
, ...t: .., .., d 

.=I 
1JYIYI 3 

u d 
8UWUfi .. 

(Derivative) 

3
•
1 

UYUnlJfH,. ua~6\fYiU1i 

The tangent line and the derivative 

i1t}}~ 1~ fi 1flt}} H1~ 1 ~ t}} 1 ~ufl~~ ltR ~~n~tiu i1qJwnm"m" ~ mf~i3J~~"V e1 "ut~ 1fl" 
m ;J~~nl~~~L~1J~LR'~t.r_,tf" ~1LW~Lfl"LU~1"n~3J ;J1nL'l"V1fHllfiL~ 2 ii~ rh~~fl11 • 
Lil4i3J~~~;Jfl p u~1"m~3.1 fimH'~~t1;ui'u1"m~3J~;Jfl p L~tJ,;JfiL~rn \ltJ13Jd1-thJ11ftiu 

• • • 
Li~M"l~tJrf11u L'lf~t~.,u 3.1.1 Li~~~~n"m"1""Lu~Lw~i3J~RnuLi~t~r,~;)., P .r~Lw-~ 

~ . . 
M-,d~~fl o .l1tJ 

L U ~1oV'ad ;J:; ~;) 11 N 1~ "ittJ13J~L ~ll1:: R lf!HJ"LW~R3J~R tiu n11'W"!J D _,yt _,fj,r~ ~;Jf11J~ • 
mn"l 1~ f Ltl~~"n"ll'u~"iim13Jfimdn"~ x1 ~n"m7~1fi113Ji'u"VD"Li~i3J~~numw~ 
'DD" f ~ P(x,. f(x,)) 1~ o(xz, f(x2)) LU~~~an~fl~rt,u~m1'W"!JtJ" f tt~fitJ Xz El~ 
lu 1 ~1tJ LiitJ\uiue.J1u p LL~::: Q LWUfl1"Lfl i ~e.J1~~" 2 ~fi1J~LR'uM" L1tJn11 LR~~fl 
mw~ (secant line) ~_,J~ IHU~~~u P LL~:: Q LU~LR~flfln71'W (~1U 3.1.2) 

L~~U Q EI~'YlH"lJ11iiD'hD" p tlrJHhnf113J Q eJ1;J;J:;f)~'YlH"lJ11iiB ~;tl'Y11_,n1tJiJEI 

'11£1" P n1~ 

y y 

T 

I 

. x = xz·x,: f(xzl- f!x,l ___ -t ___________ .. 

P(x1 , x1 1) 

0 X 0 X 

!tl 3.1.1 1tl 3.1.2 .. 
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6X 

~X tnn::dJ\41.J1 ftVl;tH~l.J nt.; 

fi111JiWIIt:l\ILR\4fi~mlW pQ ~niiTVI\4fl1flu 

L't'f'l1::11 

ti..1Ju 

f(x2 ) - f(x 1) 

tm\4d 1~~., p fh1~ LLil:;t~~m.~fl Q fllJJLit.41.i..11tlvm p ~\4flt:l Q t-lTlLn~ p ;J J 

ii•"l1L~iitl\4rll.J11L~ ~x LoUlln~ff\4-U LLN::Ui\4Glfln-nWm~'lULU\4;Jfl p u . , 

timft.4fifln~1Wiifi1LL~l4.,~ij~ (limiting position) ~ .:~iitH\4HJJ~Hn'llW~~fl p Gi.:~t.fu 
t\t:J\IL~fl11JJiU'llt:l\IL1~\ufJJ~Hn71W~~fl p LU\4~iifl'lJt:l\l mPQ L\4'lJll4::~ 6X L-lllLn~~\4~ 
if1Riifld~1fl11.; L~tl~1~1~ijfl1ll1.; ~\4fltl lim mPQ = + oo~it:l - oo LL~1 Lu'lJm:: 
~ AX. LoU1Ln«ff\4U LR\4 PQ LoU1Ln~LH\4~J,~ -;~\l'lJUl~ui'uLLnu y- Lt.4mnldLiutfJJ~H 

' u ' 

m1Wn p ;J:::;tit:l\ILUULRU X =.XI 

l1uuJ 3.1.1 til f LtJuyt.,fnru~lim1JJiimdt:~.:~~ x1 LL«1 tiutfJJ~Hmwnm\1 f ~~fl P(x 1• f(x 1)) 

liD 

~ 1 ~ ij91d VI 1fll t.; 
(2) ttfu X = x1 Ill 

lim 
e:.x,... o 

f(x 1 + ~x) - f(x 1) 

L\X 

lim f(x 1 + ~x ) - f(x 1 ) .. 
+ 00 ~itl - 00 

~X -0 t:.X 

(3.1.1) 

~11aJLtJu1tlfi11J"Utl 1 Vlitl "lit:! 2 LL«1 n11W f n;J::1~ihtfutfJJ~H 
' 

n~il P(x1 f(x1)) 

i1flV1~~ 3.1.1 ~-'~1fl11ll'fu'lltl-1Ltfuill~Hn1.iLiuM..1 y = x2 - 4x + 3 _ ~~., (x1 , y1) 

ii,h 
f(x) x2 - 4x + 3 

·= x2 - 4x + 3 I I 
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f(x 1 + ~x) 

HtnJnTl (3.1.1) 

(x 1 + I.,\,X)2 ·4(x1·+ 6.X)+3 

'l::1~ 

AX 

lim [ (x 1 + ~x) 2 - 4{x 1 + AX) + 3) - [x~ - 4x 1 + 3] AX -0~~~~~--~--~~--~~-L--~--
.Q.X 

lim x1+ 2x1.DX+ (~x)2 , 4x1 - 4~x+ 3- x~ + 4x1 - 3 
6X - 0 t.X 

lim 2x 1 ax + ( c.x) 2 - 4 .6X 
6X -0 AX 

b~11::11 c.x 1 o tn:IJ11tl'Vil1bfl1!tbL~:::~1\4~-uJ 6X · 1~ 

lim (2x + o.x - 4) 
~X- 0 I 

m(x1) 2x1 - 4 (3.1.2) 

m1L:fitrumw.f1Ju-lf{:IJ1111Lu4f1tJcil"~ 3.1.1 fnY~util'lfl L~l'l::L:UvuL'II'm:IJumtJ-lLR'ui:IJ~R 
' 

~tJll'lfl hX x LLth~l , m~::Y11~1 y ~f{:IJ1Xtniu~lnf{1Jn11 'l1mfu1"ltR:IJm1 (3.1.2} 'Vil~1 
m L~e..lt'ILUi\111-l 3.1.1 

R:IJ~R LUbLU11::4i'tJ 

'l:: 14\11 

' 

' Lm1:::11 

Yl x = 2 btfUi:IJ~f{"lJU1UfitJLLn'\.l. X (~-l~tJ 3.1.3) 

fl11H 3.1.1 y 

X y m 

2 -1 0 

1 0 -2 

0 3 -4 

-1 8 -6 

3 0 2 

4 3 4 

I 
5 8 6 

nJ 3.1.3 
" 
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i1orh~~ 3.1.2 ;,,~1RlJn11'll£l·mfuilJ~cniuLiu1t\'" 'li£J,ti1£JD1"~ 3.1.1 ~~fl ( 4, 3) 

1in1 L~·n~11 fl11U!l'U'llil"Lft\4ftlJ~R~~fiLt1 j (x 1 , y1) 

~1~Ufl lflv m(x1) • 2x1 - 4 

fl11uiU'll£l"Ltfu&flJ~ft~~fl (4, 3) .,il 
m(4) • (2) (4) - 4 

• 4 

.;,if,_. RlJ111'l'll£l"Ltfu~tY£l..1n11 . .,£l 
y- 3 .. 4(x - 4) 

• 4x - y - 13 = o Ans 

lutY1£Jd1..1~ 3. 1.1 L'11~hvYI..1n"ll'u f ~ ..,,;,~ufl1flv 
f(x). x2 - 4x + 3 · 

m(x1) = 2x 1 - 4 (3.1.3) 

~..1L~fl11ll"ll'u m(x) "lJ£l..1LH\4H1J~Rn11Wtlil" f ~~fl (xi , f(x 1)) 

RlJnTl (3.1.3) ti1~ufiYI..1fnru~d..,~1~lJW1nYI"fi"ll'u f ~1Tt1~\4flftlJ111'l (3.1.3) ~1V 
f' (r:i1u11 f prime) LL~1 

f' (x) 2x - 4 

f' Livrd, mp·~·un"!Ju..1 f 

L ~11::11 ~la.Jl'l mbu~~ut111t'll1.r~tnvori1..1 
' n "R ,.;l}JlJln 

urnlJ 3.1.2 m-.~un"llu"YI"ri"ll'u f ~u YI"ri"ll'u~L;ivuLLnu.r1v f' ~~fh m ~fl x Lfl i tu 
lfiLlJ\4 (domain) "!Ju..1 f tlnrh~uf11flv 

" 
lim f(x + 6X) - f(x) 

L\X- 0 't::._X 
(3.1.4) f' (x) 

ltl~ijfl~1"11"' 

R'llJ~n'llm~u~"tiLmu f' (x) flu oK f(x) ~..1£hw), "m-.~un'llv"YI"fnru x LYivunu 
X 

lt1 y = f(x) LL~1 f' (x) LUUu,..~ui'll£1..1 -y Liivuriu x 

Rtl)~Tl'llm y' LiLLnuv,..~wi'll£1..1. y Lnvwiuti1LL111~u (independent variable) 

fi1"'u" l'll.;-1LL11'litu~1.4LUU~ffnriufl . . 
" t'l1 x1 dJU"lLU1fiLlJU"U£l" f ~L&t1 

