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In 1 Y 1  = In 1GI 1 I n (x2-1) 1 = I n 16 ( + I n 1 I n (1-l) 1 l

In 1 Y 1 = i In 1 x2+1 ( + In 1 In (~‘-1)  1

u~filoyw”ua’r;itJlln’u~ x YY.3  2 &J&

1 dy 1r dx= 1
2 (x2 + 1)

d(xj+i)  ~ d In(xm- I)
dx In (x2-1) dx
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d ( x 2 - 1 )
dx

2 x + I 2x
= 2(6+1) In  (x2-T)  (<x2  - 1)

dy
x =y*

2 x (x” - I) In (x2 - 1)  + 4 x (x2 + I)
2  ( x 2 + 1 )  ( x 2 - 1 )  I n  ( x 2 - 1 )

= mzln  ( x 2 - 1 )  ( 2 x  (x2-1)ln  (x2-1)+4x(x2+1))
2 (X2  + 1) (x2 - 1) In  (x2  - 1)

=
x In (x2-lj + 2xJx-i

J-x-i x2 - 1

(Iqgarithmic  differentiation)

~~~~~~wII~u~  1697  h J o h a n n  Bcrnonlli  (1667-1748~

I + du = In 1 u ) + C (7.23)

I a ’ d u  =
<In+-1

oiill=-1
(7.2.4)

-4.
asni ‘Lii  u =2-x2 :.  duz-2xdx

xdx e - f du
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s-l 0
-JRTll 2x+3 2(x+1)+1-  =
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I
fsdx= j.: Zdx+

z z-l-’
x+1

s
3 dx
1-x+ 1

ZZ 2x3: t In 1 s + 1 11;

= ( G - 2 )  +  (In141  -li3(2j)

I
3 2x+3
1 G - i

d x  = 4+2In2-In2

= 4th 2

FiiOthi 7 . 2 . 4  WHI&YBJ
s e dx

s-4 D
,  a m li; u = Inx

du z ; ax

.
. t s I”’  d x =

x s udu (n&i  u ~8: du)

ZZ $+C

= ( Inx  )2-+c
2

110 MA 114



3. y = x (x 1) (x + 2)

(x-4P

4. y  = (5 x - 4) (x2 .t 3) (3 x2 - 5)

5. y  z x3+2x

qKi-

x x+16. y  =
34X-l

7. y  = 3 x
__-

fi)-(xt 2)

9. y zz 34X  t 1

(x-t  2j Jxt3

10. y zz
Xv-i-G

4-c-z

11. s dx
3x-G

12. __s
x2dx
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13. -s 3x dx
5x2-1
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16. -s 3-2x

1 8 . s

19. ~s
In2  3x dx

x

20. s
(2 + Inzx)
n ( l - h )

dx

;a 2 1  &J~EI  2 8  ;J~WIF~IJ~J  de,finite i n t e g r a l kfl’td:

21.

22.

23.

24.

25.

26.

27.

28.

s
e2 dx
’ x

3

s

e dx-
e X

s
5 2x
3 x?-5

dx

5 x
s-4 4-x2

dr

s
2 x3+2  dx
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s
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s
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F3?flUUlUWlJ  exponential function

y =: exp (xl
‘C1  A
nmm s=lny . (7.3.1)

!n p =: In (exp (x)1 (7.3.2)

.  . x = In (exp (x)) (7.3.3)

ain  (1) y= exp (1,1y) (unudi x = 1”~) (7.3.4)

illft (7.3.3)  ;I% (7.3.4) WUili?  2 I!Jr?mii  f ~1:  g <J fog  L$A Identity

function

S.U;tkJlii.  f (xi = In (s)  , g (x1 = asp  (~1

fog (xl = f (g lx))  = In (esp (x)1  = x

gof (xl zz g (f (XI)  = exp (In  (XI)  = x

. *.  fog (XI  = gof (XI  EL?  s
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s-4  D

38ni
2J3 J‘5  I n 2

= e

1.732 10.6931)
= e

1 . 2
z e

4 3.32

. . In A = In !e”)

