iua e Lm:mgﬁuﬁ
The tangent line and the derivative

Uymifid Wysulvglueaseds  Jusgfivdywmasnwudududavs nduld
woyedfimuabiuuduldadn Suduldaiuimes vnswedealu 2 56 fwuen
Wududsia p uwiansy Aoisuiidaiuinanfisn p dRgssadion  Sowilldlilamy
wuldalooinl)  wulugy o0 wuidasmslifadududainduliofie p doudu
#afifian oy |

LV V=1 o 4 & a 2w ow o I3 =

widall  srRsonfslowimnzsue sdududaiunswue sdshtufianuu
W W f Dutsidudailenuaadiond x, fosmswienutuvesdududs fungmw

o . o a o ‘s .
129 f Y P(x,, f(x,) i Q(x, . f(x,)) Lﬂgq@anqmﬁuouun57Wmaaf WA x, ay
lu e dowdun-u pousz @ wWuasale 7 iy 2 euadulds S duds
NI (secant line) @anu ki IL P udr @ Wuidudannin (g3u 3.1.2)

il q agmeniienss p o asslsfew g 21992081317 wianieteile

a3 p Nl
v Y
Q
%/
0 X o X

n 311 s 312
- ~
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WALHBRTIUUMIUAN X IEWINI P URE Q I8 AX  daiu
AX = Xy - X,

V!w
L)

ax o1vsitluuamSesudls

A utur AFUTANTIW pQ onfitvualas

m _ f(x,) - f{x))
PQ X

dotmuaty tdu po hja‘uj‘l““ma‘j

RARRERR Ky TN ax

Faoiu

fx, + ox) - fx,)
AX

mm =

aowit 1999 p agfl uazelousn @ emduliildme p tiude g Whlnd p 99
gaundauiuinld ax dilndgud wand@udansivinasluie p

fududans idumuodlle (limiting position) FaFududaniiion p dadu
* P w Qv a' <G aa dl Q w 3
daalinutura adududanviiien p (udliavas m, Tame?t ax dnlndeud
thadanmald watmialaldld dude gimmy = o3 - wui lurne
vioax dilndaud @ pe dnindiduiiiou p dowuivunu y  lunsdilidududs

N3N p asdaniudu x - X,

now 3.1 £ udafdufiinnaueediond x, ¥ dududansivias f e P(x, . f(x))

f
(1) WFuiikuge p Felanutu m(x,) loo
. flx, + ax) - f(x
mix,) = lim &, : x,) (3.1.1)
Ax—0 OX
adailwele

fix; + ax) - f{x,)
Ax =0 AX

FMluduldasde 1 w3 0 2 ud o § A lufidusuda

= + W30 -®

ign plx, fix,))
#2001 3.1.1 wwanutuwrondusudafuidulds y = x%-ax + 3 ﬁ‘q@ (x, . v,)
6
f(x) = x%-4x + 3

L t{x,) xf S Ax, + 3 WRy
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fx, + ax) = (x;+ 2x)? - 8lx
Waums (3.1.1)  ald

m  f(x + ax) - f(x))

mix) = ax =0 AX
- im[{x, + ax)? - 4(x; + aX) + 3] - [x2 - 4x, + 3]
AX — X
lim xf«»?xl_/yu(Ax)2-4xL—de+3-x{+4xl-3
= nax =0 s

lim  2x, ax + { AX)S - 4 AX
0nx —Q AX

WTIZI ax £ 0 RINTIMITANURTEIUNI  Ax 6

im

m(x,) = AX =0 (2%, + X - 4)
U3 0
m(x;}) = 2x, -4 (3.1.2)

msdsuniwuasrumIludiagnaf 3.0, ArueIn  uRsDow nuAue AR UR LN

'
o

Autsan W x wdie wezwien y Aeudsiusinauns pinduldaums (3.1.2) wim
m ldnsluarse s wazfinovegy 2s dufsdrdgfacdaamzatiniwiiiiu
Fuirlwmsin  wmen  @ilwanssduderwudueud  setwidlaomsl® mx) = o
RGP 2x, - 4= 0
X,;= 2

wufa #ix = 2 dusudEsuuiounu x (d93U 3.1.3)

AN 311 w Y
X y m
2 -1 0
1 0 -2
(o} 3 -4
-1 8 -6
2
3 0 2 + > X
4 3 4 P2)
l 5 8 6

pSURE B
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(Y ¥ < v o 2 o | o _— e
A10013N 3.1.2  wamirumITansuFudE A Udulds voairai19f 3.1 nye (4, 3)
- g 1 [y ~ L dl

B e ervtuse aFuduafata 9 (x,, v,)

fwualon mix,) = 2x - 4
AMmurpufududafiae (4, 3) Ao
m4) = (2)(4) - 4
= 4

dadu  sumavenduiideams fe
y-3 = 4(x 4
4x-y-13 = 0 Ans
ludaiof 3.1 Sudeiefdu £ Faimualen
fy = x¢ 4x + 3
oy
mx,) = 2%, 4 (3.1.3)
iy m(x,] vanFuFUARNTINYDY f ﬁqﬂ (x, . flx;)}
AUMY (3.1.3) Amuadafunilfl@nanniefiu f fiwuaaums (3.1.3) dne
f (8N f prime) ud
f(x) = 2x - 4
f Suni auWusues f
wiedt aanniiawdans Il ldwmnads ot auruszaaituinilu
éoﬁwﬁtymn
UW 3.2 opiuiuesiantu { Ao Wolduidouunudn ¢ Fae) w99 x log u
o (domain) 129 f anfimualay

X lim f(x + ax) f(x

P = .o T ax) F(X) (3.1.4)
[\‘x

fadawiele

Fudmmdudslfunu f(x) Ao p fx) Feowi  “awRubveafaiu x sy

x

o A £ al

oy = f(x) udr f(x) Duauduives y thoufiu x

1
¥ o o~

Fama v Munuauiuites y (isufudulidu  (independent variable)

e W o

dmig Haudsdutuiuniiniud

u

th x, uailulawuves fuin

fix)) = Al>j<m—~o f(x'LAA—X);ﬂxl)” (3.1:9)

120 MA113



Fadailmin e
i I [ a 3 ' @ @ S s
ASEUNBURRT (3.1.1) UAT (3.0.5) TR UNAAWIIINTUID IR WRUNE NI WD

y = f(x) 90 (x, . f(x,)) Aooukusaes f # x,

A1000971 3.3 W f(x) = 3x? + 12 vamieuiufves f
5 1 x dunle q lulswuwues £ ainaums (3.0.4)

im  f(x + ax) - f(x)

fI(X) = g:\X'“O
X
lim [3(x + ~x )2 +12] - (3x2 + 12)
= AX -0 = -
Al
i 2 2 T
lim  3x° + 6x ox + 3(x) + 12 - 3x 12
= Ax -0 - -
. IR
B lim  sxax + 3(ax)
=X 40X
- lim
= AX =0 {6x + 3.,.x)
= Bx
uL = a L3 =] £ -:IIc f
Wuho owAuswas { o Weldu { Afvuales f(x) = ex

lowunas 1 fa  wBevosdiwiuady Fandouiuloiuwnes f

HOITNIEAT 315 Tl

lim  f{x, + <x) - H{x,)

f'(xlj) = LX — 0
X
Tugasil #1ld x + Ax = (3.1.6)
w¥ “ax 07 Senwmipwilouiy “x - x,” (3.1.7)

L3

logldgas (3.1.5) aums (31.6) wareaw (3.1.7)  axldgasdwmiumaunus
vo9 f figa x, 1Ju
llm f(X) - f(xl)

£(x,) = X - X, %

4

fRdaiwianld ges (3.0.8) M [ixg) lWwwdinfiugas (3.1.5)

(3.1.8)

o v - 2 o I's % . = [V a
A10UNN 3.1.4 F1nFuWaidu { vawheied 203 Lweudutvas f § 2 lag
1. \Faas (3.1.5)
u
2. 13 (3.1.8)
u
3. WNUET x 90 2 W F(x) 193700197 3.1.3
I 1L Wgas (30.5) azldn

fla = ,:_Enl 0 ﬁ,?*_i’%mﬂﬂ
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2

[3¢2 + ax) + 2] 32+ 12)

_ lim
= ax -0 Lo B S S,
fim 12+ 12 4% + 3(AX)S + 12 - 12 12
B QX -0 - - ,:;Ax, S
- fim o 12ax + 3{nx)’
= AX - - PO ,'/\,.x,_ ——————
= [;Jﬁim' o (12 + 2AX)
R
2. Wy (3.r.8) arlen
, m_ fix) - f(2)
2 = . L
f'(2) X 2 % D
hm _ (3x° + 12) - 24
= X = 2 e
X -2
~ lim_~ 3x% - 12
= X — 2 T
B 3 im (x-2) (x + 2)
= M —
= 3 XhTQ (x + 2)
= 12

