& YC = C,e’ + (C,+  C,x)e’”

(2)  HlhlaULOWlt  yp

mn
e*’

Y, = -(D-l&2)(&2)

1  1 1 ezr=
D?‘D-Z’D-2

= e’  { e(2-lh  J e(2-2)r  1 e2r  e-Z”  dx dx  dx

= e” ieX  {e”  le’dxdxdx

= e’:  Se’s  s ldxdxdx

= ex ]e’Jxdxdx

= e’jeX($)dx

= x*e”dx

= i e” (x’e” - 2xe” + 2e”)

= ie*'(x*-2x+2)

GY&  ~l~ouuoJRuni~~~7Hun2~  WO

Y = C,e”+(C,+C,x)e’“+  $e”(x’-2x+2)

-a  e P P
WUlUlW~  j x’e”dx  Hl~l~~ilaU~~~ncl~~~Untn~~tl~~~~n~n~~~~~~a~  (integration

by part) ~nlfwuanhtdu

m = k3i

o:li YC = C, cos 3x + C, sin 3x

1 1 6 MA  216 (s)



(2) HlfilvlQYLOWl:  y,

937 (D’+9)y  =  x c o s x

1  x c o s x
Y, = i7-3

1 xcosx= -.-
D+3i D - 3i

= e -3ir j eW+3ib’j x cos x e-3iK  dx dx

= e -Ii” j edir  1 x cos x em”” dx dx

wn cosx =

1
Y,  = ze -3ix j e6ix  j x(eix  + e-ix)e-3ixdx dx

= $,-Xx  j e6ir  j (xe-2ix  + xe4ia)dx  dx

= i,-Xx  je6in  (1.

2
Ixe

+ kediX)dx

1 2ir
+iiile  32

_ liezi”)

=

I

Y = C,cos3x+C2sin3x+  $xcosx+&sinx

MA 216 (S) 1 1 7



(2) %fll3n’l6%dHi94&JUdCI~  (partial fraction method)

im F(WY = Q(x)

Y = &j Q(x)

1
= (D-m,)(D-m,) . . . (D-mJQ(‘)

= (&,+A+  . . +&)QW

&&4  --dy,
dx w, = A,QW

YI = A,emlr Q(x)e-“l”dxs
hilufJ4L~ua~uSilHSYy  y2,  ya, . . . . y. ilEvi

Y2 = A2em9  Q(x)e-mzXdxs

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Y. = A,emnx  Q(x)e-“““dx5

k&b hmurawi::  Y, n7Min

YP = y,+y2+  . . . +yn

= AlemIx Q(x)e-“l”dx  + A2emlX  Q(x)eem*‘dxs s
+ . . . + Anem,’ Q(x)e-“““dxs

a. .
asni xmtw-m (D2-3D+2)y  = e5’

I
Y, = ,5x

(D- l)(D-2)

= (-D++D+2)e5”

(~j~ni5uunt”~~?uL~u~u~l~~u~nnY7utdU)
= -e” j e”e-‘dx + ezr l e’“em2”dx

= -.$ { je3’dxe4’dx  + ezX

= - e” ( $ e4’)  + e2’(  f e”)

1 1 8 MA 216 (S)



52 - 1,5x+
4

ie5a

1= -+5”

1 2

94 .mm XIII-I  (D2+5D+4)y =  2 x - 3
P

Y, = D2+:D+4  (2x-3)

1
=  ( D +  l)(D+4)

2x-3

= f[&D+4]2x-3

= ie-’ j(2x-3)e”dx - ieAr j(2x-3)e4”dx

= fe-a j ’(2xe”-3e”)dx  - ie -4x j (2xe“”  - 3c4”)dx

1= f ee”(2xex  - 2e” - 3e”) - 3 e

2 51 7= -x ----x+-
3 3 6 24

= -x-ll  1
2 8

MA 216 (s) 1 1 9



1
F(D)

e=r  = 1
Y= - - ear  ;  F ( a )  f 0

F(a)

chnk  y = ear

Dy = a.?”

