


%.ll%l  2.1.1 filViUsl~~ K = [(a, b)/a,  bE N)  kJllJTdl%J&J'uw'u~  “m”  ¶JU  K ~FXl  (a, b)m

(c,  d) n”dEIl& a+d = b+c 6&4hpl “] (a, b), (c, d) E K
L a
uw-lo

I di t
(a, b) m  (c, d) T%kIDJEI a + d  =  b + c

L

Lale3w41 (993)  nJ (10,4) L.wa1t-h 9+4 = 3;10

LLB:: (10,4)  * (200, 194) Lt43X-h  IO+194 = 4+200

uonilm&a-v%Wh

(1, 1) m  (2,2) fU  (3,3) RJ

(2, 1) f-u  (3, 2) m  (4, 3) nJ . . .

(3, 1) ‘u (4, 2) m  (5,3 ) %J . .

(4, 1) m  (5, 2) n,  (6, 3) m  . . .

K = NxN = [Cl>  l), Cl,% (1,3),  . ..> (2,  lh (2,2),  (2,  3), . . . . (3, 1),(3, 2),  (3, 3), . ..I

?lqnr$Jw 2.1.1 ‘h”  LhbWJl8JkJ%%hJ~Ei  (equivalence relation) IJU  K
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1. fll3iaE6QU  (Reflexive) : (a, b) - (a, b)

2 . nl3RB1UlW3  (Symmetric) : (a, b) - (c, d) + (c, d) m  (a, b)

3. nl3dlWlQ@l  (Transitive) : (a, b)
‘85

- Cc,  4 A Cc,  4 ‘u (e, 0 + (a, b) w (e, 0

&&4  L~l%&Q~~~W%hJYl~  3 <Q

1 .  bW-nEAl a + b  =  b + a ngfrmGiAuos~7uawGu

LWTl3X~U  (a, b) w (a, b) ikJlsJ  2.1.1

2. lps’ (a, b) ‘v (a, b)

hfu a + d  =  b + c SmJ 2.1.1

MiQ b + c  =  a + d

LW’Sl~Q:tu c + b  =  d + a ngn~aa~~~n7a~anuos~i~a~~~

L a
UUclQ Cc,  4 r” (a,  b) QOlaJ  2.1.1

3. ax (a, b) ru (c, d) LbWt Cc,  4 w (e, f)

&&4 a + d  =  b + c

LLR” c+f = d+e COlaJ  2.1.1

LUTlCS641 (a+d)+(c+f) = (b+c)+(d+e)

LWJTXbttfU  (a+f)+(d+c) = (b+e)+(d+c) ngniakc$x

ngn7aRA’El~nla~anuos~~~a~~~

L a
UUt?Q a + f  =  b t e ngndi&mmsi~uauGu

(a.  b)  ‘u  (e,  fl QmJ  2.1.1
#

dmF11n K = NxN 6tCWhfh

&I& K = [(1,1),(1,2),(1,3)  ,...,  (2,1),(2,2),(2,3)  ,...  ,(3,1),(3,2).(3,3),...1

L~IWIJ+T au7Qnum  K mu7mumbO~wan  7 dlmuiiuau~~urftuan~  d.4

A = I(29  1), (3, -7%  (4, 3)> .-I

R = {(3,  11, (4, 2).  (5,  3),  . ..I
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flQl&lYl 2.1.2 &l'v\%lbb&'.  (a, b), (c, d) E K

1) (a, b)  E [a, b]

2) 61 (a, b) E [c, d]  Lb&  [a, b] = [c, d]

3) [a, b] = [c, d] &k&l  (a, b)  - (c, d)

(a, b)  m (a, b) (fpcwEh75~:~~u)

(a, b) E [a, b] %mJ 2.1.2

(a, b)  e [c, d] W%l-S~~‘&h  [ a ,  b]  L  [ c ,  d ]

[c,  d]  c [a, b]

(a, b) E [c,  d] &lft4  ( a ,  b)  - (c,  d)

[a, b]  c ic, d]

(m, n)  E [a, b] &If%4  ( m ,  n )  m ( a ,  b )

Cm,  n) w jc. d) (qnrsru~~nlasiluwQ~)

LW7ltQ3fl-4  (m, n) E [c, d]

&&A [a, b]  c_  [c,  d]