3T (AneI8199 3.1.3)

f'(x) = 6x
f'(2) = 12 Ans
AU f ondvuelan sums y = f(x) exld
oy = fix+ ax)-f(x)
flddgsmn Y ounrg wldges (31.4) de
dx
dy _ lim Ly
dx ax= 0 2%
F20010 3.5 Wy 2+ x dy
> .
0 dy _ im sy
& T ATy
hm fix + A x) - f(x)
= Lx—0 S 27T
AT
. /‘I)i(m 2+x+ax)/(B-x-1x%x) -(2+ x) / (3-x)
= axe -
MA 113

122



lim (3-x)(2+x+ ax)-

(2+x)(3-x-nx)

= AX—0C
2X (3-x-Aa%) (3-%)
lim {6 + x-x%+ 32x-xa%)-{6+ x-x%2-20K - xAX)
= Ax-—0
- AX(3-x%x- A%) (3-X%)
_ limo 5%
AX=V A% (3-x-ax) (3-x)
- AIimO 5
ARV 3y X)) (3-X)
_ 5
(3 - x)? Ans
AI00190 3.1.8 18 f(x) =vk-3 9w f(x)
35
f(x lim fix + A~ x) - f(x
(x) - plim g ( .) (x)
SX
~ NMn 4x+Ax-3-V-3
AEMANURTEIUIE (J (x + 4 x) -3 + Jx-3) ld
£ (x) /hm Wx+ ox-3-Jx- 3)NX+4}X 3 +afx - 3)
X——o
AX WX+ AX-3 + a/X-3)
lim X+ AX-3-(x-3)
= o X0 -
CRbXF Ax - T+ X - 3)
_ hmo__ ax o
axfx + A x -3 +afx - 3)
- hmo 1
x_'\[x+/\x-3+\[x-3
_ 1
X -3 + J/x-3
- 1 Ans
Zdx - 3
ﬂJﬂUWQﬂ L7 I f(x) = %7 3w f) uazusean (o) wenlwld Wi f A

@l']L‘LlENY!@’(uU w:nﬂun‘mmmo f e

k)

MA 113

lim

AKX — 0

Off(x + ox) - fx)

A X

(x + ax)??

. Xz/a

HX
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im ((x + ax)??- x**) ((x + ax) e (x+ax) s x*/3)

= ,ﬁx_‘o

lim

ox ((x+ ax)+ (x + ax)? x/1 + x47)

(x +2 x)? - x2

= AX—0

lim

x? + 2x(nx) + (AX)

AX ((x + 0 )()4/3 v {x+ o )()2/3 A X‘”)

2~X2

= ax —0

lim

£xX ((x + & x)

2x (ax) + {(ox

a/3 + (x "FQX)?/B x?/3 + xd,/])

)2

= L’.;x"‘o

cx ((x+ 207+ (x+ 2x)7 x4 x03)

2X + X

a/3

*(X + /,iX}Z/lx?/] + xn/'«

lim
= AX—0
(x + ~x)

_ 2x

xa/} + xz/) x?/] + xa/]
= 2x

3x4/i
- 2

3)(1/1

wdunaldn £o) waldld w2 wielld e x = o

3%/
WaWINTU {f @oulRaen o twIiEm
xI'To flx) = x|@o X7 = 0 = {0}
y/.
1
i
8 6 a 2 O 2 a 6 8 S X
LR

dagiiurmsbiiutaauldlaeldgas (3.1.5) wufla wien

il"l’lo+ f(xl + AX) - f()(l) ‘?‘p X, = 0

|
L X —

N X

Fald o 2x —0 M
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lim , (0 + ¢ x) - {(0)
AX—0 X

(Ax)2/3 -0

= +
O LXK

lim 1
= 2% — 0% (AX)JJ

= + o
“ -
wWig W Ax—0 YMNRY

im0+ Ax) - f(0)
AX—0 X

Yomsthh idududanTIvas £ fraiuda fa unu y (934 3.1.9)

Pneiiml w8 f(x)  ssamanlddwiuoieames x lulawwues f
! U 1 = o Qo 4 4‘ o o o i z
wame L ldd miuuea x lulawuses £ Fefifimudiasluil

Uow 3.3 W £ neady Jeuwus (differentiable) i x, M f(x) swmawenld

It [

T mmﬂmﬂ'ﬁ’ Wy 3.1.3 WJH’HMTJEJJQQEJUNY] 3.1.7 uauwuﬁﬂnn ‘[ W o o

H
1]

How 3.4 Woidula g asndndn wewiuild Hdewdiusfinn 9 w0 Tulawwvas

Asfiduriu
weiuldn ludegiaf 3.1.3 Wefdu anfiwualan f(x) = 3x2 + 12 ude
loawras f fo Wmesdwiuads e f(x) = 6x URE 6x me i miunn q

wnaty dude f duisitufimaurud e

Tudmeiaaely asusaddiiui  Woldusiduys o (absolute value function)

u
P . | o

mauwuﬁ"lu%m 0 ua nﬂW’uaMan’ﬂ’u'luumuaunanqmmu@ ('*J‘GWI x = 0)

A00W 3.1.8 dumasliifud fx) = | x| Wleukugia e

1

3637 e s dudldny Mozl a5
PIMFOT  (3.1.5)
u

: B li f(o + Ax) - f(0)
f (0) = &)(nj- o] “‘*"—f\—x-—“—
Hadatimenle )
° X
3 sas
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WIIEIY (0 + A x)

wer  f(o) = o
azlén

lim (0 + ax) - {(0)
AX—0 A X
INTIEN [ axl =
UaL | axt =

foaxl

_ lim [ax]
= /_\x_. J——

L)X
AX 3k AX > 0

"AX k) AX < Q

Fau  doRnTIRIeT uEEY  (one-side limit) # o vufle

lim _|axl _ hm  Ax
AX =07 Ty AX—0 AX
- lim
- plm
1
. lim | axl _ lim _ -Ax
WA Jmo lex o limo o -ax
AX AX
= ilm -1
LU
-1
LWTW:']'T lim . IAX[ ¥ llﬂ'\ N lA x|
OX— 0 N AX —0 __Ax
uraa Widaray  (two-side limit) 209 Ai)i(m
[ l‘: - ! U W £ ) ] P ted
dadu Samandwmiaudus o) WA use ¢ g

Wizt £o) wenldle wesliifly « xwio  » &

windadmiunnwusadattud sy

ludagaely

nvua IR iBuAtslums AT ywnagsha

w € d’
DUNWUIN O
J

= lrumanafuaasliiiulsdsz lershrnsnuture u dududa

[ 1 '4 Y @ [ ' 4 o [ 1 'Y
AI001IN 3.1.0 UTENBafIsufIunanils  snsondatieuii1dluse 15 uvn eade

126

thzwnun frefouiifes: « uin

verwieufldludwin 125-x

Fusadev vwwrithuigndasmslidiligaadmdumsnglu |

e uSeversiznetiisuiifisasiile
Fueviiiu

P(x) = (125-x) (x-19)

P(x) = -x2 + 140x - 1875

fAuewsttus e

(3.1.9)
(3.1.10)
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351H7 INRWMT (3.1.9), P(15) = 0 UAE
(15, 125) NTMDI P UaHIluL

P(125) = 0 uWBY

3.1.6
Yy

acas
3000

15004
2500
500
‘GO

Sce

ol s s 28

F1 3.1.6

00

P(x) >0 D x ag'thha

gy s dnnghialilailigean wie p(x) feigire  miganaiidag

atflutay (15, 125) Goluumanly arlddudr H1da7du Polynomial p fifigera

A
pr

x, vuiindau® ety pr(x)  vsndududadoariifugul  aoulinie

(x) @ mTuiaitu p Feitwuelassums (3.1.10)

Eaas (3.1.4)
v

P(x)

Tumsnien x ﬁm%fumm’ﬁ’maotﬁua*uﬁam'wﬁ’uquﬂ

Fatu  aUldn Mdesmeneiiout dedanilkldmiligona

lim

_ P(x + A x) P(x}
= ax -0

A X

oDOX

) lim -x2- 2xAx (ox)? + 140x + 140X -
- A X -0 [& X
lim -2xax (sx)? + 140 ax
SN X =0 X
= /)!j{@ o (-2x X + 140)
= -dx + 140

1% P(x} = O
-2x+140 = 0
-2X = -140
X = 70

ampelunmfioss 70 vin Feazvaldilsgege  (Aenndafiduialy) Ae

MA113

p(70) = 3025 YN

lim ) [-(x + nx)% + 140(x + 0O - 1875] - {-xZ + 140x - 1875)
nx -

1875 » X2 1 0% + 1875

P T ——
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4 Ly
uwudnYia 3.1

an 1o 1 e de 5 Nmmm'ﬁ’maamuﬂuuanun'swlma (x, .y} &
§nTuRt x, y udz m mﬂmaquunﬂw WULEUNTIN uawaunummﬁw.ﬂuauu

