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iaunswivawifgn L Sonaunmilressdun (coordinate axes)
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afianedl cuuangn Benewgd 9.2 szuulenssdiunwuyifaed
ﬁaLﬁunﬁéjszuuﬁaéﬁu (left-handed system) Agdo vouil faveasuio
Taluniuav LA
Tauwy 9 T (sadindanlyszuufiond whw@INIzn MUATENIY
Traasfium 3 S2uU (three coordinate planes)
unu x uazunu y azeylusziqu Xy
WNU y WASUNU z 9TOlUITUY vz

URT  WAU Z WATWNU X Iroglussuiu xz

fusdunfauuasdiuuIhunasdiu (x, yy z)ednuduiusiuunaas
W P lud llaaudfivav suefin
L) l'“
szocfiifimavzay P aanstuau yr o Sunan leoesdiun x
= * 'ﬂ
szusflifiimavwey P 3Inszuiu xz 1Sonen lnaesAlun y

=l ' .‘ﬂ
war  szuzfiftavavesy P anTruiu xy 1Sumn 1eeasdiun 2z
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Tnesss iunivaufiide csunqn rectangular cartesian coordinates
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yavyn uasdnismulunifvranils  (a one-to-one correspondence)
sz uduaSauuav s Suinaafuatud idaaudinag Lsyrada

. L] 0
Wuszuudida (%unan rectangular cartesian coordinate
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szozwvengale q vuEuns cauiuluds szutviuasdan cgue
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QﬂﬁﬁnNﬂuuLéﬁﬂiﬂtéﬁﬁhﬂTﬂaa{ﬁLuﬂ x iy

(2) LAURSY LN TR TUY X2 fnaiula  (LEf)
aafanuauu dua sy tanfu dlasasdun y W
(3) i@umsy idunilvruiufuszuau xy finoiidn  (iff)
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wazdlneesfiug z

(2) wumsy isuntlvouutuuny y feeida  (Liff)
iUl EuR e i Flraasfiun x a s
wardlreasmiun z 1niu

(3)  tdunse sundeutuAuknu z fredde  (LEF)

A - [ - - L]
IRVIMNALL IRUR T LI Tlreasiiun X (v

t

wacdlnassdiun y  in i

__'fq

sSymguffrevfAsineds 13la

IPlpzlz = , {“_1 (1)

2
LRFIET lPlAl = IP Bl 'BAI (2)
e——————— 2 ]
UNUA PlAI 39n (2) Tu (1) sanzla
_“_2 2 2
plpzl = !PlB, + IBAI + ,AP ,
- 2 2
= ) ‘) (¥,-y.) %y (z -z,)
P1P2' (k=% 27Yy
& e 2 2 2
oy Plel = \/(xz—xl) *ly,my ) (z,-2,)
YR,
AU 9.1.2 swszpzAlun muafiamavsznanegs
P(—a, 4, -1) was Q(Z, 5’ -4)
-
ol IPQ [ = A/Qz+3)2+ (5-4) ¢ (-a+1)°
= .¢/25 +1+9 = 35 gay

U 9.1.2 nsveavaunis iy R3 fia Lﬂnwaviﬂﬁﬁuuﬂ (xy yy 2)

duﬁinaaéﬁ;uﬂ;ﬂﬁaﬁuduﬁaamnéﬁvLﬂu1ﬂn1uannﬁ1ﬁh

nsvuevaynsiu R> d8a.%un7n #udf- (surface)

™
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3 » ) - Y
taslu R aunsiffie sunnswevszuiu degniveaniuuamun wavituiy ¥z
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ssunufigutufiuszuou Y2 ﬂ:ﬁﬂuﬂﬂﬁadﬂuiﬂ X =
da k udusnaed
ssuufluautusiun X2 asfaunnsegiugd Y = K

(I sutuflouutuszuy XY Q:ﬂﬁunﬁﬁadiuiﬂ z =k

3 PRI

T R® naviasgunisdndmilelesmillu x, v uaz 2
ha AXx + By +Cz+D = 0 sty
szuruazgnnimuedu Tay

1) aeawyed lulaaguu taus sedu thu i

LHUR VDY LEUdTR

(
(2) vauns 3 Launily uazqa 9 nﬁviwidiﬁaduuLéﬁﬂivméﬁﬁﬂ
(3

et

(4} CFUA T VYU UITUE BN LU

1““111ﬁﬂjﬂ?:uﬁuﬂ1ﬂﬂuﬂﬂﬁﬂBQ53N1U W:ﬂ:ﬂ?ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂdﬂﬁ:uﬁu

TuFaunazunulraasfous (Hunau

- - & - ' s
Treasfun x wevye AN ifaduainszuiubudaunu x fifai3un11 x_intercept

L
YoaNIauUIIW

Tanasfiium Yy 28v4n o (finduainszunuiii FRunu y o Zunn

vy intercept UD9 S EUTUNY

- o X - o N
warlapashun z wavye A9 ifntusinasunuiudaunuy 2 ida L5unan

z intercept 289 T UL

' o
ADUN 9...3 W gUITUY deffaunts  2x + 4y + 3z = 8
Tron1sumien y wad  zmafiugue ezla x = 4

fuill x intercept wavITuIu fin 4

Tuniuas Lo 15 sz la  y intercept Wwa: 2z intercept

2aNszuIuLdu fa 2 @z 8 @uandu -

& )
weazazdu stuudRuny x Wnu y uasunu z ARn (4, 0, 0)
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o >~ I ] A -~ -
tfenn taun v Waumes sn T aaafioeaw vinaslagussuusauneeni g

p
e
X
ﬁﬁﬂdIJ 9.1.4 WamUizunu defaunis 3Xx+2y 62 = 0

Tun+aud SEUNUHAURD LUnuiigan’ (ln
1113704 x = 0 Tuaunasitnmunin 1s79:18 v - 32 =0 4 iuiaunsy
Wszuw yz uazduwmsy cudi Ainsanniadniu semi1essua yz fuszuny
Antmualn Tunuee ifeamu (aunseil (fedisannn WARLI TR S Su Xz
fuszuufinmunin fazlaainns y = 0 uazisafesln x - 2z = 0
tdaan iaunsuivaey caud WAZAIN LEUATIRINAR 9w TR T LFunte LU
9 9 wilouu tauRseBn L Funily vifaz laguszunuanumeenis

