
S@JihU (Partial Derivative)

ihu 7.1.1
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riisrh  1 m. Y) = 3X’ - 2xy  + y’  wn1  f UK  &

%il

g OL Y) =

=

=

=

=

af

ay

=

=

=

=

=

.

fim f(x + Ax,.y) 1 f(x,  y)
AX-0 Ax
Pim 3(x + Ax)*  - 2(x + Ax)y  + y*  - (3x’ - 2xy  + y*)
Ax-r0 Ax

fim 3x2  + ~XAX  + 3(Ax)‘-  2xy  - 2yAx  + y’  - 3x2  + 2xy  - y*

Ax-r0 Ax

fim 6x Ax + 3(Ax)*  - 2y  Ax

Ax-r0 Ax

P i m (6x + 3Ax  - 2y)

Ax-0

6x - 2y

P i m f(xv  Y  +  AY)  - f(x,  Y)
Ay-rO AY

Pim ,3x2  - 2x(y  + Ay) + (y + Ay)*  - (3x* - 2xy  + y’)

AY-+O AY

P i m 3x’  - 2xy  - 2xAy  + 9 + 2yAy  + (Ay)*  - 3x2+  2xy  - y’

Ay-0 AY

Pim -2x Ay + 2yA.y  +@y)*

Ay-0 AY

tim (-2x+  2y  + Ay)

Ay+O

-2x + 2y
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ain  ,tL = 6x - 2y

z (3, - 2) = 6(3) - 2(  -2) = 22

n’lVlUVl  f(x,  y) = 3x2  - 4x2y  + 3xy2 + l x  - 8y

7JHl af UA’  af
ax ‘ay

HI ; hJ% f lih~Jl%UllElJ~7ULhl%J7  x LLREl; y lihfil”J~

af
.. . - = 9d  - axy  + 3y2  + 7 mm

ax
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.*

HI Ilf  laul~  f tilu~J6ib4llDJhtLlXGh~  y URZIHY x tilufilnJ+i
ay

.(
. af

. -= (RelJ
ay

--4x’  +  6xy - 8
I

VYwJdl~  8 illvlun~J~a’uTwt~ul~uR  f(x, y) = x2  + 3xy + 2y’

5)JHl f”(1, 2) LLR:.  f,(l,  2)

44 .anni IGIUI~  y LiflUfil*JC(

f, = 2x + 3y.
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Y

0-d JJ ‘7.1 ho

&f(XI,Xz....,X.)  = t’h f(Xl.Xz  ,..., Xk.,, Xk  +AXk,Xt.l,...,  Xn- f(XI,Xz  ,..., X,)

AXk  -0 AXk
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Dlf(x, y, z) = Pim f(x + Ax,  Y,  z)  - Ox,  Y,  z)
Ax-r0 A x

Dzf(x,  y, z)  = Pim f(x.  Y + AY  . z) - W,  Y,  z)
Ay-0 AY

Dlf(x, y,  z)  = Pim f(x,  ytz + AZ) - f(x,  y. z)
AZ-O A Z

Aerh 5 fi-wiw  f(x,  y,  Z)  = X’Y + YZ’ 9 z3

?JunnJil  xf,(x, y,  2)  +  yfz(x,  y, z) +  Zfj(X,  y,  z)  =  3f(x.  y, 2)
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fl, (x,  y) = Pim fdx + Ax, y)  - fdx,  y)
Ax-‘0 Ax

ctyiiu~tiou8u~~ao~iu  7 drnPo  Tiu~uh~

ftt  (x,  y) = Pim fdx + Ax,  Y) - fib,  Y)

f22 (x, y) = fim W,  Y + AY)  - fzk  Y)
Ay-+O AY
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&0fhJ 6 ilyIU@l  f(x, y) =  eK s i n  y  +  Pn x y

wni n) Dllf(x,  Y)

3) Dcf(x,  Y)

n) -!e-
ax a$

P4 0
lam1 n) D,f(x,  y )  =  e’sin  y  +

1
xy y = e” sin y +  !

X

1
Dllf(x,  y) = e” sin y - -

X2

U) D,zf(x,  y) =  e” c o s  y

51) af = ex cos y + !.
ay Y

azf 1

a7
= -ee”  sin y - -

Y2

a3f__ = --e’  s i n  y
ax a?

tYa0fh  7 riinun  f(x, y, 2) = sin (xy + 22)

‘JJHI  DI,Z  f(x, y, z)

ad .
aanl Dlfk Y.  z) = y cos (xy + 22)

D13f(x, y, z )  =  -2y s i n  (xy + 22)

D13zf(x, y, z )  =  - 2  S i n  (XY  +  2~) - 2 x Y  cos (XY  +  22)
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fX,  (x0 . YO)  = fYX (x0 , YO)

dgod

:. j‘R (xof  h,  yo+  h) , (xo+ h, yo)  tta’. (xo,yo+  h)-

a@&  B

Iti  A  =  f(xo+h,  yo+h)  - f(xo+h,  yo)

- f(xo,  YO+ h)  + f(xo,yo) (1)

i%l’XfMi3J6Ci%  G i%JlUbW

G(x)  = f(x, ~o+h) - fkyo) (2)

“L:
WJUU

G(x+h) = f(x+h),y,,+h)l  f(x+h,yo)

-2WJ U t&U (1) hkil

A = G(xo + h)  - G(xo)

ain (2) t7ibY

. . . ..I... (3)

G’(x) = fdx, YO + h) - fxk YO) . . . . . . . . . (4)

lltUdtWWk  f,(x, yo  +  h)  ME fi(x, yo)  i%JlUllU  B

G’(x) lllfil~n’  oi  x t$U’i7J?i”di~“dAlUd  xo LLR: xo + h

3 0 0 MA  2 1 4



G(xo + h) - G(w) = hG'(c,)

ttnu (5) lw (3) TI,=M

A = h G'(c,)

9111 (6) LLB: (4) lllb!