Fltfipci [c,d]  C [ a ,  b]
E

lps” Cm, n)  E [c,  d] &d%  (m, II) 0~ (c,  d)

ud (a, b)  m Cc,  4

LW3lt(b:$%4  ( c , d )  w ( a ,  b ) fpmGin7561uu7~3
L a
uum Cm, n)  ‘v (a, b ) qauRoJGni7diuwom

uamsi1 Cm, n)  E [a, b]

&ispdu ic,di  c [a, b] #
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= (2.5+1.3,  2.3+1.5)

= (13, 11)
Y

ihlOr  2.1.4 ni5~anutwmpIubm  z i%JlU&isQ

ilM%J .[a,b].[c,d]  E 2

[a, b] +[c,d]  = [a+c,  b+d]

Lb/Z [a, b].[c,d]  = [ac+bd, bc+ad]

&iaeeil~  2.1.1 fhHUBl~-r? 3 = [ll,  81 bb8:  2 = [7,  S]

@Gi4 3+2 = [11,8]+[7,  51

z-z [11+7,  8+5]

= [18, 131

MA 202 33



bl8’. 3.2 = Ill,  8) [7,  5]

= [11~7+8.5,8.7+11.5]

= Ill?, 1111

= 6

9aj~i9=~lonw,7inaaa~~~n~~~~  wR~Llanua-,era~bu~~~~~~~~~~~~

?lq’M$lW 2.1.3 ~~!&K%J%IU~U~@I  (Well-defined properties)

ilM% [a,bi,[a’,  b’],  [c,  cl],  [c’. cl’] E z

51 [a, b]  = [a’, b’] bbk4E  [c,  d] = [c’, d’] Lb&

1 . [a,h]+(c,d]  =  [ a ’ ,  b ’ ] + [ c ’ ,  d ’ ]

2 . [a,b].[c,d]  = [a’,  b’].[c’, d’]

9:i?p%1 [a, b]  + [c, d] = [a’, b’]  + [c’, d’]

&JWX&l [a+c,  b+d] = [a’ +c’,  b’ +d’]
2.4

UWID (a+c,  b+d) w (a’ fc’,  b’ +d’)

MiO (a+c)+(b’+d’)  = (b+d)+(a’+c’)

~&mm [a, b]  = [a’, b’] &dU (a, b) w (a’, b’) t’l~93~~?l  2.1.2 $0 3

LEiz. [c,dj = [c’,d’] @hii  (c, d) * (c’, d’) Ylt-j$j~~” 2.1.2 $0 3

LW7ltXXZ~l-4 a + b’ = b+a’ QUlaJ  2 . 1 . 1

blRE c+d’ = d+c’ QfJlU  2.1.1

~Sh2fl6 ( a + b ’ ) + ( c + d ’ )  =  (b+a’)+(d+c’)
ALa

WU@0 (a+c)+(b’+d’)  = (b+d)+(a’+c’) ngniaat-Ti.d  iw

%l%4+hMGJil~~ulm”u
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@wa.Wq~&mlnd.lai1 $1 (a, b). (a’, b’) L~YlUh4aUL&J&Jafk  LLA:  (c, d), (c’ , d’)

,wu~,,a,,~,~nj7uaw,99d9  bGa

\a,b]  +[c,dl LThl%J  [a’, b’]+[c’,  d’]

[a+c, b+d] lt’hf?U  [a’ fc’, b’ +d’]
.:a
u’ufla (a + c,  bs  + d) r%J (a’ -I-  C’ , b’ + d’) LLt'lUhATWh~W2n"ert4

#
~amha  2.1.2 !ps”  [l, 21  = [3,  41  LLA= [5,  21  = 19,  61

+-h13m1 i [1,2]+[5,2]  =. [ 1+5,2+2] = [6,4]

LLRE ! 13,  41  + 19,  61  =: [ 3+9, 4+6]  = [12,  IO]

&WWJdl [1,2]+[5,2]  =: [3,  4]+19,  61

%&I (6,4)  r-w (12, 10)

