
t
X .75 .9 .99 .999 999 1.00001 1.001 1 . 0 1 1 . 1 1 1.25

2x + 3 4.5 4.8 4.98 4.998 4.9998 5.00002 5.002 5.02 5.2 5.5
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&I& OJHlT/lllQJ lim (2x2  + x - 3)
x-+  I x -  1

a.  .
awn

2x*  + x - 3 = (2x  + 3)  (x - 1)
x - l x - l

= 2x + 3 do  x # 1

ldoJnnlum7vi7hi?tiirdo  x t+tInri i l7m4l9wqhtutdo  x In,Y  i annwad

bhhiill  1 l3l,lV-WlXlH?~fiWlJ 2x’ + x - 3
x - l

hJnl7Vd%hlflJ  (2x + 3) l&J

oln 2x=+x-3
?%I  2x + 3 l+imJlTilrtit  do x # 1 bJMwwJl~l

x - l

fim ( 2 x * + x - 3

Xdl x - l
) = ;zl (2x + 3) = 6

2 0 0 MA 214



1 . Pim (x2  + 7x - 5 )

x-+3

3 . Pim x’ - 27

x+3 x - 3

5 Pim (y3  2y*- + 3y - 4 )
y--l

7 * fim x - 2

x+2 x2 - 4

9.  tim X3  - X2  - X + 10

x*-2 x2 + 3x + 2

MA 214

2. ;T2 Jy

4.
eim 6 - 2

x-r4 x - 4

6.
Pim t* - 5

t-r2 2t’  +  6

8 lim x2  - 25

.  x*-s  x +  5

10.
fim  m-42

x-+0 X

2 0 1



t
Y
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IUfiCD  4.1 URS1Jl&iiHLUttAjil  Pim (2x + 3)= 5 rilunl~.j?tru7nd9=~97~ru?-il  xiioJ
X-+1

aq%aiaJ\~1i~9+11~22x + 3hJ9in 5 tk~~wo AohJtdurton 1t=-
10

ihr71lX 5 - +6 < 2x + 3 < 5 + J-
10

krjur?lunaiuafd

1
-lo

<2*-2.;

n% -I<x-1<+-!-
20 20

1-k <x<l+-1
20

6iefh 1 lilHUCII~& > 0 9JHl sdYi1K  If(x)-4 I < E

t% 0 < Ix - 21 < 6. do f(x) = x’ - x' ~J9XLH~J'h  lim (x' - x2) = 4
x-+2

MA 214 2 0 3



‘iilil LJl~iijl  x3  - x2 - 4 = (x - 2) (x2  + x + 2)

t?uurn  VO~HYU~~~~IS~U~~OWI=T~I~~~J  x 1 J IX - 21  < 1

nia 1 c x< 3 CilHfYU  x I(1  7 LYlWU~l

4<x2+x+2<14

-lfLLfcxlJ u 1x3  - x2  - 41  c 14 lx  - 21
s

YW dL’1-iLIh~l 1x3  - x2-41 < E  Yil1Ix.h  14  Ix  - 21  < E

nio

2 0 4 MA 214



acxca+d

rllfJliiijoulnd  r71raJu f(a) 1 tim f(x) = L
x-ra’

2) Cim cos ce-‘l2 )
x-0

3) tim 1 + cos x
x+0 I + (log x2)’

4) tim
X-4

log (F)

MA 214 205



fpwu~tu  7 lupluomqvjrwnfp~

nqni 4.3.1 +I Pim f(x) = L LLR:: L > 0 klh  d$?Jt%l  (a - 6,  a + 6)  dJhl%?

x-+a

f(x) > 0 thl%Jfil  x YYJHuel~UhJUvflJ f dJC$UIhJ  (a - 6,  a + 8)  Llnk?ildEl  x = a

t doJ’5in  L r%h.mb~m  Q: Ifu~duumh~  t&n  E = ~huikmm~

Xhtfinnu~i  iku,u  6 >  0 a J

L - & < f(x) < L + E

VlGl

L - ; < f(x) < L + z”

?&I
.