. . . . . . . . . (6)

A = h [MC,, yo + h) - f&l,  yo)l

t-Y1  g LirUGJ6CU  Qu1uhl

z%(Y) = MCI . Y)

L~lLiUU (7) tdu1w&i1

. . . . . . . . . (7)

. . . . . . . . . . (8)

A = h lgb’o + h) - g(yo)l
i)in (8) LTIG

. . . . . . . . . . (9)

g'(y)  = fX,(Cl  . Y) . . . . . . . . . . (10)

LW3l~il fxY (c, , y) %JlUUU B, g'(y) Ml(i7%  $1 y f1$&9%1  ii~@llkW

V-kWd  y,, LLAt yo + h

G&4 g da&4 5-1  Y oq%kd~iln  ix&4  Iw.m-iqu$i~Anm  G-wu-
d, f:H<lJ yo LLA:: yo + h 6.3

ido + h) - g(yo) = hk'dd . . . . . . . . . . (11)

LLWU (11) 1U (9) L3?b? A = h*g'(d,);  1ln (10) II:%

A = h'f., (CI , dl) . . . . . . . . ..(12)

filHiUU?J~~  (c, , d,) bWlflAit~@l B

t~lQulkJrljr%i  @ Lao

9(y) = f(xo  + h, Y) - f(xo  , y) . . . . . . . . . . (13)
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lLA:@J-4U O(y  + h) = f(xo  + h, y + h) - f(xo  , y + h)

A = NY,  + h)  - Q(Yo) . . . . . . . . . . (14)

mn (13) t71bY

@(~a + h) - @(Yo) = h@'(h) . . . . . . . . . . (16)

wn (14) (15) LLR:. (16) il:li

A = h Ifv(xo + h, dz) - f,(xo  . dz)j

QulaJvTJ6+i4  x 1610

. . . . . . . . (17)

x(x) = f,(x, &)

ttKxiou  (17) -h

._..,..... (18)

A = h (X(x" + h) - X(x,)/

i)ln  (18) t31K

. . . . . . . . . (19)

X’(x) = f,, (x, dz)

X'(xo  + h) - X(x,) = h X' (~2)

i1in  (19), (20), (21) rmIn'

A = h2 f,, (cz dz)

wn (12) ttc (22) tm\n'

h2fx,  (CI , dl) = h'fp (cz , dz)

. . . . . . . . . . (21)

. . . . . . . . (22)

. . . . . . . . . . (23)
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LLAZ dz = yo + tsh. 0 < ~4 < I

D,!zf  = D,z,f  = Dz,,f

D,,zzf  = Dlz,zf  = D,zz,f  = Dz,lzf  = Dz,zlf  = Dr:llf

ii?OdlS  I3 61 f(x,  y) = si;l  (2y)  l&-J

f,(x,  Y) = 2xy cos (x"y)

m: f&x,  y) =: - 2xJy  sin (x'y)  + 2x cos (x'y)

f,(x,  y) = x2 cos (X2Y)
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lksrh  0 fc-4 Y) =

1

XYM - Y2)/(X2  + y?, 61 (x, y) f (0,  0)

0 ni 6% Y) = (0, 0)

WV-h f., IhilrkJ  fYX  Lw3l:dl

f&G  Y) =

t

y(x4  + 4x"y2)/(x2  + y2y  , 61 (x, y #  (0.0)

0 Ri (x9  Y) = (0, 0)

-ifCIJ U fdo, Y) = -y  y7fhum  y :. fly  (0, y) = - 1 fsy (0, 0) = - 1

fdx, Y) =

i

x(x' - 4xzy2  - y')
ri+  (x, Y) + (0. 0) *

(XV2 + yp*

lo Lb  k Y) = (0,  0)

-fa w fY(x,  0) =  x  ywiim~  x

.. . f&x. 0) = 1 ( f,,(O.  0) = 1

ua:tr1wui1 f”,(O, 0) = - 1 # fY”(O. 0) = 1
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ii  wn  n) D,,f(x, Y)

q) Dzzk  Y)

CI)  %UWIJ~~  D,zf(x,  y) = Dz,f(x,  y)

1.1 f(x, y) = 2 - ;
Y

1.2 f(x, y) = 2x’ - 3xzy + xy2

1.3 f(x, y) = ezX  sin  y

1.4  f(x, y) = e-+ + In r
X

1.5 f(x, y) = (x2 + y’)  tan-’  y

1.6 f(x, y) = sin-’  2
X

X2

1.7 f(x, y) = x cm y - yeX

2) f(x, y. 2)  = ye”  + zey  + eL F)JH7  n) f,.(x. y. 2)  U)  fyl(x,  y. 2)