~or~1=b~~l~MRUfni’5ElanblREni~~~MIU  2

nq~~m  2.1.4 ~suwu~~0aii99a”Elni~~anuR-n7agsu

~lM~¶JlbdA~  [a, b], [c, d] EZ

1 .  [a,b]+[c,d]  EZ

2 .  la,b].[c,d]  E Z

$=ja; 1 )  awa1cfn [a,b]+[c,d]  = [a+c,b+d]  fkJlU2.1.4

atham a, b, C, d LhilPaaUih GmJ  2.1.1
,L

@l.mpa a + c  IbbW: b + d L8WhW&. qaMaaJu?0aiiPs?uni7uan

“umhauiii
&a
uuflo [a+c, b+d]  E Z Qerlni  2.1.1

ud [a, b ]  +[c, d]  =  [a+c, b + d ]

LW1l~Q~~U [a, b]  + [c,  d] E Z

2 )  WXJPauuGhTm
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2 .  rwa1rh [a, b] [c, d] = [ac+bd,  bc+ad]  %JX.J 2.1.4

LdElJ97fl  a ,  b ,  c  bl8t  a c + b d ,  bc+ad  dl9~Lfb'hU?UP?U  (%JlU  2 .1 .1  MC

+pYmii~o~uos~l,au~u)

b&Jmln a c + b d  =  c a + d b t-yw-aJ~~“7’~ET”~

!&fit b c + a d  =  d a + c b ~~nl~~an~~A-nlagnruaJ~luau~~

&&4 [ac+bd, bc+ad] = [ca+db,da+cb]

bd [c,  d] [a, b] = [ca+db, da+cb] i%JlU  2.1.4
L a
pluflo [a, b]  [c,  d]  = [c,  d]  [a, b] puwuu~nladiumom

#
wqM&n  2.1.6 q~blU~~nl’b~~qjlfS~~lHaOElnl~Uan  uazmlqt-u

ilVl%lWk [a, b], [c,  cl],  [e,  f]  E Z

1. [a,b]+([c,d]+[e,f]) = ([a, b]+[c,  d])+[e,  f]

2. [a,b].([c,d].[e,f])  = ([a,  b].[c,  d]).[e,  f]

$ppa” I. &mln

[a,b]+.([c,d]+[e,f])  = [a,b]+[c+e,d+f] %llU  2.1.4

=  [a+(c+e),b+(d+f)]  kl10~ 2 . 1 . 4

= [(a+c)+e,(b+d)+f]  n(~ua~~~nl~~~j,,dilHs”lJn7a

wdnwwhauth

= [a + c, b + d] + [e, f] i%JlU  2.1.4

=  ([a+b]+[c,d])+[e,f]  %JlaJ  2 . 1 . 4

#
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Mi (6,  -7) (2, 3) iI.& [6, 71 = 12, 31

%ilb%-h [2, 31 +[4,4] = [2, 31



&dl~  2.1.5 %I? la,b]  13, 51= bbA: c = 9
,t

~9’uU [3,51.[9+l,9] = 13, 51 .[lO, 91

= [30+45, 50+27]

= 175,  771

&I ( 7 5 . 7 7 )  - (3,  5)

74% 175,771 = 13,  51

wmxxdi4  (3,5]  .[9+  1,9]  = [.3,  51 #

nq&$pl  2.1.10 qnrauGn7sn5:17u

ilGMi~-, [a, b], [c,  d], [e,  f]  E Z

[a,b].([c,d]+[e,f])  = ([a,b].[c,d])+([a,  b].[e, f])

i@jilG  %llaslal~liuGo

[a,b].([c,d]+[e,f])  = [a,b].([c+e,d+f]) %JlaJ 2.1.4

=  [a(c+e)+b(d+f),  b(c+e)+a(d+Q]  %Jl?J  2 . 1 . 4
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= [(ac + ae) + (bd + bf),  (bc + be) + (ad + af)]

~nr~xl~~nlans=8leruosiiPaaPro  '

iham1lla190

[a, b]  .[c,  d]  + [a, b] .[e,  f]

= [ac  + bd, bc + ad] + [ae+  bf, be+ af]

= [(ac + bd) + (ae + bf),  (bc + ad) + (be + af)