(3.1.5) 
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~1~~Gld~1f111.1 

L~7£JtJLYi£J1.J~Gl7 (3. 1.1) LLfl:: (3~ 1 .5) ;J::;tf -lLn'ilL ~Ul1fl113JiU"llu-3LR\l.tf3J~L'W71vfJJth1 

y = f(x} ~~" (x 1 . f(x 1}) fiuu'1~W.6"llu-3 f ~ x 1 

i1t1Vl~~ 3.1.3 1~ f(x} = 3x2 ;. 12 ;i-3~1tl'\1~U~"llfl..) f 

}5rh il1 x LiJu,h1., 11u11ilL3JWUfl-3 f ;J1nR3Jm1 (3. 1 .4) 

lim f(x'+ 4.x}- f(x} 
f(x} 6X-- 0 

6X 

lim (3(x + 6X )2 + 12]- (3xt + 12} 
.ll.x -o 

c,X 
2 2 2 lim 3x + 6x ,ex+ 3(c.x} + 12 - 3x - 12 

,~x-0 

lim 
c.x -0 

lim (6x + 3.l-,x) 
~X -0 

6x 

~ufia fl'\1~U~"llfl-3 f fia .,:t,,;,r'\.4 f ~ril~u9111il!J f'(x} • 6x 

11ilL3JWllu-l f' fia Lsn'il"llu-3~1U1'1.4;)7-3 ~.,L~iiuunu 1Y1L3J""llu-3 f 

lim 
0,X- 0 

6X 

l"~f11d "'1l~ x 1 + 6X X 

LL~1 "6.x - o" iim13..1~3..11m~iia"nu "x- x
1
" 

~Gl!JH'~Gl'l (3.1.5) R3Jn11 (3.1.6) LLfl::"llflfi113J ('3.1.7) 

(3., .6) 

(3.1.7) 

;,::;11J~917th~i'U~1fl'\1~W.6 
'lJfl,'J f fi~fl X I dJ'\.4 

X - x 1 
(3., .8) 

ff1~~Gld~1fl11.1 ~911 (3.1.8) \i~1 f'(x 1} 1/fL"J!'I.4Lii!J1ritJ~911 (3.1.5) 

i1mh~~ 3.1.4 ffl~i'u.;t,,;,r'\.4 f "naJ~·nlciH~ 3.
1

1 .3 ;),'1~1D'1~"~"llu-l f ~ 2 1flli 

MA113 

1. 1i~m (3.1.5) 

2. 1i~m (3.1.8) 

3. LL'Y1'\.4fl1 x 111£J 2 l" f' (x) "lltl·l~1flUl-lfi 3.1.3 

1. 1i~m (3.1.5) ;J::1f1'11 

f (2} 
lim f{2 + .6X} - f(2} 

LX- 0 
6X 
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lim [3(2 + ~x) 2 + 121 - (3(2) 2 
+ 12) 

AX -• 0 :.--- ---A-X--'------

lim 
~X ·-0 

12 + 12,6x + 3(t,x) 2 + 12- 12- 12 

ltm 12 e:.x + 3( .c.x) 2 

6X --0 

lim ( ) 6-X • O 1 2 + 3 .6 X 

12 

2. t'lt~m (3.1.8) ~::1.;-J, 

lim f(x) - f(2) 
f' (2) x -· 2 x---=---2-

lim (3x<' + 12) - 24 
x-2 x-2 

lim 
x-2 

3x2 - 12 
X- 2 

3 lim 
X- 2. 

(x - 2) (x + 2) 
X - 2 

3 lim (x + 2) X- 2 

12 

3. L.,.f,,d, (~1nti1uriHii 3.1.3) 

f' (x) 6x 

f'(2) 12 

"',~_,,;,r" f ~ nrh't'\l4fl1flv tU.Jnl, y = f(x) ~:: 1.,-
Da. y f(x + D. x) - f(x) 

"'lL'Itiqjltmml ~ LLYll4 f' (x) ~::1.,-~fl, (3.1.4) flu 
dx 

dy lim D. y 
dx ~x-o ox 

.., ' .. t .. 
~1DtJl~.,l 3.1.5 ~ y = 2 +X * ~"~1 X 

..... ' 
J6n7 dy 

ax-

J:X 
lim 6 y 

= taX- 0 -
L\X 

lim 
0 

f(x + 6. x) - f(x) 
6X- ~X 

lim (2 + x + A x) I (3 - ~ -.D. x) • (2 + x) I (3 - x) • .6 X- 0 _____ _;,__ _ ___, _____ .....;_ __ _ 
~X 

Ans 
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lim (3 - x) · (2 + x + 6 x) - (2 + x) (3 - x - 6 x) 
• ~X - 0 .,;..____;.....;... _ __, _ _;..___;-..,..-..,......;~---...;.. 

6X (3 - x - 6 x) (3 - x) 

Jim (6 + X· x2 + 36X- X6X) • (6 + X· x2 • 2£\X • X6.X) 
• A X- 0 --------:--:----~~---:------.;.... 

L).X(3 ·X- AX) (3 ·X) 

lim se:.x 
- 0 --~---~---~ .AX- .o.x(3-x-ox)(3-x) 

lim . 5 
D.X 0 -- ( 3 - x - D. x) ( 3 - x) 

5 

(3 - x) 2 

i1mh-3~ 3.1.6 1~ f(x) = ...[;(:3 ;,,nn f' (x) 

f (x) lim f(x + 6 x) - f(x) 
.6. X ._ 0 _:_ __ 6_X-'---'---'-

Iim -./ (x + .6 x) - 3 -~ c:. x -o -'-----'------
6-X 

~nmn~LL~::H1U~1V (.J,_(_x_+_b._x-·)---3 + ~) ;,::1~ 

' ' 

f' (X) Jim iJ X + 6 X - 3 -...r;;:-:3) fN~X-+-6.-X--'="3 + ....rx:J) 
6 X- 0 .;..;._ __ :-::-:/1~~~~--:--;:~;;;;;~-----
. 6x (.Jx + t:-. x - 3 + ~) 

lim x + 6 x - 3 - (x - 3) 
A X- 0 -.:-7-;:=;;;;:;;;===;;F:-,_..~.:; 

L X~X + .6 X • 3 + ,J X - 3) 

lim D. x 
~x -o t;;x(..Jx + D. x - 3 + .Jx - 3) 

lim 1 
.6X- 0 ..Jx + 4X- 3 +~ 

1 

..rx:-'J + ,rx:-'J 

1 

2JX- 3 

ilm\ta.,fi~uii ;,,niivuml'rl'ilv-3 f .'11v 

16rh 

f (x) 

MA 113 

u 

lim 
.6X-

f(x + D. x) - f(x) 
6X 

Ans 

Ans 
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• 
lim ( (x + 6 x) 213 • x213) ( (x + D. x) 413 

+ (x + D. x) 213 x213 + x•13) 
.t.x-o 1 

~ x ( (x + 1:1 x)
413 

+ (x ·• ~ x)
2 3 

x213 + x•1 3
) 

• 

• 

• 

.. 

• 

• 

• 

lim (x + 6 x) 2 - x2 
Ax-0 I 

L\X ( (x + 6 x) 413 
+- (x + 6 x) 2 3 x213 + x•13 ) 

lim x2 + 2x(/.\x) + (6x) 2 - x2 
AX -0 I 

Dx ( (x +A x) 413 
+ (x + ~ x) 2 3 x213 + x•13) 

2 lim 2x (..:) x) + ( 6 x) 
Gx-0 1 

4x ((x + LX) 413 
+ (x + C>.x) 2 3 x213 + x•1 3 ) 

lim 2x + t::. x 
t\ X._ 0 ----77:"'--------.-:-----

(X + 6X) 413 +(x + ~x)'l 1 x2h + x•1 3 

2x 
x•ll + xlll X211 + x•IJ 

2x 
Jx•l1 

. . 
LLflYf-lni'u f tlDLUD-lfi 0 L'l'i~1::1.1 
• lim 

X - 0 
f(x) 

' . 

lim X211 x-o 
y 

0 = f(O) 

!tl 3.1.4 

.. ~~~~· . 'IJ -3 ~•111 Lllil D X - 0 YIH\J1fl 

1.24 

X = 0 

MAU.3 



Jim + f(O + G x) - f(O) 
6 X - 0 ---'-~6~x:...· __._-:.-

- lim + (~ x)2-13 - o 
ax -0 ~;,.x 

.. 
+ 00 

'VI1fl L~fl A X- 0 Yll-3ft1J 
lim f(o + .Ax) - f(o) 

.tl.X -o- ~X • - 00 

~-3ft~tl11 LR\4ftln4'ft1111Wtlfl-3 f ~,flT'hL~fl fia LLfl\4 y (~1tl 3.1.4) 

;nnti'·uirlHd URfl-311 f' (x) RllJl'Hl'VIlfhl~81wfuuHfl-nJa-3 x L\41flLlJ\4,fl-3 f 

LLtl'VIlfhl1il~w1'VIi'tJtJHfh x L\41f1Lll\4,fl-3 f ~ -3iiiltnaJt1~tialtJd 
UVlll 3.1.3 vhlii" f n~n11 iia,..m.i (differentiable) ~ XI lil. f' (xl) RllJ111l'VIlfhtli 

';ltL~\4111flvLf ~lll. 3.1.3 Yl-3/ii\4,fl~1arlH~ 3.1.7 iia11m.f~fJ1l j '" VflL~\4 o 

