
4.1 ‘&d’%dTIO&~d~  2 m”a&!d  (Function of more than one variable)

c;l”aaePi+ad  4.1.1 51  f(x,y) = x2 t 2y3 89Ml f( -3, - 1)

94 0

a6wi f(-3, ‘-1) =  ( - 3 ) ”  +  2(-lb3

= 7 nml
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IfkY) - fc$).  Y(J  < E

,”
da Ix - x0/< 6 LLRZ  Iy - yoI  <  6

fx(X,Y)  I mt  -a f  [M%I fy, fy(x,y)  1 m~dwk
ay

u C!

oywuaoouuo~ z = f(x,y)  dga (x0,  Y,) aas?Gaiaer

Lf = fx(XO’  Y,)
ax

(x0.  Yo)

b=cz  a f- = fY(XO,  y,) Rl%Ji=%J

ay  (x0,  Y,)

&“aaeilsnd  4.13 p (XJ)  6aqjln8p  (0,o)  ~~‘IIY%P~+II~~’  If(x,y) - f(o,o)j  < E

&o f(x,y) = 2 + y2 LLRf E = 0.01

94 0
-WWi /f(X,Y)  - f(O,O)l < E

/(x2  + y2,  - (0 + 0)l < 0.01

1(x - o)*  +  ( y  - 0)21  < (0.1)2

J(x-o)2+(y-o)2  co.1
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eYa”aed&i  4.1.4 %9;1”  f(x,y) = 2x3 + 3XY2  ww  f,,  fy,  fxU.2).  fy(1,2)

.a4 0ami f x = 6x2 + 39

fY = 6xy

fxW) = 6(1)2  + 3(2)2

= 18

fyW) = W)(2)

= 12

~a*fhd  4.1.5 1;  f(x,y) = eXY  - y sin x 99p91  fx, fy,  fx(o.0,  fy(oA

94 0
arm fx = y exy - y cos  x

fY = x exy - sin x

fX(O~l) = l-1=0

fyvw = o-o=0

BlmJ

Aml
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1. a%? f(x,y) = 2x2y  - x4  9)9991  f,, fy

2. 1; g(x,y) = x*cos  y 89%n gx,  gy

3. ag h(x,y) = cos xy - 3xy - 2x2  99Ml hx.  h>

4. 149" f&y) = x3 - 2xy + 3y2 19991

n. f(-2, 3)

5. SS?416WUUUOS  f(x,y) = In { (16 - x2  - y2)(x2  + y2  - 4) ]

6. ?dLLffrjlsdl  z = xy tan (y/x) Fla'09~l.U  x(b) + y(G) = 22 ?I (x,y)  f (0.0)
ax ay
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x-x0= y-yo=z-zo
fx fY -1

Sd 0
JliTll 4 =  2 x - y

$S,l) = z-1=1

fY L -x - 2y

f&1,1)  == -,-2= -3

MA213 187



1(x-l) -~  3(y-  1 )  - l(z+2)  =  0

x - I - 3y + 3-z-2=0

x-3y-z=o Plbll

bwnisa&b~n-?i  d o

x-l = y-l = z+2 mml
-i- - 3 - 1

94 0
amr1 ain  5x2 - yr + I = 0

&l.k z = - 5x* - 1
- Y

= 5x2 + 1
Y

az = 10x
a x Y

az = 10

ax  (1.1)

‘az

au

= - (5x2 + 1)

Y2

10(x- 1) - 6(y-  1) - (z- 1) = 0

10x-lo-6y+6-z+l=O

10x - 6y - z - 3 = 0

1 8 8 MA213



66¶J¶J?klih  4.2

1. z = 3x2 + 4y2, (l,l,l)

2 . 4 2 = x2 - y’, (3,1,2)

3 . x2 + y2 - z - 1 = 0, (-2,0, - 5 )

4 . 32  = 2x2 - sy2, (1, 2, 3)

5 . z = 8y2 - 2x2,  ( - I, 4, 6)
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4.3 ~~w"pdI%%l?ll~  II~~:blnSb~PJ9d~‘(Directional  derivative  and gradient)