3) lvi f(x, y) = sin  xy ?Jt~~~J~l  x2 f,, = yz fYY

4)  i)J+i@ii7  f,, = fYl &lfi7IW”~J6~U  f 6JiJz

4.1)  x*y

4.2)  x'y2  + f
Y

4.3)  In (xy2)

5) SIJtttWJil  f,,, = f.,, oi  f(x, y) = .3y2 + (x2/y’)
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Ay = f’(x) Ax + r/ Ax

Af(xo)  = f’(xo) Ax + q Ax . . . . . . . ...(I)

Af(m,  YO)  = f(xo + Ax, y  + Ay)  - f(xi,,  yo) . . . . . . . . . (2)
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o + AY)

6dlJ

94 .am

ihu 7.2.2

llql43 7.2.1

MA 214

zd 7.2
(xo  + Ax, YO  + AY.  0)

riinun  f(x, y)  = 3~  - xy2

wm-d~~J&pIvas f tu ?ah  7 (x0, yo)

Af(xo  ,  YO) = fh + Ax, y + AY)  - f(xo,  YO)

= 3(x0  i A x )  - (xc, + A x )  (yo +  Ay)’  - (3x0  - xoy:)

= 3x0 + 3Ax  - xt,y;  - y;Ax - 2xoyoAy  - 2yoAxAy

- XO@Y)’  - Ax(Ay)’  - 3x0 + xoy;

= 3Ax  - y;Ax - 2xoyoAy  - 2yoAxAy  - xo(Ay)’ - Ax(Ay)*
.

307



n”a0t.h

9.4 0

ami

61  f iiE@&+~ (xo, yo) ill6kll&J  7.3.2
I

f(xo  + A&y,  + Ay) - f(xo,yo)  = Dlf(xo,yo)Ax + Daf(xo,yo)Ay  + EIAX  + EZA  y

LdO &,-+O  btt3t  &+O  UtltdI  (Ax, Ay) -+ (0, 0)

f(xo  + Ax, yo + Ay) = f(xo,yo)  + Dlf(xo,yo)Ax + Dzf(xo,yo)Ay  + EIAX  + &zAy

asith~~J~OJ~lJ~OJ~~“l~  lli-!4&  (Ax, Ay) -t (0, 0)

Pim f(xo  + Ax, YO  + Ay)  = f(xo,  YO) . . . . . . . . . . (4)
(Ax, AY)-+(O,O)

IhlTY x0 + Ax = x , yo + Ay = y

“(Ax, Ay) + (0, 0)” 5auyadCuni5nd7aii

“(XT  Y) 4  (x0  1 Yo)”

Pim f(x, Y)  = f(xo,  Yo)

(W-*(~O,YO)

fhMu@l  f(x, y )  =

i

XY__ EYI (x. Y) t (0, 0)
x2 t y2

0 51  (x. Y) = (0, 0)

Wtff@Jil  D,f(O. 0) LLA:  Dzf(0, 0) Hlfil!6  Mi f b&@&i (0. 0)

Dlf(O, 0 )  =  Pim f(X,  0) - f(0, 0) = Pim o - o  = o

x - o x - o x-0 X

Dzf(O,  0) = Pim f(0, y) - f(0. 0) = Pim o - o  = o
y-40 y-0 y-0 Y /
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5
Dif(O, 0) LlR: Dlf(O, 0) i;nd

t’im f(x,  y) = Pim f(x,  0) = Pim 0 0

(W+W) x-0 x-0 x2  +  0
P&S I

tYi%Fi  sz  to  ~aolua.ynbia~uu~trR”U  Y = x &I&

Yim f(x,  y) = Pim -Y& = Eim I _ 1
~&M40) x-0 x=  + x= x-o 2 2

awa-xi1

Pim f(x,  y) # Pim f(x.  Y)
(W-(W) (CYJ-(0.0)

P&S1 P&

R~dil  Pim f(x,y) h.57~  <J&4  f b.kiatQoGi  (0, 0)

(w+(w)
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f(b, YO)  - f(a,  YO)  = (b - a) Dlf (51  . YO) . . . . . . . ...(I)

,f--
B(b. yo)  f(b, YO)) ‘ I I

f(a,  YO)  -  f(b. YO)

II  II

3 1 0 HA 2 1 4



D2f(xo,  Cd  = (f(xo,  d )  - f(xo,  c)l
d - c D(xo,  d. I(uo, d))

,

f(x*  Y)

Y

a
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nfo

8

Dif(5,  , YO)  =
f(b,  YO)  - f(a.  YO)

b - a

Af(xo,  YO)  = If(xo+  Ax, yo+  Ay) - f(xo+Ax. yo)/  + If(xu+  Ax,yo)

MA 214



f(xo+  Ax, yo  + Ay) -- f(xo  + Ax, yo)  = (Ay) Dzf(xo  + Ax, Sr)  ..(6)

4,  <r  0+WilJ  y,,  LLAf  yo  + Ay

mn  ( 3 )  -~rEi

f(xo  + Ax, yo) - f(xo,  yo) = (xAx)  D,f(51.  yo) ..(7)

kJ 5, +tMilJ  x,,  ihJ  xg  +  A x

mn  (6) (7) LLB:  (5) LTIK

Af(xo.  YO)  = WY)  Dzf(xo  + Ax,  Cd  + (Ax) Dif(51.  yo) (8)

tti'jl:'h  (xa + Ax,, yo + Ay) O$ULTsl  D, cz  D$hjlJ  y. LLR::  y. + Ay

LLR:  Dzf  @idaJ~  (x0.  yo)