= [(ac+ae)+(bd+bf),(bc+be)+(ad+af)]

ihl 2.1.5 L7lndlail  [a,b]  Pa'EUJndl  [c,d] ?ldklbdo a+d < b+c FhM%J

[a, b], [c. d]  E Z

~a0eii-a  2.1.6 [4,3]  < [7,2] &9P1?l  4+2 < 3+7

[2, I] C [8, -91 &WI 2-9 < I+8

nqnr$J?l 2.1.11 8lVi?U [a, b], [c, d] E Z ilZ!%l

[ a , b ]  < [c,d]  f%klL~O~ [ e ,  f]  EZ bsltl?!  e  > f  ~9Yh\fi

[c, d]  = [a, b] +[e, f]

f@jd 16 [ a ,  b], [ c ,  d ]  E Z

bdomln [a, b] < [c, d]

?%Lih a + d  < b + c

ibiodn b + c  =  (a+d)+g

Rdordo ( b + c ) + f  =  (a+d)+(g+O

T%odo c+(b+f)  = d+a+(g+D

ikJl%d  2.1.5

ilMhJl.3  gE N

hJ  fEN
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r%iodo c+(b+f)  = d+(a+e)

n”doda (c, d) m  (a+e, b+f) QmJ 2.1.1

n”dodo [c,d]  = [a+e,  b+f] YitpgJ”  2.1.2 Gel  3

T%iodo [c,  d] = [a, b]  +[e,  f] %JloJ  2.1.3

LW113X~U  [a, b] < [c, d] ?%QL&l  [c,  d] = [a, b] +[e,  f] bWJ#  e > f
#

1. [a,b]  < [c,d]

2. [a, b] = [c, d]

3. [c. d] -c [a, b]

2. a+d = b+c

3. b+c > a+d
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{(l,  2), (2, 3), (3, 4), . ..] = i(a,  a +  l)/aENj  = - 1

[(I, 3), (2,4), (3, 5), . ..) = ia,  a+2/aE  N]  = -2

ag,allferPbuwu~;aer”al~~~~~~

do

TI

l

I2

r3

14

-5 -4 -3 - 2 - 1 0 1 2 3 4 5

MA 202 1 1



Gmuamusap  I,  wm

((17  2),  (2,  3),  (3, 4),  . ..I

Ltuuuanuua.pJ  12 blWl.4

((1,  3),  (2,  4),  (3,  51, . ..I
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m”atwh 2.2.1

216  LY'71t-h~ 3 E Z  &~l%ps” 6 = (3), (2)

- 5130 aws1rxi - 6E 2 k3fd~ 30 = ( - 6 ) ( - 5 )

71-  56 bWSlrhi7 - 8 E Z &h%ps” -56 = (-g)(7)

314 Lwaltil$3.iG IlEZ &KG 4 = n(3)

4 4 MA 202



Tltp$J?l  2 . 2 . 2  Kh a b  E Z  LLRt a / b  L.&J

1) - a / b 2 )  a / - b 3) -a/-b

MA 202 4 5



G$jQd  I )  b&lX~lf! alb

bWal”,Qztu b = na

=  ( - n ) ( - a )

b  =  (-n)(-a)
.Ld4
uwlo -alb

2 )  LdQml a/b

LW31’,0’,~~ b = na

M% -b ‘= - n a

= (-n)(a)
A.4
UwlQ a l - b

3 )  bdQ9Pln alb

LWaltQ~~u b = na

Go -b = - n a

= n ( - a )
LA
uunEl - a l - b #

iik5IeilS  2.2.3 l,&WlIl  316 @h!U bTl!~'-h

1) -316 2 )  31-6

?lq9d$lW  2 . 2 . 3  61 alb LbAt  blc L&-J  ale

il'vIT¶J n E Z

11M9a’EI  -nEZ

au1aJ  2.2.1

dlVYa”y  n E Z

&iaYEI  -nE  Z

GJlaJ  2.2.1

ilVia'El  nEZ

ilWa’El  nEZ

3) -31-6

C = m(na)

= (mn)a i1H~l-l  mn E 2
:.a
UwlQ ale QerlaJ  2.1.1

b'tiOaed1~  2.2.4 LiiNOlfl  316 bEit 6124 hh  3124

THpl$J?l  2 . 2 . 4  aclbc n”&dhl  a]b
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a”adw  2.2.6 $1 4112 l&J 4136 (b@IU x = 3)