%w” z = f(&Y)

dr = lim AZ
ds As-0  z

= lim f(X,,Y,) -~ f(X,,Y”)

PI- PO /Ax’+  Ay*

= f&~y,)  cos  0 + fv(y,,Y,)  sin  $

Y

If

p,

A

DS AY

PLl A X

;tx
0

,5J 4.3.1
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dz  =

1

-6cosd  - 8sin$  = F(4)
ds  (3,4)

F’(Q)  = 0 %

LL61,  F”(& < 0

8in  F’(d) = 6 sin $! - 8 CDS 8 = 0

6  s i n (I = 8 cos $

36 sin’f# = 64 costs

.= 64 (1 - sin’  6)

= 64 - 64 sin*  $I

100 sin24 = 64

sin*4
=%

sin 6 = ‘& = *&
5

F”(b)  = 6 COY f#I  + 8 sin fi
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dz
(ds’

=

(334)
- 6(  -2)  - 8( ~ t’

5

” = cos a i + cos 6 7  + cos Y k

” =  fx(xo>Y(yzo~  +  fy(xo,Yo>zo)i  + f&.YO>q))~

uaxiun  qi-7 aansaiiueaw”aos  f +$I  P,

grad f = V f = $i + f,j + fzk

* + -
V = a i+ aj+ ak

aX au E

192

- - -.
grad f = V f =  afi+ afj +  afk

ax ay az
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= /grad f/

rsarnl~abraF&  c &
- - e

NO = x(:)i  + y(t)j + z(t)k

MA 213
193



. & = &<+d$+  dz;
d t dt dt z-

df
z-

zz afdx+  afdy+  afdz- -  - -  - -
axds ayds az ds

= Vf.d&
ds

m”aOfh~~  4.9.2 a$  f(x,y,z)  = x2y3 + 3yz  + xz WMI  grad f 61,  (2,1,3)’

Vf = f,i + fj + f$

= (2xy3  + z;  + (3x$2 + 32); + (3y + x)2

dja  (2,1,3), Vf = ?i + 217+ 5i; VlmJ
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a.3  0

36Wl
+  *

%$R,  = i+j
- -. +

R2 = 2i+j+k

;T = g2-ii,

IG2 - ;,I

-.  -

zz i + k

fl

-. - -
Vf = 2x i + 2y j + 22 k

+ -.
d,@ P(l,l,O),  Vf = 2i + 2j

df  = V f.T
d s

n"aadl~~  4.3.4 '3.W1lCi~w"eb&%kYll~YCl~  F = x2yz3  FllUL&%~.l  x = em’,

y = 2 sin t + 1, z = t - cos t GgW 49 t = 0

V F = Zxyz’i +  x’y’j  +  3x2yzzk

;gFl  (1,1,--l),  V F  =  -2i  - j  +  3 k

R = em’i  + (2sin t+l)j + (t-cost)k

dR = -e-Ii + 2costj + (I + sint)k
dt

M A 2 1 3  . 195



_ .* - _
?$fl (l,l,  - Ij,dJ  : -i + 2j t k

dl

T = -i+2j+k

6

~~WWWlWll9  = VF.T

= (-2)(-L)  + (cl)(L)  + 3(L)
l/5 J6 Js

PIR 2 = x2 i- y2

x2+y2-z2 = 0

f(X,YA  = x2 + y2 - z2 = 0
- -a -

Vf = 2x i + 2y  j -. 2~ k

* - e
?$‘F (l,l,l),  Vf = 2i + 2j ~ 2k

mmisa~ra7u~~G~ 60

2(x-  1) + 2(y-  I) - 2(z- 1) = 0

2x - 2 + 2y -- 2 - 22 + 2 = 0

xty-z-l==0
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4.4 f~~~~b~&~Ws’nre@b%~~  (The chain rule for partial derivatives)