1. y = 9 - x2
2. y = x2-6x + 9
3. y = 7-6x - x2
4, y = x3 - 3x
5. v = 4x3-13x2+4x-3
an 4o 6 fe ¥o 10 IamEnmTBAEUFNER L WIR A vIelY o a‘wﬁ'ﬁwuﬂlﬁ
6. y = x2-4x-5 , (-2 7)
7. y = 3 » (4, 8)
8 y =9 - ax . (-4, 8)
9, y = i— » (3, 2)
10. vy o= 3X ., (8, 2)
nndia 11 Ba do 15 am F(x) FmFudsituifimuely lovlggas (3.1.4)
1. flx) = a2 +5x+3
12, flx) = x3
13. - f(ix} =%
14, fix}) = f3x+5
15. flx) = .
X + 1
- nnde 16 T dn 19 vt Fla) swiudt a Ad el lagldaas (3.1.5)
16. fixx = 1-x2 , a=3
17, flx} = 4 y a=2
5x
18. fi(x} . 2 , a=2=5
XS

19. fx) =JxZ-8 , a=<s5

3N 0 20 B9 T2 24 39w f(a)  Fm$ue a Adwuals lagldgas (3.1.8)

20. f(x) = 3x+2 , a=-3
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21. f(x) = x2.x+4 , a=4
22. flx) = 2-%x3 , a=-2
23. f(x) =T +ox , a=7
o4, f(x) = ! , a=23
1}2){ + 3
- - § L
N G 25 09 U0 26 9wl dy
dx
25 y = x2+ x?
26. y = 1 -x
<2
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MSMIBUWUS LazA AL DY
Differentiability and Continuity

ﬁaﬁ'ﬁwaama;’mﬁ 3,17 URE@I0E1IN 3.1.8 mamamﬁun We M EWIT M
auwmi'l@muu Tuda Wan'ﬂumamaamﬂqwa Tuawuﬂuaaamauwuﬂammuu

2 '

i lafiny MefiduRmswius Iderdoafhuisftudoiiiosiy mnqugn 3.2.1

nQui s.2.0 & f Hudshdud smeudus 1dd « i 1 acsadion x,

WA NIRRT | @oiiia s X, Ddpnmadiiiult f edewwdeuly 3 18
nudfn
Loflxy) wienld

2. xll_{nxl f(x) wenle
S T

VNFUNAT L f wauRug "'@‘
uude f(x,) wield
AN VINFAT (2.1.8)

b

-

, lim f(x) - f(x,) .

f(Xl) = X_XI ‘ﬁ:-— (3.&.1)
FI3UM f(x,) doomald Mluruduueds ftetauuier ludaywnug
wudie { asssmudouluds
PWOIT T

lim

ML R Y
DMALVOR

xlmxl [f(‘() - ﬂxl)] = X f—iinx] [(X"XI) f—_“(x))( : E((XX} ] (3'2'?)

1
PWIIETT Xﬂ_mx‘ (x - x) = 0
- lim fix) - fix,) '
WRE ar L N
X— X, XX, 1
laglnau §RTn 1o wa mfd 1w we ssauns (3.2.2) 'l
cIme o -tk o i) im0 - fix)
X - Xl
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x.li“xl [fix) - fix )] = 0

NEFAOREORE

N L LA (LU (PN
o TV LIS () R W
= 0+ f(xl)
Fovin
A = i) (3.2.3)

vngums (3.2.3) 83Ul edosmadeulede 2 AU de 3
{ does X,
N 3.2 1 f i Budefdu Feitwuad x, W& ewwubnnvauniioves § 4 X, &y
duuunudio f(x,)  fe

] ~lim

fix) - , R S RRILS
1 LX—0 — R (3.2.4)
“3o
fx,) - im o £ - flxg)
! X — Xj X (3.2.5)
fanatwals

wow 2.2 0 Gl Tudenmuadl x, ud euRui vt ulienas £ A x, 4

ad 'Y 3 =]
BuLnuey f (x,) @9

fic) = fimy g - ’\);) - fix) (3.2.6)
Wwin
fix) im0 - fix) (3.2.7)

fafioiwian e

ar L4 -1 LI G € u N
AIDLIN 3.2.1 19 f Tuwaituntwualay
ox -1 B x < 3
f(x) = .
8 - x m 3 < x
f. IBpUNITIWUB S f
V. WREIND f aoiilail 3

foam f(3) usr  f (3)

2 Qs a a o
5. f UowAuti x = 3 wisly
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L
N on, 4Y
(3. 5)

o’/ 3 \3“

v, mtﬁqmi‘h f foulodn 3 sxdowmTiemaun | afsamudowly 3 e
dwfumunaiionie 1 wily  IEAUN

1. f(3) = 5
20 (Ime g0 - L Ime oo
= 5
Jmy ot - (M (8- )
. = 5
NN
Jmof) - s
une 1¢f
3 Imy i = 1)

wet Gawly 1, 2, 3 IwaTii x = 3
WITaThU f aoiledf x = 3

e . ml(i_r}'lo_ f(3 + f);) -(3)

- lim  [2(3+ &x) -1~ &
HX—0 aX

im _ 6+ 2A%x -6
H%—0 AX

lim . 2ax
- DX = AX

- lim
AX—0O 2

= 2

AORNRIN P RIS (6
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lim (8-(3+ ax)] -5

= AX— O X

- lim ,8-3- X -5
X AX

- lim , - OX
Ax—0 AX

© im0

2 AWTIE
lirn o f(3 + ax) - £{3) J li_rg0+ f(3 + Ax) -1(3)
NX—= AX oX £X
CRERLERIER im 3+ ax) - (3) wenlyla
‘ 2XT0 TN

-:» P=) 't [ r;a'
wwia f luflaudusf x = 3
1 a £ P a & a
wiwrawiusnisede  uszewAuivInmabeel x = 3 14
Waldwuasdaatnaf. 3.2 Mlwduldn  dmduvaidudodaifiosfivn 4 nils

awlufeyiusdgaduld  ludodaizgndasld  szusasliiudaieitudneias
flgn il ualdmansamayius ldfigau
o ' < = o a o [ ! ' = © - ]
@t s.2.2 1 x fluiwouiddluhunuduvionile px) iwiwowdu Fald

Cilsluueasiu e

" {Bx 40
P(x =
11.20x - 0.04x2 1 80 < x < 280

A
x
A

< 80

WA ewEoiss uazauWUER x = 80

= g
1547
NI 1T p(80) = 8(80)
= 640
lim _ lim
x—80 P = x Tgo B
= 640
e x l_i_m80+ P(x) = xii_"gy {11.20x - 0.04x?)
= 640
W12 lim - Plx - li
o Jm (x) x Jm e P(x}
= 640
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dufa flenarasdeves p imifu
uR: xlf_"eo P(x} = 640 = P(80)

f9UU P AbliloIn 80

Wodnn
P.(80)  _ Axli_m_o_ P(80 + AX) - P(80)
' AX ,
lim [8(80 + ax)‘l - 640
= Ax—0 =

lim 640 + 8 AX - 640

Tt AX
- lim _ 8ax

DX — _L/}.X
- lim .
- AX— 0 8
= 8

War P, (80) lim o* P(80 + AX) - P(80)

AXT AX
_ lim , [11.20(80 + A x) - 0.04(80 + 5x)?] - 640
= AX—0

nx
lim  [896 + 11.20Ax - 256 - 6.40Ax - 0.04(Ax)?] - 640

Toax=o AX

i lim or AB0AX - 0.04( nx)?
AX— AX

= im (480 - 0.04 %)

4.80

]

WIEh) PI(80) # P (80) datu p luflowwuif x = so nrviuae p
fiyudsaelud

.Y
784
640 — %@
600 &
500 1
400 1
(40,320)
300 ¥
200
100
280
5 Al = A ; i i A, '\ b 4
50 100 150 200 250 \
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2oWW fl(x,) uRE £ (x,)

A, amEanAuBIaY f A x = x,

1 X+ 2 i x< -4
f(x) =
X ' 6 1 x> -a
Xy = -4
2. f(x) - |x -3}, X, = 3
3. -1 1 x<o
f(x) =
X -1 i Xx > 0
X, = 0
4 f( ) { x? o« <0
X =
‘)(2 fﬁ x >0
X, = 0
5. \ N1 x 1 ox < 1
f(x) = )
1+ x) fhox 21
X, = 1
6. f(x) = Ax+1 . x = 2
7. 5 * 6X f x C 3
tx) =
4 %2 1 x > 3
Xl 3
. fwual¥ f(x) = x> wRFWN { dallpaninmaniief o uazaRg I

1 1 (0 wenld
0. fmuald fx) = Wx - 4 wRguln { dedisannmanided ¢ uarag
Agaia £ () me e

MA 113 135



nouifefunMsmeyiuivoaliisuirnde
Some theorems on differentiation of aigebralc functions

A &

nansvinRemauiutreaiefitu  Fondt  nswawiusdimusomdlagld
Gonmesowiufluide a0 asiEnahdeudiem Fadw1angu s i ldmansam
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fgviudacvgeiud Aacdgesdmivnmamayiutluwdsengud