UVlll 3.1.4 lolhrii'\4Lfl i ~t1lft1111 'VIlfl"t~"~'~ ~liifl"t~"~~fJfl i '" L\41flUJ\4,fl-3 
vt-3n"ll'"~" 

;)tL~\41il11 L\4ti'1arll-3~ 3.1.3 Yl-3rii'\4 f ~mh'VI\4fl1flv f(x) • 3x2 + 12 LLftt 

1flLlJWl.lfl-3 f fia L.fifl'l.la-3~1"1"''-3 Lw·n::11 f' (x) • 6x LLftt sx Vllfhlliw1'VIi'1JfJ11 i 
~1"1";1'-3 tt"fia f LiJ\4Yl-3n"ll'"~"",a'1~"~'~ 

L\4ti'1arll-3tialtl ';ltLLRfl..1L,.;L~\411 W..1n"ll'\4fhi'll\!1n1 (absolute value function) 

'VIlfl"t~"ftllt~~ 0 LLftt1111Wtlfl..1Yl..1ni\4tliiiLR\4RlJHR~,flrhLilfl {~fl~ x • o) 

i1mh~ 3.1.8 ;)..1LLftfl..1L,.;L~"1, f(x) .. I x 11lliia"t~"~~~fln1Lilfl 
1i1h m1*tla"w"lii"diid'n1~nu.tt1.,-,tl 3.1.5 -u 

';1111~917 (3.1.5) 

f' (0) - lim f(o + t::. x) - f(o) 
6.)(.,....0 ~X 

MA 113 125 



L~,1::11 f(o + Cl x) • ID.x I 

L~~:: . f(o) .. o 

\1::1~11 

lim f(o + D. x) - f(o) lim I Ax I 
.c~x_;_o e:.x-o-6X 

L~,1::11 I l:I.XI 

LU~:: I AXI 

lim l6x( 
.1\ X -o• D. X 

lim I Axl 
6 x-o- -.Ax 

• 

• 

-
-
... 

AX ~, 6X > 0 

• Ll X ~1 Ax < 0 

lim +AX 
.AX-0 AX 

lim .. 1 ~x-o 

lim -Ax 
• bx- o-

AX 

• lim .1 
~x-o-

·1 

L~, 1 ::11 lim + I bX[ 1 lim (A xl 
~X - 0 A X D. X .... o- A X 

LLRfl-31111lii~DfltHl-rli'1-3 (two-side limit) "tltl-3 

AX 

lim 
1.\X-0 

~-3,_f1.4 ~-3fl~1111~1tlt;~Ut f' (0) ta.Jt~ LL~~ f 1a.Jilfl11~1.4t~ 0 

L~11d1 f' (0) ~lfhta.Jt~ . LLfl.::la.JdJ\4 +,IX~~£) • ~ ~-3~\4 ·~-31~£iLlf\4Rli~R~ 
~fl rh L Ufl H 1WlU n11Yf!Jtl-3Vf -3n'!Yu.-hili1J1 m 

1uti1tlV1-3fltl tu \1:: L ~LL\41Yl1-3~LLRf1-3L ~L ~\4~"U1:: 1u~u'"1Jfl"m1ll'li'\4"1ltl"Liuill~ff 
n·nW!JtJ-3Vf-3fi'll'u ~"li1u 'l um, L~nt1qJ~ 1m"~,;;~ 
i1mh~~ 3.1.9 u71in~~fl~1mLn1~~~"~tt" · R1li1,11~~1Jl~1ULLn11~w,1f11 1s u1n flmhu 

U,::~.nnd1 ~TI.lltJ~1VLLfi'1tf1U~;: x U1Yl ~::"ll1U~1mLff114i\tJ\4~1\41\4 125·x 

~1ufimttl1J11~ \l-3~111~1uiliY1~D-3m,1 ~iiti1hR -3RflH1Wfum,"tJ1t!'lu 1 

126 

II 1 

WUfl1~ 1J71inm, \l::"ll1U~1tJLLn1 ~1U fl:: L vh Lfl tflti 1~\4flft-3n'!Yurh ,,.~D 

iUf11~LU\4 

P(x) 

Pix) 

= (125-x) (x-15) 

-x2 + 140x -.1875 

(3.1.9) 

(3,1.10) 



iin1 ;nmuJm7 (3.1.9), P(15) • o m~:: P(125) • o ~~~:: P(x) > o ~~il x il~1u'!h~ 
(15, 125) mwrllil~ p m~fl~'lu~tl 3.1.6 

P'(x) 

302~ i y 
·,ooo 

HOO 

1000 

'~00 

~co 

.. ~ 3.1.6 .. 
-;nmtl 3.1.6 tl1lnn·hif1;)::'l~~rh1·nHftfl ~;il P(x) iifiltHftfl fllft~Hfld~il~ 

\1 ;w 'U , " , \1 , 

ti~Lu"Jh.J (15, 125) ~~"Luu'Ylfiv1tl ;1:;'\~~~Wll tY1Yf~n'll'u Polynomial p iifi1~~"fl 
~ x 1 uu"lh~Ltlf1L~~1 m1U'lu p· (x1) "llil~~~uill~ft~il~~'hnufJ\4U flt~ud~1fi1 
p· (x) t<hwfuYf.niiu p ~~n1~ufllflrJHllm7 (3.1.10) 

'l"Jt~f11 (3.1.4) 

lim P(x + .0. x) - P(x) 
!lX- O . 6X 

lim (-(x + D.x) 2 + 140(x + 6x) - 1875)- (-x2 + 140x- 1875) 
ox-Q . ex 

lim -x2- 2x6X- (6x)2 + 140x + 140~x- 1875 .. x2 - 140x + 1875 
AX- 0 D. X -· 

lim -2x6 X- ( 6X) 2 + 140 ~X 
6X -0 D.X 

lim (-2x - 6X + 140) ox- o 
·2x + 140 

'lum1~1~1 · x ti1wi'umllli\4'llil~~ft'uill~ft~ YhnmTuli 
" 

1Yt' P' (x) o 
-2x + 140 o 

-2x -140 

X 70 
... 

f1.Juu ft1tl1"'11 tYltitl~nT~"lllrJtY1VLLrl1 fivitlfll~l ~~rh'\1w ~ftfl u71i'Yl~~ifl 
1 I 'LJ , U 

m1"JJ1[J 1-u. ,,,,,tr1v~::. 10 u1Y1 .n .J;)::rh 'l Yt'n1 t-,~ ~"fl (f1fl;)lnYf~n'll't.u111,.) f'lil 
P(70) • 3025 tJ1'Yl 
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~· u IIUtJHfl'HVI 3.1 

~111 fil 1 il., ofiil 5 ,v.,~1fl11WWllil-1Lft\4R1JJlftn1Jfl11~~,il (x
1 

. y1) «i'H9111,., 

ft1~'f1Jfll x, y LLft:: m ~~fltlH j 1J"1111~ LiitJ\4Lf\411iW~ LLft::LR\4~d,11W\4L{J\4f!\40 
1. 

2. 

3. 

4. 

y 

y 

y 

y 

• 9 - x2 

• x2 - 6x + 9 

• 7 - 6x - x2 

• x3 - 3x 

5. y • 4x3 - 13x2 + 4x - 3 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

' ' ' I I 

~111 <fit~ 6 il~ -fit~ 10 v~iwa.mmt~.,Lf\4iiJNRif1JLR\411i.,;ifl1~\4ilL~ m v~fir'l1~\4flL~ • 
y . x2 - 4:r. - 5 • ( -2, 7) 

y • !-KJ • (4, a) 
8 

y • .J 9 - 4x • ( -4, 5) 

y • §,; • (3, 2) 
X 

y "" rx • (8, 2) 

v1~t~ 11 il., fa 15 ~.,~, f' (x) 
,, 

ft1Wf1Jvt.,~i'\4n~1~\4flL~. 1flv'li~fl7 (3.1.4) 

f(x) • 4x2 + 5x + a 
f(x) • x3 

f(x) • .JX 
f(x) = ../3x + 5 

f(x) 1 
x--:;-1 

f(x) - 1 - x2 a • 3 

f(x) - 4 a • 2 
5X 

f(x) 2 a • 6 • x3 

f(x) • .J x2 - 9 • a • 5 

v111 fa 20 il., ft~ 24 v-1~1 f' (a) ft1Wf1Jfi1 a ~~1~\4flL~ lflv'li~fl1 (3.1.8) 

, 20. f(x) • 3x + 2 , a • -;J, 
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21. f(x) x2-x+ 4 
' 

a • 4 

22. f(x) 2 - x3 a • -2 

23. f(x) ="b + 9x • a = 7 

24. f(x) 1 
a • 3 

;,}2x + 3 • 
~ .. ... 