WqX&lp1 2.2.6 $1 alb k&3: a / c  &a

1) a/@+4 2) aI

+d I) bdmilm a/b wi~l~Q~~U b = na dlvl?~ n E 2

Mit ale Lwal:Q’,tu c = ma ilH?i  m E’ z

ilb?E3l b + c  =  nafma

=  ( n + m ) a ilMFLl n+m E Z
L a

Ul.mQ al@ +4

2) IGMh.uerdn~~

t$a,“asdls  2 . 2 . 7  LWnY’l  218  blix 2 1 1 6 &I%4 2)(8+ 16) bLRt  2)(8- 16)

WqM$J?l 2.2.7 61 a/b L.KC ale LLt?a  al(bx+cy)  'ilM%'p  X, y E Z

Spd Wdh.wGhK~

r3lYl3lVh 216 (2 MIT 6 WJk) WX-hd 3 E Z &I 6 = 3.2 Ld 3+4 (3 MIT 4
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$aiaeh  2.2.8 ‘WVJ q bbA:  r 89 b = aq fr, 0 < I < lill

1) a = 2, b = 13 2) ii = 6, h ~ -31

3 ) a = - 4 , b=34 4) a = 1 3 , b - 0

MAio2 49



13 = 2.6+1, 0 Q 1 < 2

q=6 Lkx r=l

-31 = 6(-6)+5, 0 < 5 < +6

q = -6 bmr r=5

34 = (-4)(-8)+2,  O< 2< I-41

q = -8 Lbfc r=2

0 = (-13).0+0, 0 < 0 < I-13)

q = o bl% r = 0

MA202



6. (a, b) = (-a, b) = (a, -b) = (-a, -b)

51



(k- 1) Kk-3  = rk-2qk-l  + rk-l 3 0  < fkel  < rkv2

(k) rk-2  = rk-1%  + rk , 0  < rk < rk-L

(k + 1) rkwl = rkqk+l  + rkrl  + o

5 2 MA 202



&dlS 2.2.10 79Hll M.~.aJ.  llQ9  422 LLR”,  68

h4A  202
53
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[a.b]  = [-a,b]  = [a, -b]  = [-a, -b]

WqM$Hl  2 . 2 . 1 1  ~lM?llLLdaZ  a ,  b  E Z’ PZ!g’h

[a, b].(a,  b)  = ab

IFId ( a ,  b )  b’h M.f.gl.  WI9 a  UK  b

6~nlPt~dsj~Pd~lw~~

hNi1,  2.2.11 1Wl f1.3.U. llQ9 128 LLR: 1 3 6 61 M.3.81. llQ~ilUaU~~~Qsi?lo 8

94  0 ~domnami 11128,  136].(128, 136) = (128) (136)

6h.L 1128,  1361.8 = 128x136

.LLl
uun0 (128, 1361

128.136
=

8

= 2,176
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1.1) 162, 49 1.2) 213, 114

1.3) 1032, -25 1.4) - 7 ,  - 4 0

2. 89~@4Wtj33$Dl 2.2.6 d-X.&34

3. wi%yad’y16]33$Eln 2.2.7

4. W~tp6'h  61  alb  LbRZ  bla  bag?  a = b VI?0  a = -b

5. W%$Tld'!l  61 a/b bbRt lb1  < /al  I&k  b = 0

6 .  PWil  H.2.U.  LLR: F1.3’.%4.  slaJuBiaE~uasilMau~~~~~1~~~~~

6.1) 103 LLAZ  62 6.2) 201 LLA:  - 1014

6 . 3 )  - 4 7 8  !&RI 212 6.4) - 1024  NRt -361

7. 3ld~$&'h 61 d = (a, b) b&d  ii, i) = 1

8. PJgpt%‘h  $1  albc LbAt  (a, b) = 1 &a  ale  (Euclid Lemma)
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2) S%Jdps” x,,,  y.  L?hMhF1flWd~7l~ZK&Jfll~  ax + by = c

&&b ax,+by,  = c

Ybb?&l ah-xo)+b(y-YO)  = 0

Mszl a(x-x0)  = - b(y  - YO)

b&l9’alfI d = (a, b) k’i.4~~  dla bbRt dtb

LLassdls~&o4i  r wiz  s 49

a = dr ui=it b = ds

9in (I), LLYlwil  a Lkx b

dr(x-x,)  = - W - YO)

Micl r(x -x0)  = S(Y0 -Y)
L a
uuelo NY,-Y)

