
(9 f(a) Hlfill~

(ii) Pim f(x) mfi1ri
X-+3

(iii) Pim f(x) = f(a)

x-a

2 61 x = 1
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13 c-lx=2
Y

nmvhm ~uR~C~.J  6.9 tmw~+~

g(2) = 3 URZ Pim g(x) = -m , Pim g(x) = + OD

X-Z- x-+2*

hi0  ~fjtl4UUiihll~  (i) LteiYlWjZUWJlZ  (ii)

&Ifu glJvioLd*Jd  2

ii?I?dlJ  4 %JlU  h(x) kl

h(x) =

{

3 + x nix81

3 - x t%l<x

y 1

.:

h(1) = 4

Pim h(x) = Pim (3 + x) = 4

+

x-+1- x-+1-

X
0 I

P i m h(x) = Pim (3 - x) = 2

I

x-@1* X-1’

1

Jd 6.4

MA 214 2 2 7



WX

F(x) = (x - 31

i

ni x # 3

a x%x=3

cw 1t1 x = 3 R’tno;lwuh

F(3) = 2

Pim F(x) = 0 URZ Pim F(x) = 0
x-+3- x-3.

yJ 5.5

-If+I4 U Pim F(x)ihi  LtFCXih  0
x-3

Pim F(x) = 0 Uoi F(3) = 2
x-3

2 2 8
UA 214



2) F(x)  =
x2 + x - 6

x + 3

3) J3w =
I
x2+x-6

t-hX# -3
x + 3

4) h(x) =
x + 3

x2 + x - 6

C-1 nix<0

S) f(x) =

i

0 nix=0

X t%o<x.

6) f(x) = l/2x  + JI

Ix  - 31 &x+3
7) f(x) =

i 2 clx=3

t2

8) f(t) =

i

- 4 iTIt<

t clt>2

9) f(S) = -
i

1 nis+  - 5
!i+S

ois= - s

ii-lx91

10) g(x) =
oil<x<2

oiz<x
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P i m f(x) = f(a)

x-+a

UW:

fim P(X)  = g(a)

x-+a

&&4om  (1)  UA: (2)  rr~rnqujth~~sili~

P i m If(x) + g(x)/  =  f(a)  +  g(a)

x - a

. . . . . . . ...(I)

:’
a’

. . . . . . . . . (2)

. . . . . . . . . (3)

2 3 0 MA  2 1 4



Pim f(k) = boa” + b,a”“ + bz”-’  + . . . + bn-,a + bn

fim g(x) = g(a) LLAZ Pim h(x) = h(a)

x-ra x-+a

LW

MA 214 231



iiUlU 5.2.1 nthil  flJ&h  f Vid~JhA?U  a

ni f(a) HlFilIff  Pim f(x) n-ifilbi  tt~t
x-ra

P i m f(x) = f(a) . . . . . . . . . . (1)
x-ra

2 3 2 MA 214



If(x) - f(a)1  < E 40 Ix - aJ  < 6

?lqll4  5 . 2 . 4  51  P i m g(x )  =  b LLB’ Kh?J%4  f  &~tdtlJd  b

x-+a

Pim (fog)(x)  =  f ( b )

x-ra

nio

Eim f&(x))  = f(Pim P(X))
x-‘a 9+a

I&) - bl < dl  &I  0 < Ix - aj  < 62 . . . . . . . . . (2)

da  0 < /X - al  < & L57LLYlM YZU  (1) 4%  g(x) uatr3ltChYil  iinGm4wu2n

In 7 E,  > 0 atGi1u,unG,  6,  > 0 a.9

If(g(x)) - f(b)1  < EI do  k(x) - bl  < 6, . . . . . . . . . . (3)

9777  ( 3 )  ttw::  ( 2 )  r71a$i1

dit&hmwmZ~  7 E, > 0 Pr%lu-Jun tr J 61 > 0 QJ

If(g(x)) - f(b)1  < E, & 0 c Ix - al  < 62

4CL U fim fW0)  = f(b)
x+a

Pim f(g(x)) = f(Pim g(x))
x - a x-ta

I

MA  2 1 4 2 3 3



I
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P i m 13(x)  = g(a)

x - a

fviordoJd  g(a) uarolnnrp~  5.2.4 Tdiijl

Pim (f&(x)  = P i m f(fdx))

x-ta x-a

= f(Pim )!E!w

x-ra

. . . . . . . . . . (1)

= f(g(a)) 9in (1)

= (fog) (a)

eY%Nhr 51 g(x) = 4 - X2uAE f(x) = fi@lJ-8u 61 h rflurlji&dxnou  fog

h(x) = (fog)(x)  = di=?