(BURIY Y - 3z = Ouazigumiy x — 2z = 0 7d8.3un71  traces
ﬂﬁﬂi:UﬂUdnHHuﬂ1ﬁ1u1:uﬁU Y2 URESTUU Xz suathiu

wma x = 0 ouaun13wevszun yz anzae (x, y, z) oy lu
stuw yz fimefla (iff) x = O

Tunuev 1AM quns y = o uaz 2 = 0 LUAUANTRENITLIY X2 wazsEuqu
Xy  fnulhdu
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Uy 9.1.3 nsynay (spherel #a LwnmawﬂﬂﬁunaﬂuiuﬂLUﬂaﬁuﬁﬁﬁadﬁﬁv
anypaviiganids Liuszuznas iy geeetiida 1Sund qagquinany (center)
gowmsynsy wazszosnaveediddo 1Sunan $ell (radius) YD INNAU
ﬂQHﬁ 9.1.5  dun1svawmswnaudad na:ﬁqnquﬁnaﬂvadﬁ (h, k, 1) @o

(x-h) 24+ (y=k) 2+ (2-1)% = 1°

‘ﬁq%ﬁ ngn (h, k, 1) Wyuunusaodudnee €y P(x, ¥, 2)

fio 3@ 9 nilvuunsvnan fiveuda {1ff)
was 2 Ifiﬂ = T

R O e e S

gnNNRNTaININEDIY Y

(x=b) 2+ (y-) %+ (z-D? = 1
UA.HN

N

C(h,k,l)
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AIBUN 9.1.5 ImIsunIvewIvnan deliyequonaivagiye C(2, 1, -1)
URZUSIYRR (9, -4, 0)

-dq , -
WA Sadwownsenaui] fa

r=Jer] = -\/(9-2)2+ (-4»1)2+ (941)2 = al75

e e

& =&
LASIZATHU ﬂllﬂ']'i‘lli]“ﬂ'i\’ﬂﬂﬂ'ﬁ ﬁ'i]

=% (-1 % (z+1)2 = 75

win x2+y2+zz—4x—2y+22-69 = 0
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ﬂ

Ly

L [
10U 9.1.6 FILFAAN N T 1IN ONTL RS

)

x2+y2+22—6x—!+y+22 =

LIunaenen wazswnngaguEnasuas Yaluawnsenaui

B x2+y2+zz—6x—4y+2z = 2

il

x2~—6x+9+y2—4y+4+z 2+ 2z+1 2+9+4+]

(x-3) 24+ (y-2) % (241)° 16 deiih

sunisyawsenauiynquinavagiyn (3, 2, -1} waziddwd

0ty 4
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<4 LY
uuudna

-~ [ o p L]
2a 1 flvge 8 auﬁﬁﬁ:u:ﬁﬁun1wuﬁﬁﬁw1uﬁtn1ﬁv A usr B

1. A (0, 0, 0) ; B (7, 2, 3)

. A(l, 1, 1) ;B (3, 4, 2)

. A(1,1,2) ;B (2,3,5)
4, A (2, -1, -3) ; B (4, 0, -1)

5. A (3, 4, 2) ;B (1, 6, )

b. A (2, -4, 1) ; B (1, 2, 3)

2
7. A (4, -3, 2) B (-2, 3, -5)
8. A (-2, -1, 5) ; B (5, 1, —-4)

9. ﬂuﬂqaﬁ{ﬂzﬂﬂ (L, -1, 3), (2, 1, D uaz (4, 2, 6)
vugruamu (vertices) wanaﬁntnﬁuuquaﬂﬂQUnﬁv WALAIINA
fuduoviu

10.  caunsy wunivaaniaugn (6, 4, 2)  ursdvaanfussuiu yz
avuﬂTﬂaagﬁLuﬂwanﬂuuLﬁhﬂﬁﬂﬁ#adﬁqﬂﬂﬁﬂﬂﬂ (0, 4, 0)
(Fuszeznie 10 wuw

11, wefigunnge (-3, 2, 4), (6, 1, 2) uar (-12, 3, 6)
aduunﬁhﬂiuﬁhLﬁUQﬁu TﬂUTﬁQﬁsszu:ﬂﬂw

12, svifouquninveay x = -2 lu Rl, Rz, war R

13. uiBuugunsnrkiey x = 6 uwar y = 3 lu R? wax R’

28 14 fava 19 wwaaguszutufntmun’in '

14, 2x-y42z-6 = O

15, &4x~4y-2z-9 = 0

16. 4x+3y-12z = 0
17, y42z-4 = O

18, 3x+2z-6 = 0

19, z = 5
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20,
21.
22,
23.
24,

25.
26.

27.

28.
29,
30.
31.