Pim Dzf(xo  + Ax, 52)  = Dzfh  yo) ,......... (9)
(Ax,  Ay)-(0. 0)

P i m Dif(51,  YO)  = Dlf(xo,  YO) (IO)

(Ax, AY)-‘(0,  0)

ni’l<  E,  = Dlf(c1,  yo)  - Dif(xo,  yo) (II)

fim E, = 0 ,,........ (I?)
(Ax,  AY)  -U),  0)

~at616r1'1~  ~1  = Dzf(xo  + Ax, [z)  - Drf(xo,  ya) ( I ! ,

-JlnakJnl5  ( 9 )  P:K

flm E* = 0 .(14)
(Ax,  Ay)-+(O,  0)
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Afh,  ya)  =  Ay(Dzf(xo,  yo)  +  EZ(  -i AxjD,f(xo, yo)  +  E,;

Afh,  yo)  = Dlf(xo.  yu)  Ax 2 D>f(u, yo)  Ay -t E,AX + &ray . . . . . . . (IS)

9lfl (12). (14) LLA:  (15) WiiUilR~~fl~OJ~Ll~~l~  7.3.2

"tz -<.A
FIJUU  f O~WUV-  (xc,,  yo)

dz = D,f(x, y) Ax t Dzf(u,  y) Ay . . . . . (2)

;I f(x,  y)  = x &h z := x,  D,f(x, y, = I LLRE D>f(x,  y) = 0
ly

atlfu  L5l~U1UWR~1JO~WIPI~SIOJm’7LL1JJ~W5~~l

dx = Ax LLN:  dy = Ay BUf?lT (2) k~L%U~&il

dz = D,f(x, y) dx + Dzf(x.  y)  dy ( 3 )

ttAIf+l (x0.  yo)

3 1 4

dz  = D,f(xo,  ya)  dx  + Dzf(xo.  YO)  dy . . . . . . . . (4)

M A  2 1 4



wniiuiu  1.2.2 lutiuni7

AiIxr,.  yo: .= D,f(xo,  yo) A x  +  Dzfko,  yo)  Ay +  c,Ax  +  czAj

‘1x AZ = Af(x,,, y,,),  dx = Ax, dy = Ay

AZ  = D,f(xo. y,,) dx + Dzf(ho,  yo)  dy + e,dx + Ezdy .._.....  (5)
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(AXI. Axz,  . . . . Ax.) - (0, 0, ., , 0)

df(p, Ax,, Axz,  . . . . Ax.) = D,f(p)  Ax, + Dzf(p) Axz + . . . + D.f(F)  Ax,

I ’n w = f(x$,  x2, . . . . x,) ?iUlU  dx, = Ax,, dxz  = Axl,  . . . . dx. = Ax,, LLI:

lS-ps&  abdax, ttnud  D,f(p)

tmtiruunarm~ln:‘ZHljt~u

v=xyz.

fT?lZJtW~tfl~0UP~J  ‘J filU-JfWlfl  Av  EKilJ~-6il5l’1~  dv  ?ht%JlKUfh

llDJ  Av  ~‘hJTll3
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dw=  - dx,+ ?f  dxr+
aw
ax,

+  9 d x ,
ax2 "' ax.

dv = f dx + 2 dy  + f dz

tt
.'
'!

.

.
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IlUUhkl 7.2

1 ) n’l f(x, y) = 3x2  + 2xy  - y2,  Ax = 0.03 UA:  Ay = -0.02

aJHlfilllDJ

1 . 1  i?UCtLlJ~UUl!DJ  f  d (1,4)

1.2 uwilJoqG4illoJ  f d (1,  4)

2) 61 f(x, y) = xye”  , Ax = -0.1 LLAZ  Ay = 0.2

i)JHlfil'UDJ

U)  H I  E, LLA:: ~2 t77o@fl&J~lUikllU  7 . 2 . 2

f l )  9JLLC761Jil  E, LLRZ:  ~2 &‘I-I~~~U (U)  Luit”&k$dll~~d  ( A x .  Ay)+  (0,  0 )

hnun  f ( x ,  y )  =  x2y  - 2xy

4 )  ilW@  f(x, y )  =

i

x + y - 2 51  x = 1 H% y = 1

2 61 x #  I UP::  y # I

GlJhWlJil D,f(l,  I )  118:  Dzf(l.  ) ikd  Ud  f  bh%yw’ua’fl (I, 1)
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“qt.44  7.3.1 (Ilgqlld)  0;  u t8Ut?J?%Uci%?7O~w’Uflsl”  VOJ  x UCJ:  y

filnUVt~~  u = f(x,  y) UR:  x = F(r,  s), y = G(r,  s)

F = ( g ) ( ; ) + ( ; ) ( 2 ) .......... (2)

2 = ( 2 ) ( 3’  ) + ( E ) ( 2 ) .......... (3)

Ax = F(r  + Ar, s)  - F(r.  s) . . . . . . . . . . (4)

Ay = G(r  + Ar, sj  - G(r,  s)

wn-tt  f n-qtWlci

. . . . . . . . . . (5)