a;  z = f(x,y) b1632  x = f(t), y = g(t) a&

dz  = azdx + azdy
-z

- -  -_
ax dt ay  dt

61 w = f(x,y,z)  bLl:  x = f(t), y = g(t), z = h(t) L&J

&h =  e&i-  &wd~  +  awdz- -
d t ax dt ay  dt azdt

a2 = az ax + az ay
ar

- -  - -
a x  ar ay  ar

KZ =  ~32  LX +  az  ay- -
a s ax  as ay  a s

61 w = f(x,y,z) mt x ‘=  x(r,s),  y = y(r,s),  z = z(r,s)  G-3

* = aw  ax + aw  ay  + aw  az- -
a r a x  ar ay  a r az  ar

&= awax+  awQ+  aw  az- -  -- -
a s ax  as ay a s az  as

hf.lw’a~d  61 u = F(xt, x2,  . . . J”)  bEI:  x,  = f,(r,, ( ‘J,  . ..( X”  =

f”(‘,,  . . . , ‘J  a&d

au = au 2 + au 3  + . . + au axn
rrk Z,  ark Z2 ar, a x ,  ark

; k  =  1,2,...,p

198

du = audx,  + audxZ  + . . . + au dx
iii-

- - -2
ax, ds ax,ds ax”  ds

MA 213



ihi,& 4.4.1. & T = ,$ . XY  + y3,  x = r cos 8, y = r sin e 5l9H?

n. a-I
ar

"u.  52.
ae

n. ai--
ar

9.l.  aT
ae

:= a-rax+  aTay
ax ar ay ar

== (3~~  ~ Y)(COS  0) + (3y2  - x&in 0)

zzr aT ax+ aT av
ax a9 FY YG

-= (3x2  - y)(-rrine)  t (3y2  - x)(rcosf3)

Pleu
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n. a_~
ar

3. a u
as

= au ax + au ay  + au  32- -  -.- - -
a x  ar a y  ar az  ar

= (z ~0s  Y)( - y )(6r) + (2 ~0s  YKJ )(4) + (sin  y)(4’)
-i x2

- -
x x x

= - hryz  cos y + 42 cos y + 4r sin y
,,,x x

= au ax + au ay + au az- - - - -  - -. ..-
ax as a~ a s az a s

= (2  COS  Y)(  - Y j(2) + (Z  COS  y)(l)( - 6 s2)  + (sin_y)(  ~ 6s)
x ,2

- -
x x x

zz - 2yr  cos y - 6s’~  cos y - 6s sin y-
x2xxx x

vhaei,sd  4.4.3 61  z = eXY2,  x  = t cos t, y = t sin t

W’19l&,it=R
d t 2

a* 0
35911

dz =
dt

ar. d_x  + az  d2
axdt aydt
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(av$2+(~)2=(av)2+I(av)2
ar 2 ae

av-
ar

= av ax+ av ay- -
ax ar ay ar

MsiO  vr = VxXr  + VyY,

ve = vxxe  + VyYe

VI = Vx cos  8 + Vy sin e

“e
-LV
r e
v;+  1 v2

7 e

=  Vx(-rsin8)  +  Vy(rcose)

= -Vxsin13  + Vycose

= (Vx cos Cl  + Vy sin e)2 +

(-V,sine  + Vycose)2

= V$os2g  + 2VxVy sin 8 cos  0

+ V: sin’@  + Vz sin28  - 2VxV,  sin e cos  e

+ V: cos’e

= vi  + v;

(32 + 1 ( a@ = (av)2+(av)2
ar r2 a0 ax ay
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1. F=2x+y ,x:2u-3\,y=u t2v
y - 2x

79Wl  n .  a
au

ll. aF
-aV

&I  ” = 2, " = 1

2. % = x3  - xy  t- y3,  Y = 2r  - 5,  y = r + 2s

wyli  n .  az
a r

3. H = x’y  In(y),  x = r cos 13,  y = r sin e
x

4. w = x3y  - 4x9  + 8y3,  x = 3r2  + 2s,  y = 4r - 2s3

wv71 n. aw
ar

M A 2 1 3 203



2 0 4 MA 213

(I/ a I d * i a / d y . . . . . * . . . . . . . . . . . . (4.5. I)
Ir F

du. _ a i\  CIY + a\\  dv  + a\\  Cl/
a*  -.