- » g . -~
2o 20 fivwa 23 vwrEnntseevsrundusiynieeuinmunin

(3, 4, 1), (1, 7, 1), (-1, -2, 5)

(0, 0, 2), (2, 4, 1), (-2, 3, 3)

(-2, 2, 2), (-8, 1, 6), (3, 4, -1)

(a, b, 0), (a, o0, ¢}, (0, b, ¢)

FINIFUNISTLOINSIN WY ﬂuﬁﬂﬂquﬁﬂaﬂvadﬁ (3, 7, -4) ua:dwuﬂn

(5, 1, -1)

ﬂvn1ﬂuﬂ11mavn1unandnﬁqﬂquﬁhaﬁvadﬁ (0, -4, -8) wazd4nd 6
NN Seunsenay dedya 4 uazflynrunnaivsautiunsenay ded
qun1S x2+y2+22—2y+82-9 = 0

aunwaun11wauw1vnauﬂvdﬁuqm (0, 0, 4), (2, 1. 3), uaz (0, 2, 6)

un:ﬁﬂﬂquunaﬁgadﬂus:uwu yz

28 28 fNwe 31 AWMINImuavaunt AN muain

x2+y2+22—8x+4y+2z*4 = 0
+y4z2-8ys62-25 = 0
+y2+22-62+9 = 0

X +y2+22~x-y-3z+2 = 0

X

X

RN N

204 MA 114



(¥ L 1 4' o, 1 4‘ [ ¥
0.2  Wilttvesdusmmisnannn iagunls

(Functions of More Than One Variable)

UM 9.2.1

WU 9.2.2

UOY 9.2.3

WU 9.2.4

WU 8.2.5

MA 114

' i 0 U
LR ANTUAU N AV ENBERIWINAsY 1 Tunan @l
¥

° = - - - n
U n I was ouwnusofndnee R AU noonn

uAas AU (Xys Xpseees X)) Vo yplus e 9huoun O

Monduzaedudsen n ¥ An wegesdusuglud (P, w)
demusuaflunnaeuses il q a:lufdguadusn o

P lugeludidesiuou o 06 war w o tuawousse geway
Al vl eianuawas P 9do13unan lad (domain)
aaethrdy waz \asaavenid (il Ulamuesey w TFe 15unan
Wadt (range) =wawNendu

e 2 1ﬁﬁa:LﬁuiﬂiﬂLuuwaﬁﬁnﬁﬂnwauﬁhuU1ﬁﬁ n f Ao

n .
e aavynlu R uardfdo fls wrwseauuadhy

o1 £ uduionfuraesiudsad el uar g ciuienduza
#audsnn 2 W1 waaendulsznou (composite function)
f.g fa Mnduyavmudina 2 9= dedoawla
(f.g)(x, y) = f(glx, y))

uazlaiuuwey £. g fa wraeviavvnue (x, v) lu

Taumae g @ glx, y) egtulamasy £

a1 f;ﬂuﬂhﬁﬂumagﬁduﬂﬁﬁﬂ 2 #7 waqnswuey f A0 Lo
wpvyaienun (x, v, 2) lu R deg (x, y) tiugalu

Tawmeay f uazr  z = f(x, y)

a1 £ i nduaeediulsan 0 ¥ WaIns oy £ Ko 1awm
e n+l
gavyafionun (X, Xgseeen X 5 W) u R

Ao (xy,%5500es %) Wugalulauueee £ uas :;

w = f(xl,xz,..., xn)
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L] -
0813 9.2 Tawugaeiiundu g Ro wawavﬁhﬁhw?amﬁ%nnﬂwauﬂﬁuqu

W% (x, y, z) d

g(x, v, z) = x-Sxztyz’
!kwna (n)  g(l, 4, -2)

() g(2a, -b, 3c)

(n) g%, vi,2h

(“) g(y: Z, _X)

12-5(1) (=2)+4(=2) 2

It

B (n) g, 4, -2)

1+10+16 = 27

=

gy

—

(w) g(2a, -b, 3c) (2a)2—5(23)(3c)+(-b)(3c)2

432-30 ac—9bc2 oy

]

x5 252 (25)+(5%) (252

i

(ﬂ) g(ng st 22)

4

3
jw]
c

x4—5x222+yzz

I]

y2—5y(-x)+z(-x)2

(“) g(Y’ Z, —X)

y2+5xy+x22

1t
=
o
[t

|

| o . -~ 2
AI0UN 9.2.2 nmualn £(t) = Int  uar g(x, y) = x+y
2w b (x, y) a1 h = f.g uazawmlaiuuwes h
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hix, v) (f.g)(x, ¥)

= f£(g(x, y))

= f(x‘2+ y)

-]
o1}
(=4

= 1n (x2+ v)

Il

. 2
arlaiuusey g e tonepeypianunlu RT waslaumwes  f
fa (0, +o0)
2
wsnzasiy Tauuvas h A omwavyminun (x, y) de x"4y > 0

waly

—_

MA 114
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1.

(P
.