= a c’.’ In LFh inverse function VW  exp)

InAB = atb

In Al3 a+b
. . e = e

a+b
AB =e

P + (-b)
= e

a - b
= e

(Pin nil. 7.3.2)
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&pf ( oil  jh zz (CC  )

= ebln Cc”)

bo
z e =

ab
e

8h
c
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Ii u z \c . * . du = f x-‘dx . ‘.  du = 2x*  du
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A= o e=dx = e=-I 2 2 0
o=  e - e

= e2-  1
a

e . = 7.39

= 7 . 3 9 - l = 6 . 3 9  mmmix~

MA114 119



-4 *
am

2x+1nx
wn Y = 8

2x
= e E

dY de2” 2*  dxdx  = x dx  f e dx

2x 2x
= 2xe + e

m natural logarithmic function LLR: exponential function adJliIiu”07U

UlJlWd~lUXA  e ~iXi;UtWl.liTJ In e = 1 o:diui3n'lm'u^oixruoJlntlj7u?u  e &tin

~b”21UdJr~T”“W^F1,sn~~J~~U

f (x) = In (x)

f)  (xl zz f

6GiA i (1) = 1

tiiMlfilVE)J  f ’  (1)  ~noZCu^tlluuaJol?w~~~~~~~

f’  (1) = lim f (l+Ax)-f(l)

A x+o A x

= l i m f (l+Ax)-1n1

Ax+0  Ax

I n  (l+Ax)  z 1

lim In (l+h)
l/h

= 1 (7.3.8)
ll+0

ttd9ln  exponential function l?h&%i.bwn&aoJ  natural logarithmic

function ;Siil

lim (1 t- h)l’h  = lim exp [ In (1 + IP  J

h+O h+O

(7.3.9)
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. . Iirn  exp E In (1 +hjPlh  J = csp [ Ilm III (1 *I-  h)“h  ]

h-)0 h+O

= exp 1 = e (LW17Z~l lim In (l+ h)‘!”  xl)

h-+0

trnufimlu (7.3.9) wIti

lim (1 + h)t’h = l

h-+0

(7.3.10)

h 1 0.5 0.05 0.01 0.001 -0.001 -0.01 -0.05 - 0 . 5

P (h) = (1 +h)t’b  2 2.25 2.65 2.70 2.7169 2.7196 2.73 2.79 ‘4
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lllJlJd”&l  7 . 3

3 . y = 20
-4X

4. y = esx

-3x*
\. y = e5

6. y = $-

7. y = $

10. y = In ‘z

11. y = x5 e-3’nx

12. y = In (e’  + ecX)

rlnx
13. y = e

14.  y = ~~d4+fxz

innu’n 1 5  &u”o 1 8  FIJ~~?VDS 2 TWl’;a’
dx

Imp i II c’t differentiation

15. *= * e’  c a
x+y .

L x 2?
16. ye i-xc  = 1

17. y2 eax  * xy” = 1

18. d = In  (x3  + 8y)
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l!l.  j- e2-5x  ds

20. j- r?+l  dx

21. j- + d s

22. j- e3= e’” dx

23. $ e3x
(I - 2 e3x  )2

dx

3

27. j.: e*’  dx

28. ,; $&  dx

29. j-i ,$--I2  dr

30. ~:e=;e-x  dx
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il~~L~il\lzii)~  natural logarithmic function ~8:  exponential function lSl9:%1

d o Y * Y
exponential function  YfJU~lU a uu:u~rufw.kv&unu  exponential func-

x Y
aa

x Y
a +a

(a”)’

(abjx
0

a

x7-y
= a

x-9
= a

x9
= a

ZZ nXbX

= 1

Iuni~w~iio~wira’uaJ  exponential function PlU  a U”uU:tGlU

x x  ha
a = e

-$. (a”) = i (e”  Ina)

7.  ha d
= e dx  (x Jna) 1; chain rule

= e ’ Ina  (Ina)  (2 = 1)

$ (a”) = ax  Ina (7.4.1)

n’llii  II  L~u~JfiTdi(llaJ  x &ml$u&ur;3a

& (a”) = au Ina $ (7.4.2)