Af(x,  y) = D,f(x,  y) Ax + Dzf(x,  y)  Ay + EIAX + &zAy  . . . . . . . . . . (6)
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do E,  ttfc  E2  tuilnijguii  llrud  (Ax, Ay) tuilni (0,O)

c;‘Ih (6) L’IILLYIU Af(x,  y) h  Au

unu D,f(x,  y) ii?w 2
ax

u n u  Dzf(x,  Y) ii?U *
ay

A u au  A u au  A y Ax-=--+ - AY- +E, - +&2 -
Ar ax A r ay Ar Ar Ar

lim AU au Pim Ax- + a ” Pim AY_=  -
Ar-+O  A r ax Ar-+O  Ar ay  Are0  Ar

+ ( Ljbo  cl  ) k:ho +f + ( ,‘:z, ‘*)  Pim 2  (7)
Ar-+O  A r

&LltM~d  u tflU%?JT%WOJ  x UK y tt&  J x ihI y tilW?Jf%UllfN  r URE s4

u ?~Jt?h?Jn’a’ulKIJ  r LLR: s ‘hl  LWflZh  s p?J’L<nJ~  LLR: r L¶.dUU

UlkiJn’?UllUl~  A r Qthi

Pim Au Pim u(r + Ar, s)  - u(r, s) aU-= =- . . . . . . . . . . (8)
Ar-4 A r Ar-rO Ar ar

lim  Ax Pim F(r + Ar, s)  - F(r, s) ax-= =- . . . . . . . . . . (9)
A r - 0  A r Ar+O Ar ar

Pim AY Pirn-= G(r + Ar. 9  - WI  s)  _ 2 .._,....,.  (,o)
Are0  A r Ar-+O Ar ar

MA  2 1 4 3 2 1
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fJ  = re.  ay = e-‘ ay = - re-’
as ar as

5nn  ( 2 )  ~7-116

au x -\
- =-
ar x=+y2

(e‘)  ,. -Y (e-y = xc’ + ye

x=+y2 x2  + y2

au x Y- =-
a5

(re’)  + - ( - re-‘)  =
r(xe‘  -  ye-‘)

x2+y’ x2  + y2 x2  + y=

M A  2 1 4 3 2 3



~=(~)(~,+(~)(~,+...+(~,(~)
L

aE =  (E) p, + (;  ) (2) +...+  (E”)  (25)
I 2 n

94 .

16911

= (y + z)  (I) + (x  + z) (cos  I) + (x  + y) (sin I)

= y + z + x cos  1  + L cos I + x sin t + y sin I

= r cost + r sin I + r cos t + (r  sin I) (cos I) + r sin t + (r  cost) (sin I)

3 2 4 M A 214



.

= 2r (cost + sin t) + r(2 sin t co6  t)

= 2r (cost + sin t) 2 r sin 2t d

= (y + 2) (0) + (x + 2) (-r sin t) + (s + y)  (r cos t)

= (r + r sin t) ( -r sin t)  + (r + r cos t) (r cos t)

= -r* sin t - r* sin’  t + r’ cos t + r’ co?  t

= r’(cos t - sin t) + rz (co?  t - sin’  t)

= r’(cos  t - sin t) + r2 cos 21

2 = (; > (gy+ ($( 2 > . . . . . . . .

l%Jn  ‘i YftJ (12) ‘h O~w”UiS?U (total derivative) YIOJ u LfkllJn’u  t

2 = (g ) ($)+  py +...+  (+q  (2%)
I ”

ilVlU@  u = x2 + 2xy + y2  x = t cost, y = t sin t

1JHl 2 h!

Y)  tiruu  ” hWrilJOJ  t fiounir~ioq~ui

MA  2 1 4 3 2 5



4 z =2x + 2 y

fi = cos t - t sin t
dt

au
- =zx+zy
ay

dy
i;

= sin t + t cos t

wn (12)
d u
x

= (3x  + 2y)  (COI t - I sin  t) + (2x + 2y)(sin  t + t cos t)

= 2(x + y)(cos  t - t in I+  sin I + I cos  1)

= 2(1  cm  I + 1 sin r)(cos  t - t sin t + sin t + t cos  t)

:= Zt(cm’t-tsintcostTsint~ost+tcorLt+sintcost

- 1 sin’ t f sin’ t + t sin t cos I)

= 21  11  + 2 sin t co5 t + t (cos’  t - sin* t)l

= 2tjI  + sin it + : cm  21  1

(b)  u = (t cos t)’ + 2(r  cm  I) (t sin I) + (: sin !)’

= I2  co?  t + 1’  (2 sin t CDS t) i t* sin’ t

= t’ + ~‘s:n  21

du
-- = 2r  + A sin 21  t 2r’  cob 21
dt

= 2111  f sin 21  + t CO5 2ti

MA  2 1 4



au auI.  u=xz+yz,x=3r-s,y=r+25;  -$; x

au2. u =  3x’ + xy - 2y2  + 3x - y; x = 2r -. 3s; y = r + s 2 ; as

3. ” = er’.  ; aux = 2r cos t; y = 4r sin 1;  ar ; au
at

$0 4  - 6  UJHlflUVhhU  d_” h, dt

n) t+qnld II)  thu  u tu~d~~6~uuf14  t fiounim70~wliti

4. u = ye’ + xer ; x = cos t ; y = sin t

5. u = fnxy  + y’ ; x = e’ ; y = e-’

6. “L-I!s ;x = 3sint;y=Pnt
y - e’