4 - e A P c = '
Uy 3.3.1 0 o dummedl usr M fx) = ¢ @mdunngar x uih
fix = o
BN [
HaD1l
im f(x + ax) - f(x
(%) - im (x + px) - {(x)
/X
- lim c-c
AX — 0 AX
- lim
= AXI—- o ©
- 0
d (c) = 0
dx
GINTR ALRUPERECAIRRLIT N
wuw 1 flx) = 5 ai
fiix) = 0
A '1' o o a kg ]
nguRi 3.3.2 H onaduiauaiale g war M1 fx) = x" ud F0) = nxt
el
i fix) = x" don udwwdnuanle g ufa
£ {x) _ lim fix + ax) - f(x)
nx —0 AX

lim 0 (x + ax)” X
AX = AX

M (x + ax)" laldnguefunniwg (binomial theorem) az'ld

{n_1 ,
lim [xM+nx" axs+ o X" (ax)? +oor nx(ax)” s (ax)"] - x 7
ax = AX
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n{n - 1)
Ax + ol x"? (Ax)
AX

im nx™' 2 i mx(ax)™ 4+ (ax)"

= AX — 0

D1 Ax WITNUABURZEIU 19

f'{x) [\,!i’_'f‘.o[nx““ + rl(‘n—rﬂ X"? (ax) 4ot nx(AX)"T + (ax)"]

nnq mauunﬁumaumna:ﬂuiuehu AX

"

- ™ 4 [ 4 A o 5
wufia nn mauunnumaumm:mﬂnﬁqunlwmxw AX mﬂnﬁqun
Famu 3014

nt

f'(x) = nx
tfuﬁa Hd; (x") _  nx™
PLURRIC N
n. o f(x) = xb Ui
f {x) = 8x’
. N f(x) = x WR7
' (x) = 1xx0
= 1 x 1
= 1
. Ll f{x) = WJX W
f(x) = x'?
dniu At
£ (x) = ;_,(-w/z
= A
2/x%
'nqmjfi 3.3.3 & Judefitu ¢ Judneil usz g udaidud siwuala
g(x) = cf(x)
us: £ (x} winle
w2 g (x) = cf'{x)
Ry .
WIE g'(x) - mlirf_l‘o g(x + ax) - gx)
AX
~ lim  cf(x + ax) - cf(x)
- AX =0 AX
_ J_}Ii(lm . < f(x) *fxx) - 1) ]

MA 113 137



navlangiy

AINH

HrauRuiur el

= C Niim
= C f(x)
d [cfx) )
dx

WoTngwin 3.3.2

ues

=0

oufutaNiRiaMiuN Ty fa

fix «+ ax) - f(x)

AX

c 4 f(x)
dx

Ny 3.3.3 ddhdniu

[fix + ax) + glx + ax)] -

GRER VTS TLUTHIT ST RIGRE AN

1 h ol situndmualag

[ﬂx) + gix) ]

(x)] +

aX

{glx_+ ax) - gix)]

B f(x) = ex” Wo n duinuduuan ey ¢
f' (x) = cnx™’
wia d [ex") = cnx"
dx
IPLLARIEIN
n. M f(x) = 5%’ L&Y
fiix) = s5x 7%
= 35x"
n i filx) = 9x 1o
ffixjy = 9 x %x'/
- 2
X'
) 6
%
NOUON 3.3.4 ®1 f ues g 1 DuReATu uas
hix) = flx) + glx)
R fix) sz (x) werd ud
h'ix) = Vix)+gix)
fWIE h'(x) ) lim hix + ax) - hix)
PN ] AY
; lim
= dax -t
B lim [ﬂx+—Ax)
= 46X - 0
~ im  f{x + Ax) - f(x) o
= pPX e QT
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= f(x)+gk

Fariu d [t +gw] - 4[]+ 4 [ax]

nanlagaiy ) DUNUBURINRLAMIDY 2 %r‘rﬁ’u Aa ngrmaaaqvﬁuﬁmaa 2 Wafi-
Fwlu Mewiutuns 2 Waldutunidle

DinmEa g i a;ﬁwlﬁmmiumauﬁuﬁmawammauﬁaﬁ'ﬁuﬁﬁiwmu?{ﬁu
16 leglemsatiumantiieraad  (mathematical induction) Fuaaslflungu jaalui
VQUON 3.3.5 mg‘ﬁx‘uﬁ”ﬂuamammjaMaﬁ’ﬂ’uﬁiéwumﬁﬂﬂﬁﬁmumﬁ’u NRUITLB IO
fusraaiafidumatu Hourusrasisitumsiumenld

vrngeiin e sussamayiuiuasisiturnnnla ¢ ldlan s
43001930 3.2.0 W f(x) = xt - 2xd 4 Bx + 5 w1 f(x)
inn)

NN 3.3.6 M1 f uar g DwRehtu ward b Jwieiduiiswualan
hix) = f(x) g(x)

War (k)L g k) mntd udy
hiix) = fixb g {xb+glx) f(x)
?;fi??j
h oo Q)‘éir_r} ) Pi{x + ox) - hix)
~ hm fHx o+ ax)alx + ax) - f{x) gix)
- A = X
RLBATUIT fiX + ax) gix)  bansuiay 9z 1@
bkl mlirﬁ , f(x+ax) g{x+ax) - fix+ax) g(x) + fix+ax) gix) - H{x) g(x)
AX
] , - Ax) - :
Tl o S g (o
ijmi n [fx - /\XP(QKX + ax) - gl )]
AX
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. lim [g(x) ( fix + ax) - fx) )]

X = 0 X
- Q_,Pnl o flx+ax) m{“ﬂ 0 alx + L‘;’)‘() - g(x)
l i + - f
+ &xlr.r_]. 0 a(x) A)PT 0 flx i};) ]

W f WauWUE IR x Bimgqu iR 320 f dadflesd x dan dude

im

ax o flx + ax) = f(x)
R LS LTS LU
m!irﬂ 0 flx » fﬁ\f() At I Y
IR Ai“:”_ o g(x) = glx)
Fariu
hitx) = f(x) g'(x) + g(x)f'(x)
a% [f(x) gx)] = f(x) ad;( [a(x}] + gix) éldT( [fix)]

nanlaasy  awduSvesmagnuey 2 Wafidu Ao WordwwsnpmiuauAuivas
Wafdudl 2 vanfy Wohdufl 2 guieuWutrasisfituusn Meuduswen’ld

h) AVNeATE = WNAWRRY + wdsEvmDh
a “ o« & A . X
ol wuelae mImeuRut Faeanan  differentiation

¥

Ao 3.3.2 W hix) = (2x? - 4x2) (3% + x%) W ' (x]
361

h'(x) (2% - ax?) (15x% + 2x) + (3x® + x?) (6x7 - 8x)

(30x7 - 60x® + ax® - 8x%) + (18x7 - 24x® + 6x% - 8xY)

= 48x7 - 84x% + 10x% - 16x3

ludrei1ef 3.3.2 volddunain Mawdsfituns 2 nau Laﬁﬁamau‘,ﬁuﬁ flay
Iearwdion i
amdsfduns 2 nau azld

hix) = 6x8 - 12x7 + 2x° - ax%

=
x
)

48x7 - 84x® + 10x% - 16x°
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nO¥AN 3.3.7 1 f unz g JIudafitu uas b Huisfdudignimuales

h . Hx) e gix) # 0
| g(x) ,
1 fu g (x) weld ud
h(x) - 3 f) -1 g'(x)

[a(x)]

W h'(x) - A)PYE 0h(x + ax) - h(x)
AX

fix + ~rx)  f(x)
- lim _glx + ax})  g(x)
AX = 0Ty

~ lim  f{x + ax) g(x) - f(x) g{x + ~x)
Toax=—o0 2% glX) (X + Ax]

AUUASLAN f(x) g(x) lwinauies  azlé

. . dim f(x + Ax) g(x) - f(x) glx) - f(x) glx + 2x) +f(x) g(x)
i = T AX glx] glx + 4x]

gy Tl + ax) - fix) ] - [fx) gl sx) - glx)
lim AX AX

X =0 alx) alx + Ax)

lim (x) . lim f(x + ax) - f(x) . lim

im glx + ~x) - g{x)
oX — 0 9 -0 T e

S axw o H¥) A X

lim . lim
ax o 9t T gl AX)

st | [g(x) ]7

d [fx] - d v fx) 4 [g (x)]?
E: [&%] gl &[]+t &[]} / [at0)]