D2y = aZea”

D"y = a"e='

&IL4 F(D)ea” =  F ( a )  eax

9Ya”?ah $21 wur%=wni~

(D’-2DZ-5D+6)y  = eoR

a.3 0
am1 Plnhlu’(D’-2D*-5D+6)y  = e4’

~1010EI~T~nOE1~~7711117T~~  y = e”lx  LLnMt.utWJnl3  (D’-2D2-5D+6)y

= 0 I&wni-viaf.Go *

m”-2m2-5m+6  .= 0

(m-l)(m’-rr-6)  =  0

(m-l)(m-3)(m+2)  =  0

m = -2, 1, 3

fbvmudxnou  Y, = C,emZX+C,e”+  C3e3'

iimourawi~  Y, l&in
1

Y =
( D -  I)(D-3)(D+2)

e”

=
(4-1)(4!3)(4+2)

e4’

1 2 0 MA 216 (S)



1 4x= me
I= z?e 4x

bm1mv7z  y, nithn

Y,  = (D-,,(D!3)(D+2,

= (D-I)(D!3)(D+2)

= (D-I)(D&D+2)

9
+ (D- l)(D-3)(D+2)

zz

(4-  1)(4!3)(4+2)

(e*’  + 3)2

(e4’  + 6e’”  + 9)

.e + 6
(D- I)(D-3)(D+2)

ezr

eox

e4’ + 6~-
(2- 1)(2-3)(2+2)

ezr

9
+ (@Tjq-  3)(0  + 2) e”’

I=se  4x _ 3e2. + 3
2 2

Y = C,ee**  + C,e” + C,e’”  + i$ e” -̂  1 ezx  + i
2



= -!-e” d x
1 0 s

Y = C,e-” + C,e’  + C,e’”  + se”

#?Ch 4 . 2 4  l~U~~unl~3vl~vlQL~~~~u~  (D’-5D2+8D-4)y  =  ezr+2ea+3e-’

-4 .ami Mldl~~lJd~r?l~~  y,  iktl?ltWll~  (D’-5D2+8D-4)y  =  0

Isi  y  =  em’ 16m.mimho~n

m’-5m2+8m-4  =  0

(m-l)(m’-4m+4)  =  0

(m-I)(m-2)(m-2)  =  0

m = 1, 2, 2

dmwdxznodo  y, = C,eX+C2e2x+C3xe2x

ciwmrawi3tilK3in

Y, = (D-,)(D!2)(&2)  (e2X+2ex+3e-4

2
= ( D -  1)(D!2)(D-2)  e2r  + ( D -  I)(D-2)(D-2)  e”

1 2 2 MA  2 1 6  (S)



+ (D-l)(DT2)(D-2)  e-’
= (D&-2)  CD&  e”) + Dgj ( (D-*)&-2)  4

+ (D-lj(DyZ)(D-2)  ‘-”

=
(D-2)l(D-2) (A, + D&  ( (l-2:(1  -2)  4

+ (-l-1)(-:-2)(-*-2)  e-’

1
=  ( D - 2 ) ’

e2r + 2 es _ 1,-x
D-l 6

Y = C,eX  + C,e” + C,xeZ”  + f e*’  + xe’ - i C

3.2) Q(x)  O$UJd cos(ax+b)  &I sin (ax+b)

$@$Jtl  4 .8 fhHUC\ F(D*)y  = cos  (ax+ b) (VI%  sin (ax+ b))

uhAlmJLovilr  =  y  =  J-
F@*J

cos(ax+b)

1=-
F(-a*)

cos(ax+b),F(-a*)*0

luYiluoJrto?n'u -!-.
W*)

sin(ax+b)  = 1
F ( - a  *)

sin (ax + b)

dpd (ilH%l  y = cos(ax+ b)

Dy = - a  sin(ax+b)

D*y = - a2 cos(ax  + b)

CrdU F(D*)y  = F(-a*)  cos(ax+b)

WiO F(D*)  cos(ax+b)  = F(-a*)  cos(ax+b)

91iM-h  -1
F(D*)

cos(ax+b)  = -!-
F( - a*)

cos(ax+ b)
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1- sin(ax+b)  = 1
W’)

- sin(ax+b)
F(  -a’)

iheth 4 . 2 6  ?Jnldlnou~a’?‘l~uoJaun73 (Dz+4y) = sin3x
L. .
am1 Wwmtr~riinw~lH’  fhoudtrnou  y, Go

YC = C, cos2x  + C, sin2x

u~:iinourawi:  yp Mm

1
Y, = -

D’+4
sin3x

= I
-(32)+4

sin 3x

Y = C, CoS2X  + C, sin2x  - f sin3x

Vii&4  4 . 2 8  ?4Hl~l~0UVFlJBUfll~ (D’+ 10Dz+9)y =  cos(2x-  1 )
-4 .annI wnlanihr~6