* ;nn 'l.Jtl 25 ~" 'l.Jtl 26 ~.,,.,, 

25 y .. X 2+ x-2 

26. y 1 - X 
x2 
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01 r! ' ... 
Ol'll11V\.J'Yi\.J 1i llct~T11llJ~ Vl\.J V~ 

3.2 • 
Differentiability and continuity 

~.:ui"Jlu'\Jtl-l9i'1tlciH~ 3.1.7 LL~::9i'1tlciH~ 3.1.8 fimrttl-l~tlUU LLfihhn1J1'HI~1 
" tl11~UtL"'~f!UU iu~tl ~-lniu~flt!Lrttl-l~~il j ~~.] 1~~1LtJU.;tl-3~1t111~Ut1~~~~tfu 

t1UHL1iim11 w-lniu~~ltl'1~ut1~~::tit~-lLUUW-lMrufimrta-l"'1tJ .i'-l~~l!tlj~ 3.2.1 

nq~a~ 3.2.1 ~1 t LiJuw-lniwn-l~1tl,~ut1~~ x1 LLi1 t ;J::ilmda"~ x1 ll1v 
H(Jini n:,~~::l4~~u1, t ~mrtt~-l~ x1 L11Git~-lLLt'if1-lLiL~u11 t flit~-lfi11JLiau1'\J 3 'lit~ 

130 

... "' 'UUfltl 
1. f(x 1) ~lfllLGi 

lim 2. x-x 1 

3. limx f(x) f(xl) x- I 

;nnt'i1J1Jii~lu f ~ltlu~wfi1~~ x. 
' " , l 

tlufitl f' (x 1) ~1f11LGi 
LW11di ~-m~m (3.1.8) 

lim 
x-x 1 X - XI 

t'i~tJ-h f(x 1) Git:1~~1f11L"' fhhh'liuttuui1 ~ijfi'J!l-ltJud~::1~iifl111J~1J1EJ 
iuflt~ f flitl-lfll3.Hiau1"11'li't~ 1 

, x limxl [f(x)- f(xl)) 

~::LV.'\.4l1 

lim [f(x) - f(x ) I 
X- x 1 I 

lim 
x-x1 

lim [( • ) f(x)- f(x 1) J 
= X -XI X XI . 

X· x1 

=. 0 

lim 
X- x1 

f(x) - f(x 1) f' ( ) 
- '"'. XI x- x1 

t~vHYI~l!t~~iifl '\Jtl-l~~fJnUitJ'liH'\J11'\J£J-3~1Jm1 (3.2.2) 1Gi 

lim [f(x) _ f(x ) l lim 'x _ x ) · lim f(x) - f(x 1) 
X- x1 I X - x1 ' 1 X- ..; 1 

(3.2.1) 

(3.2.2) ' 
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t 

x lim~ 1 [f(xJ- f(x 1)] • 0 

LL~::LUu.J;)lT1 

lim f(x) x-x 1 
x limxlff(x)- f(xl) + f(xi)J 

lim (f(x) - f(x ) ] + lim f(xl) x-x 1 . 1 x-x 1 

o + f(x 1) 

lim f(x) = f(xl) 
X-X1 

(3.2.3) 

;Jlntnml7 (3.2.3) tqtJL.,11 
' ' 

f .lmiiu.JYi x1 

U[Jl1J 3.2.1 ~, f d:Ju~.Jniu. ~.Jrh~ufl~ x1 u~1 utp~'u.h,nm_,m,i'hr•IJu.J f ~ x1 ~" 
L=liFJ\UL'r1\4~1FJ ((x 1) 

((xl) 

((xl) 

tt1 ~ijfld~lfi11., 

... flu 

lim+ x-x1 

(3.2.4) 

(3.2.5) 

U[Jl1J 3.2.2 ~, f LUU.~·H'iiu.~.Jrh~ufl~ x1 LL~1 tl~~u.hln'r'll..,.Ulu;jti"!Jtl.J f ~ x
1 

~" 
L=liuu.u 'r1\4~1tJ f (x 1) fi P.l 

((xi) lim f(x 1 + DX) - f(x 1) 
t-.x-0 

6X .. 
~7£1 

( (xl} lim f(x) - f(x 1) 
x- xj X- x 1 

~,~ijfld~lfht~ 

i1vdH~ 3.2.1 1Vt' t Luu.~.Jniu.nTvlu.fllfl[j 

MA 113 

f(x) {

2x - 1 

8 - X 

n. ;J..1Liiuu.ml~"!Jtl.J f 
' ' 

"IJ. ;)..1~tnl11, t .lmitt~"Yi 3 
" 

~1 X < 3 

ffl 3 ~ X 

fl. ;)..1~1 ((3) LLl'l:: ( (3) 
I 

.:111 CL; ~A 4 ~ I 

-,l, f 3Jtl~Vi\4ti'r1 X = 3 ~7tl Ll.l 

• 

(3.2.6) 

(3.2.7} 
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1in1 n. y 

132 

0 X 

11. m1~••ui1 f fi~Ld~~~ 3 .•::la~fl11lfta1Ji1 f t~la~ti1JJL1aul"D 3 fa 
tf1~i'1Jfl11JJtlflL\ta~fi,fl , ~\t~ 1tL~Wl1 

1. f(3) • 5 

2. x~3- f(x) • x~3- (2x- 1) 

• 5 

• 11m
3
• 

x- (8 • x) 

• 5 

.,.~~\4 

xlim3 f(x) • 5 

ua::ltY 

3. .xI!!!' 3 f(x) • f(3) 

L't'411::i1 L1a\4l"JJ 1, 2, 3 L{Ju;~;~~ X • 3 

Lm1::~::lu f flaLde~~ x • 3 

fl. ( (3) • lim . f(3 + 6x)- f(3) 
.!\X-0 

• 
lim [2(3 + t:. x) - 1 ]--- 5 

.!\x-o- l). x 

• 

-
• 

• 

f~ (3) • 

lim 6 + 2 hx - 6 
L::.x-o· L::.x 

lim 
0

_ 2 b.X 
b,X- L::.X 

limo· 2 b.X-

2 

limo+ f(3 + b. X) - f(3) 
.D.X- .D.X 

' ... 

MA 113 



lim + {8 · (3 + ax) 1 - 5 
l!.X-0 6X .i 

lim 8 · 3 · AX - 5 
"' L:l.x-o• L!.X 

= lim + -AX 
6X-0 AX 

lim + 
L)x-0 ( -1) 

-1 

lim 
0
. f(3 + L!.X) - f(3) _1 lim + f(3 + AX) - f(3) 

!I. X- 6X 'f 6X- 0 --'---6-X-'----'--'-

L11~.:JfflU11 lim f{3 + AX) - f(3) ~1fh11J1~ 
' 6X-0 .AX 

iut1tJ f 11lilmt~"~~ x • 3 

LLfi~1tl"*~Uh1Tl'Yl1.:J'll'1Uijtl LLf4!:tl~~Uh1Tl'Yl1.:J'!J11ijtrtJ£l.:J X = 3 1~ 

vt.:~n"Jl'u'i!tJ.:Jti1mh.:~~ 3.2.1 ,;,t~L~u1~1, ft1wfuvt.:~n"Jl'u-! . .:~flmdtJ.:~~~t~ , ~rt.:~ 
m';ltlliltJ~ ~ui~~t~,fu 1~ t uti1 tJUHl.h::qn~"tl tud ";~:: LLftt~.:J t ~L ~uS.:~vt.:~~iu-! .:~91 mdn.:~ 
~~t~ , ~rt.:~ LLfi11lwun1tJ~1tl~~u~t~~~t~,fu 
i16VH~ 3.2.2 tl1 x L!luf1U1U~~.:JLWf1Ufl1LLv-lLLvl.:J~~.:J P(x) LtJuf1U1UL'3u -!.:~1~ 

ri111LuLLfif4::1u LLf4:: 

P(x) {
ax 

= 11.20x- o.04x2 

P(BO) = 

= 

t· x~"1o· P(x) 

= 

lim P(x) x- so• 

= 

li~ -X- 0 
P(x) 

MA 113 

8(80) 

640 

tl1 40 S X .$. . 80 

tl1 80 < X .$. 280 

x!"1o· ax 

640 

x !."6o• ( 11.20x - o.04x2) 

640 

"' li~ + P(x) 
x- o 

.. 640 

133 



P'_ (80) 

~~ft:: p~ (80) 

I • 

~~,1::11 

c1u~-3fiillud 

134 

lim 
x-80 P(x) • 640 • P{80) 

.. 
• 

• 

• 

-
-
.. 

-
• 

-
-

p~ {80) 

6.XJI~o- P(80 + 6X) - P(80) 
D. X 

lim. [8(80+c.x)j -640 
~x-o - -

lim 640 + 8 .t:.X - 640 
AX -o· ---~-X--

lim 
6X- o· 

8 L\X 

D. X 

lim . 8 6X-0 

8 

Jim . P(80 + .6-X) - P(80) 
,6x-o• c.x 

. lim + [ 11.20{80 + 6 x) - 0.04{80 + 6x) 2] - 640 
b.X~O . b.X 

lim + [896 + 11.206x - 256- 6.406x - 0.04(6x)2] - 640. 
6X- 0 ll.X · 

lim + 4.80 !".x - 0.04( .t:..x) 2 

AX- 0 ~X 

6 Jim o• (4.80 • o.04 6. x) 

4.80 

~ P~ (80) ~-3tf\4 P ti.Jilil\f~W!~ '< • . 80 n71Mlil-3 p 

y 
784 --r-------::::::=-"f''=:::---....__ 
640-+----r 

600 

. 500 

400 

300 / 

200 

100 
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1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

uuufJnH'~ s.2 

o I 

n. ;1~~~;1~11 f fimil£HYi x1 

'lJ. ;J~~1 ( (x1) m~~ .f~ (x1) 
~ , .. 

fl. ;)~~1tl~ Yi\UJ'U£1~ f 'Yl X • x
1 

{

X+ 2 

·X - 6 
f(x) 

f(x) lx-31, 

= { - 1 

X - 1 
f(x) 

x1 o 

f(x) 

0 

f(xj t: : :)' 
x 1 1 

f(x) rx-;1 

f(x) = { 5 - 6x 
-4 - x2 

x1 3 

n1~~il t"" f(x) • x3/2 

1~o ( (0) ~,~,,~ 

tY1 X .$ ·4 

tY1 X > ·4 

x1 .. 3 

t1 X < 0 

"'1 X ~ 0 

"'1 X 5 0 

"'1 X > 0 

"'1 X < 1 

"'1 X ~ 1 

x 1 = -1 

"'1 X .$ 3 

"'1 X > 3 

9. n1~~t1L\o\' f(x) = .J X - 4 ;)~~~;)~11 f flmdt:J~;J1n'Yl1~11!i£J~ 4 ~~ft~;)~ 
~tH~11 f' (4) ~1~ht1Jt~ 