! o 6 L4 = i n‘d ' [ a
nanlavssl  audutvraswamittaeraisity fe wwauAliduiuimaen

AVRIT O Lm:mwlﬂuﬁmﬁﬂmﬁuauﬁuﬁ‘maﬁqm MR ﬁaﬁoqmﬁuawﬁuﬁmmﬁwﬁ
frauus miar e
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vy - NIudriAY — apanEIu
FIULNAININD
~ L) P * 3 '
#0061 3.3.3 W hix) = _23+4 39w h'(x)
x% - 4x + 1
-~
7641
' (x2 - 4 1) (6x2) - (2x3 + 4) (2x - 4
h'(x) . X X + 1) (6x°) - (2x° + 4) (2x - 4)
(x2 < Ay o+ 1)2
6)(4 - 24)(3 + 6)(2 - 4x4 + 8x3 - 8x + 16
(x% - 4x + 1)2
= 2x* - 16x3 + 6x% - 8x + 18
(xz - 44X + 1)2
laoldnguifl 3.3.7 My nqwdf 3.3.2 v ldmaudusues f(x) lunidld «
fisvgnddaiuiwwdusuld datu B i = x® We -n fludinowdusy
W x # 0 '
Wiz on duduiwdnsy du n daadluiwiwdauan
wld g . L
xn
e 3.7 1d
flx) - X0 - (1)nx™"
(x)°
_nxn-1
- -—-‘x-—'—z—rl—
- _nxn-‘w?n
= -nx"'
o [} H .
#0019 8.3.4 W f(x) = 3+ a4t X3 .m f(x)
X
- g
3517
fix) = 8xD + ax¥e
f(x) = 3(-5x%) + 4{%—)("/‘)
= 4155 + 3x /4
= - 1§ + i
X6 ,.4/ X
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uuudnyia 3.3

uirTail
1. f(x) = x?3x% . 5% -2
2. f{x) I I
8 «
3. F I S
2 2
4, V(r) = % e
5. Fix) _ xPe3x+ L
XZ
6. X - 3 4+ 5
W
7. t(x} = 4x'1 4 By /e
- 3 3’ 1
8. g(t) = t+ T
9, f(x) = (2x% - 1) (5x3 + 6x)
10, H(x) = X
x -1
11 f(x) = X2+ 2x + 1
‘ X% - 2% + 1
12, g(x) = X3 -8
x3 + 8
13, f(x) . ANx -1
JX O+
14.  f{u) = -5u +J% + 3fu?
15‘ f(x) == 2—————X + 1 (3x - 1)
X + 5
16, TamRAMITORFUFUAIAUFUINY y = x/ - 3x fige (1, -2)
17, wmwsumIendusudafiuduldy y - 8 e (2, 1)
X“ + 4
18. W f(x) = x%- 2x - 1

19.
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b)  IUunIIWUY f ubzuranFUFUARluuUITES
20. W f(x}) = x+24+4

X .
a)  WWRANMIAUUNTIMLDY f Fadududaagluuniszdy
b)  IsuniwYes f ustureUFRTUTA luuuIT ey

144 MA 113



Aunuiy ANudanguvessim uaysieldmiy
Marginal Cost, Clasticity of Cost and Marginal Revenne

arsusiwesSinamianie  adiuiuUSinadmiawil lumarissmant
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wasgde  Saimuald x Wuitwiuassuanwelvraeadasdudanluauaaiiowas
Wandu ¢

2
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2
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" % 24 lq' Qo O 1 ;
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A100% 3.41 M cix flsinnuumludunuinmamiadiundnm x 1 wsr  c(x)
= 110 + 4x + 0.02x2 .

n. Wofdudunudy fa ¢ unz C'(x) = 4 + 0.04x /
) e’fur]un‘&'mi’]a x = 50 fifa C'(s0)
C'(50) = 4 + 0.04 (50)
=6

meamfuﬁmmnL1Jﬁuum.iawaaﬁunuﬂmﬁaﬁwéjnm 50 1 fia 6 UM

fandi i

A éwmum'm:aaﬁununnnﬁmioﬁ'm%uﬁnmﬁﬁ{ 51 fim C(51) - C(50) uae
c(51) - ¢(50)

H

[110 + 4(51) + 0.02(51)?]
- [110 + 4(50) + 0.02(50)?]

= 366.02 - 360

= 6.02
wikuldan  dameulu (1) uss (A) @efu 002 MwueRAE RN DI
ﬁunun‘«‘;mﬂua‘mvmLuguuuﬂmﬁmumﬁﬁmm clx)  Swilssnnnmfmulss
Tunilomiaoues x dau c'(s0) usilambrzinnmasmludununuininm

Lo !

9N 51
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951 Avmuald C(x) = ex? + x + 8

! (@) W ax) luiwanuimludunuwade s

FFe e o) - Cl

= 2x+ 1+ 8
X

(b) c(x) Dudwunimraiunuiiy Uy

st
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5

= 7.20
391691 Lﬁawﬁﬂﬁnm 50 ﬁunmaﬁmmmwﬁmcﬁnmuﬂu 7.20 UM ludrab
.41 W c(s0) - 6
Frhmhnanadununaniednm 1 & wimmeEn so fuds u s um el
ﬁamm'wﬁunumﬁlulummﬁm?gnm 50 fuTn  Hundwmdenaiw c(so} / Q(50)
o le

c(s0) 6
QEe; T T@o

“ ' * s | s a ' &
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. Bangu (clasticity of cost) unrlBdgdnyaliludnwinin k 81 Kappa
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X 100
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wazasdn - dunuaitlunsniouisznseuyddmiu eo nrouunidlu s.23 U
Wantudunuwiin ¢ usy
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nsvndudimie? k « 1 waonnldodud luud k wiae

s ! a a % A‘ [ - a

A0 3.4.5 Fuud R(x) v useldnadldiuannneliz x @ uss
2
R(x) = 300x - 3

n) Werduswlddy do R uaz
R (x) = 300 - x
2) swldRuifia x = 4 7fe R (40) uAz

MA 113 149



R'{40) = 300 - 40
= 260

(3
L o

Faiudnufouudamanelduidouelfe s @ diu 260 ymead
f) Swamumtumselisin a1 Welaq fe
R(41) - R(40)  uBr

R(41) - r(40)

[300(41) - (_42‘_)2 I
- [300(40) - (402
= [12,300 - B40.50} - [12,000 - 800)
= 11,459.50 - 11,200
- 259.50
Fodu lunmnldedd o1 TUaselddu 25650 v 1w 1) 1991d R (40) = 260
use 260 vlutrzmamasneldfies Eunameldeda
st Wuuss s i Audoninduwswidnn  (otal revenue curve
wia TR) unzidusw iR (marginal revenue curve %39 MR) MNRIGY

@700 3.4.6 FumIgUasddmivudofenitadn sx + 3p = 15
wwdafdungldnuasdeiuneldin  whaunadiunivhoaduguasd
sty werneliRuuuinugedfiu

-~ ¥ [

%) whrumsguesd w1 p ld

p = ~§-x + 5

|
o r-]

Wawn p uer x Wudwauwinfill 0 ¢ x < 3 dniu R wRsuwld
70 wer RO udeidusistdine azlén

R{x) = DX
R{x) = -g—x% +5x;x e [0, 3]
R(x) = ad;( (-3%% + 5x)

= '19‘x+5:>(e[0.3]

3
Jadpuniwua ufugUae nWas R usr RO (AagL)

150 MA 113



demand curve
v

51] 342
'

Fodang  MngUIziun Fus g Rudannu x ﬁa}ﬂ (z.0) A% x - 2 Hue il
1wldugime  uazidugUsAdnuNL X ﬁlqm (3, 0) G x 1w 2 imasiwsn u
Wite 4.8 imazRgadihiaumgusshilduass (uazgUasdlunaf)  ewafeduil
Fluas elns i 7 Tde

e

MA 113 151



152

4 Ly
nuudnia 3.4

Souumludunuruluniiunindiele x Fau vaalrssmuanils  Amualon
C(x) = 1500 + 30x + x2 IM
n) mﬁﬂ’uo\’uwumu
) ﬁunmwmua X = 40 UM
f) e‘fuvguan'lummanmwmﬁauﬁl 41
H cx) v dudunuiluminfanizas x wia vwin une Ci{x) =
200 + 204 ’si 2w |
n) Wantusdunuiin
) d’uﬂumu deo x = 10
f) e'fuﬂv.atq'Lum'mammvmuvxmumuunﬂ 11
TunmndmeanmlaensAfmaniisunis warWofdudunuriy ¢ A wualeg
C(x) = 6 + a\ﬁ do clx) um tﬂuﬁunmawaqnﬁwﬁmaommmfu X WNARBOU
M
n) ﬁunum%‘n
) ﬁunmﬁu URE
A) dunuBengu o x = 100
ua:amﬁUmmmumnwmmugmamimnwnﬁwﬁméwﬁﬁw
U IumMINEaRUA x W Avualan Clx) = 40+ 3x + 9\1‘6\:& am
n) ﬁunums";n
) ﬁunmﬁu WaL
A) dunubsangu o x = 50
Lm~aaaﬁmnmmv\mumatmu*mam%mnwaﬁwﬁmmﬁﬁm
Fmnuunlumangafud x u nwwumimu Clx) = x%+ Bx + 12 I
)ﬁun'ﬁ’uﬁuvnumﬂu WRE
) Wan’iuﬁuvyumu
BITBUnI I UNUIIN ?Tunumﬁﬂ URZFUNURNL W NLTORN U 23§ n@ T
G'funum%"uLtatﬁunmﬁuﬁduﬁwﬁuLﬁas'fuv]umﬁnijmianﬁqmﬁﬂa“.’
Yurswideiivie 5 1 c(x) = ¢+ x + 3
swldruldsunnmineldsdon x 0 R(x) UM Wss R(x) - 200x - X
M (