(D”+ l)(D2+9)y  =  cos(2x-  1 )

n’~~ci79lollnl?l~YoJRunl3do

YC = C, COSX+C2  sinx+C,  cos3x+C,  sin3x

tFm,o~raw~:  y, W-u-i

Y, = I
(D2+  1)(D2+9)

cos(2x-  1)

= 1
(-22+1)(-22+9)

cos(2x  - 1)

= 1- -  cos(2x-
(-  3)(5)

1)

= - A cos(2x  - 1)

k~~fi7~slln’?rriuoJnun75  to

Y = C,c0sx+C2sinx+C,cos3x+C,sin3x-&cos(2x-I)
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D+l=-
D2-1

cos2x

= D+l  (.&cos2x)

= D + 1 ( --&  cos2x)

= D+l  (+os2x)

= - + (-  2 sintx  + cos2x)

thun7iid  F(-az)  = 0 n’aiuirnuSil3iynlT~u~~~n~7~~~u~~njattunt~uci~uliau

uaEai~ugn7oial~~~~u~unl7tt~~~nl~~

eiax  = cosax + i sinax

cosax =
eiar  + e-isx

2

sinax =
eiar _ e-iax

2i

hdl4 4 . 2 7  oanlFi701a~n’?~llua~~~n~7 (D2+4)y  = cos2x

a. .7nn1 fiimaud7tnau  !a

YC = C, cos2x  + C, sin2x

fiicnautowitIhn
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yp  = ?- D+Zi
i [“- - --17] cos2x

D - 21

= f e-2irS cos2x e”“dx  - f eZiX  { cos2x e“‘“dx.

-+ezixJ( $?++‘i”  ) e.2’xdx

= + eeZ’”  i (e4’“+  I)&  - i eZia { (1 + e-4ix)&

Y = C, cos2x + C,  sin2x + $ sin2x TWb.jT?lJY4PG

l cos2x rwslril~~~~wo~lu~lna~~~~“a~
iz

3 . 3 )  Q(x) O$u@ xm

97nw.m~ F(D)y  = xm

Y = I Xm
F(D)

= (aO+a,D+a,DZ+...+a,Dm+...)xm

44 (a,+a,D+a,D*+ . . . +a,Dm+  . ..) bhnfll3~%  F(D) bhl5  1 holsJ  th

1 1 1-=
F(D) D2-D+I = l-D+D’

I+D-D’-D4

I-D+D’ r-----
I-D+D*

126

D-D*

D-D’+D’

-D’

-D’+D’--D’
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-D4+D5

-D4+  DJ-D”

D6

&&& 1 = 1
F(D) l-D+D*

= (l+D-D3-D4+.....)

9-i  016911 (1) nifhomhrnau yemn (2D2+2~+3)y = 0

ZG y  =  em’Mwnimhu  Go
2m2+2m+3 = 0

- 2Ai=zim =
4

1,
Y, = e-I (C,cos  3x + C,  sin qx)

( 2 )  niiimu~wi~  Y,  9in

Y = 2D2+;D+3 (x2+2=--  1)

- - ?D-?D*+  .,,

3+2D+2D2  I+
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. . . . . . . . . . . . . . .

YP = (f - ;D-&D’+  . ..)(x2+2x-1)

Y,  = $x2+2x-1)  - ;D(x’+2x-1)  - ~Dz(xz+2x-1)

‘x
Y = e -j (C,CCJS~X +  C,sin$x)  +  ~x’+$X-$

WUlUlHP,J Wlihdl4  4.28 Whilt~lkhW3i%J6  DZ LWTlYil  D’(x*  + 2x - 1) = 0

hH.h 4 . 2 8 PJHl~l~QULQWlt  VDJIUn75 (D3  - 2D + 4)y  = x4  + 3x2  - 5x  + 2

m.  a
am1 wwi~mno~wi~~Wim

Y = Dj-;D+4(~4+3~z-5~+2)

$ + $D+~D’-&D)-&D~+  . . .

4-2D+D3  1

I-;D +$D”

+- $D3- $D4
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. . . . . . . . . . . . . .._........