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t&A  c;llii  y = 3x2

. dY 2
.  .

z
zz 3" In3 3”)  (\iiEW7.4.2  rib  II = x , B  xx  3)dx u

dY-= 3 x2
dx

In3 (2x1

tta:mtp5  7.4.2 ~:“in’ips  7.4.3 41

s ciUdu = ;ia  + c (7.4.3)

.
vi&&n*  7.4.1 eJwlFilmJ

s1'
3 x

10 dx
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9
- r~  3.25

= 4h2
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y lna zz Inx

lnx
4’  =-

ha

lOg”S Inx
“ina

(tLnufi7 p = log,n )

he
.  . log,e = - = l

loa iFa

(7.4.4)

(7.4.5)

o1n (7.4.4)  u1oywira’~  2 u;JthJih  s

. . 2 (logax) = +& & (Inx)

$ (logax) - & * f

; (logan)  = logpc y (7.4.6)
u

ih&Jnd  7.4.5  riluURlCI x+1y = loglo  -
x2  + 1

QJMlilVDJ *
dx

-4 0
3rni x+1

8in 4’  = loglO -
x2+1

uio 4’ = log,, (x  + 1) - lWl0 (x2  + 1)

&Ju”u  dy = ‘OglO d (x+1) log10  e d (x2 t I)_ _  - -
dx XC1 dx - x2  + 1 dx

h?nWym  7.4.6)
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= log10  e- - 2 x logloe
x+1 x2+ 1

=
1 1Oglne  (1-2x-x2)

(x+1 j (x2+ lj

f Cd  = x* t&l  s > 0

ttcj, f’ (XI  = “?I (7.4.7)

nlnx
y =e

dy

x= x (In / x 1 + 1)
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ll¶J9JibtG  7 . 4

1. I (xl zz lox

2. f l:x)  ?I  23r

3. f M = 35x

4. f (x)  = 6-3x

5. f (:x)  = 8
x2

6. f (,I  = 10”

7. f ix) = 25x34x2

8. f (xl  = (x3 +3)  2-‘&

10. f (XI rzz  loglO  -5
x+ I

11. f Ld  = dlog,x

12. I lx) = loglo  s

13. f (x)  = loglo  [ log,, (x+1)  )

14. f (XI = log:, [ log, (log,x) J

15. f (XI  = X*4

16. f (x) = xlnS

17. f (x) = .*
2

18. f (x) = xx
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19. f (x)  = LX)”

20. f (4 = hxY

21. f (4 = (InxY

22. f (,I  II !4  ex)3x

8muj 23 n”Jc3  32 ilJMl+illlOJ  indefinite integral

23.

24.

25.

32.
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8in

t 0 30 60

A 50,000 75,000 A60

CIA
t

= kA

dA
x

= k d t

s dA
-ii =

kj- d t

In j A / = kt + C,

/ A j = ekt+Cl = ecl.  ekt

‘Iii ecl ?z  c

. . I 1A zz Cekt

A = Cekt

wn t = 0 A =, 50,000

rtnufhlu (7.5.2)  il:l.ri

50,000 = c

ttnufh  c lu (7.52.) di

A zz 50,000 ekt

Bin -1 = 75,000 , t zz 30
30k

. . 75,000 = 50.000 e

30k 3
e = -2

(7.5.2)

(7.5.3)
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da t zz 60, A = A,, (iiu?udmm~~ut?m  60 ii)  UVRA~U  (7.5.3)
6 0 k

A60 = 50,000 e = 50,000 (e30k?

= 50,000 ($ = 50,000 x ;

A60 = 112,500

81nm515  t = 32, A = 2,000

:. 2,000 = 1,000e'2k
. 12k

..e = 2. :. k = k In2  = 0.05776

A = 1,000 e0.0s776t (3)

8vw1731J t = T, A = l,OOO,OOO

ttnuIu (3)

1,000,000  = 1.000 e0.05776T
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. .
0.05776T

e = 1,000

0.05776T = I n  1 , 0 0 0