M A  2 1 4 3 2 7



7.4 ay~uL1u~fl lc~rtn~t~uud
(Directional derivative and The gradient)

Df (x, y) = Pim f(x  + h cos 8, i + h sin 19)  - f(x.  y)
G h-r0 - h

JY
ii

sin e

P(XV  Y) co.5  e
_ x

0

I

3 2 8

all 7.6 8(x0  + h cos 0,  y. + h sin B , 0)

MA 214



ii?bh fiinucl  f(x,  y) =  3x2  - y1 + 4~ tw u’ &I wwdndaniau  ‘lufifi

nw j R wn7 D;f IcluIa”wuiu  7.4.1

a* .
3m ti = cosi.; + sin~~~z~~iY+!;

2
w&w 7.4.1 &Ki

D; f(x,y)= Pim
f(x  + ; \rj  h, y + ; h) - f(x,  y)

h+O h

P i m

= h-0
3(x + ; fi h)’ - (y  + ; h)’ + 4(x  + f fi h) - (3x2  - y’ + 4x)

h

= Pim
3x2+3tihx+qh2-y’-hy-$‘+4x+2fih-3x2+y2-4x

h-+0 h

MA 214 3 2 9



g’(0) = Pim
h-0

nio

f(x + (0 + h)cose,  y + (0 + h)sine - f(x + Ocose,  y + OsinB)
h

g’(0) = Pim f(x + h case,  y + h sine) - f(x,  y)
h-r0 h

t~7itnmniih  ii0  D;f(x, y)

g’(O)  = D;f(x, Y)

(iftllj~~ g’(t)  laula’np~nTd~~niJY?7YoJ (I)

g’(t) = f,(x+t  c0se,  y+t sine) a(x  + t case)
aDI

. . . . . . . . . . (2)

+ f2(x  + t c0se.  y + t sine) a(y  + t sine)et

= f, (x + t c0se,  y + t sine) c0se  + f2(x  + t case,  y + t sine) sin@

4dh  g ‘(0)  = f,(x.  y) c0se  + fYf(x.  y) sine . . . . . . . . . . (3)

330 MA 214



vlqnij 7.4.1

6dl4

4. .
am

D;;f(x,  y)  =  fi(x,  y)  cos0  +  f,(x, y)  sin0

riwun f(x,  y) = 3~” - y2  +  4~ tt~r  u  rilwt?nt~oiHlrj#ti?uluft~n7J

1
-n
6
. .

. .

WHI  D&f  Ttwl&qk+~  7 . 4 . 1

f(x,  y) = 3x2  - y2  + 4x

fi(x,  y)  = 6x + 4 LLIJ::  f,(x, y) = -2

u’  = cos t n i’ + sin ! n 1’
6

9inntpj  7.4.1 df

D;f(x,  y) = (6x + 4);\3  + (-2~):  = 3fi%+ 26  - y

tslt~uUQ~~U~~lu~RlQnfiniiJ  &I  th4tilWRqfUlhWldl~  (dot-

product) ~o4tmrihmt-mtmoi  twx

f.(x, y) co@ + fY(x,  y) sin0  = (c0se  i+ + sin0  j” l [f.(x, y) i+ + f,(x, y) j+]

amnqvj  7.4.1

Dtf(x, y) = (c0se  i+ + sin0  j”)  . jf,(x, y) i+ t fY(x,  y)  j-1

tiunt~ntaoi  f,(x,  y)  i+ + fy(X. y)  J” 47 “thiuun”’  (gradien!)  ~fiJ?%jn’

%A  f  l~~UttnUchfl  V f  MT0  g r a d  f

iiUlU 7.4.2

&&A  lR~l&lU~  (gradient) WIJ f l?htYlUhl  Vf (dlU~1 “WR  i’)

rilHUCIIC)U

Vf(x, y)  = f.(x, y) i” + f,(x, y) j+

MA  2 1 4 3 3 1



4. .am LW’TI:: fX(X,  Y) = 1
8x

LLR:  fY(X,  y) = ; y

Vf(X,  y) = $ x 7 + f y j+

Vf(4, 3) = f i* 2?
+ TJ

D;f(4, 3) = ( d i+

D;f(x, y. z) = fim f(x + h cosa, y 2 h cos /3,  z + h cos Y)  - f(x,  Y, z)
h-+0 h

3 3 2 MA 214



D;f(x,  Y, z)  = fl(x, y,  z) cos a + fY(x,  y. z) cos p + fz(x,  y. z) cos r

VbdlJ I'n f(x, Y, Z) = 3x2 + XY - 29 - YZ + z2

wvn6in7rndhnutd~4~a4  RX, y, Z) cf (1,  -2, - 1) IU~JUOJ tanmof

27 - 27 - I;

a. .mm ~?nr~ofvldJHri?rr~u~~~?JYoj  2 i- - 2 ,* - 2

27 l-
ii1nu61h i?=;i-- j, - jk

UAZ f(x, y,  z) = 3x2  + xy - iyzi-  yz + zZ

@i&4 D;f(x,  y. z) = ; (6x + y) - 3 (x - 4y  - z) - 5 (-y + 22)

hi0 hm-md~uutrd~~~o~  f(x, y,  Z) 7i (1, -2, - 1) ‘luficrmm~  u-

filHU611W

MA 214 3 3 3
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Inula”nqaij  75.1 H%I  15.2