4-x2>0

nio

MA 214 2 3 5



%eh 0; f(x) = l/x - 3 LLRV?  f  ~“TlINioldoJYuli?JIc

iiUlU  5 . 2 . 4 th%t  f B”?luoiori;oJ~~Uu?~~~,U~U a n”ddki~J;lJn’al  f tW6lf&Jl%.l

L&41’uc11&6J d

(9 f(a) vm-illiY

(ii) Pim f(x) nvi7ln’
x+a*

( i i i )  tim f(x) = f(a)

x-+a*

(9 f(a) Hldl~ii

(ii) P i m f(x) mfii\1&
x-a-’

(iii) Cim f(x) = f(a)

x-a-

2 3 6 MA 214



4- e
mini t?J?%U h ~Z~~I-JI.&I~QQJYUT~~JKI~I  (-2,2) UR::

Pim m = 0 = h(-2)
x+2'

URt Pim \ib--;;2  = 0 = h(2)
x-+2-

LRLUUVDJ  f 60  (-  3.2) t?Jfhii  f ddOJlJUi?J  (-3.2) LLiWi&lJn7J’hU~  2

MA 214 237



lim

d--

2 - x

x-+2-
- = 0 = f(2)
3 - x

Pim
Al

2 - x  = +a
X+-3' 3 + x

x< -3

x = -3

-3<x<2

x=2

2<x

2 - x

I
3 + x

0

+

5

+

2 - x

3 + x

- 3.2)
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1.. w

+Jx
0 1 2 3

311 5.6

;L’ 5 . 6  UtWJ~Jn7lV’hlQJ g

RUa$vr  u LsuiluaulGI  7 lu  (1.2) CJik4  g(u) = I

UAZ lim g(x) = 1 e-N -If u 61 1 < ” < 2

X-+U

lim g(x) = g(u) LLAz3tlEijl g doriklJllw  (I,Z)
X-U

P i m g(x) = Eim 1 = 1 = g(l)
X-*1’ x+1’

L a
uum g eiodmnwva~~  I ud

P i m g(x) = Pim 1 = I
x * 2 - x-+2-

MA 214
239



Y = f(x)

f(b) .-  _-__________

y = k

! j I
! :I

0 a
(c-  x

c b

f(b) --_____  - ______ -----

Cz  CJ b

hdl4 %llXUl  $Jjria’ir  f rilVMl’l+lU

x - l oy’106X~2

f(x) =

X2 oj2<x<3

2 4 0

= k

MA  214



_ x

pl 5.9

flJidi.4  fr&iorQJd  2  BJo@i?Jrl”  [(0,3]  ,  f ( 0 )  = - ,  UAr  f ( 3 )  7 9

61 k  ti)Uilu?U’l@~  7 7XhJ 1  UR::  4  WLl-h~iiJFil c  dJ f ( c )  =  k

tW7ltilrrjijfiluoJ~~~~u7~~~~~ 1lmr  4

,iYai?ech  2
2

iilnuR  g(x) = -
x - 4

n7duoJ  g utwJIu;d  5.10

rljlwu g l&hmQJd  4 BJQ~lUI?JOR 12,5]  ) g(2) = -1 UR:.

g(S) = 2 61 k tilUiW&l 7 ‘IWhJ - I WC 21riiifhBJ c 7tHh¶ 2

LLUZ  5 45 g(c) = k.61  k = I <JiJisU  g(6) = 1 Ud  6~iO~hhJ  12.51

MA 214 2 4 1



iC7bf.h 8 tilHUIl f(x) = 4 + 3x - x2 2 < x < 5

WfiiolXtb7 intermediate - vdue.theorcm 51 k = 1

-4 .
asni f(2) = 6, f(5) = -6

Llkm3llfill c hi,  f(c).= k = 1 riir;iO

4+3c-c’ = 1

2 - 3 c - 3 = 0

3*t\/zi
C =-

2

It? A  = [If(x)1  1  x  E [a,b]j

cl A ~d&lOlJLWl  ‘&fiU ;- x1 E [a.b] &I

If( > 1,  d x2 E [ah]  6J  If(xdl  > If(m)1

If(Xl)l  > 2, UR:: x1 #  XI  , . . . . fl x,, E [a,b] &

If( > If(x.-,)I,  If( > n U&K  xr #  xk , 1 < k g  n - 1.  . . . .