II + 
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3 3 nqliQl~v1ounn 111ll~vru~-ufl-3VI-3~'1i'u~'l1fltil~ 
· some theorems on differentiation of algebraic functions 

m1m::Yi1L~£J'I-nil'1~1.4~'1'£l"-.:t"~,r,_. L7vn11 n1'l~1£l'1~~~~"R1lJ111l~nt~tUJL"Jt 
\4V1lJ'll£l"il\1 ~1.4th~~1"Ji£J 3.1 LLfii!m'ldfl£J\4"JiHV11 ~"\bU1"Ylq,;~ ,,;,"l ~R1lJ111l~1 
il\1 ~\4~'11v"-.:t"mr,.. t~~,v~~\4ll1 'l'll' Ylq,;~L ~ ~,d ~~;n1~1VnTl 'l'll'ittm1JJ£l"il'1~,..; . ~ f";nn 
~~ ;!11ufi~::, q,; ~m~·1 fi ;!::ii~fl'l ~1wfu m'l ~, £l'1 ~,..;t \4LLfi~::Ylq ,;~ 

~.. I 

llq~t)ll 3.3.1. ~1 c LU\4tr1fl"YI LL~:: ~1 f(x) c chwfu'Yln j f11 x I.Lf1 

.. .. 
HiHJJJ 

u 

f' (x) 

d (c) 
ax 

.. 

.. 

f' (x) o 

lim f(x + t>X) - f(x) 
6X- 0 

lim 
bX- 0 

c - c 
.AX 

-lim 
0 4X- 0 

0 

0 

il\4 ~\4~'11£J"tr1fl "~iifl1L Yl1 nUf'I\4V , / " 
L-ri\4 ~1 f(.x) = 5 LLf1 

f' (x) = o 

llqllQ~ 3.3.2 ~1 n LU\4~1\411.4;!7"1~ j LL~!: \Y1 f(x) .. x" LLf1 f' (x) ... nx"·' 
"" .. 
l'lifil 1.1 

u 

f' (x) 

136 

f(x) 

f' (x) = 
lim f(x + ~x) - f(x) 

~X -0 AX 

lim (x + AX)" - x" 
AX- 0 AX . 

m::;!1V .(x + ilX)" 1~v'lir~q,;~ur~Yl1\41ll (binomial theorem) ;!~1~ 

= 
~
n··, 

2 ( ) n·t n lim· [x"+nx"- 16X+ · 2. x"-2 (6X) + ... + nx ~x + (ax) ) - x" AX - 0 ____ .::__ _ __:.::.___ _ __;.:;;;;.._;_t::.._X __ -,-----=_.;._.:..__ 

' -• 

\ 
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f' (x) 

• 
lim nx"·' .c:.x + 

L'.X - 0 

un .c:.x lll11,f-.1Lfll;U.ft::R1\4 til 

.c:.Ji~ o [nx"·' + n(n,· t) x""' ~AX) + ... + nX(L\x)".2 + (.~x)""') 
2. . 

~n j LYltl1Jf.JnL1'\4LYltl1JLL'ln,::fJmfl1tl ~X ' 

\l'\4fia nn i LYlullvm1'\4LYlu1JLL'ln,:Lf1lnt\'fl\4VL\4'llm::Yi L'.X Lf11nt\'fl\4V 
' " v 

... :: .. ljj ..t' 
fl-.1\4\4 ,., Ltl 

f'(x) nx"·' 

d (x") 
Tx = 

., I ' 
~nm.rH L"!!\4 

n. "', f(x) = x8 LLt\'1 

f' (x) ax7 

'll. "', f(x) X LLt\'1 

, f' (K) 1 X XQ 

1 X 1 

fl. "', f(x) = -IX LLt\'1 

f(x) x•/2 
:: 

fl-.1\4\4 ,:1~11 

f' (x) ~-1/2 
2 

• 1 

2./X 
"ntl\IQ~ 3.3.3 "', f Ltl"Yf"lii'" c Ltl\4ti'")fl"~ LL&'I:: 9 Ltl\4Vf.,/ii'wi.,~,.~~~"~1flv 

g(x) cf(x) 

LL&'I:: "'1 f' (x) \1\lfhtfl 
LLt\'1 g' (x) = c f' (x) 

.. r( 

J'ftfiJJJ 
" 

LVi11d1 g' (x) lim g(x + tl,X) - g(x) 
tJ.X -0 AX 

lim cf(x + L\X) - cf(x) 
£\X - 0 

.. lim c [ .f(x) +- AX) - f(x) ] 
2-X 0 bX 
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c lim f(x + .6X) - f(x) 
AX -·O b,X 

c f' (x) .. ...... 
d [ cf(x)] s!. f (x) il~\4\4 c 

dx dx 

n~11l~t1~'l tJ tl\4~Ut"JJf.l~~1fl~~fltl4rlU~!i.Jfr.n\4 ~D ff1fl~~flf\4rlUD\4~Wfi"llu.J~-Jn"Jlu 
, , \t \I • 

~1 tl\4 ~\4 ;,f\4 ~ l"l 't{) , 
' ' 

,:'1 4 !IIlii n 111111 .... "' -.... "l~ • 
La.Jtl'l1~Yltj'ljl)"l 3.3.2 LL~:: "lqt;L)"l 3.3.3. L"l.llmtln\4 ;,:; ''11l 

~l f(x) = c.x" L~£1 n LU\4~1\41\U~a.JU1n LL~:: c LUUff1fl~~ LL~1 

.. 
~'ltl 

fi'1 mh wli \4 

n. &r1 

"JJ. tll 

d 
dx 

f' (x) 

[ex"] 

f(x) 

f' (x) 

f(x) 

f' (x)( 

sx7 U~1 

5 X 7x6 

35x6 

9x'/; I.L~1 

9 X ~ o/J 
3 

6 1 
x'0· 

6 

·!rx 
nq~Q~ 3.3.4 &r1 f LL~:; g LWYf..lnoff\4 LL~:; ~1 h Lth.n.:f.Jnoff·~~rll~\4~ L~tl 

h(x) f(xl + g(x) 

tr1 f' (x) LL~:; '(x) ~1"1'1"' LL~1 

h'(x) = t' (x) + g' (x) 

lim h(x + 6X) ~ h(x) 
6X 0 AX 

1 lim [f(x + D.X) + g(x + 6X)] - [flx) + g(xl] 
6X- 0 

6
X 

lim [f(x + ~x) - f(x)] + [g(x + 6X) - g(x)] 
4X-. 0 b.X 

lim f(x + ox) - f(x) + lim g(x + ~x) - g(x) 
~X -• 0 ~X . C. X- 0 b. X 
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f' (x) + g' (x) 

~-ltt\4 _g_ [f(x) + g(x)j .. _g_ [f(x) 1 + _g_ (g(x)] 

1 
dx ~ dx UT. • dx ~ 1 n~l'l fi£JH~1.J tl'1Wt41!""lltl-l~~1.J1Tn.lth1 2 Yf-lrro\4 flil ~~tJ1mJil-lil"t.,q'~1MJil-l 2 Yf.:Jrl-

'll'\4~\4 ~1tlUWt4!"lltJ-l 2 Yf-lli'll'~~~Vl1fh1~ , 

;n n~ ~,, v-l't1~'cf lj~ ~:: vh \ ~ ~13.117 t1Vl1fl'1 Wt4~"llfl-l~~tJ1 mJ£h1Yf"fff~ fiij~1~1t4 ~\ttl 
1~ 1"u1'llm~~1.JWJY11-Jfltil~fll~fli (mathematical induction) ~.:JUftfi.:J1-rl~Ylq~~flil1tJd 
1'1\1~~~ 3.3.5 El\f ~u~"lltl-l~~U1mltl-l~-lli'll'u ~ii~ 1~1u ~,Xu t~iifl1~ vhriu ~~tJ1mJil.:Jil"t
~u t"ll tJ .. n~" li'!l'tu Vl ~~~u ~, D\4 ~\4th tJ-lYf-lli'll't4L Vl N 1~\4 Vl 1f11 i,~ , 

;n n'Ylq'cflid ~:: ~13Jl1t1Vl1fl'1 wt4~"JJu-lYf-ln'll'u ~~~ 13J Lfl i 1~1fltJ~1tJ 
i1mhni 3.3.1 hX f{x) = 7x4 - 2x3 + ax + 5 ;J.:JVl1 f' (x) 

f' (x) ..9_ {7x4 - 2x3 + Bx + 5) 
dx 

d (7x4) + ..9_ {-2x3) + _Q_ (Bx) + _Q_ (5) 
= dx dx dx dx 

28x3 - 6x2 + 8 

Yl{J~Qii 3.3.6 ~1 f LLtl:: g LlJuYf-:lfiiu LL~::~1 h dJuYf"/i"Jl'u~rilVtt4f~LfltJ 

h' (x) 

h{x) f{x) g{x) 

f' (x) 

h'(x) 

g' {x) VllfllL~ U~1 

f{x) g' {x) + g{x) f' {x) 

lim h(x + ~x) - h(x) 
t:iX- 0 l\X 

lim f(x + 6X) g(x + ~x) - f(x) g(x) 
b.X -· () L)X 

f{x + 6X) g(x) 1uL'I'1tll..HfY'cf ~::1~ 

h' {x) lim 
AX- 0 

f(X+AX) g(X+L:\X)- f(x+6.X) g(x) + f{X+D.X) g(x)- f(x) g(x) 

lim [f(x + 6.X) g(x + 6X) - g(x) + g(x) 
c,x -- 0 6.X 

. iim [f{x + AX!'( g(x + .t,.x) - g(x))] 
!)X- 0 '-' ---

L\X 

MA 113 

f(x + c,.x) - f(x) 1 
~X 
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+ lim [s(x) ( f(x + ~x) - f(x) ) ) 
.C.X - 0 6X 

lim f(x+~x) lim g(x + 6X) - g(x) 
• C.X - 0 AX - 0 ~X 

• 
+ lim 9· (x) lim f(x + e:.x) - f(x) 
6X- 0 6X- 0 t:l.X 

Lvrn::11 f ~lil~~u!\1~ x ;nrl'nq\i~~ 3.2.1 

lim f(x + e:.x) 
.D..x -o - f(x) 

lim g(x + .c.x) - g(x) 
.c.x -o e:.x - g' (x) . 