10,

208

) W
uuuHnia 9.2

Intondu £ aaeduwdsan 2 M X uas
Tugu (B 2y z = (x+y) /(x-y)

(ﬂ) f("3, 4) >
i“) f(*X; Y)-f(x, —y) >

Wondu g wevdulsfn 3 1 x, v, uas z
. 27
vanun ugd (P, w) & w =\ b-x"-y -z

() f(xz, y2) H

Y 1 ignuavdudiugiunun

PN

(n) [f(x, y>:|

(%) Teinuvav £

2

(o) AdpoDy f

v ameedu e

N
(") g(1, -1, -1;; (¥) g(-a, 2b, 1c)
2
(") gy, -x, -y) (v) lawuwav g 3 (3)

9 2
(a) [;(x, y, 2) = glx+2, y+2, z{]

a3 fuwa 16 W I Luunasfaou ok ru

f(x,

fxy

fix,

f(Xp

F(x,

f(x,

f(x,

f(X'

y)

y)

Y}

y)

y)

y)

Y¢

Y

/ 2
= f25-x —y2
X
= X V25—x2A-y2

X

il

25-x2_2

:

= ln(xy-1)

It

ln(x2-4y)
z) = (x+y) Y z-2

z) = ln(x2+y2+22—l)

C

Aduwey g
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

f{xy

f(x,

£(xy

f(x,

f(xy

f(x,
aa 17

f(t)

f(t)

A mualn

MU

" -
ATMue N

NN

MA 114

¥y Z)

Y 2)

v)

y)

v)

¥)

i

,xl Y/2

_x
lv |-zl

4x2+4y2

1 (x2+y2)
4

16-x2—y2

=4/ 100—x2—y2

wazga 18 awn hix,y)nn h = f.9 uwarawmilawuesy h
A/t y gix, vy} = ex—ey

t
e 9 glxy v)J = vy ln x

f(xy v) = x~yy glt) = V[t y hig) = 32

(n)
(%)
(")
(v)
(9)

(g.£) (5, 1)
£(h(3)y g(9))
£f(g{x), hiy))
gl{(h. £){xy y))

(g + h, (f{Xp Y))

£(xy v) = /%5 glx) = x2, h(x) =V x

(n)
(%)

(h . £)(2, 1)

£{g(2)y h(4))

(7)  £lgyx) s hix2))

(v)
(3)

h{{g . £} (x, ¥))

(h . g)(£(xy ¥))
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- ¥ & ¢ W wr ] 1'4 o L] A
2.3 nunuwm:ﬂamowaqﬂm‘uu'\mqmuﬂzmmmm'mummmm
(Limits And Continuity of Functions of MOre Than
One Variable)

HUTH 9.5.4 3l P(xl,xz,...,xnj UL A(al,a y al

L
2 r

{u Tu R” waase Y : it 3 y
LLURATBNS ALY R URISTHENINSEns 1y P usy A 99 i fuuuvuaododnwe

IIP-A‘!ﬁa

“P-All = V/(xiﬁal)2+ (x2~-a2)2+...+(xnwan)2

61w RY W P = x uar A = a
”x—a” = \‘/(x—a)2 = |x-a!

. 2 .
a1 lu RT 191ln P =(x,y)uss A = (x_, v

Ikx, Y)-(Xoy yo)[’ = v4x~xo)2+ (y-yoi2
wazonlu R (540 P = (xyyyz) waxr A& = (xo, Y ! zo)
Ikx’ Vv z)-(xo,yo,zoﬂ[ = V/(x—xo)2+(y—yo)2+(z—-zo)2
WO 932 a1 A udhugele R war ¢ ofustuauuan uaagnnay L n
{(open ball) B(A ; r) fin xﬁhmaviﬂﬁunum Py R
d |l eall <>
HINY 9.3.3 a1 A ugelu RT war v (duatuouuan us3gnnauda

(closed ball) B [.A § r] fia «Ieuavyaionun P lu &Y
v ” P-A ” = x
nunumea gnnau 1y Rz ueady 15115un90 weunau e {open disk)

2 - - ’ L] .
uazgnmaudnlu RT vavadeistiSenin wwnunauin (closed disk)

> 1 - »
01 a whigalu R waagnnauitn Bla 3 r) & (dauavymionua

x lu Ry | x-a L(: r {9.3.1)

imusegnionun x idulumw (931)  ffe 1dmusvgefanunlugiv

tdn (a-ry atrx) #ofugnnau i on B{ayr) u BT o v OnfS
wnavagd a wezemisiveydl a-r war atr gonsute Bl:a; r]
W K fe dralin [%-r, atrj
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> 2 -
01 (K yo)tﬂu\ﬂ1u R®  usagnnau ida B((xopyo)ir)ﬁa L IRYDY

. 2
andonua (x, y) u RS @

Hx, y)-(xaqyo)[l<i r— («.n.10)

w¥a V/(x—xo)2+ (y-—yo)2 (: r

. 2 - £z
futiu gnnau 10n B((xog v i r)  1u R® szuszneutuniuymiomun

Tufuiinoly dedeudauinonanfifysduinaveydl (x sy uszd¥ed =
gnnanda B [(xo,yo),r 1 R® fo dnuavisimunlugnnay 10n
B((xogyo) § ¥) ua:uuﬁnnauﬁﬂQﬂﬂuﬁna1qadﬂ (xo?yo) warflded

» . 3 L ~
a1 (xogyo,zalﬂu1ﬂ1u r>  warannau i ln BUX vy 22.) r)

& ~ 3
#o (inwanyananun (x, y, z) W R ay

”(x? yy Z)- (X » Yorzolll<: x (9.3.3)

2 2 2
ﬂ%’ - - - /
2 \/(x x )7+ (y-y )} + (z~z } < r

ol qnnauiOa B((x_sy_s2)) § r)lu g3 azuUstnauduniuye

z v y - "

Fomunlufiufiniely dwiaudeulronsensuiinquonaveqfl (x_yy 42 )
o "o

wasiddall

WU 0.3.4 n £ udendusaeiiudsen n §a degniisruaguugnney 1a
B (A ; r) osnucufyn A usa8dnwavf(P) wwzidle P oignlng A

fo L Aesr idouanulalugd 1im f(P) = 1
P—»A

-~ o - 3 L ‘] -~
a1 ]f(P)—LI Ao INIAn M L3 maenns

TﬂUﬂﬂﬁwH[|P-AlI I idnifuema ua ['P—All:>0

VW o35 AN P ouduiendugevdaudse w #a degniioweguuukunay i

B ((xo,yo) 5 T untnuﬁﬁﬂ(xc,yo) wan

lim f(x, y) = L
) (x,y)€>(xo,y0) .
i | EGy)-L | awsanaladn o Lsweans
Taansns J'(x-xo)2+ (y--yo)2 v L1&n tieane