Y = (a  + $D+~D~--&D’-$D~+  . ..)(x4+3xz-5x+2)

Y, = ;(x4+3xf-5x+2)  + ;D(x4+3x’-5x+2)

+&D2(xa+3x2-55x+2) - $D’(x4+3xz-5x+2)

- $D’(x’+  3x’-  5x+ 2)

= +(x4+3x2-5x+2)  + :(4x3+6x-5)  + +12x2+6)

- $(24x)  $24)-

14 1 32 5 7= -x +--x3+  -x - -x- -
4 2 2 4 8

(3.4) Q(x) O$U?d e”“V(x)  ; V(x) tflpr&7f%.kltEl~  x

~l&Jn  4.4 nquj~wnl-jr~oPm’?~7iQunlT  (operator - shift method)

61 U(x) 6%.d.l;Tsri’6~VOJ  x i+woogwuMb”L~tt~~  ?~LGch

(1)  F(D)[  e”“U(x):] = eax F(D  + a)U(x)

ttat ( 2 )  &jj [e”“VW] =  ear [  F(d+a)  V(x)]

fi3qod  IGi Y = eax U(x)

Dy = ear DU + aeaX U

= eax (D+a)U
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IG V(x)

%%%I U(x)

wluFi11u  ( * ) ilrwh

F(D) [ eax .
F&)  ‘(‘)I

= P (D+a)U

= e”“D’U  + 2aea”  DU + a*e’“U

= eax (D’  + 2aD + a’)U

= ear (D + a)%

= eax (D+ a)“U

= F(D) [ea”  U(x)]

= eax F(D + a) U(x)

= F(D + a) U(x)

1= - V(x)F(D + a)

1= eax F(D + a) . - V(x)F(D + a)

. . . . (’

= can V(x)

Vbd1-J  4.30 1JWl~l~QUL~Wl~~Q9RUnl~  (DZ+2D+4)y  = e’sin  2x

9d 0
ami Riaou~awi~Gfain

1
Y =

D2+2D+4
ex sin 2x

ex I=
(D+ 1)’  + 2(D+ 1) + 4

sin 2x

= ex ’DZ+4D+7 sin 2x

ex 1=
-2’+4D+7

sin 2x

1= ex -sin  2x4D+3

= ex 4D-3 sin2x
16DZ-9

1 3 0 bf?i 216 (s)



= ex (4D - 3) sin 2x
-64-9

= -%3(4D  sin 2x - 3 sin 2x)

= -$(4.2cos  2x- 3 sin 2x)

= - g(Scos2x-3sin2x)

$a&3 4.91 ~~nl~l~oun’3~~~o~aun7a  3 -4$+3y  = 4xe’“-Se”cos2x

Sd e
axini L~uuIuni5ao13~~~~iLiiuni5  D atI&

(D2-  4D + 3)y = 4xe’”  - Se”  cos 2x

fhmudxnouuosaunis  Z0  y, = C,e”+C,e’”

ihmwwi:l&-m

Y zz D2  _ iD + 3 (4xe3” - Se’  cos 2x)

= 4[ D2-iD+3(e3xx)]  - 8[ D2-~D+3(e”cos2x)]

= QX
(D+3)‘-  :(D+3)  t 3(‘)  - 8eX(D+1)2  - :(D+,)  + 3cos2x

= 4e’” DhDx - Se”  DhDcos  2x

z 4e”$(  D+2(x))  - Se” ’
-2’-2D

cos 2x

= 4e3”$[  (i - $D+  . ..)(x)] + ie’ D+2cos  2x

= 4e3’k(  ix-  $) + 4e” D-2cos2xD2-4

’ ’= 4e’q;.;  -4x ) + 4eaD3cos2x

= 4e3x  (~2)  + 4e” ( - 2sin  2x_g2  cos2x  j

= e’“(x*-x) + e”(sin  2x +cos 2x)

&&  ~7~aEl~~lnJuasRsJni~~~~n~~~~  50

Y = C ,e’ + C,e3”  + e’“(x’ -. x)  + e‘(sin  2x + cos 2x)

WUlUlWtj ;F(x)  = j F(x) dx
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(3.5) Q(x) Ot’tU$  XV(X)

nqui$n  4 . 5  rhHM611$; F(D)y =  X V ( X )  &a  atx-h

1 1
Y

F’(D)= __ X V ( X )  =  x  __ V ( x )  - -
F(D) F(D) [F(D)]~ “(‘)