lim f(x + AX) - f(x) f' (x) .ax- o 
~X 

LLft:: lim 
AX- 0 g(x) • g(x) 

t 
~~\4\4 

h' (x) • f(x) g' (x) + g(x) f' (x) 

fx (f(x) g(x)) • f(x) fx (g(x)) + g(x) fx [f(x)] 

nfln1~uHhl il~~i4f'llil~~~flm'lln~ 2 Vf~fra'u fiD Vf~M'uLL7nflmritJDu~\nr'llil~ 
I , . I " \1 ' 

rt~li'll'un 2 u1nriu Vf~lii'un 2 ~'mntJDtt~wi'llD~Vf~ni'uLL7n ~,fl'1~"t~,.-htl 

~1il ~~~~flm • ~u-,~~~i~ + ~«~~~~11'1 
\1 

ii~ ~1nvii~ T117~1il~~uf ~~VillJ1;J1n differentiation 

fl1tlV1~~ 3.3.2 \~ h(x) .. (2x3 - 4x2) (3x5 + x2) ;)~~, h' (x) 

h' (x) .. (2x3 - 4x2) ( 15x4 + 2x) + (3x5 + x2) (6x2 - Bx) 

• (30x7 - 60x6 + 4x4 - ax3) + (18x7 - 24x6 + 6x4 - sx3) 

.. 48x7 - 84x6 + 10x4 - 16x3 

\ufi1EIV1~~ 3.3.2 '1Jil\~i~LT19111 ~1flU4Vf~n'!l'u~~ 2 rlil\4 LLf1~~~1il\.4~Uf ~;1:: 
\1 ' 

t~~~L'0\4L~[J1rl\4 

~,~mrt~n'll'u,r~ 2 nDu ;J::tl 

h(x) • 6x~ - 12x7 + 2x5 - 4x4 

~~,f\4 
h' (x) -

140 MAllS 

I 



'rlq"Q~ 3.3.7 IY1 f uft:: 9 Li~lu~-3mtu LLft:: h Ltlurhmtu~~mh~ufllflu 

• 

h(x) • .fi& L~El g(x) .j o 
q(x) 

IY1 f' (x) riu g' (x) ~1fh\., uf1 
h • (x) g(x) f (x) - f(x) g' (x) 

a (g(x)]z 

' L'Yi11::11 h' (x) lim · h(x + D.X~ - h(x) 
• b.X- 0 

f(x + D.X) f(x) 
lim g(x + ~x)- 9(X) 

• D.X- 0 b.X 

lim f(x + L:.X) g(x) - f(x) g(x + D.X) 
• tl.X - O AX g(x) g(x + L:.X) . . 

ft1JUft::U1fl f(x) g(x) LULfllUJLflbj ;,::\~ 

h' (x) lim f(x + l:\X) g(x) - f(x) g(x) - f(x) g(x + L!.X) + f(x) g(x) 
• ~ - o · 1-l.X g(x) g(x + ax) 

[g(x) f(x + AX) - f(x) ) - [ f(x) g(x + AX) - g(x) 
Jim AX ~X 

.D.X - 0 g(x) g(x + AX) 

lim g(x) lim f(x + .D.X) - f(x) . lim f(x) . lim g(x + L:.X) - g(x) 
.D.X - 0 • AX - 0 

6
X ~X - 0 D.X - 0 b.X 

.. 

-

lim g(x) . lim g(x + L:.X) 
~X- 0 b.X- 0 

g(x) f' (x) - f(x) g' (x) 

g(x) g(x) · 

g(x) f' (x) - f(x) g' (x) 

(g(x) j2 

• { g(x) £ [f(x)] + f(x) £ (g(x)) \ / (g(x) )
2 

mh11flrJRVJ El\t~Ut'llEJ..111H~~11'll~HiftEl-3rt-3mtU f'la Lflbjft1U~iJft1\4LtJuf1'1~1'HITl 
ri1f..1Ra..1 LLft::LflbjLtJu91'1~,.,~ w.ffua11 ~ut'!la..191'1tT..1 ft1J~1v 91'1tT-3~ w.ffua11 ~ut'!la..191'1~,., · 

IY1El'f~"i~1fht~ 
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• ft11.4i1v-l~fr~ - \fr~i1v-lft1U 
n 1\4tln ~ 1 f -nU:J-3 

.. ' • "·" 3 f11fltJH'n 3.3.3 _ ~l'l h(x) • 2x + 4 ;J-3~1 h' (x) 

h' (x) .. 

-

x2 • 4x + 1 

(x2 • 4x + 1) (6x2) - (2x3 + 4) (2x- 4) 

(x2 • 4x + 1) 

6x4 • 24x3 + sx2 • 4x4 + sx3 • ax + 16 

(x2 • 4x + 1) 2 

• 2x4 • 16x3 + 6x2 • ax + 16 

(x2 . 4x + n2 

1t1UL"ll'Ylq~~~ 3.3.7 riu Ylq~~~ 3.3.2 ;J::,;1\~~1ll~~'-4f'llll-3 f(x) L\4nHit~ x 

ihmltln~1f-3~{J\4~1\41\4~~lllltJ11f li-3~-d\4 ~1
1 

f(x) • x·n ~~ll -n ~{J\4~1\41\4~~1111\J 
~~11: .1( I o 

~Vi11::11 -n ~{J\44'11.41\4~~1111\J lf-3,f\4 n lln-3~fJ\4~1\41\4~~11tJ1n 

• x" 
;J1nYlqt!t~~ 3.3.7 11111 

f' (x) • x" (0) - (1) nx"· 1 

(x")2 

• 

• -nxn·1-2n 

• -nx·n·, 

.. ' • 1~ f(x) 3 + 4 !.[Y! f' (x) fl16tlH'n 3.3.4 • ;'1-3~1 

xs 
.... ~ . 
11W1 

f(x) • 3x·5 + 4x31' 

f' (x) • 3(-sx-6) · + 4(t x·,l•) 

• ·1sx·6 + ·3x ,/, 

• . 15 + . .! ' 
x6 yX-. 
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uuu;Jin1~ 3.3 

;) lTl fD 1 ~~ 'lJD 
... 

'\.U~1iDil 

1. f(x) 

2. f(x) 

3. Htl 

4. V(r) 

5. F(x) 

6. 

7. 

8. 

9. 

1 o. 

11 

12. 

13. 

g(x) 

f(x) 

g(t) 

f(x) 

H(x) 

f(x) 

g(x) 

f(x) 

-
-
-
• 

x 3 · 3x2 .,. 5x - 2 

1 xB- x4 
8 
1 t4 - 1 t2 

4 2 

f ff, r
3 

x 2 + 3x + _1 
x2 

l,Jt+lfr 
(2x4 • 1) (5x3 + 6x) 

X 
x:-; 

x2 + 2x + 1 
x2 • 2x + 1 

x3 • 8 
xr:;:a 

..rx - 1 
,JX + 1 

14. f(u) • -5u +}u + W 
15. f(x) 2x + 1 (3x - 1) m 
16. ,-,,n\1tnm1,.~tJ-mtuill~wnu~ttu 1.,--3 

17. ,-,-3~1Wlln1,.~tl-3~R\tftll~wnu~iu1.,--3 

18. L~ f(x) • x2 - 2x - 1 

' 
y = x'12 - 3x fi~fl (1, -2) 

' 
9 "' 8 fi,-,fl (2, 1~ 

x2 + 4 ' 

a) ';J..1~1~fl~tl~uun,-1WJJD-3 f M -3~R\tftll~Wtl~LU~L\t1,.::tiu 
b) ~;jvum1mt1~ f ~~~::L~ftfi'-3LRUftll~ftLU~Lu1,-::~u 

19. \~ f(x) • -x2 + 6x • 4 

a) ,-,,,~1~fl~t!~uum1WJJD-3 f M-3~iuill~fttl~Lu~~u1,-::tiu 

MA 113 143 



b) L;irJ\4n11'MliH f LLcq::LLftfl.JLi\4R11erftL\4LL\41'r:::.,.U 

20. t ~ f(x) • x + 2 + !. 
X , 

a) ;).J'V\1~fiYjn~fiU\4n1W~"1Ju-3 f tD,mf~iJJerftu~1\4LL\411::.,.U 
b) L;jV\4n1Wl"tJiH f LLI':::LLftfi-3Lft\4H11erftL\4LL\4T~::t1u 
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, .; 41 ' ,.JI .; 
3