1.1 f(x. y) = 2x2 + 5y2 ; ij = cos ! 72 i*
1

+ sin - x ;
I 4 4 4

I . 2  g ( x ,  y )  =  __
x= f y2

;rj=3ib--;
5 5

1.3 h(x,  y,  z) = 3x” + y2  - 4z2

1 - 1
u = COS  3 fl I 2 COS i n ; + cos : n k

3

1 . 4  f(x,y,2)=6x2-2xy+yL;Li=~;+~j
b-

+ ik

3.1 f(x,  y)  = x2 - 4y, P = ( - 2. 2).  ti = cm 5 R i* 1 3+ sin-n,
3

3.2 f(x,  y) = eZiy  ; P = (2, 1) G i i+ - 2 7
5

3.3 f(x,  y. z) = yz  + zz - 4x1; P = (-2, 1, 3); ti

3 3 4 M A  2 1 4



111
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Fx(xo,  yo, zo)  (x - xo) + F,(xo,  YO,  ~0)  (y - yo) + FAxa,  yo, ~0) (z - ~0) = 0

.,........(I)

iY7dl☺

-4 .3m IG F(x, y. z ) = 4x2 + 9 - 162

hfl4 ?F(x,  y, z) = 8x i+ + 2y ,? - 16<

UEC

3 3 6 MA 214



+F(2,  4. 2) = 16; + 8 ; - 16 k’

ilin  *F(xo,  yo, zo)  * 1(x  - x0)  7 + (y - y0)  j+ + (2 - LO)  k’ =  0

16(x  - 2) + 8(y  - 4 ) - 16(z  - 2) = 0

nCjfl

2x + y - 22  - 4  = 0

ihI 7.6.3

~:@kWllJ  (direction numbers) Lhh¶hZnW  (components) ‘?JEMt?nl@l~~

uoiuua  161  7 llQJ s d PO

x  - x0 Y - YO z - zo
F&o.  YO,  20) = F,(xo.  yo,  zo)

=
F&o,  YO,  ~0)

$?u~unun~5ti  tfhbfh4Lh:n0Ll  (components) VOJ  VF(xo,  YO,  20) 6Jh

~~ntmiuoiuut3  YDJ s djn  PO  m-If u w5iuwi)tWh  GUutiitWR

MA 214 3 3 7



G(x, y. 2) = x2 + y* - 2zz - 10

i?Jh  ?F(x. y .  z) = 6 x  ; + 4y;  +  22 k’

LLPZ  GG(x, y,  2) = 2x F’  + 2y j’ - 42 IT

3 3 8 MA 214



61 = VF(3, - 3 , 2) = 1 8 i- - 12 j+ + 4 k’

= 2(9 i+  - 6y + 2t)

fi, = VG(3, -3,2) = 6 7 - 6< - 8 k’

= 2(3: - 3; - 4k)

6,  x s, = 4(9i- -6y+2<)x(3i+-3;-4c)

= 4(30< + 42; - 9;)

= 12(1OT + 147 - 3 iT)

lkb&l  ~anuaJ~lwau~r~~pl~lJ~DJ~~u~~~R~~DJnl~~D  [10,14,-3)

nuni5Qurum3nuoJt~~~~‘uwk  &I

x - 3 Y+3 z - 2-C.-Z-
1 0 14 -3

MA  214 3 3 9



1 . x2 + y2 + 2 = 1 7 ; (2, - 2 , 3 )

2. x2 + y= - 3z = 2;(-2,  -4.6)

3. y = e” cc6 z; (I, e, 0)

4. x2 = 12~; (6, 3, 3)

3 4 0 MA 214



GJlU 7.8.1

i%Jlal  7.6.2

iiu1u 7.8.3

ihu 7.6.4

MA 214 3 4 3



3 4 2 MA 214



94 a
ami f-(x, y) = 6 - 2x LLRt  f,(x,  y) = -4 - 4y

l,w’  f,(x.  y) Lmt  f,(x,  y) Rilfihtpd  K-h  x = 3, y = - 1

MA i14 3 4 3



Y

/ .
X pl 7.9

L&lJlJUYlJLllQ)  B,((a, b ) )  t%  f.(a, b) =  &(a,  b )  =  0  +%h

1) f idlim$iJw’nl?ii  (a, b) til

fJa, b) f,,(a,  b )  - fxy*(a,  b) --t 0  LLAI  fXr(ar  b) >  0

2) f hkI~J+Jw’nl?~  (a, b) 51

f,,(a, b) f&a,  b )  - fxy*(a,  b) > 0  LlA: f,,(a, b) < 0

3,  f(a,  b )  ~d&illhlutp%Jt+l~  t?

f.,(a, b) f,,(a, b) - fX,z(a,  b) > 0

4) R~llMm'ni

f..(a, b) fda, b) - fXgz(a,  b)  = 0

3 4 4 M A  2 1 4
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o4nldllJelo~mo~  f hii

1.  f(x, y) = 18x2  - 329  - 36x - 128~  - 110

2. f(x. y) = I- 61  + xy
x Y

3 . Mx, Y) = sin (x + y) + sin x + sin y

4. f(x,y)=x’+y’- 18xy

5. f(x, y) = 4xy’ -- 2xzy  - x

6. f(x, y) = 2x + 2y + 1

x2 + y* + 1

1. bk%ilLhlLl~R  (1, - 2) lh  saddle point

MA 214 3 4 7



2. (; )’ + (+)z + ( g6 )’ + . . . + ( *.3;yE2;)  y2 + .... . . . . . .