) \/(X-xo)2+ (y»yo)z > 0
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199U14 9.3, M lim Ix-y
(X,y)é(l,ii) 27){3_ 3

Y
a4,
/M
lim Ix-y = lim 3xK-y
3 3
(x,9)-5(1,3) 27x°.y (X,y)~—>~(l,3)(3x,y)(gxz+3xy*y2)
= lim 1
Oty y)—a(1,3) gy2 2
#5y > (1,3) 9% +3xy+y
= 1
Lim (9x2+3x + 2)
(x,y)-(1,3) ry
= L = 1 Aay
9+9+9 27
L7 L) ° -~
10U 9.3.2 musln f(x, y) = Xy
Xty
VaRgALA lim flx,y) Wil (not exist)
(x,y)>(0,0)
ﬁqnﬁ Tﬁ'Sl (g vyafonusmuuung x wds
lim t(x, y) = 1lim f(x, 0) = 1im 0 = 0
(x,y)(0,0)- X0 x~20 x2+0
(p Iusl)
n S, L Ldnmavyafonuauy gy sy ¥ 7 %X uan
lim f(x, y) = lim f(x, x) = 1im x2 = lim 1 = 1
(x,y)>(0,0) x> 0 X0 x2+x2 x>0 2 2
(PquSQ)
(W$IE3 lim f(x, y) # 1linm fix, y)
(x,y)=(0,0) (x,y)=>(0,0)
(Ply 8} (Plu s,.)
. 2
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WS Easii 1im f(x, y) wien e
(x,y)= (0,0}

9G.R LW,
AovN 9.3.3 nwmunln flx,y) = x2y
T
X +y
figeuan lim F(x,y)  wmalild  (not exist)

(x,y)»(0,0)

- ¢ »> -
wgou  In S, uluidnvevaaiunuauuunu x neumt y unulaununis

dofu 01 (x,y) agiu S, » Xy = 0

S ERETTAT lim f(x,y) = 0
{x,y)—(0,0)
(P lu s.)

n 8, 1ihuidnvavymiomunuy iauase cautlaauntds deuugantie dofu

01 (x,y) ugeeglu S, , vy = mx waaisnazle

. . 3
lim flx, y) = lim _ mx"
(%,y)->(0,0) x—»0 xq+m£x2
(P lu s,)
= 1im mx = 0
x—> 0 2 2
X +m

W 85 1 dmmavgaianuauunasiluan y = x? udn

4

lim f(x,y) = 1lim X = lim 1 =1
(x,y)=>(0,0) x>0 xu+xu x—=0 2 2
(P lu 83)
R ERI RN lim flx,y) # lim f(x,y)
(x,y)—>(0,0) {(x,y)—>(0,0)
(P u 83)
iwssasiu lim f(»,y) wia la'lé
(x,y)»>(0,0) ,
QAN
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HUN 9.3.6 sunfan T oidutenduuoudaudsan D &2 waz A Lﬁuqnqahﬁw
n - [ ~ o ] & ' . I
u R waa £ ogananalaasadesdys A fwede (iff) (dulumwanwheany

sama Tuif

(1 (A  weld  (exists)

(¢) 1im £(P) weald
P—aA
(3}  1lim £(P) = £(A)
P—A
WU 937 #ondu £ oaee @ulsan o §h x waz ¥ gnnana lameidas

e (x_,y,) fnaifle (iff) (ulumuanmivauseas Tl

(1) f(xo’yo) wielld (exists)

(2) lim flx,y)  wnld
(x,y)—;(xo,yo)
(3) lim fix,y) = f(xo,yo)

(x,y)-b(xo,yo)

NMY 931 61 f ouar g o fhuienduduns daeiye (x_,y,) wan
(1) ftg Ao ilaedyn (x_,y,)
{¢) f-g wo Ltlavitya (xo,yo)
(3) gg waiilavilya (x_,y,)
(4) £/g .daudawﬁQﬂ(xo’yo)ua: g(x_,y,) # O

nquﬁ 9.3.2  Wandulwfluufua (polynomial function)
vaefudinn 2 ¥ szandavin q ety R?
nquﬁ 9.3.3 #enduisfuilla (rational function)  wewdawusen 2 @9

azmaifaeiinn 9 yalulniuwueiy

U 9.3.8 #andu feawdudse n dn gnnatalnaweidevuugnnan e a9

f woudavilyn q Y uavgnnay Lla

nquﬁ 0.3.4  aunfian £ uinfusesdaudsadadtn uar g oduiendu

209 LUSAT 2 K uazguufian g ﬁalﬂavﬁ(xo,yo) uar £
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wouflavd glx_,y,) waa WMendulszneu f.g fiazan o (x> y,)
AI0013 0,34 IndAdu £ gnflowTno
LA .
f(x, y) = '.-{2+ y2 1 (x, y) # (0, 0)

0
oy (x, y) = (0, 0)

avnsradaun £ azgadiasdl (0, 0OIngaly

-ad ., LA
WM s vF@oudan miNauawuileu
() £(0,0) = 0 (uluauanwwed (1)

() e (x, y) # (0, 0) , f(x, y) = xy/(x2+ yiz)