•
4 

"'U'J'UllUJ fl11lJVfl'l1q'U,fl·n1fll UQt11tt. ~l'WlJ 
Marginal cost, elasticity of cost and Marginal Revenne 

m13Jm.J"S~"'lJD-3tli3J1nL'D-itfl"'d-3 L~DLnrJunutRJJlw.iimil""'~-3 tunHLft1~!",""i 
mn:: D~tJ1rJ1~1.,u 1'1l'LL"1fl1~3Jfifl ''Lofi -3L;l ~fl.. ,_,7 a '\ihL -All" · R1,.,i'tJLLU1fl113JflfiLf -3 

L;l ~fl~U LLH'l-3fl113JLL1.h~"'1JD-3U13J1 nl.tJW~ftfl (range) ~rh"'"" \ ~'lla-3fl1LL V:-3U13J1 nL'Dilfl 

~R D\1 ft1"LLU1fl113Jfl'1Lii -3L ~3JLLH'l\lfl113JLU~flULLU~'H 1'lrJnU fi'lla-3U13J1 nL'Dil'l~RC-3 L~a 
iifll'l LU~fl" ttJL fifl-3L~fl\tDI'.J L"tlill1 nL'Dil'l~Ra-3 

L" fll'l DftJ1rJ~::: L ~ti1 Dri1-3YI1 \1 Lft'l '1!-t ft1 Rtl'fYi'f all~1flfl1ilfl11Mla\lt1'U 'nUL;l ~fJLLft:::ttu-
• ' 

Yl\U ~3.1 ~ -3LL"1fl113Jfl'l L ,_, ~ 1dL~I'.J'rlf D-3TftJ L~ a\laiifl LLft::: au ~"fl "LLflftflfR~';I::; 1lfnft116\ltla ltJ 
' .f v 

&r1ri1"'"'~'l~t1'"f!"L"fl1'H.Jfiflii".,-, x V1\i1v LiJ" c(x) tJ1'n 
~\lni'u c L7rJn11 ~-3ni'"t1'ufl"'l13J (total cost function) 

LLft::: x ~ -3LL YlU~1U1U ,_,\i1fJ'lla\lftU.,-1t1'a-1LiJU~1U1"LfilltJ1fl LLtlL~atJ1:::qnfi'l'!l'\u 

LLfl ftfl~R ~-3ri1VI"'l L ~ X LiJU~1"1"';1i -3tJ1flL ~a L~Raflflfa\lrltJL1ou1'llfl113JtliJ'LdD\I'liD\I 
\1 

~-3ni'u c 

I " 

ti~fifl .,"'"" 
&r1 Q(x) LiJ"fhL;l~r.JU ';1::;1~ 

Q(x) C(x) 
X 

L7flfl Q 11LiJ"~\In"Jl"ut1'Ufl"LU~fl 
&rl~fiflzYw.milfl,_,d,~1U1" x1 ,_,\i1rJ ~mtJ~rJULLUR\11tJLiJ"41WlU 6X LLf1 1111 

1 I I 

Ltl~rJ"LLtlft"'l"tY"f!""S13J-;J:::fh"'"'~1~1.,rJ C{x1 + D.X) - c(x·1) LLR:::m1LtllvuLLtlft\ILUiitl 

L uti" YlU"S13JrJ"L da-3';11 flfl11 L tJ~rJ"LLtlft-3 ltl'lJD-3~ 1WlU fl11~ fifiTh"'""ltY(fltl 
' 

C(x1 + 6X) - C(x1) (3.4.1) 
bX 

ltmft'll;Jft1Rflflf~111 "tY"f!"L~ll" (marginal cost) R1,.,i'tJfi1iiifl'lln" (3.4.1) ~,_,,,.,
L~D .bX L'li1Lnf~UD fhfiiifldTifiaa\t~"t'lJD-3 C ~ x 1 f"';I:::L~Ut11a.JlfYti\ltlD1~d 
urn11 3.4.1 &r1 c(x) LiJ"~1"1"tJ1'n'lJD\It1'uf!"'l13Jfl11~ifliu.,-, x "'\i1t1 LLi1t1'WrJ"L.;ill 

L~D x = x1 ri1"'"fl1'lfl C' (x1) . ~"fri" C' L;rJfl11~-3friUIUf!UL -A11 LLft::: C' (x1) ,_,JJ1tl

fl113J~-3rJfl11fl11.LU~ti"LLUft\l'lla-3t1'"f!U113JL~D~fifiR".,.1 x1 ,_,\i1t1 
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i1odH 3.4.1 &t1 c(x IL!Jou,1ou1ouu1nl-u1-uf!ou111.Mltl~Niflzlam~ntl1 x .,.., u.1:: c(x) 

"' 11 o + 4x + 0.02x2 

n. ~"Mr-ulf-u '!'"' ~11 t1a c ua:: c· (x) • 4 + o.o4x 

'11) II"Uf!'UL~11L~tl X • 50 ~~~tl C' (50). 

C' (so) .. 4 + o.o4 (so) 

• 6 

L m1::;l::lf-uafl11mnt1Suuutl~~il"lf'"'!"',11~al'l1~11fl, so «1 Aa 6 u1r1 
tio~rt_,.r, 
fl. i1'U1uu1mo~-u'!'UnnNit!n"i,~i'~flfl'll1~ s1 llo c(s1) • c(so) tm:: 

c(s1) • c(so) • [11o + 4(51) + o.o2(s1}2] 

• [110 + 4(50) + 0.02(50}2] 

• 36.6.02 • 360 

•. 6.02 

;J::L~ou1~1, .,,fleul-u ('ll) ua:: (fl) fiHrlou o.o2 fl1111LLflntiHdLn~-uLda~•,n 
I I t I t 

lou fi'UL ~11 L i.Jouafl11n1'H tJ-tJ'ULLtlfl_,iifl111111nu frtJD..t C (x) aUL \lo~'nnnnLt.JirJ'ULLtll..t • 
1tl~d,~\41EnJil..t x .;,tfu C' (so) L!Jufh 1flvtl1::111m'IID"tJ1fiL\4tluf!-unnNifl~nfl1 
.,..,~ 51 

\ 

fl11f,Lnfi11Lunn.,1u1~ c(so) \-ul1eoH J1vn11m1.,1ou1~ c(s1) • c(so) "'1u 
L ~f!Folfld\l'mfl'l tiJ fl1 Rfli JJ'n~:: tl1::111 ~fl 1fl'u ~Un11F-I~fl~\41tJtl D 1 \.Jit1r.J~"~"lfuttu f!UL ~11 
~ullo C' (k) 1J1fl LfJUfYUY)U1flVtl7::111~'1ltl"n1fl1F-Ififl~\41tJ~ k + 1 ~~";j1n k ~\41tJLL1n 
1fiF-~fifi~ULLL~·1 

I ' I 1 

n11Wtltl,~..1~UifUfiU1111 ~"~"lfulfUfiUL~11 LLfl::~"li"lfulfufiUL;llrJ L'tJn11LR'U • • • 
11Uf!U7111 (total cost curve ~;o TC) LR\1.1Uf!UL~11 (marginal cost curve ~;o MC) 

LLfi::LiullufjUL;l~tJ (average cost curve ~;o AC) fl1lJ\41titJ ~::fln\i1n11~L~chdt~ 
fl:: Liiv~u lu ~1"Jit1 4.8 ~i..t;nntl7 ::qn"D\t ~ui d~oL1ivun11~ 

i10UH 3.4.2 R11~fi11 C(x) tJ1fl LfJU11fl1111J'IJO.aluf!U1111LUT111F-Ififliulh x ~\41r.J LLI:: 

146 

C (x) • 2x2 + x + 8 

'i,~,~"~i'-utio1tld 
n. lunuL;l~tJ 

I I 

'II. lfu fiUL ~11 , , 
L1itJoun11Wuil"LRUifUf!U1111 LiUtlUf!\4Li411 .. ... '!{flLt\!11 n\\ 
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1ith rh~tt~'l~ c(x) = 2x2 + x + 8 

1\C 

(a) 'l~ Q(x) Ltltt~1tt1ttlJ1't'lLtt~tt'Y)ttL~~v Lriv 

Q(x) • 

-
C(x) 

X 

2x2 + x + a 
X 

= 2x + 1 + §.. 
X ' 

(b) C' (x) LtJtt~1\t1\tlJ1't'l"lJEl~~\t'Y)\tL~3J LLt'l:: 

C'(x) d (2x2 + x + a) 
dx 
4x + 1 

n'l1MlEl-3yt~fi"J1'tt C. Q LLt'l:: C' L;jVtt1~ff..1~U 3.4.1 

1u u.1 .. 
.u'oft-un,. 'ltt~tJ 3.4.1 ~~~,~~uttm1mtJ..1 Q tJ11n~~~~~~ (2, 9) "11v-3mw4 Q LLt'l:: c 
,ittfl v11fl1 L~ ~v£if11UtlV~W~Lrivfi~"'\t 't'l\tL~ ~VLLt'l::"'~ 't'l\tL ~3JLYllrl\t L' tJ..1d~:: t~~ft ~"L \t , , , " 
1J't'l~1 j ttJ LLl'l::fl11~1tlv1UL\t~1,j'tJ 4.8 

~1mh~ 3.4.3 'lttfi'1tJV1-3 3.4.1 L11£iyt.,/l-Ktt.,-tt'Y)tt113J c ~-3C(x) .. 110 + 4x + o.o2x2 

Lriv c(x) Ltltt~1tt1ttU1't'lLttm1~ifl~nfl1 x fi'1 yt.,fiitt.,-tt'Y)ttL~~v Q t'lv 

Q(x) • C(x) 

-
Q(5o) 