T Z---Z  In 1,000 119.6
035776

t?Juilu7unoJ~
__- - -

thh7UIIaJtmhJ

kt
A rx Ce (11

wnmim t = 0, A = 60 ttnuIu  (1)

60 = c

k t
wn (1) A = 60e (2)

mn611315  A = 30, t = 1690 ltnu~u  (2)

1690 k
30 7 60 e

1690k
0.5 zz e

. . In 0.5 = 1690 k

k _ In 0.5 0.6931-=------= -0.000410
1690 1 6 9 0
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tlnwil  k tu (2)

A = 60 e-"'000410t

3 3 x
0 ,, 1, ii%  ”
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dx 3x

2-i = - ii0

s dx 3
. .

x
=- s

dt
100

In  x = -

I I

0.03 t + c,

-0.03 t
x = C e

vnmi~  &I t = 0, s = 700

.  . 700 = c

wn (1) km.4&  C, x = 700 e
-0.03 t

wwmi~ t = 60, x = x60

9)

LLMUfillU (1)

(2)

unuf-hlu (2)

-1 .8
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s dx
-= skdl
x-35

x-35 1 = kt + C 1

5  = Cl? + 35

81~~7~~L318~~~R131J~~

(1)

1 0 40 100

s 120 60 s 100

wmm &I  t zz 0, x zz 120 LLMUZU  (1)

. . 120 = c f 35

. . c = 85

unu&  c lu (1)

.\  zz 82 + 35 (2)

9lnmlnJ  &I t zz 40, s = 60

. . G O = 85 e40k -I- 35

k = ; (In  5 - In 17)

= !i (1.6094-2.8332)  (In 51,h  17 ~wm7lJniuun)
4 0

138

LLMUFil  k lu (2) = - oao306

. . s = 85e-“*0306t -I.  3 5
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t 0 4 T

x 80 96 128

s
dx
-= s kdt
X

kt cl
x =e.e

c l
liie EC

kt
. . x = ce (1)

mmm tih t = 0, x = 80 unucii'lu (1)

80 = c

unui-1  c lu (1) ~~15
kt

x r= 80e (2)
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w-mm  &a  t  = 4 ,  x = 9 6

96 = 80 e4’

4k 9 6
e = 80 = 1.2

In 1.2 = 4 k

k = $ In 1.2 = f (0.1823) (oin@mlJYoJ  In &WI)

= 0.0456

s = 80 e00456t (3)

mwmdo  unu’lu  x = 128, t = T unuIu  (3)

128
0 M56T

= 80e

0.0456T 1 2 8
e =gy= 1.6

0.0456 T = in 1.6

T h 1.6 0.4700=-=== 10.3
0.0456 0.0456

1 4 0 M A 1 1 4
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:. A = 500 (1 + ; x -$ = 500 t 12.5

100 (1.01) n%iLhIiiGiu
- da

= &“5ufhwu”  6 tih wmw4vi%cmm~Ju

= 100 (1.01) (1 + .$) = lOO,(l.ol)  (1.01)  n~c&GiuDln  9 r&u ih:

A, = P(l+;i;)n

MA 114

(7.6.2)
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A, = A, (1 + i) = [P (1 + i) (1 + $1 = P (1 i A)”

.  . A ,  = P (1 + ;,”

:.  Ak+l  = A, (1 + ;f;)  = [P (1 +;)k]  (1 -I- A)

Ak+l  = P (1 + ;,,+,



A = P (1 + A)“’

1

.‘. lim  (l+i)m’i  = lim  (l+z)’  = e
rn+c0 m z+o+

-‘.  lim i(l+i)““‘i’”

m-ho i

= jlim (l~i)m’i7it  = eit
. m ,J (m-S02  m i
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.Q8t  = ln14-In9

t = .; (2.6391-2.1972) (9vwimJms  natural  Jog)

= 5.53

P = 1,000 (1 + y?
- 6
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P = 8 3 7 . 5 0  mn
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