Tufau1y 2 19M3uI lim xy/(x2+ y2) win e
(x,y)—>(0,0)
wasdiu lim f(x,y) waldld

(x,y)—>(0,0)
wwsazaziu W dulnwanmeed (2)

isazaniu £ luseideed (0, 0)
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wuudn

20 1 Guwa 18 WA 2DeETe

1. 14im (3x-4y) 2. Yim (5x-3v)
(x,y)—>(3,2) (x,y)—*(1,4)
3. lim (x2+y2) 4, lim (2x2~y2)
(X:Y)'")'(lal) (X,y)—‘)(5,3)
2 . 2. 2 '
5. lim (x"+2x-y) 6. lim (x"+y ~4x+2y)
(x,y)>(~2,-4) (%,y)—(3,-1)
3 2
7. lim W X3+4y 8. 1im x_ + 12y
(x,y)—>(-2,2) (x,y)—>(5,2)"\/ 2
R~y
9. 1im x2- 2 10. 1im x3+8y_3
(x,y)—>(1,1) x-y (x,y)=(2,-1) xt+2y
ex + ey
1l1. lim 12, lim %-3
(x,9) > (1,1 45 7 (x,9)> (3,1 gy2x*
2
13. 1im 3x= 14. 1im Y t4y
(x,7)¥(1,3) 270~y (x,y)>(0,0)2xy=3y
2% txy -6y’ 3.2 2. 3
15. lim __E_J._l ) 16. iim x -2x y-2xy +y
(x,y)>(3,2)4x" -8xy+3y (x,y)>(1, ~-1) xz_yz
3
17. lim Vx + - 18. lim \%_x__—-ﬂ
(x,y}—>(0,1) X (x,y)>(1y1) x-y
5o 19 fleda 22 AwAgIan Wendu f Aintmualn Lim f(x,y)
Cu ,y)—>(0,0
wimlld  (not exist) (x,y)>(0,0)
%=y’ +
= ~ = X Y
x +y x +y
. x? 4
21, f(x,y) = =3 22, f(x,y) = _%—3
x ty (x"+y )
216
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6.4 OYWHEUOY (PARTIAL DERIVATIVES)

WOW 9.4 oqln £ oodulnduesy 2 Muds x uaz y aylusubuwe f
Wouty x Mo dWendudednflyn (x,y) a9 Tule wuvev £ uazn e

ayfusiina
Vf = lim E(x+Ax,v)-f(x,y) (9,4.1)
a3 Ax—>0 Ax
Tun e wiffuafua miusyiusvanvas £ oy ¥ azn'munlaaqe
°f = lim f(x,y+Ay)-f(x,y) (9.4.2)
Dy Hy->0 Ay
dunsadu q vaveyRusuau B f  Aloatulauialufe f;(x,y)
Bx
f oo le, fl’ fx war le(x,y) v L
FynswaveyWusvoy Df Ao £, D.f, £., £ ,E (x,y)
T Dy y’ 2 2 "y'y
Aoy B0 y
2z = f(x, y)

r L4 « 3 -
yiusvauuawiand z uutu x uscoylusuauwawlendu 2
Jiouty y  ufaludgnsaez e

” ’ u
P war  z AR
[ \ ® y
MDY 9.4
Atwunln 9 2
Z = f(x,y) = 3x"-2xy
s 4
WKz War g
X y
™ Tauletlow (9.4.1)
. 2 2 .2 . 2
z = lim I(x+Ax) “-2(x+Dx) y - (3x ~2xy")
x— 0 Ax
= ' lim 3x2+6x£Sx+3(ékx)2=2xy2—2ygﬁsx—3x2+2xy2
Ax—>0 Dx
= lim 6x£§x+3(£lx)2—2yzlﬁx
Dx—0 Ax
= lim 6x+3[§x-—-2y2
NAx—30
= 6x—2y2
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Tnolufluw (s.9.2)

z’ = lim 3x2—2x (1+Ay)2-(3x2-2xy2)
DHg=>0
£ Ay
= 1im 3x2—2xy2—4xyély~2x(l§y)2—3x2+2xy2
Dy—>0
Ay
= lim -4xyAy-2x (Z::sy')2
0
Ay é&y
= lim —4xy-2x Dy
Ay—>0
= -4xy

ﬁﬁnﬁnuﬂ1ﬁ'(xo,yo) Lugm tonnzyandelula ey £ ualanlailyaw
- ' L Ll L
{9.4.1) uar  (9.4.2) ﬂ:inﬁnnﬁaqﬂhﬁuaUﬂav f 1l x uazAtayAus

gouwaw £ iuuty y e (xo,yo) f1a v

fx(xo’yo) jﬁxiig f(xo+£lx,yo) - f(xo,yo) (9.4.3)
Oy
-1
fy(xo,yo) zxyi:g f(xo,yO+Z§y) - f(xo,yo) (9.4.4)
Ly

AI0U1 9.4.2

nanuan
2 2
z = f(x,y) = 3x -2xy

1 ’ #
IwRwRY 2 war z, an (2, =3)

i Tauld (0.43) e

lim  £(24Ax, =3) = £(2,-3)
Dx->0 A x

linm  3(2+Ax)2-2(2+Ax) (=3) 2= (12-36)
Ax—>0 Ax

[}

z;(Z, -3)

h
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= 14im lZ-i-}_ZAx+3(.Ax)2—36—18.Ax+24

= lim 12434 x~18
Ax..,O
= =B

Teoly  (0.4.4) la

2 (2, -3 = Alim £(2, -3+0y)-£(2, -3)
y—»0 Ay
= uim 3@ 22 (3+An A [3@)%22) (-3)2]
A y—»0 Ay
= lim  12-36426Ay-4(A y) 2424
= lim 24-4Dy
NAy—-»0
- 24