. . . . . . . . . . . (1)
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L a
ulm)o yo-y  = rt

Y = yo-rt

Y = Yo-(ijt

LLYlUFh  yo-y  1l.b  ( 1 )  %%i

x-,x0 = St

x = x(,+st

MA  202 59



b
X z x0+-t ,

d Y = y,-it

6 0 MA 202



1 . 1 )  32Ox+112y  =  4 8 0

1 . 2 )  2025x+501y  =: 3 0 0

2. ssP9-lBil~oPrdaau¶Jan  (5li)  voswunl~r~Tobb~Pa'bwddoSnJd

2.1) 294xi213y = 147

2.2) 54x+2ly  = 9100

MA 202 61



0

(I->4  \/  '

3 2
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m"aOeilS 2.4.1

1 2  r 2 (mod 5), bw9iziiG 2 E z 44 1 2 = (2) (5)+2

23 E 2 (mod 7), LWXilB 3 E Z $4 2 3 = (3) (1)+2

- 7  = 11 (mod6). bW-alYx -3 E Z $4 - 7 = (-3)(6)+11

3 t - 1 (mod 2), Wi$lYild 2 E Z 99 3 = (2) (2)+( - 1)

12  s 0 (moNd4), wnlz-hd 3 E z 4.3 1 2 = (3)(4)+(o)

?l~El$J’Vl  2 . 4 . 1  a  sJJaCIFJn”ebn’El  b  rUO$l&I  m  n”dClLdCl m((a-b)

G$j@d a  - b ( m o d m ) lidado a  =  km+b

Tidodo a - b  =  k m

fhioado mica-b)

ii&h 2.42 12 = 2 (mod 5) bhnn  51(12-2)

7 Ws)M$JW  2.4.2 a E b (mod m) n”dOL$O  no MIT a W~~OLfWLThn'ean"pr  m HI5 b

fip;  ilp95J a , m  Ei 2 b3lLGzl a = qm+r,  0 < r < m

ilH% b,mCf Z LalLKil b = pm+s, 0 < s < m
ad%

@l.¶pbu a - b = (qm+r)-(pm+s)

= (q-p)m+(r-s)

bd09Tlll  a  - b(mod  m ) n*dQdQ ml(a  - b)

n”dQLdQ  ml(r-s),  TFItli  r - s  < m

?%QL$Q  r - s  =  0 einbwGh?m  2.2% 5

l%iQLdQ
I

r = s
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2) $1’7  a E b (mod m) L&J  b = a (mod m)

3) 61 a I b (mod m) blRZ b = c (mod m) Lb;?  a - c (mod m)

a - a  =  d

til%%T ml@-a)
&.a

Paun0 a E a (mod m)

3) mn a 3 b (mod m) L51!'%1 mf(a  - b)

Mi: b - c (mod m) L51!&1 ml(b-c)

6JlfU  ml((a-b)+(b-c)]

l-G0 ml+d

bWmwf~ a = c (mod m)

WWlQY$JW 2.2.6

?lqM$lTl 2.4.4 61 a - b (mod m) LbAt c = d (mod m) &‘J

1) a + c  = b + d ( m o d m )

2) a.c  = bd (mod m)
6

$gOpa”  1) Ld098lfl  a c b (mod m) &¶A;0  ml(a-  b)

mt c - d (mod m)
&a
UWl0 m I(c  - d)

bvm’,Qf~U m/I@-b)+(c-dd)]

MY0 ml[(a+c)-(b+d)]

hb?l~~l a+c = b+d (mod m)
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2) a - b (mod m) <iotd@l  a = km+b,  k E I UN:

c = d (mod m) ??dF~tdo  c  =  n m + d , nE1

-8
asuu a c =  ( k m + b )  (nm+d)

= bd + bnm + kmnm + kmd

= bd + (bn + kmn + kd)m

49 bn + kmn + kd L,h~lU~~L%J
A.3
uuna a c = b d ( m o d m )

iibPh~  2 .2 .4 16 S 7(mod3) bbW:  29 = 17 (mod 3)

bW3l~a”~u -16+29  s 7+17(mod3)

vi% 45 = 24 (mod 3)

LLtWXS-h (16) (29) = (7) (17) (mod 3)

w940 464 E 119 (mod 3)
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