MA 113



MA 113

n) WefdurwldiAu

2) vwlddnds x - 30

) swlindsnnmanelzFoudd 2
& rx) un Jurwldrenemineineded x wise uar Rix) = 600x - x

TIW)
n) Witws e

o) TwldRmia x = 20 .
7y 3wliesannnsmelnsveindoad 21
iﬁammqUaaéﬁwfuﬁuﬁmﬁwﬂaLﬂu 3 + 4p = 12

CERY

n) Wartwuswldsiy ua

) Wordusoldiu

doumwoaduaUssd  Toldmn wsrswldi vulnuEadeIiu - Jane
P gUa e i duns wssidureldRudouns « Foodailen x @ wduswle
uNAgauszFwaUR WFaUI X ﬁq@%uﬁm x tUu 2 im
Wortuawldnm R #miuFudmianisiivuetulan R(x) = 3x -

Wi
x

2w
n) ’unaURR  Le:

1) W-Jﬁﬁuiwuiﬁuﬁu

douniiduolasn swlessa uazselding  vuununadioii

153



auwusnuaﬁnmmJnmunJaq
The derivative as a rate of change

A HEIALG 09m udiendannlunaassgesed vaendasiunude ¥i1 o

WS audmsmsudsaniuivule (instantaneous rate of change} ‘Tu MAUNUI I

Tumswdnduds x wiie  inwusdulag Ci{x) um Laﬁ]ﬁmjmﬁuh:\]rwﬁ’muﬂ‘ij;uim C(x)
Fafludnn i Asunys o Cix)

Wi S y dduwdsituresliom x Arowisouaasdaiiniwiou
wasmas y lo x wldiely  (the rate of charige of y with respect x) MIHAIITH
Fsaiudosilinssvitud@luido 3.0

famwduAuE T s w1 y URE x firmuatula y = fix)

uazhy x wbsmonen x, Wil x, + ox ma y wusin fix) T fix+ ax)
madfouliflu g fnﬂv\amwn’umn ay H8 flx, + 2x) - fix,) W8 x wbld ax o dem

RETYCTIIRIERIER TR y e x wusan x, 1w, + ax de

fx, + ax) - fix,) - ay 7 (3.5.1]
X AX

fasiavamawsinidld e Ax -0 aleddedasmutelariuitnes y
da x wselui x, 3aldioweialud
HUW 350 My = f(x) udr desimsutsalagiuiivas o o x wiei U x, ¥n
Fix,) ouwnbves y ooy x dia x wdsen U X,

Sasmmudslosiudives ¢ de x wlely  evadanmonumsadiaiiu y
Piannmv « wdserluwilmuon edarimafuudasiuef Folunurnsing
smasmadia W £ (x)) Wudanmaadsariseiufives v o x i ¥ x5
TR (x,) W0 ax (MIudelu x) nimunussisifeduly y T8 (x, v an
maau’lﬂmlwauauwamm (x; yy) 2eInTMuBs y = () Samandsanadueng y
o x udsendy ﬂfmwuﬂ’uu‘[muL?uaautuaums (3.5.1) wariamlan  x 19l

A Y

Y.
g s e . = g - -
Fadunisudsarldase 1wy Swfeainms? o« Uieuly UUETAN (x )

=]

Wwaoun lumuns v

154 MA 113



—>

1 351
-

B0 3.5.1 19 v Lﬂuﬂ’%mmwau@nmm‘rffefmauun e fn awdaTmIRounanai
20T R FIUTL e 18 e wilifan
ny a.00 Wilu 3.20
v) 3.00 Uhflu 3.0
a) .00 Thilu 3.0
3) azlndfludeninisudsdlasduive siSues foe-a
i) e gaTiumIwSinesessanuiatfe v - ef WK 0 dudafuiinualag

flop = o whismmmuuhenads v We e whathin e Wilu e, + e
e
fle; + ne) - fe
ne
Mle, =3, wme=oz wer 327 -f3) (3273 577 oy
: 572 o) 0.2
3 PR
Y e, = 3 ape = 0. way fB) -t @) -3 279 = 27.9
0.7 01 0.7
.
A} e, = 3, e =001 uer f(3.01) “f(3) (801 37 02711 a7,
‘ 5.01 5.01 0.0

ludia n) WNUTIOR N T B RUDLAB IR 1 Wasunn 3.00 50 Wik 320 9
Pumesisuuasly 5.7 Qﬂmﬂﬁ{ia wazdannmiousaadndi oe.s
Qﬂumﬁﬁa dmdvludio 9) uar @) asudsenuwnelldny uswwdmiuida 1)
3) dasmaudselasnudues v o e iy 3 A f'{3)
fle) = 3e°
ot

MA 113 155



mazasiu  fimwsnvemavvassnnafidiu 3 fasimiudya lauiun
vayTuesazifiu 27 grunedis  Walinmfeuuwdama ey

A0019 3.5.2 vivmuiamitadsziiaat ARl e sodudwan 100ox v
vowiudild g du laodl
U = 5+ 400x - 2xZ
n} wmé’mmmﬂﬁnuuﬁagmﬁlmma y dowvszanmmslsw andiam 10,000
uin u 11,000 uin
2} Lamidasimsuiean (tﬁlu) ANy Woswdszanmles wniu 10,000 LN
i W Bawaituffiwuedulan

fx) = S + 400x - 2x2
WEdrInuLee dmes y Se x kil da x wheen X, Wil x, + ax
fo
fix, + ax) - f(x,) (3.5.2)
HX

n) azasdivswidanmrudinw i y e x wselu x wdsdan
10 4% 10 + 1 Fatwnlidanaiu (3.5.2) Fax, = 10 UBT ax = !
e

f(1o + 1) - f{10) i1) - f(10
i 1

[5 + a00{11) - 2(11)?] - (5 + 400{10) - 2(10)]
4163 - 3805

= 358
wizastudanlssanmlas muinan 10,000 1w 1w 11,000 UM S0
mrwituulsaadmesiwuminimsi 358 Sudanciususran
Il T 1000 VN
w) dasmsudialasiufives y dia x wlsarlud 1o de 1 (10)

f'{x) = 400 - ax
ATIZREUU
f(10) = 360

faiudastrzinmlaw o 10,000 1Y FeTIMIMUSALTD IS W
wwrnfiweldazlu 360 Suda 1,000 un lumsiRuILLI= M

o ! | o <k Y " ' P a a a dl

AU 3.5.3 MIadszintuaauTnuminiy e t I vdndun 1 unnewy 2510

156 MA 113



nJuNu p §MUM usr p = 449 4 2t + 10 I
n) ammmmmo’uu w mh T UNIIAY 2521
z) ammmmaqwu o Tufl 1 wnnew 2s2s

o o
K
N o TuR 1 unTem 2521 ¢ o= 2 @edu wr dple t = 2
t
dp _ &4 2, dp] = %42 = 36
dt dt 1o ? )
LTSRS B TUN 1 NRIIAN 2521 dwéanmﬂuﬁmn 3.6 8uumaall
7) t TUN 1 UNTIAL 2525, t = 6 WAL
dp ] = 22 4 2 .68
dt v >

WITaTE o AuA 1 unTAn 2525 5@516}'1513@%14.’[145@71 6.8 AMUUMN
anll
MO8 353  HeamunAgymanisuifisuiuaneds g veaSun - das
1 m Aui 1 wnmen 2520 wu e suS vuraiugniul 2510 @8 2 Auum ufa
a”qua"fru ooun 1 wesiaw 2521 Ao 3.4 S munaell ﬁaiwa?{qﬂ pe19lsAain el
Froladl 2521 1u 300 S uuinud? ﬁfmwﬂﬁﬁwos&mﬁmlu‘?uﬁ 1 WN31RL 2521 B9I1tNR
n13Yod s USon U 893 s Rsuay s MU wawsa sUSmmA R Sag i sund sl
GanaaIFuwul  (relative rate)

U 352 My - flx) é‘mﬁm‘uﬁmaaﬂmmsdmao y Wo x whiely w x,

W .

f'ix,) / fix,) win (15 y Fawwhit x - x, Mdenduintamdin 1co Aurlddan

oS eFuauaIng mJ m

PIDEIY 2.5.4 MBeTduRTTTa L oo it o ud 1 wnsan 2521

- &‘1
#

uasiun 1 uns1en 2595 §miuusSunludiogivinswato 3.5

@4 o
7811

Mgt =2 p=4a) s 2+ 10 = 156 Govlu w Yuf 1 unmey 2521
L™

2. p
fasaunnivasenudularesmitmaiuisnde

dp /p] _ 36 o231 = 231 Waiifua
dt Tr=2 15.6
) o t = p = 5—(36 + 2(6) + 10 = 36.4

wzasiin m Sud 1 wnTew 2525 Sasiduvmivaseieu leuo g
pauiun

MA 113 157



158

ﬂ’_/p]“ - 58 _ 087 - 187 wetidud
dt t=6 36.4

]
<

Midanaidannnudula 6.8 Fuum o Suf 1 unTeu 2525 W
3.6 UL W U 1 unsen 2521 aonlsAE sesedinlagudng
18.7  Wafudd miuTuR 1 wmen 2525 sapndes e laduring
23.1 Woseiud  dMIuIuA 1 unTay 2521