.*.................. (4.S.Z)-
114 ar

-7 awdxdt  + i,wdvtlr  + 13wd~d~- -
a \ dl ay dt a7 dl



= 2xy dx + (x2 3)dy

dr =  f’(x’y)  d  (s’y)

= f’(xzy)(2xy  d x  +  x’dy)

dr
z azdx  + Qdy

ax ay

aL =
ay

2xy f'(2y)

x& = 2x’y f’(x2y)
ax
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2Y  az = 2x2y  f’(x2y)
aY

L a
up6na  x&

ax
= 2ya

l3Y
me9J
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I. 1; U = x~~Y’~ ?l.Ml  dU

2. 1; $ = x3y -- 2xy2  + 2y3 89941 d$

3. b?z=x-,%Wildz
m

4 .  ai?  z = x3 - xy + 3y2 8.Nl  dz

5. 1; F = x3y -- 4xy*  + 8y3 '39Ml  dF

6 .  1; G = 8xy2z3  - 3x2yz  P9%?1  dG

7. a%?  H = xy2  ‘in(yj 19Ml dH
x

8. 1; R : x2y2  + y sin 3x 19Hl dR

9. ax S = xz3 -+ 4y3 - 3xy 1TvV  dS

10. aps”  u  = 2x2 - yz  + xz2, x  = 2 sin t, y = t2  - t + 1, z = 3eC’  99991  du

11. 1; H = sin (3x  - y),  x3 + 2y = 2t3,  x  - y2  = t2  + 3t 19Ml dH
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4.6 ~%@da’PbfJ#k%l~~~~~~  (Higher order partial derivatives)

u ,Iayw”bfJ”fJ~u$iud  2 lia9 f(x,y) uwu63u

a (an = a2f = fxx
a x  ax a xz

a (a0  = a2f- -
ayay -a y2

a (af)  = a2f- -
a x  a y a x a y

zz fYX

a(af) = a*f = f- - -. XY
aY ax ay a x

f x = 6x2 +  3y2

fxx = 12x

fXY = 6y

fY = 6xy

fYY = 6x

fYX = 6y

208 MA 213



Fl”adl.3~  4 . 6 . 2 %es” u  =  (x2 + y2  +  z2)-  % P9LLRW~1

a2u+  a2u+  a2U- =o-
a x2 ay2  az2

aaJGi-d1  (x,y,z)  + (O,O,O)

au =
c

- 1%  (x2 + y2 + 22)  -3/2(2x)

= --x(x2 + y2 + 2-3'2

fi = ( - x )  [-1(x2  +  y2  +  &5’2(2x)  1 +

ax2 2

(x2 + y2  + z2)-3’2  (- 1)

= 3x2 - x2 + y2  + z2

(x2 + y2  +  zy2 (x2 + y2  +  z2p2

= 2x2 - y2  - 22

(x2 + y=  +  z2p2

a2u  = 2y2  - x= - 2

ay2 (x2 + y2  +  zy2

a2,  =, zz=  - x2  - y2

a z2 (x2 + y2 + zy=

vdL&++ +.g& = 0
ax2 ay2  az2

@loll

MA213 209



m”ami1si-i  4.6.3 61 z = &an-‘y  9Wl fi
x

w”pvl  (1.1)
axay

44 e
ami az =x2 1 a Y

au 1+y  -&-x
ir

0
x

a2,  = a (82)- -
ax ay ax ay

= (x2  + y2#3x2)  - (x3)(2x)
I (2  + y2)2

d,, (IJ),  a22 = (2)(3)  - (l)(2)

axay 22

1 me¶J
t
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3.  x tan  xy

n.  cmh  ( y  +  cos x)

MA 213 2 1 1
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W,,  + h,  y. +-  k)  5 W,,,  Y,,)

M A 2 1 3 213



.