Ipi Zumuu~na~~ga~i7 F(D)xU  =  xF(D)U  +  F’(D)U

1s Y = XU

Dy = xDU+U

D”y  = xD2U + 2DU

D’Y = xD’U  + 3D’U

D”Y

&&4 F(D)Y
La

uuna F(D)xU

IHY “cd

unufiilu  ( l ) 0~16

F(D)’  F(D)
-!-  V(x)

XV(X)

1
- XV(X)
F(D)

= xD”U + nD”-‘U

=  xF(D)U  +  F’(D)U

=  xF(D)U  +  F ’ ( D ) U

= F(D)U(x)

. . . . . . . ( * )

=  xv(x)  +  F’(D)  F(D)-!- V(x)

=  W-3x  F(D)-L V(x)  - F#v(x)

zz & F(D)x  -!-V(x)  -
~ F(D)

I F’(D)  V(x)
F(D) F(D)

= x J- V(x) -
F(D)

F’(D)  V(x)
[F(D)lZ

hWhJ  4 . 3 2  PJnl~lmouuaJnunl~~~t~a~~ut~u~  (D’+ 3D+  2)~  =  x  s i n  2 x

1
Y =

D2+3D+2
x sin 2x

1 2D+3
= x

D2+3D+2
sin 2x -

cD’+ 3D + 2)’
sin 2x
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I 2D+3
x sin 2x

--4+3D+2
sin 2x -

DJ+6D’+ 13D2+ 12D+4

1 (2D + 3)sin 2x=
x----sin2x  - (-4)‘+6(-4)D+13(-4)+12D+43D-2

= x ?Z!G sin 2x +
(2D+3)

9D2-4 m 5’n 2x

zz x’3EJ sin  2x + L(2D  + 3)(3D - 8) sin  2x
--- 40 4 9DZ  6 4

(6~0s 2x + 2 sin&) + (6D2- 7D - 24)sin 2x
- 4 0 -400

- $3~0~  2x + sin 2x) +
24 sin 2x + 7 cos 2x=

-200

= (30x - 7) cos  zx _ 5x-12 sin  zx-~
200 100

Y = C,e-“+C,e-“‘-(~cos2x-(~)sin2x



Y‘ =  c ,  +C$”

8qn  q wa3.u  y, biLM~osa5~we~~na  Q(x)

&&A  wa.DG 4, = AeX  sin x + Be’ cos x

-8
m;rnapa Dy = Ae” sin x + Ae” cos x + Be” cos  x - Be” sin x

= (A - B)e”  iin x + (A + B)e’  cos x

D’Y = (A - B)e‘  sin x + (A - B)e’  cos x

+ (A + B)c‘  cos x (A + B)e’  sin x

zz -2Be”  sin x + 2Ae’ co)  x

,t
mspbu (D”-2D)y = - 2Be’ sin x + 2Ae’ cos x - 2(A  ~ B)e’  sin x
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z+vcEIn = 2

m = ld i

6h& YC = C,e” cos 42 x + C,e” sin \12 x

klX%hbbhb’l~Pi~u  Q(x)
,t

@lJMU  am3 YP = Ax’+Bx*+Cx+E+Fsinx+Gcosx

(W1~LHdl~~~~lnDY~~5UOJr(%~lu  Q(x))
,L

@9MU DY = 3AxZ+2Bx+C+F  cos x-G sin x

D’Y = 6Ax+ZB-F  sin x-G cos  x

X!&il (D2-2D  + 3)y = 6Ax+ZB-F  sin x-G cos x-2(3AxZ-t2Bx

+C+Fcosx-Gsinx)  t 3(Ax’+Bx’+Cx

+E+F sin x+G  cos x)

=  3Ax3 +  3(B-2A)x’  +  (3C-4B+6A)x

+(3E-ZC+ZB)  + Z(F+G)sinx  + 2(G-F)cosx

3A = 1 \

B-2A  = 0 ’ OZ!-&  A = f, B = ;

3C-4B+6A  =  0

3E-2C+2B  =  0
C: = ;,  E zz -?