2 4 2 Ml4  2 1 4



nqnij  6.3.2 61 f E C [a,b]  <JtU  f 1~d~l~J@J~~&  (absolute moximum value)

UALdl+~lt@J~f~  (absolute minimum value) \U [a$  fl~l18d7Jil

ii XI  , x1  IU [a,b]  65 f(xl) 2  f ( x )  US f(x2)  < f(x), x  E [a,b])

ii3gow’ (ciln5Jfil~Jt@Jlpd)

Inonrp~  6.3.1 f(x) &lfIlJLwRYU$?J  [a,bj  YiiWK~l  t%(l)

A = [f(x) I x E b,b]]

f(s)  = M 2 f(x) , x E [a,b]

6l~~%lUaU  c n’ lfU M - f(x) > 0 tkH%J~fl 7 x E [a,b] LLfdJ?%ti  h

ri1lwRlau

h(x) = -!-
M - f(x)

h(x) V&l%  tt8tdEItir0J~U  [a.b]

huntpj 5.3.1 dilU?U  k iJ

M A 2 1 4 243



lMx)l  4 k, x E 1a.b)

IWOI  = 1 M-‘fcx)  1 = ’ 6 K
M - f(x)

5.4 hWW~JW2Whd84  (Negation of Continuity)

If(x)  - f(a)1  2 e LLI;  Ix  - al  c 6

2 4 4 MA 214



oit71%17CU1 Pim f(x) , Pim f(x) t&AZ  lim f(x)
x-0 X-O- x - 0

WJil  Pim f(x) = I,  fim f(x) = 1 tiUi%l  Pim f(x) = 1
x-e  ’ x-+0- x - o

hi70 i?~aYoJ~Jj,c~u~lcilrRy  uei  f  bX”7aJti  x  =  0

;. f  rridordod 0

GNNil~  2 rhlua  f ( x )  =  1x1 51  x  #

Y h
f(0) = 3

3 f(O)

\,[

2

I

X
0

0

MA 21b 2 4 5



discontinuity

AdlJ  s f(x) = sgn x = I 61 x > 0

f(x) = sgn x = - 1 51 x < 0

f(x) = sgn 0 = 0

I wii

tim f(x) = 1
X-ro’

P i m f(x) = - 1
X-4-

+ 1  0

lim
- x

f(x) wHklWI,Y
0 x-r0

o-1

pl 6.13
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I
sin -

x

X

i,
rill”~772Jlrjoio~dojrl~=,nniri?  essential discontinuity

&ed14 5 fhluFl f ( x )  =  ! $1 x #  0  ISkllU  61 x =  0
X

r, Y

\_

ibl~luldl~ijvl w-h

P i m f(x) = + m

x-+0+
X

0

-\‘,I

P i m f(x) = -02

x+0-

Ill 5.15

chil4 6 ri1nua  f (x )  =  i 51 x  #  01a.%J1u  61 x  =  0
X2AA

A/A/
BJ  PimBJ  Pim f(x) = mf(x) = m

x-+0x-+0

limlim f(x) = af(x) = a

XX x-o-x-o-
00

MA 214 2 4 7



1. f(x) = 9x2 + 5x + 12

2. f(x) = --L
x - s

3. f(x) = pj
X

-4. f(x) = lx - 31
x - 3

6. f(x) = -& ;(3,10),  [-16,4;, j-d$ i-9,+=),(-9,-6)

7. f(x) = tGz-7;  (-4,4),  l-4.4). /-4.41,  (-4,4!  t-=,-4),  (4+=)

8. f(X)
1

lGzr7
;(-1,3LI-l,3l.  l-1,3),  ( - 1 . 3 1

10. g(y) = Jy’ - y - 12

11. f(x) = x5 + 3; g(x) = v5

1
12. f(x) = hi;  g(x) = __

x2 - 9

13. f(x) =
x + 2
- ; g(x) = \ix
x - 2

2 4 8 MA 214



ilmu  6.6.1 f tflUfld&dl8XMl  (numerical - valued function) h~URb%hJUW~  D

ndl?il  f dOLflO+l  po E D hilHU(lilU?U’I~ 9 i? > 0 dlU?R  pi

tiuniitacR  u & If(p) - f(po)l  c e (ilH%J);n 9 1R pEUnD  v?di<U  f

lldl7~~hiOt~~ UU D ni  f &ILdf&tdA’~RWIJ D

I< po = (x0,  yo)  tihtgdo  9 lu s crdu

F ( P )  - F(Po)  = WGY)  - F(xo 9 YO)

= x2 + 3y - xi - 3Yo

= x2 - x: + 3y - 3yo

= (x - x0) (x + x0) + 3(Y  - YO)

Iakh~cI p u6t  p0 w3~7ud1u~~~~  lu s tilunnu334tauo d 0 2 x 5 I-
LM: 0  2 x0 2 I  uerdi  x  +  x0 2 2