4 [
HUUHNYa 35

1 A a3 LT]W%M’UEN?M?UM&TG}%& wz s 0 uamuemuesiune if s
Sataiiu pmiannsulinnaioas a We s wsealuon

n) 4.00 lthilu 460

v) a.00 1w 4.30

A. a.00 il 4.10

3) danmsudiawes a e s wlsaid e A - 400 Haunils?
auNEIMIINTIUBN %aﬁmmqam?{ 1000 1 e v anuan Hulines
TaIMIINTZUEN udz ¢ 97 1Huiaduasnizuan

vmdannsulsanadoas v e r ulidan

n) 5,00 MWhilu s.40

%) 5,00 Whiu s.10

a) 5.00 TWiflu s.01

9) samdanmaudsanas v e r udsdr i r = s00

mnumg  USineswamianszuen v o= qf?h e h duenwgmamsa
nIzuan

1 ¢ udundues n wewdammsulsiads ¢ We n wlsi  ussdanEe-
yinsmsudsamas r e n wlied n Senu

n) 4

=2

) 10

p—"

¥ s Wunnfigaseddnuwiu x  3IWaasmsudsen s W x wusen luuas e

o

FulmEnsudsaos s e x Do lun x St

=}

L2
9
4

)
)

=

MA 113



FmilwsoonnaIs ot uwse v unssau udinasvanitlussr ¢ wiiiiu
armsrndulailiing o v = 250040 - )2 39w

n) sariadndonrnaluld s wid

v) irlnssentdunils denm s wiit nimindudadllwaoen
sumsqﬂmuﬁwfuﬁuaaeﬁ‘nﬁwﬁa Hux = 3p2«2p o pum i
e mpsduaadmilauny dofurad 1000x un ﬁuﬁnaanq’mm

n) sewdanmisdsanaimvasaunu  dernmudiamlylasiuan 2 um s
2.20 YN

1) 1midaTimIudinmalgunmu Boreulralufineuiv 2 um
awmwaaqﬂmééwm”um‘i"aaﬂ‘s:ﬁuﬂatmwﬁwﬁa dlw x = 100 - 3p - 2p?
Se p v Junndaniifu wsnde x dudufifgssd

n) m1EasNILUIA LB IgU NI HermudialufTaniuan 100 un 10w
110 YN

) wmdanmiwdifasgad FHorewsslufinendu 100 un
Ussamreunululs sowd swdanseugurwisamnseuiy y nieu luam x
#lug waNEUI 800 W tumaud W y = 3+ 82 -x>:0<cx <4
n) JIIBATI AAUKANE I E D0 10.00 u. usDwN

1) 23w wunIsuIUE suaumdl luiam 10.00-11.00 u. Tunawds
FUNGHN swurzrinvasdesuvianiis danam ¢ 3 wianiuf 1 unTnu
2518 1u 40t? « 200t + 10,000

n. dawidfilTsTInTAy m Tuf 1 une 2527

1) 2swidanfUssrInT AL o Tud 1 unnn 2533

f) LI ERT U UM RIaIUTETINT T TuR 1 unTIey 2527

) 2 IMIBRT AR BRI AR IUTITINT T Fuft 1 w1 2533
ilsnnsdmasuduronits du 1ooy v e x v Jursitluieesiu

Tunslawnn wee

Ly o= 2500 + 36x - 02x¢ wdlbewMufmndwantlndudaminmriunslas o

Wanslauw mudasJudlu
n) 60 LN

) 300 UIN

/

MA 113 159



. ouwusveasfirulsznoy
"~ The derivative of a composite function

sundiny y iluwiefidutos u wer u Judsitues x drediaTu
f(u) u’ {3.6.1)

glx) = 2x?-5x% 4+ 4 (3.6.2)

]

v
W8E  u
U (3.6.1) LUB (3.6.2) Hvue v Indudsmfuninessiiuds x dasnndun

wnuat u T (1) Tassnisnfieves (3.6.2) 13116
Y = hx) = f(gx)) = (2x* - sx? +4)° (3.6.3)
- law b dueidudszney
nquunn 3.1 &y uiefuuas u Avualen y = flw wazweinganls  (chain
rule) dy/du W uszt g ldsAures x Avuelen u - g(x) wRznIA1 du/dx
W uer g JDuieituwas x uszwion dysdu 16 wszivuaelag

dy . dy . du
dx du dx

A1001 3.6.1 Wnganloiuwafdud imuedulosauns (3.6.3) dufusld
y = (2)‘(3 - 5x% 4 4)5
Tnsrasdnaem dy/dx Ravoaadsitu y ves v e u duReiduves x
<
Tald

y = u® Wou = 2x3 s5x2 .5
WIzarin  ainnganly

dy - dy . du
dx du dx

s5u® (6x% - 10x)

5(2x3 - 5x2 + 4)3 (6x? - 10x)

MIRgIUNganlghang Lt liRgailudd Agastazwul '
JIUNJAN Ty UTOUIIIE LIWRIUIUNU (MIARIUIZWUlU Leithold,

The Calculus with Analytic Geometry)) ot lsifdalutiifiudadeiiduasa

Fmiuuawafidy

au@an x whald ax, Tao ax # o vinlsifiansudslu u 10 au wude

L}

u+au = gx+ Ax
WRZIWTIEN 1 = g(x)

160 MA 113



f'ix) =

Auo= glx o+ ax) - g(x)

wmdosnin y = flu). au fwogld g wWfsuly Ay daiu
ay _ ooy ooauw M o.u £ o (3.6.4)
aAx AX X
W IR
hm Ay im 2y o lim  2u H Lud 0 (3.6.5)
aX = 0 ax AX =0 AU AX =0 nx
WMo u = glx) war g mwmawawAutld uih g daudlesdin daiu

Mo ax - 0. au -0 dodu lumdfesusnminloresaums (3.6.4) 19

WU ax -0 W su -0 396

im Ay im Ay . lim  su 1 au # O
ax =0 ax Al — 0 an nX — 0 aAx
LW TR dy _  dy | du
dx du dx
A L v % c! a 5 Ve » ::
mang Il Wo au = 0 flesein au Tuegiiue ax gfimums

(3.6.4) azwuinduldlildde au = o dmiuueames Ax
vgwiun 2 lwiide 3.3 nandt 10 dudwontida quest fx) = x0 ul
nx' wsrnInnge jundanantunganlbaz ldnge unaeluil

wquﬁuwﬁ 3.6.2 1 f usr g W afdud o fix) = [a(x)]" 9 n (The chain rule
BRI RUGITERRI T 7 U8zt g’ (x) A&7 for powen f(x) = nfgix)}" " g'(x)

A10019 3.6.2 1 fix) . L awm f(x)

4x3+ 5x2* Ix+8

TEn dowlmin fix) = (axd + 5x2 - 7x + 8)!

loglenpanlgvestondugnings Jold
f'(l() = ‘1(4)(;1 + 5)(2 - IX + 8)'2 (12)(2 + 10x - 7)

7;1’2)(2 - 10x + 7
(4)(3+ 5)(2- TX + 8)2

A10019 3.6.3 19 hix) = Vex®- ax + 5 9w h (x)
15717
h{x) = {ox? - ax + 5)7
loslgnganlod mivdeftuenings Sald
h'(x) = ;—(2)(3 - ax + 5)7° (6x? - 4)
3x2 - 2

Vax¥ax + 5

MA 113 161



#1801 3.6.4 1 f(x) _ (??..t.}l.)“wm £ (x)
—

ien1 Tagmsldngsnled miuisifugniads 1
a(2x ¥ 1)3 (3x-1)(2}- (2x + 1) (3)
3x - (3x - 1)°
_ax + 1) ()
e

3x

f (x)

_ - 2002 +1)°
(ax - 1)°

AI0014 3.6.5 1 f(x) = (3x%+ 22 (x? - 5x)3 M f(x)
3 W flussguuassaafafitu g usr b (e

alx) = (3% + 22 usr hi{x) = (x?- 5x)3

loeldvgujun 6 veowadie 3.3 dmivouiuivemanmvaswasiaity S9N

f(x) = gix)h'(x) + hix) g'x)
T h'(x) WBT g'(x) Tﬂungﬂn'[ﬁo'lﬁ
f(x) = (3x% + 2)? [3 (2x - 8)] + (x? - 5x)° [2(3x%4 a)(6x)]

= 3(3x? + 2) 5x)"- [(3x? + 2) (2x - 5) + ax(x? - 5x)]
= 3(3x? + 2) - 5x)? [6x3 - 15x2 + ax - 10 + 4x3 - 20x?]
= 3(3x% + 2) (x? - 5x)% (10x> - 35x2 + 4x - 10)

W01 3.8.8 1 gix) - x> awm g(x)