0 < ; < f(x) < F

nqnij  43.2 niTnu~urmo~  f(x)  UR:: g(x)  &I  T*L~~~~u?~~~~uIJ~?JL~~  (a  - 6,  a + 6)-

URfOi  Pim f(x) 1 L URZ Pim g(x) = M FlJ-lfU

x-+a x-+a

(1)  Pim IWO  + g(x)1

x-+a

(2) Eim [f(x)  - g(x)J

.x -Da

(3)  Pim (f(x) g(x)]

x-*a

= Pim f(x) + Pim t?(x)

x-ra x - a

= L + M

z P i m f(x) - Pim g(x)
x - a x-+a

zz L - M

= P i m f(x) Pim B(X)
x-+a x-ra

zz L’M

2 0 6 MA  2 1 4



lim f(x)

(4) fy,  [ ;;)I = x-Da  g(x) = !& 0'7  M # 0
cim

f(x) - L = El

g(x) - M = &I

f(x) g(x) = LM + M + L&z  + eicz
et

v&l f(x) g(x) - LM = Mel + LEz  + EI~Z

IRulajnlau~ao4fi7~lJ~Y~  LdK

If(x)  g(x) - LMI G IMEII  + II-&l  + led

MA 214 2 0 7



If(x)  g(x)  - LMt  6 IMc  I + II-4  + lwzl
c c e

G T+3+5=E

ldJ 6 $J jf(x’) - f(x”)l  < E dl’t3hJd  x’ LLR: x WIdCMl~hhl  0 < Ix - bl < 6

LSdhllflii  (Cawby condition) lJlJ?iLklU+ld:

Pim jf(x’)  - f(x”)I =  0

x’+b

x’+b

2 0 8 MA 214



ndm’l&i fim f(x) = L ‘11.41.N
x-b

ikllu 4.8.2  tmtiunii  Pim f(x) = L

X+00-

1
!im - =0
X-*00- X 2

fim X-= I
X’OD-x  - 10

orut~ fim sin x URt  Cm 1 Hlfilbi\~

X-+=2 x-0, x sin x

MA 214 2 0 9



1)
eim x2  - 16

x-4 x - 4

2)
P i m X’O - 1

x-1  x - l

3)
C i m

x-1
3 (n = ivmuluum)

4) Cim (x + 2y - 4
x-0 X

5) Oim ‘Li-:>
x-0  x

6)
lim ‘(2 2)
X-0  X (4 + xl2 16

7) eim x3 + x2 - 5 x - 2
x-2 x*  - 4

8)
P i m 108 (x2  + 2x)(x + 1)’

x-+ - ’ (x3 + 1)’  (x - 1)

210
MA 214
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S s R”
T s Rm

U,(PO) r-l s
pJ  4.2
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UfG fim f(p) = Lz
P-+PO

(P .E Sz)

riish 1 lllHUC1 f(x,y) = -$g  WWI
fim f(X,Y)  o’?ii
(x9Y)-+w9

iii1 IS s, tihawuoqclR~Xr~uuunu  x 615-lfu

fim f(p) = Pim f(x,y) = Pim f(x.0)  = Pim 0 _ o

P-V0 hYPKL0) x+0 x-4  x2+0

(P E SI)

I%7  & ~~uraQuoJg*Rnunuru~u~~J  y = x afu

f(p) = fim f(x.y)  = fim f(x,x) = fim x2 = tim 1
lim - z

;TE”s,,
cGy)+@.O) x-0 x+0 x2+x= x+0

=
i

MA 214 213



Llr(‘Jl~~l  Pim f ( p )  # fim f(P)

P&S1 PES2

n) SI  = [(X,Y,  E R*  I Y = x]

¶I) S2  = [(x,y)  E RZ 1 y = x2]

n) s3  = &x,Y)  E R2  I Y’ = x]