IF(p)  - F(po)I  i 2 ix - x01  + 31~ - YOI . . . . . . . . . . (1)

iaJI9un7~“7clntrun7~~~~~l~~~~~~~u~n~  9 p. th7lIC p o@i

1wJof~RlloJ  po %I-8u Ix - x01  UAt: ly - yol  vhwh&hioJiiuU7wtR’n  4,

Wiles IF(p)  - F(po)  iillUl&hldl.hh

nit&aioJnivrwt~w  U Ghtihhu~~  p. dnwtd5fiw0~  I= u’ounii

8 = .03

M A  2 1 4 2 4 9



IX - x01 < .oos ttat  I Y - yo(  c .005 oin (1) or’lii

lf(p& - f@o)l < c ~?H%Jdl&:JHU@l  n > N

2 5 0 - - MA 214



nqnij  6.6.2
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t i m .fbJ = f(p0)  UC  tim &a = g(po)
n+o n-00

MA 214 253



L’Illl1xfJwliijl  [f(p& *(pa)) &lJtfluMlfi~,YiuR~

Pim f(pS  g(pn)  = Cm f(p3  fim B(P3

F(P)  = f(g(p))

ViQLiiDJd  po

-\ \ \JJ
f

\
\

‘- ‘/ C+E

m-y.l  IH’  f(q0)  = c = F(po)

2 5 4 MA 214
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fhY,d = sin (x’y + 3x2 - xyz)

2 5 5



1 . 7J~iilJ.TlU*?lUsi~,~DJ~*Jrlj~~ULd*

n) f(x,y)  =

1

x2  + y= do I(X,Y)I  6 1

0 &l I(X,Y)I  > 1

, u) f(x.y)  =

i

x’ - y2
do x # y

X-Y

X-Y do x =  y

2. filHU61  f(x,y) = xly’-
l-h f(O,O)  = 0 1J+i?lfWj’I

x2  + y2

f dodoJd~~  (0.0)  niok  lwpw.Piuo4n77~t~~

3. tnnum f(x,y)  = -Y--
x2+y2

LdO  x2  + y2  # 0

us: f(O,O)  = 0 ?JtKmJ-il f MlLtioJC: (0.0)

4. IilVlUFl  f(x,y)  = (5x + y)/(x - y)?J~~litllUTC)U(IIJVOJCI?1UdOL do Jfi~ddl  f dtlt da J

dga (4.1)  1twnw~ffGi-h 8-1  E > 0, Jf(x,y)  - f(4,1)1  < E do (x.19 qIwu’7ug~  (4.1)

1Hii’uih5fifplhu  If(x,y)  - f(4.i)( 2 21~  - 41  + 81~  - iI

2 5 6 MA 214
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I
I

I

I
I

I

I I

a F i g .  2 - 5 .  ) / f - F /  /
[a,b]  < E b

2 5 8

F(x.y’)  - F(xo,  yo) = (x - xo) (x + xcd  + 3(y  - YO)

MA  2 1 4
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y’ \
Y

1
Yx

a a

I
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IP  - ql  > f3 UC If(p)  - f(q)l>  E

nqnij 6.6.1

oJua~Jil~J6~u  f ti1nucl1wJ

f(x) = .!  , x E (0, 1)
x

2 6 2 MA 214
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nqnj 6.7.1

“q”i 6.7.2

btan E tfhtiiumm  E = f f(po) #

‘laoQuiufmwiatCLoJ  tmaiuix&mhu~n  p0 9.1

If(p) - f(po)l  < E da p E u n D

cSlas’u?a  p Icl7  dln”il

f(P) = f(P) - f(P0)  + f(P0)

> f(P0)  - If(P)  - f(PO)l

> f(p0)  - E = 2E - E = E >  0

C-1  s tilut~afiouuwn6  hS.4  rlJrM4eiotGas’l~  9 mwim  s dvautwol

lJu s

nmjig?6tdu’l&  nin~rviln’YrfJrdJ~~tt~~  bwnrp~  5.6.2

1:j;~J?%kt~JtriUtiUh  9 ~JtilU~~LbltUfiltloJ  f hJL?hU%JElMU

hi1 ;

h;a  IF(x)  - f(x)1  < f thlclmI#JWJCI  x E s

tthau-h F tillu446*iiiuouwol  nmhaJ%v%  iTa  tGu&cFIutH&u

~~i~u?wt~~uutiluilu?u~~~”

n’7  IF(x)1  < B tilH~l.lYCil~JJHU”  x E S <J ifU

IWI G If(x) - FWl + PWI

MA 214

1
d - + B

2
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,

2 6 8

IY. - Yal  = If(X”)  - f(xo)l  a  c

rljI%U  f &inJoi&JuU  E

MA 214