21

2(F+G)  = 1 FzG=a

G-F = 0 I

G-&i y, = -xx)+ I
3

-x 22
3

+ -x---+ 2 8
9 27

-sm  1
4

x+ -cos  I
4

x
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(2.1) ii1  U(x)  Otl’b Q(x)  ttt%“-radi y, ‘&u”

YP =  x~(x)  +  waal~innistmy~ui

(2.2) 61 XV(X) O$Pb  Q(x) L&dffuui  y, @hii

Y,  = x~‘~u(x)  + wadainnmmyw’ui

l%l5KUln’?Ou’l~dO~lJ~

m”7QF.h  4 . 3 5  ~9H1fh0llYaJRUnl5  (D’+ZD’-D-2)y  =  e’+x’

c.4 .arm fiimoudxnau  y, = C ,e”  + C,e-” + C ,ee2’

LW3lzil  e’ a~~~~u~lmou~s-na~tt~~  Q(X)

bid%4  ?4~ridC$U  y, 670 xe", e".  x2, x, I

auui Y,  = Ax’+Bx+C+Exe’+Fe”

XlEVl-h DY = 2Ax+B+Exe’+(E+F)e”

D’Y = 2A + Exe” + (2E  + F)e”

D’Y = Exe’ + (3E + F)e”

&lfu (D’+2DZ-D-2)y = Exe” + (3E  + F)e” + 2(2A+ Exe” + (2E  + F)e’)

- (2Ax  + B + Exe” + (E + F)e”)

- 2(Ax*  t Bx + ‘c  + Exe” + Fe”)

z-c -2Ax’ - 2(A+B)x  + (4A-- B-2C)  + 6Ee”

= e*  + x2

ti%JlJ~~lJ~r~Plad 9~lm’il

-2A = I

A+B = 0

&A-B-2C  =  0

6E = I

If A = -;, B = f, C = -a E rz  ;

k&.4 y, = -ix’+ix-i+ixe’+Fe’

6ijlfu Y = Y,  + Y,

1 3 6

= C,e”+C,ee‘+C,e-2’-  ix’+ f x -  i +  kxe’+Fe’

= (C, + F)e’ + C,e-” + C,e.-‘”  - i xz i 3+ --x - 4 + Lxe’
6

= C,e”  +  C,e-” +  C@”  - - - + -xe”: A

MA 216 (S)



~aotils  4.36 aJnl~lmQlJYflJRUnll  (DZ-4D+4)y  = x3e2x+xeZx

94  0
am1 Kimdxnou  y, = C,$“+  C,,#

wis~zA~  $2 rh$auwdmms  Q(X)  LLarr~uwariluci7nol~~~n~~~au ufi:

rhn~Qffa~n&fh  2c1f~  &tu waiiat.4  ypSh

xJeZx , x4e2’, x’ezx , x*e*‘, xe”, e2’

hai; xe”, ezx at?‘asdAi610ULJ~fnOZIttRjZuni5BUU~  y, 3~liSlu

@i-J&A  yp = Ax’e’”  + Bx4e’”  + Cx’e’”  + Ex’e’”

arWh  D y = 2Ax5e2”  + (SA + 2B)x4eZX  + (4B + 2C)x’eZ”

+ (3C+  2E)x2e2”  + 2Exe’”

D’Y = 4Ax’e’”  + (20A + 4B)x4e2”  + (20A + 16B + 4C)x3e2”

+ (12B  + 12C  + 4E)x2e2”  + (6C + 8E)xe’”  + 2Ee’”

tt~aazl%i

(D*-4D+  4)y =  2OAx’e’”  +  12Bx*e*”  +  6Cxe’”  +  2Ee’”

= x’e*’ + xe’”

GiuuCudr:^Rnad  azl6-h

20A = 1

12B = 0

6C = 1

I 2E = 0’

dn’A=&,B=O,C=  $E=O

gamily  4.37 amifh0mmm.mi~  (D2+4)y = x2 siri2x

4a  .
asnl fimoudrzmw  y, = C, cos  2x + C,  sin 2x

tw>l:i-I  X*  sin 2x  f$U Q(w)URto~2Ufil~o~~rrno~milr
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x”sin  2x, x’cos  2x, x2  sin 2x, x2  cos 2x, x sin 2x, x cos 2x, sin 2x, cos 2x