‘ﬁ’aﬁ"dlﬂﬂ A9 z;(ﬂ,—B)ua: z;(Z,--B) Tauly (9.4.3) uaz

(9.4.4) Wu 8ld  (9.4.1) uer  (4.9.2) wmlaiduifuatu Tauna

-

z uaz z; auilouuaIuwnuRa (X, y) ﬁﬂﬂ (2, —3) v caulu
081N 9.4.1
il z;(x. y) = 6x-2y
wazi z;(x, y) = -4xy
4 * 4 J . ~
(flounuAl x = 2 uar y = -3 az viuar i inle
(2, -3) = -6
x
was
’
z (2, -3) = 24
y

gy unfinuaafina laludaaons o2 ufely  (0.4.3) uaz

(9.4.4)
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.

L} - L] : A -
namayWusuauasafIndu £ acvipundiu e IsuInac

(Suuiflus (9.4.1)  uar (9.4.2) fufloueasniTniayiusues

fHonduntfeeudsluund 3 nanafe
aqﬂuéﬁauwavﬂvﬁﬁu f 1floufu x wde fx(x,y) 2z Aty df

- - ° L) - dx
drlunismieyiusgaseey £ iffoutu x ciantmunan £ Lduienduras
guds x- iy (dufip Amunin y LﬁuﬁWﬂuﬁ) wuafia vl lalaluy

» - Ed [l [l e
whue e Liensaniann fy(x,y) Fodau A L Uil

@0t 9.4.3

r'd ’ » -0
9 N1 fx(x, v) way fy(x, y)  anmuainan

f(x, y) = 2xq—4x3y+3xy2

-, o -~ o ' - o [ » a
WM dntvunan £ ocdutendusey x iy (Tufie y (dunaedt) azla

L] L ]
Jaypfusuanway £ ifioutu x Aa

f;(x, y) = 8x3—12x2y+3y2

- o 1 - L] “:
warlunhuev ooty aanmusatn £ ouiendueses y  indu

(Muffa xiiuead) sxlanqayiusdesnway £ (ioufiu y fe
f;(x, y) = —4x3+6xy

AU 9.4.4.

A0 unin z = y+2

’
9N z; Wy Z

/A eofaan yiduanaella

z; = _ (y+2)

X
warlauffor x 1ihumraaad
z = l
o L y X
ABYBIN 9.4.5
oanmualn z = Sin (x-y)
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’

Y

v oanmuen vy duenavilazle
/’
= C -
z os (x-y)

- a » [l -~
waznnamualy x cduasaeiazla

’
PINI zx uny Z

7/
zZ = - Cos (x~y)
y y

a7 wmu ey 18 Cseafryeveyiustan aqunsonadd lanetide
Smiunsveasiendu 2 Fauds £ 4882 (Surface) Tugdaunns
z = f(x,y) o murlny = yoxﬂuﬁﬁﬂuﬁ azlpqn z = f(x,yo}
fo duniswavsay (trace) Arfilussuu v = Yo waziwulay (curve)
ﬁLﬁﬂﬂﬁﬂﬂﬂiﬁhﬁ:ﬂ{ﬂﬂﬂ?ﬁvﬂﬂvlﬁuu‘ﬁqUQUﬂuﬂﬁﬁ

y =y, uax = f(x,y) (9.4.5)

fnfu f;(xo,yo)ﬁa Autuue v LRuduRA Lavlintmunaay  (9.4.5) Ayn
Pl (x sy »E(x ,y)) lussuw vy = yoiuMWuauLﬁudﬁu fy(xo,yo)

Ao A w9 LaNdUAE ] AN MuUARILELN S x = X war z = fix,y)

e Po(x .y, f(x, ¥ ) ) Tuszutu x = X (dqu)

Z

#1001 9.4.6

NI duee Y Laududs Laed TR inn 1 dnsEnavas 2 =1 (7-x2~2y2)
4

fuszudu y = 2 dym (1, 1, 2)
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v

arudufiseunsfie Aawav L;(x,y) A (1, 1, 2)

(fovsin z;(x, v) X

1
4(7—x2—2y2)§
= -1

aqﬂhédauLﬁuﬁh51nﬁsxuﬁﬁguﬂau nsa wnoyius Ly 1ndavindasn
na9 i UBouiay  natnfie £ oidulenduzay 2 Fauds x waT vy, aqﬂuéwaw f
1finuiu x ﬁqw Po(xo,yo)a:1ﬁﬁh11nﬂ1tUSuuudaanuﬂuﬂﬂﬂv f(x, y)
Aanas L USuudanibomiaety x (x oifuffudsan dm y Inaetlad v
Tuntupy (ipatu ayfuseay £ foudu y fan Po(xo,yo) azindnsn
dpuudas Taowudaey £(x,y) ﬁanﬁﬁtﬂﬁuuudavnﬂqndﬁuiu y
LﬂuﬁﬁﬁhnuﬁunqﬁuﬁﬂﬂuﬁﬁﬂﬁzLﬂwﬁﬂvﬁhadﬁbuﬁvvﬂuua:ﬁqﬁhﬂ wa
gannualn
7 odusununiseie
x  dususesaudalug
y dusnfanasvaun

Taus
z = 500 + 40x + Ty

l.d‘i)ﬂﬂ’lﬂ

z = 40
%

1 ] [ ] L] - ] L] [] U - -
FunanlasifenTanadl ofusause 1 uwRedaluy sevhinaunu
nasulnifudu 40 um
waz vflavsn