ih D = Rx0  + h, y. + k) ~ f(xo,  y,) < 0

kc% (x0,  y,) aawyKp~”
d

6% D = f(x, + h, y,,  + k)  - f(xo,  yo)  > 0

214 MA 213



94 0

-JtiVll I = 3x2 ~ 3 = 0\

x = il

f = 3+12= 0

Y = ? 2

PI

&Yih  @nl)tJl  &I  A(1,2), B( -. 1,2),  C(l,-2).  D(  - I,-2)

f!!
= hy

f E 0\i
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9d  0

36Wl jQ = 2x + 3y - 6 =o . . . . ___.--  -_-.-.  (1)
ax

ar =  3x+6y+3=  0 _______._______..  (2)
ay

(I) x 2 ,4x + 6 y - 12 0 .__ __..__ _ ___._._ (3)
.

(3) ~ (2), x - 1 5 = 0

x = 15

aanwh x %u  ( I ) ,

Y = -8

f(15, - 8 ) = 152 + 3(15)(-g) + 33-a)) - 6(15) + 3(-S) - 6

= - 6 3

D = f(15+h,-~8+k)  - f(15,-8)

= (15+h)2  + 3(15+h)(-8+k)  + 3(-B+k)’

- 6(15+h)  +  3(-8+k)  6  ( - 6 3 )- -

= 225 + 30h + h2 - 360 + 45k - 24h + 3hk

+ 192 - 48k + 3k2  - 90  - 6h - 24 + 3k - 6 + 63

= h2 + 3hk + 3k2

GlmJ

216

, .

MA 213



“f=o af-
ax, ’ ax,-

0, . . . , g = o
n

H(xJ,L,  X) = F(x,y,z)  + XG(x,y,d

H, = 0, Hy :=  0, H, = 0, Hh = 0

WiOWAl%hJl~

Hx = 0, HY  = 0. H, = 0, HA =n

h4A 2 1 3 2 1 7



218

“Y = 2xi 8y+2Xx = 0

(1 + A)x +4y = 0 _____._.  -_-  __._.  ~(1)

“1 =  8x+14y+2hy  = 0

4x + ( A + 7)y = o..-.  ._.___.__--..  (2)

9177  (1)  LLR:  (2)  ahain  (x,y) # (0.0)

1+  A 4
0

4 A +7

A = I ,  - 9

A = 1, x = -2y  atmU+  x 1% x2 + 8xy + ly*  = 225

A = - 9, y = 2x lL?lMh  y %W x2 + Xxy  + ly*  = 225

?l~bRl

45x* = 225

2 =5

Y2 = 4x2 = 20

,

MA213



x2 + y2 = 5+20

= 25

m =  5
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dev, = y, - (mx,  + b)

devz = y2 - (mx2  + b)

devil = y,, ~ (mxll  + b)

;; devydevy ==
i=li=l

devf + devi  + + devfidevf + devi  + + devfi

== (y, ~ mx,  - b)2 + (y, ~ mx2  - b)2 +(y, ~ mx,  - b)2 + (y, ~ mx2  - b)2 +

+ (Y,,  -+ (Y,,  - mx”  ~ b”)Zmx”  ~ b,)’

= f(m,b)= f(m,b)
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xOh\ yt,h\ dev de\’

0 0 -h b”

1 2 2 -- m ~-h 4 + m’ + b’ 4m 4 h  + 2mh

2 3 3 - 2m - b 9 + 4m? + h’ - 121x1 - hh + Jmh
t

3 4 4-3m - b 16 + %I>’  + b’ - 241~1 ~ 8h + hrnb

L

S(m,b) =  29 +  1411,’  + 4bz - 40111  - 18b  + 12mb

af = 28m  + 12b  - 40 = 0
a m

______ _____ (1)

af
ab

= 8h - 18 + 121x1 = 0

(2) x 3,

(l)-(3),

6m+4h-9  = 0 _ _  _ _  _  _ _ _ .  . (2)

18111 + 12b  - 2 7 = 0 __. _ _ __ _. ..(3)

10m  - 13 = 0

m = r;
IO

222 MA213

4b = 9-6x13
IO



= -6
5

1OY =  1 3 x + 3

.
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