wi  sin 2x,  cos zx,r~uwa~lu~i~ou~5tnoUUR”? ;;Jtu  luni5wa.G  y, Iti

iidu
YP = Ax3cos  2x + Bx3 sin 2x + Cx* cos 2x + Ex2 sin 2x

+ Fx cos 2x + Gx sin 2x

Sl:%h  D y = 2Bx’  cos 2x - 2Ax’  sin 2x + (3A+2E)xZ  cos 2x

+ (3B - 2C)x’  sin 2x + (2C + 2G)x  CDS  2x + (2E - 2F)x sin 2x

+ F cos 2x + Ci sin 2x

D2y = - 4Ax’  cos 2x - 4Bx’  sin 2x + (12B- 4C)x’cos  2x

+ (-  12A - 4E)x* sin 2x + (6A + 8E - 4F)x  cos 2x

+ (6B - 8C - 4G)x  sin 2x+(2C  + 4G)cos  2x + (2E - 4F) sin 2x

?tbY-il CD2 + 4)~ = 12Bx’  cos 2x - 12Ax* sin 2x + (6A+  8E) x cos 2x

+ (6B - 8C)x  sin 2x + (2C+4G)cos  2x + (ZE-  4F)sin 2x

-12A = 1 .

12B = 0

6A+8E = 0 A =
,

-&B=O,C=O

6B-8C = 0

2C-4G = 0 E= l
rs’

F = A, G = 0

2E-4F = 0 ,

Y = C,cos  2x + C,sin 2x - &x’cos 2x + Ax’  sin 2x + J-x  CDS  2x
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(1) whwoudr:nou  y,waGi

YC = C,U,(x)  +  C,U,(x)  +  .  .  +  C"U"(X)

(2) udh44i?nshwhm~  c,,c,,...,c,r0un'?w7~iDt~oi  L,(X),  L,(X),...,

L,(X)  ktYarht4u~ZGth  y ,

YP
= L,(x) U,(x) + L,(x) U,(x) + . . . + L”(X) U”(X)

(3) RlHUrnbiOUlY

L;u,+L;u,  + . . . + LAU” = 0

L;u;+L;u;  + . . . + L;u: = 0

L;u;+L;u;+  . . . + L;u; = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y’“-l’ = L,U:“.‘)+L,u:“-‘)+  .  .  +  L”q-1’

Y (n) = L*Ul”)+L,U:“‘+  .  .  + L”u~‘+L;uI”“‘+L;u:““‘+  .  .

+ L;up-”

(5) wluei1  y'. yn, . . . . y'"'b.&3  (4) Rdb4 F(D)y  = Q(x) Xirrd

F(D)y = L,F(D)U,  + L,F(D)U,+ . . . + L,F(D)U,

+a,(L;@‘)+L;Ur-‘I+ . . . + L;UF-‘))
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6hilJ 4.30 1JHlfhKllJYDJRUfll5  (D’+ I)y = tan x

44 eami mmuni5 (D’+ 1)~  = tan x

l:'l&lVlDlid~~nDLl  ;D y, = C, cos  x+C,  sin x

RtJ&hlDlJt~V41~~ y, = L,(x) cos x + L2(x) sin x

Dy = -L,(x) sin x+ L2(x) cos x+ L;(x) cos x+ L;(x) sin x

fhHU@l~~DU~ll~~ L;(x)  cos x + L;(x) sin x = 0 . . . . . . . (1)

D2y = -L,(x) cos x-L,(x) sin x-L;(x) sin x+L;(x)  cos x

(D’+ I)y = -L;(x) sin x + L;(x) cos x

F)ZlGh -L;(x)sinx  +  t;(x)cosx  =  t a n x . . . . . . . (2)

(1)xsin  x + (2)xcos x 5lEICi

L;(x) sin2x + L;(x) cos’x  = sin x

L;(x)(sin*x  + cos’x) = sin x

L;(x) = sin x

unurim:Vi sin’xL;(x) = - ~
cos x

&& L,(x) = 4 zgx  dx

“t
vwbu

= [ cos xdx - l set  xdx

= sin x - Pn(sec x + tan x)

L,(x) = 1 sin xdx

= -cos x

YP = [sinx-Pn(secx+  tanx)]cosx

+ [ - cos x]sin  x

zz - cos x Pn(sec x + tan x)
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&&4 fi74lozrn'?rlJuoJaunl~~~l~QL~ul~u~ Wo

Y = C,cos x + C,sin x - cos x Pn(sec x + tan x)

Phdl~ 4.30 WHlfhVltlUllOJuUnl~  CD' t D)y  = cosecx

-4 .
anni 37ntwm (D'+ WY = cosec x

9rIEFciimudxnou YC = C, + C, cosx  + C, sinx

auu~fil~olltawl~ = L,(x)+ L,(x) cosx  t L,(x) sinx

Dy = (-  L*(x) sin x + L,(x) cosx)  + (L;(x) + L;(x)cosx  + L;(x) sinx)

filHU&UlVlI?Y

L;(x) + L;(x) cosx  + L;(x) sinx = 0 . . . . . . . . ...(I)