Ix- -1

3597 douda ﬁ‘ﬁutﬁuhu’lu;ﬂmauaﬂu mvaawandu Fald

glx} = x3(x?- 1)

ngeiun 336 usr 3.6.2 16

G - e ) Lt -y (50 060
= x%(3x? - 1) 3(33)( 1) - 2x?]
I S (L))
Sy

162 MA 113

1



~

— w
b e e v e

w

—_
—~
R s

AN ] [yV] r )
-~ o [S¥] —

NS
©

() W
a o8]

w
[o2]

PN Ie
~— ~ — — ~—— — ~— — — ~—

38)

39)

< [ %)
nuudnva 3.6

u A a4 s L3 g x:; 3 P
§1rdude 134 wenWutvoswafituidmuald

fix) = (x? « 4x - 5)° 2) fix) = (10 - 5x)}
fix) = (3x + 5)"" a) glx) = (x%+ 4)°
fty = (2at* - 7t 4 oer - ) 6) h(r) = (2r* + 82 + 1)°
f(s) = y2 - 3s° 8) f(x) = 4x'7? + 5% 77
glx) = 3x¥77 - 6x'/F 4 x 10) glx) = N (3% + 5x - 1)?
Fix) = & 2x? - sx2 + x 12) Hiz) = (2% - 328+ 1)3
y-7)* 22 4 1 Y2
ty) = (_‘E_'i) 14) gly) = ("ér +—-;)
(x) = ’ X3 16 hi) = ¥1 ]
8 3)(’* T X ) \ﬁ + 1
hu)= (3u? + 5) (3u - 1) 18] f(x) = (4x? + 7)7 (ex® + 1)?
glx) = (2x - 5) ' (ax + 3)° 20 flx) = {x? - ax 2% (x2 + 1)}
= (% 1 (or + 52 22 (e xxE )
fr) = (f + 1) (2r + 5) -
aly) = (v2 + 3)7 (yP - ) 24) gix) = (2x - 9)° (x* + ax - 5)’
2 3 2
- 5 5 -
@ = 5k ) P - ol
(Z + 4) 3 2 4 (X + 3)
Gx) = - ) 0+ 2) 28) Glx)= n———-4x -~
qgg_—? (3)(2 + 5)2 . X< + 3x + 4
Flx) =% 30) fly) = {y+ 375y + 1)°(3y% - 4)
X e ) ’
hix) = TJ:E—‘—*-—”* 32) f(x) = ¥x% -5 ”i/x‘ + 3
_ Y X I
fx) = ¥9 + V8% 34) glx) =¢ g1
LIMEUMILENFUT LT R T SN R LY y=Vx?+ 9 %‘cﬂ (4, 5)
: 2 2
VMmFuMTIaNTUTNAF AFNAR LT Y =(i‘_";)),2 w (1,2
. 3x - ' .
wwersisLFuFUEASAREL y = (6 - )7 veswsztesallil @ (1, 2),

(1, A73), (30) (5 - ~E) (7 -2) nadiewnnWuRERIuUR IAUNT IRARTiAue
i
. Au e . 1

'Y A o al
FIPIRUMTUD IR URUNTNTUNT LAY =-3—°——"——hkﬁtwﬂ'l'ln’gu 12
Y NI -8 7

W cx v Dudunusnlunondadudmiontis 1ox wibw  use clx) = 20 +

ax + A3xZ + 4w

MA 113 163 .



n) Wefdudunuiy  uas
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7) FunuRulaviiwuaed 20 Juuds

40) ﬂuﬂnqﬂméﬁwn‘:’uﬁuﬁmﬁmﬁ:uﬂu p?+ ax? s Bx - 140 = 0 \fle p UINn
dlusiadanilaniian Liﬂaqﬂaaétﬂu 100x WU ammu'lﬁﬁmﬁaqﬂméuﬂu
300 WUIY

1) viunbiminifuurnis Do wdouas p uin el x wag
uer p o= 150300 - 2x semidasli i uina Todvwliim e

42) aamﬁaﬁ'ﬁ’mm'l@'ﬁﬁ'waoﬁuﬁmﬁwﬁﬁmumaQmeLﬂu px - salox + 1 e
x oglurae [1, 8
f# miuda 43-46 aamauﬁuﬁ’uamaﬁ'ﬁ’uﬁﬁmuﬂﬁ
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woume lal = V?
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implicit Differentiation and Related Rates

thf= {(x, y)ly = 3x% + 5x + 1} (3.7.1)
u&IrnnTs g = 3x2+ 5x + 1 fvmuadaiu f lasfau
Wi situd lld A e Wlasdanu wu  sums

x® - 2x Y QPR R (3.7.2)

wlimusoudsuniamia y uinsamwas x 6 uefsatnalsfnmesiinisfafidu
wWiownmin ves f ADAnEMs 0 y = fix) wir sums 3.7.2 el ufa
x® - 2x = 3[f0]° + [x0]° - [f0]?

fmdunn 4 a1 x Tullulawuvaaiafitu §
Tuns dhuiioniwaidu § gnimualasySowdiesums (3.7.2) it muelidas
mieafuingwneuns (3.7.2) Awvua y Willudarduues x ﬂmauﬂ’uﬂﬂ Tt
'iis'msmaqﬁuﬁ y WUy x ﬁLﬁﬂﬂawnwsuwauwuﬁL"Boﬂsmu (Inplicit  differentiation)

Faldngars  fiafumawayiuters 9 inananud

NN KO- ox = 3y 4yt - R (3.7.3)
il Fix) = x%-2x (3.7.4)
Gly) = 30 + y5 - yz . (3.7.5)
Awuald y ludandunay x vou
y = f(x)
vedlouaunms (3) lddu
E(x) = Glyy = 6[fx] (3.7.6)

UMY (3.7.6) Huatann g1 Tulawuwas f 44 G[fx)] wenld
Foiu dmdunn g x Awouiusvas f lded

d
LR B (351 + 97 YP)
6x” - 2 = 18y’ az + 5y4 d! a!
6x> - 2 = (18y + 5y 2y) ay-
6x> - 2 = Eiuy__

18y5+ 5y4-2y dx
A10019 3.7.1 Awuald 3xdy? - Txy? = 4 - 8y I d
iy Tesfion y Dudsfitunss x

Sy n)) = e ay)
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12x3y2
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X

i lesfie ¢ Dwiohdunes x
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d 2 d .4 d . 4
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e
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d ixdaudy - d
£ {x?+y7) .a;(g)
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y-y, = mix-x) W8 m iduaiutu (3.7.7)

e x, =1, y =2 W m = L unusilusums (3.7.7)
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daoe may@ld Fowisituuaimaaiiudifie x usr y 9 x =
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~dt

udrayusifsUTowfsuivnm t wwldmudoiine lUn
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NNAUWT 15 W
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%1 . x dx

t Y dt
X (dx . 3) (3.7.9)
Y

IINFUMT (3.7.8) M xa 15 Uiy =20

WNUFT X 2 15, y = 20 1 (3.7.9)

dy -3 (15)
dt 20

. 45
20

- 9
!

]

= 2L
. . 3 .
vufatulafaudnadioaudy 2L Wa /T gz floudulavisandumg
15 We ‘

1

MM %g fefemuniusumzimiugnes y wsediammedie + ddufdu
t

#20019 3.2.5 auyAluamiaunaniis
W p Wusewssdutmisiminniivum
x DuimowigufiswmauszirTuiminiuiu
Lmtﬂ?mmﬁ’uﬁﬁmmﬂagﬂugﬂﬁum'x
Px - 20p - 3x + 105 = 0 (3.7.10)
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dt = Tooo a
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PINFUMNT 3.7.10 maurutfsuiunar t 16

Al

d Px — 20p=3 +7 108) - d
I {Px P=3x ) = - {0)
d _oq dP m o dx d -
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p dx dp - 20dP .3dx , 0 - 0
—ci?"’x_ai‘ _at_ at +

(P-3) dx+x-200dP
(] @t °
b _ - (P 3)dx (3.7.11)
dt {x-20) dt
ANEUMT (3.7.10) e x = 5 UV p = 6
anud dx _ -1 ,p=6 uBr x =5 u{3.7.11)
dt 4
o .3 ()
dt (5 - 20) 4
.3 1
B i5 7
o
B 20

St TR ULAR I IRARIIESaTY 5 aasdaeiu  WamIRaFuUIzInTuy
5,000 119

?J LY
{HIUUKNNTHA
48 1-8 39m1 dy lagTwiouwut a3 (Implicit differenttiation)
dx
1. )(2 + yz = 16
2. 2x3y + 3xy3 = 5
3. x2 = M
X - 2y
4. Loy = x
y Y
5, Y+ oVxy = 3x3
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7. Y = 2 + )(2

X-y
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8. fy + Wy o+ Ay

16.

17.
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J8 9-12 WIRATA y Fouludusdasy uazmi  dx
dy
x4yt = exdy
y = ox*- ox
iy + 2yt oxt = 0

y\rx - x\‘/; = 9
vmaumIvenFuFuArvanduldy 16x? + y¢ = 32 w ﬁqa (1. 2)
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anRuznTINRuEUAIAUINA1 6 W Lﬁagnmmi’am:a:a‘m@ﬁ”wé“m‘w S/
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