2’ = 7
y

wane ifentmunsuseasf 013 oA en 1 uameouaun sznhinRunu

aindagetu 7 uwm
#0613 0.4.7

snatfnasvo nsvmindentdulanuin o x dushuugesnis

Tuvandszash iy, ytGuwﬁuauuﬂﬂwaunﬁ11ﬂumﬂ1uuia:nf%, waz z
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SN TR T B ETTE Ty CTITE Yo TR
T = 2xy2+ x2+ 15,000

adingrfinrslavenldiaan 1+ uadt (fuatuou 12 afuse

n. ANER9INI3 LS DULUAvRE v NN SETERan 1S LUBsuLUaY 1 AU
Tu x ifelnma y aviluaz masu 1

u. avlouasnws n. wan19 L Ufuusdaveasshuauntseastasds sunluunas
Fu pfusuaunts oo e 1 uddan 25 wWaTidun

A.  wwnidninaT wWisuntaveevahuuniseaonenas wdsuudas 4 wua

tu y elnan x el wazinadu 12

»> >~ - L]
N, A lUREINuD A, wan 9 tUSuunda savatuaunisean Taous suantuue

azfu ot furvinanislawwafn 25 wdasudua
- o
8111
L ]
n. aylusuauweoy z (Auutu x fle

z;(x, y) = 2y2+ 2x

WAl x = 12uat y = 1 1a
z;(l2, 1) = 2+246 = 26

ihuntmsuffmavunas

u. 25 wtaTifuruey 12 A2 12 x 25 < 3
100

wotu tdenturunasTavan lunaas fusn 12 afe iy
15 afy PwnuniseruTastssunaluweazu fo
26 x 3 = 78
7., aqﬂhﬁﬁauwaw z (floufu y Ao

1;()(: y) = bxy

Ax=12,y=1 la
z;(lz, 1) = 48

sJuntmaudaaenas
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v. 25 wedidusuay 1 e 1 x 25 = 1
100 4

-~ [} - - )
Alu e tfuenvinantslewansn 25 wesdus o 1Ruen 1 wAfl

B [] []
R % Ut hwauniseefl Ifutuluuras Sl Ao Ustuieat Ay

1l x 48 = 12
4

HON 940 a1 £ cRundueey n dwUs X1s Ky weresX

aylusvavwuay £ (fsuty x, o WenduduidnAqn
CE SO x_) 1n 9 Wlamwes ¢ WS MUREYRUS
ifaau

rd

£ (xl,xz,..,xn)= 1im f(xl,xz,.xk_l,xk+lkxk,xk+1,.,xn)
k Z&xﬁﬁro

f; (xl,xz,.,xn)= 1im f(xl,.,xk_l,xk+£sxk,xk+l,.,xn)—f(xl,.,xn)
k kakfyo

[Xxk

Tautuwfl 04 iumanduuas 3 fuds X,¥ URAY 2 A

f;(x,y,z) = Mm f(x+Ax,y,¢) - £f(x,y,z) (9.4.5)
Ax—>o0 AP

fi(x,y,z)' = lim f(x,y+Qy,z) ~ f(x,y,z) (e.4.6)
) Ay-»o Ay

£ (x,y,2) = lim £(x,7,2402) - £(X,y,2) (9.4.7)
z A zxo Az

-« 3 L]
VueyRussasuey £ feudy x, 1fluudy y,uaz isutu z sauahdu

AU 9.4.8

a [
nmualn

f(x,y,2) = %4 y2+ 222
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O KU
x

Luusaetn viuana

yzfx(x,y,z) + zxfy(x,y,z) - xyfz(x,y,z) = 0
38 Tovla (9.48) , (9.45) ez (0..7)  wwauazla
fx(x,y,z) = 2%
fy(X.y,Z) = 2y
£ (x,y,2) = 4z
z
woriu
yzf;(x,y,z) = 2xyz
zxf;(x,y,z) = 2xyz
T
rd
xyfz(st»Z) = quz
aat inafl

” ”, ”
yﬂfx(x,y,z) + zxfy(x,y,z) - xyfz(x,y,z) = 0

1
[ Y ¥ &

oyrilBiouRNIBlALGIN MM
4

&a £ Jumendueay 2 Fudsuan Tﬂuwhiﬁauﬁhﬁuauﬁuﬁﬂnﬁv f fu f

st uthnduney 2 Fudinau uaunnﬂ1u110nﬂaqwuﬁwavﬂhnﬂu f iy fy

aalulasn sukusinand (gunan auﬂuﬁuauﬁuﬁnaav dofloy 4 wvu (Fwmfu £

# Juienduzay 2 fuds x fflu y) Ao

L4 » ’
fx = lim fx(x+£§x,yj - fx(x,y)
Dx-y o0 A
p'e
P . -
= 1im f (x,y,+Qy) - £ (x,y)
yy Ay o0 Y < b
y
£ Hm £ (+Dx, y) - £ (x,3)
= m X+LAX, ¥y) - X,y
xy Dxs o ¥y X bk
X
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was

s

4 -
fyx = Zslim fx(x,y+£3y) - £ ()
Yy=»0
Ay

i s A 4 A o -4 ¥ Y

AvayRustuodududE s, § ua:ﬁhﬁhauﬁqumu gwaonalaluntuas

= o - £3 500 * v - ' .4 o4 !
tiig M LdaWenquilidn wazlunanayisveudusugans it luwuuite
Xy r > - - 4 N -~ » )
iy A landnnmiaytusuas Mndunidedinds deilas duiowas tuls

e e T - o <o)~ 2 <5 >
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