D’y = (-  L,(x) cosx  - L,(x) sin x). + (-  L;(x) sin x + L;(x) CDS  x)

rilm4”t4*u~u  2fl

- L;(x) sinx + L;(x) cosx  = 0 . . . . . . . . . . . (2)

LLR:. D’y = (L,(x)sin  x - L,(x) cosx)  + (- L;(x) cosx  - L;(x) sinx)

&&A (D’ + D)y  = - L;(x) cosx  - L;(x) sinx

~i)tlGh  - L;(x) cosx  - L;(x) sinx = cosecx

(1) + (3) ezrn”

L;(x) = cbsecx

L,(x) = ~co~ecx  dx

= - In (cosecx + cotx)

itin  (2)  ute (3)  76In"

L;(x) = - 1

L,(x) = - x

up: L ; ( x ) = - cotx

LZW  = -c cotx  dx

. . . . . . . . . . . (3)

-s cosx  dx=
sinx

MA 216 (S)

= - In(sinx)
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CJz4  y, = - In (cosecx + cotx)  + (-  In(sinx))  cosx  + (-x) sin x

= - In (cosecx + cotx)  - cosx  In (sinx)  - x sin x

C~iju”u  cilaoun’?rtJuoJ~~nl~~~~~aL~~L~u~  n”o

y = C, + C, cosx  + C, sinx - In (cosecx + cotx)  - cosx  In (sin x)

- x sinx

44 0
am1 m7wni~ (D2  - 2D)y  = e” sinx

~:I&houlJwm~ YC = C, + C,e’”

nuu7fhvmraw1c
\ YP = L,(x) + L,(x) e2’

tCJiJu”U Dy = 2L,(x)  ezX  + (L;(x) + L;(x) e*“)

iilvru~Liou~u  aIT

L;(x)  +  L;(x)e*’ =  0 . . . . . . . . ...(I)

D’y  =  4L,(x)  eZr  +  2L;(x) ezx

<JI.k (D*  - 2D)y  =  2L;(x) ezX  =  e”sinx . . . .._.....  (2)

im (2) L;(x) = i e-”  sinx

unudlll4  (1) vl L ; ( x )  =  - f.  e’sinx

oin L;(x) = - $ e” sinx

8ZlC L,(x) = - f s ex sinx dx

= A(; e” sinx - k eX cosx)

= - $ e” (sin?; - cosx)

91” L;(x) = f em’  sinx
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= f ( - f eex  sinx - f e-’ cosx)

ti&4 y, = -$ 1
ex  (sinx -- cosx) - 4 em*  (sin xfcos  x) ezX

= - $ ex  (sinx - cosx) - $ eX  (sinx + cosx)

I= _. - e”  sinx
2

1
y = C, + C,e’”  - - e”  sinx

2
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1.(D5-4D3)y =  5

2. (D2  - 4D + 3)y = 1

3. (D’ - 4D)y = x

4. (D*  - 6D + 9)y = ezr

5. (D*  + D -- 2)y = 2 (1 + x

6.(D*-  I)y = 4xe”

7. (D’ - I)y = sin’x

8. (D’ + 1)y  = cosecx

9. (D’  - 3D + 2)y = sin em’

ilJHl~l~OElraWl=uos~~~O~~~

10.  (D*  - 1)y  = eX

11. (D*  - 4D + 4)y = e”  + xezX

12. (D’ + I)y = cosx

13. (D4  - 1)y  = sin2x

14. (D’ - 1)y  = x2

x2)

IS. (D’ + 2)y = x’ + x2 + e-“” + cos3x

16. (D2  - 2D - I)y = e”  cosx

17. (D*  - I)y = xe’”

18. (D2  + 2)y = eX  + 2

19. (D*  - 1)y  = e”  sin2x

20. (D’ - 9)y = x + ezX  - sin2x

21. (D’ + I)y = - Zsinx  +  4 x  cosx

2 2 .  (D’ +  4)y =  4sec’Zx

23. (D’ - 4D + 3)y = (1 + em”)-’

24. (D’ - 1)y  = e-”  sin em”  + cos e-”

25. (D’ - I)y = (1 + e-‘)-’
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