3) S.,  = R*

.

n )  IJU~&~(I’IJ  y= x

f(p) = f(x,x) =
x2  - x2

1 + x2  + x*

-Ifma  u

fim f(p) = Pim f(x,x) = fim x2  - x2 = 0
p-(0,0)  x-o x-4  1 + x2  + x2

p&S‘

ll) YUL&4  y = x2

f(p) = f(x,x2) =
x2  - x4

1 + x2  + x4

614 u-t-f

Pim f(p) = Pim fkx’) = Pim x2 - x’

P’O x-0 x-4  1 + x2  + x4
PES2

2 1 4 Ma 214



P i m f(P)  = o

P’o

a m  ifcw  - f(o,o)l =  I*- - 01

lx2 - YZlzz
1 + x2 c y2

Q
x2 t y2

1 + x2 + y2

MA  214 2 1 5



If(X,Y)  - f(O.O)l  = I
xl-9  _

1+x*+9
01

lim f(x,y) = lim X4 =(h  -=!I
2 2

(x.YPw) x-0 x4  + x4 x-0
(Phi  w

tW71~41  tim f(x.Y)  + tim WY)

(X,Y)-+W) (x.Y)-r(0*0)

(P h S3) (P h Sd
Ult:  (p  lu  Sl)

2 1 6 HA  214



LWJlZOdU  lim f(x,y) HlfillJl6
(X.Y)-r(W)

1 .  5lJn7tij,,,,~JA%u  f&y)  =  ( I  +  yzj sin ,
X

x2 Ty  “: ; l C/y?  ( 0 . 0 )  (IK)

2. txvdrl+ja  (x,Y) a(bGhga (o,o) umr4u~h&k~rlX If(x,y)  - f(o,o)l  < E 6-1

n) f(x,y) = x2 + yz UR:: & = 0.01

Y) f(x,y) = J- LW E = 0.001
x*+1

3. OJ?iig?riil  r3;rn'aSteior¶Jd1lrjijtijaAln  (0.0)

n )  f(x,y) =  A ? -
x2 -t x2

* (X,Y)  + w9

u) f(X,Y)  = XY2

x2 + y’
. (KY) f (O,O)

fl)  f(X,Y)  =
(XYY

x2y2  + (x - y)2
, (X.Y)  f @O>

4. ~Jla'u~~~luoiill7lun75iiodYoJtDnoior~

n) Pim x+Y (?I)  P i m x y  - 2
Id-- x2+y2 IPI+= X2iY2iZ2
P  =  c&Y:)

MA 214 217



n) Pim (f + 9) (P) = L + M

P-‘PO

v) Pin; (fg)  (P) = LM

P*PO

“) Yim

P-PO
(;) (P) = ; ni M # (I

&clfh4  1

Pi.m x= + ).Z  +  I = Pim x2  + y=  + 1

(xc)-(a,a) xy + 2 (W-+(m).~__
Pirn

(X.Yb+bLd)  xy + 2

a2  + a2  + 1 2a2  +  I= -=--
a’ f 2 a’ +  2

6hQrilJ 2  UJHI P i m 3x - y

(X,Y)-‘(1.3) 27x”  - y3

2 1 8 MA  214



%dl
.

Pim = eim3x - y 3x - y

(x,y)-*(  1. 3),  2Xx’  - y’ (%Y)?1.3)  (3x - y)(!b+ + 3xy + y’)

= tim I

(KY)-r(l.3)  9 x ’  +  3 x y  +  y’

Pim (9x1  + 3xy + P,

(X.YP(1.3)

1 1
=

9+9+9=27

OiiSrilJ 3 15117 Pim X3 -- 2x=y - 2xy2 f y’

(X*Y)‘(l, - 1) x2 - y2

Pim (x+y)  (x2-xY+y2) - Zxy(x+y)=
(X,Y)-r(l,  ‘- 1) (x+y)  (X-Y)

fim x2-3xy+9  = 12-3(1)(-1)+(-1~
=(x,Y)+(l.-1)  x - y l - ( - l )

MA 214 2 1 9



(L + M) - E  < f(p) + g(p) < (L + M) + E

nio

Nf  + ~9 (P) - (L + M)l  < E

h&l Pim (f+g)(p)=L+M

P’PO

fIlSiiqQu'  (U)

U.9L~.