3. A+-+ 1.4 __ 1.4.7 + . . .
3 3.6 3.6.9

4. ; f ;; + 22% + . . .
9.12.15

5 .  j+g.+ !s +...+1.4.7*..(3n  - 2 )  )

3.6.9 3.6.9..,(3n)  -

uuriirnn”a  1.4

1 .  x,3.x<;

3. -1<x<5

5. x=3

7. -16X(4  I

9. x=1.-?

. ”

a. i.l)11H3lJ  n  = 1 , IHyp = x. [x I-I < x < 11

rilWri?  n = 1, ‘1G  I: = (x* Y).  [(x, Y) I x2 + y’ < !]

rilti~¶J  n = 3. zvr p = (x, y, z), ((x,  y. 2) I X2 + Y2 + z2 < 1)

2. 2.11 [(xv  y) 18x + 4y < 203

4. 4.1 Lwrl~il  x2 + y' 6 x2 4. y' + 2\l;i@

6. P = (-3.5, -5)

Q = (2. - 3, 4)

3 4 8 MA 214
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r 1
$ -5 Sl 5

1 . 1.1

1.2 w&l

I.3 -5, 5

1.4 tam s

1.5 t?h  bounded *: 1x1 c 10 th#fUYp  9 x E  S1

1.6 dU  Connected

1 .,  - tih Convex

1.8 0.6.5
hy

3 . 3.1 . . . .3*. . . . .

. . . .2.. . . . .

. . . l I.& . . . .

- ⌧
- 4  - 3 - 2 - 1 1 2 3 4

. . . .-I  .> . * . .

. . . . -  2-b . . . .

. . . . L-j,. . . . .
3.2 LW’lih

3.3 LIIl  s3

3.4 tm s,

3.5 Id  bounded

3.6 discounected

3.1 ‘IJ  Convex

3.8 ‘I&ii;,  (1, 3, (1, 1)
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5. 5.1

5.2 tlldh

5.3 [oh Y) I x2 + y’ = I]

5.4 Lwl s5

5.5 ‘Ii bounded

5.6 Connected

5.1 ‘1&i  Convex

5 . 8  (0.  2h  (0,  0). (0,  1)

7.  7.1 r&unr4 L,

7 . 2  t%&l

7 . 3  Llwl  s7

7 . 4  L’IIFI ST

7.5 ‘ld bounded
\

351MA 214



7.6 Connected

7.7 Convex

7.8 rrji,  (1,  O),  (1, 1)

9. 9.1

9.2 r%dsl

9.3 [cx.  If)  I y2 f x = 0j

9.4 LlIvl  sg

9.5 ld bounded

9.6 r!hi Connected

9.7 ILi Convex

9.8 (09 1).  (-  I,  0).  (0, 0)

1 1 . 11.1

352
MA 214



11.2 rmiiln

11.3 ((x,y)lx=O uaty=oj

11.4 [(x,  y) I xy = 0)

11.5 ‘1J bounded

11.6 dis-connected

11.7 W  Convex

11.8 (1, 1).  (1,  - 1).  (0,  0)

MA 214 3 5 3



1 . 1.1) 13 57 9-,-,---
4 6 8 10  12

1.2) 2.0,$0,  z
1 2 5

i.3) A ) -1 * 1 ’ -1 I
2 2.4 2.4.6 G ’ 2.4.6.8.10

1.5) 1,1+[,2+!.5+1,29  + ‘0
2 2 5 10 2 9

1.6) 1 . 2, 2  +  fi, 2 + fi + w

2+a+++~v2++2

1.7) 1, 3, 2, f , s’

1.8) 0. 1. 1,  :, 2
2 3 8 ’

2. 1

3. I6
ii
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r1uuan&l  2.8

I. dnolJrns

2. inolJLnn

3. iinoutnos

4. ih.itnrl

5. lridnoutn~

6. hllJtnn

7. &mJLwl

8 .  ‘I%.iih.lUttl~

MA  214 3 5 5



3. $ A

4. l&iu',lJii

5. l,o

6. -1 ,bio

7 .  1,;

6 .  Ml,  f

auuhh  9.7

1”  --o,o

2. -1. 0, 1

3. - 1 . 0 ,  1

4. 0

5. 0.00

6. -I, 1

7. - =, 0, 0

3 5 6
MA 214



1.f$iTl

2 .  $1

3 .  gm”

4 .  f$lon

5 .  igil

6 .  $$;I

7 .  @Tl

8 .  +Y;

3 .  $oon
4 .  @an

3 5 7
MA 214



1.  fjoon

2. @$l

3. &m

4. @on

5. &m

6 .  ~LCI

7. $L?h

8. @Dn

Q. s;Ivi

10. +m

11. $oon

72. @on

13. $Lvy

14. f/am

15. #I&

16. @on
17. &Cl

18. @

19. f+G-l

2 0 .  p-l

3 5 8
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21. @m

22.

23. @l

2 4 .  $ 1

25. +Xlfl

26. @Xl

MA 214

.
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1. $&

2. doon

3 . @on

4 . $?h

5. @on

3 6 0
M A  2 1 4