6 IeW (f(p)  - LN + P-W)  - WI
G IWI  If(p)  - Ll + P.1  lm - MI . . . . . . . ...(I)

rdomn  Pim f(p) = L URE  Pim (p) = M

P-PO P-PO

iiuh~  t7lm~i7nviiIHY  If(p) - LI UR::  lg(p)  - MI  iiuuiWLRlnrvi7la~klufft37iiOJn7f

h?iniwilI~  If(p) - L( u61:  I&p@) - M(  i&wit-&4  iJwo1=utiI~I~~l  If@)  g(p)  - LM(-

<E

If(P)  - Ll < &
NM1 + 1)

. . . . . . ...(2)
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M - 1 < g(p) < M + I

g(p)  < PI + 1 . . . . . . . ..- (3)

,t:
~utp’niuni  a3 > 0 fhkp4u~u~il  tiihmp 9 ttuiQn p E vnu 6dpd  tfid

IhO - MI  < 2cIL,e+  ,) . . . . . . . . . . (4)

ov7lX 6=  min [St  , & ,&]  uci?oaunw (2). (3), (4) Li)U~‘i3W~ClUfiiUtEl  p C$Uij~WKlf-

tar-du ma  v fhi~u~~  PO  r’9rd  a ~a~wdnawo~d PO  &-&dada P E vnu,(po) iuta4

fhn~u~a  p 1%4 m-mw-m  (1)  di

If(p) it(p)  - LMI  Q IeW If(p)  - LI + ILI  IeW - MI

< (PI  + 1) ’
WI + 1)

+ ICI  &
ml + 1)

& +5-c
<I 2

liU70  P i m f(p) g(p) = LM %.(R.W.

P’PO
m1

MA  2 1 4 2 2 1



?i115tu1&  M < 0 uat M 1 0 mnata.m3  (5) wY+lL7lij

MIg(p)  > -
2

,......... (6)

doIrJ&m  a2  > 0 dd~nbauGii~  ii~~u~nruiin  P E v n uaz(po)  ~3-6

h(p) - Ml  < z Ml2 . . . . . . . . . . (7)

1&3=“i”[&,  s,]

?~JWiElU~U  URZ

= k(p)  - MI--
MI  l&4
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1. Pim (3X  - 4Y) 2. Pim (5x  - 3Y)
b~~P(3.2) tx.Y)-(1,4)

3. Pim (x’  + Y”)

(X,Y)-t(l,l)

4. Pim (2x2  - y*)

cGYP(5,3)

5. Pim (2 + 2x - y)

cGy)+(-2,  -4)

6 .  fim (x2  + y= - 4x + 2y)

(X,Y)‘(3,  - 1)

7. Pim y’m
(X,Y)‘(--  2.2)

8. Pim
cGYP(5.2)

9. Pim XL  - y=

cGYP(l*l) X - Y

11.  P i m e”  + e’

(X,Y)+(l.l) e-’  + e+

1 3 . Pim 3 x - y

(X,Y)+(1,3)  27x3-y’

1 5 . fim 2x= + xy - 6y=

CwP(3.2)  4x2  - 8xy  + 3y2

17. Pim \s-fi

cwP(o,~) X

IO. Yim x3  + 8y’

(X,Y)  ‘(2, - 1) x+2y

1 2 .  u‘im t - 3y

cwk+(3,1) 9y2  - x2

1 4 .  fim YZ + 4Y
(X,Y)~wN 2xy - 3y

1 6 .  Cm ‘6 - ‘6

MA  2 1 4 2 2 3