X 

..!..!.2_ + 4 + o.02x 
X 

11 0 + 4 + 0.02( 50) 
-so 
7.20 

1-31~11 L~m.Jiiflii1lfl1 50 ~\t't'l\tL~~V"lJEl-31111~fifliinfl1LiJtt 7.20 U1't'l Lttl1vUH , , , 
3.4.1 L111.,- c'(5o) • 6 

.,-.,,f\tU1t3J1~\t't'l\tn11~fifliinfl1 1 11 ~tl-3~1n~iifl 50 11LL«1 Ltltt 6 1J1't'l f11t!ttd , , 
\tvvn11.,.tt'Y)\4L~~v'lttm1~fifl~nfl1 50 "'1LL1n lf1L11fhtt1Ni!fi11R1tt c'(5o) I Q(5o) 

L111~ 
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Ql50} - - 5 

6 
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v~~qu (elasticity of cost) , m~::'liiqJin"llm~tluc)m;'lnin .K £l1u11 Kappa 

Uf.lllJ 3.4.2 lt1 c(x) LUU~1U1UU1Yl"lltl\l'l1fl1111JLUT11'l~~~ftutr1 x fu LL~:: Q(x) 1J1Yl 

LiJu.;ul'lu~u~u 'lum'l~~fliutr1L~fi~::~u ~~~1.,-uYluufl~rJuLL 'YlU tlf~1u~.:~lii'u K ~" , , , 
K(x) C' (x) 

Q(x) 

fl1'~1fl1V~~rJu~e:ltln1, 1 LLm41u Ylunn~~flfia~u1ufitJ 1tlm'l~aum,~u 'YluLu ~tl'lla.:~~u1u~ ' . . ' 

~~~ULL~1 ~\IL'!fULUtl1£lU1\I 3.4.3 ~\1 K(50)= 5
6
- lt1ti'U'YlUV~~r.iU1J1TlT111 1 LL«1 .;U'Yl\4-, , , 

LU ~tmfi~:: ~U1tJ'l::L ~1JLri£l~U1tlfl£l 11.J~n~~fl~U 
i1mh~ 3.4A R1J1Jfi-l1 C(x) tJ1YlLUU.,-U'YlU'l11JLUT1Tl~~flfl'l'iltJ1tl x Tl'l'iltJ LL~:: , , " 

C(x) • 50 + 8x - x2 

Tim 

'1\l~ltiUYjULU~V tiUYjUL~lJ LL~::.;UY)uiitl~qu Lri£J x • 60 LL~::L~f'l111J~1J1VY11\I 
Lf'l'lt!t)f'I1Rfl~"1J'il\I~~L~~1d~1V' 

1511-, lt1 Q LtJu~.:~lii'u.;uY)\U~~v LL~1 
Q(x) • C(x) 

, X 

~\I~U Q(60) 

... 

.. 

50 + 8x- x2 

Tim 
X 

50 + 8 - X 
X rm:;, 

50 + 8 - 60 
60 Tim 

0.83 + 8 - 0.60 

- 8.23 
l: .;u'YlUL~~VLUT117~~flLLfl~::matJ1UR1WltJ L Yi'l1::~::uu , . " I 

~-llii'utiuYlUL ~1J 
\ C' ~Ltq:: 

d 
. 2 

C' (x) • (50 + 8x- L) crx 100 

• 8 - X 
50 .. 

~-l~U 

C' (60) 8 -· 60 - 5o 

- 8 - 1.20 

• 6.80 

60 n1£JtJLL1mtlu 8.23 tJ1'Yl 
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L~,l::~::,f~1.h::ll1m.ru'Y)Ufll'U.jiiflfi"HllJ1U~ 61 llil 6.80 U1fl .ru'Y)UDil~qu L~il 
X • 60 f'iil k(60} Uft:: 

K(60} • 

• 

c· (so) 
Q(60) 

6.80 
8.23 

.. 0.83 

LYnl::~::,fu lluf!Unn~iiflmilmtJ~ 61 111::lllm o.83 'ilil~Uf!UL\\~lnlil-3 so milll1U 
, \1 , " 

\u,_r1-ll'il. 1.6 L,lflfll1'llftlln11~UR-31iLfJutiu~ri-3~l~fl11liRli~Uh::w)l-3 p Uft:: 

X LQil p lJlf1LfJU'llfl,il..1ft\4.,-1LLflft::~\hDlU~1\41Uft\4.,-1 x ~U1U~tril..1fl1'l ~lLLlYRllfll'l 
~th,.,li~, p ;~::tt'i'vhmru,,fl, f ~-3n1~ui1t'i'1u 

p • f(x) 

1iiD X LtJW;l1U1U;); ..1'l.J1 nLLft:: f LtJUVl-3~iuflmiiil" 
ilnvh~iu~ri.,~H,.;ll/'t11"Lfl'l~Jfl1Rfr!~li£JVl"mr",,ut.,-,1ll (total remen~e 

function) Uft::liill!~ma1 R 1ilv 

R(x) • px 

~dn.,OJlfl p LLft:: x LUU~1U1UlJ1fl111rJl.rL~ilUL'i1Uflii .,-.,,f" R(x) LU\4~1\41\4 
lJ1f1.,.1[1 L~il X I 0 ;)lfiR1lfl11-ll'HU\4L,lL.,. 

R(x) ~ p 
X 

~LRii.,1TntJ1.,-fl £J~1-i1u (11EJL.,-L~ ~tJ) LLfl::'l1fl1flil~u1m vhnu : 

Utllll 3.4.3 lfl R~x) LUU,lDL.,-11liL~ilii~tlR Jtfluiu.li1 x ~tbu LL~111DL~L~ll (mar

ginal revenue) Vi x = xi flil R' (xi) Vl"niu. R' L7EJn11 Vl-3niu.11ul.rL~ll 
R' (xI) ill ;ntJu.U11l'Vt; ilfllJ'Vt; ilill;JLU\4~\4~ LL~1 tn;J il~lJ1EJ11LUUtlfl11fl11 LU~UU.'iltl" 

11ul~h1ll L~niu.lh~lf£J"m,ii;l1u.1u. xi ~u1u L'1iuL~u1ffu~ C' (k) Lilufiu'Y)u1t~utl1::ll1tu 
'ilil-3~ii"zrm-n~u1u~ K + 1 v.ft'";~,n~~"LLft1 k v.u1u R' (k) Luu,,ut~1t~EJtl'l::llltu;)11l 
fll'l'illt1RU.,-1Vt\hu~ k + 1 Vt~-3;J11lLt'i'1nuiu.~1LtlLL~1 k v.u1u 

i1avH 3.4.5 Rllllii11 R(x) U1fl LiJU.'l1UL~1111~L~'i'u;~1nfl11'illD1il:: x i1 LLfl:: . -
. x2 

R(x) 300x - 2 
n) Vl-3ni'U'l1UL.,-L~ll flil R' LLfl:: 

R' (x) 300 - x 

'11) 11tJLt'i'L~liL~il x = 4 nflil R' (40} LLfl:: 
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R' (40) • 300 • 40 

• 260 

tr.nfouitti11LtlltJ\UU.JII.nJD-311V1fY1111Lsl£1'211lJ 1~:: 40 ft1 L!J~ 260 'U1'nf1Dfl1 

fl) ,,.,~u,nlum"f'lnvl.,::.r,~ 41 tti~S-3, flo 

R(41) • R(40) LLII:: 

R(41) · R(40) -
• 

[ 300( 41 ) . ~2 
J 

• (300(40) . (f)2 

(12,300 . 840.50) • [12,000 • 800) 

• 11,459.50 . 11,200 

• 259.50 

tr-3,f\L L~111"J'IJ1lll~::tl1~ 41 ttJ;,;-3ttYL'3\L 259.50 'U1'n L\L 'JJ) L,,,.,. R'(40) • 260 

LLII:: 260 'U1'nL!J\Lti1::11H"'IJfl-311VtfY~;,::ttri'u;nn1111'1J1V t~::ft1~ 41 

tn1Wllfl-3~-3flol~'J1tl ttY1111 LLII::11V ttYL ~11L,vn1mfu 11!1 ttY1111 "(total revenue curve 

~1o TR) ua::uf\L11V1trL~11 (marginal revenue curve ~'o MR) t1111~1tru 

i1oth~ 3.4.6 ft111111~tltH~ff1~i''UR\L~1'1Jitfl~rt-3L!J\L 5x + 3p • 15 

;J-.l~1~-.lf!i"11V1tr'J111LL~::~-.lflol\L11tlttrL~11 ma11tf-3L;itJ\L1111Wllfl-3LH\LDUft-.l~ Lft\4. , 
"J1Vt.r'J1lJ LLII::'J1tJttrL~lJU\LLLTm'IJfiL~V1rl\L . , 

. 1in1 LLflftlJn1'l~tlft-.l~ ~1 p ttY 

150 

p."' -~ + 5 
• 3 • 

• ,, .J! ..... 
L\LiH;J1n p LLII:: X Lu\L'U1~1~'U1n'YllJ 0 ,:S X ,:S 

1111 LL&il:: R.' L!J~~-3fii~'l1tJ1trL~11· ;J::ttr11 

R(x) • px 

R(x) • -~x2 + 5x ; x e (o, 3) 

R' (x) • d ( -~2 + 5x) ax 3 

• • 10 X + 5 ; .X e (0, 3) 
3 

~-3L;itJ~11'l1WtlD-.lLlf~~\.Jt'-3~ 11'l1Wtlil-3 R LLII:: R' t.r (tr-.11t1) 
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!I 

nJ 3·U 
" 

'lfofl"'~m~ ~1n~tJ~J~b~WJl LiU'll£J1~L~llfi,LLnu x ~~~ (}, o) ~.J~ x = } Lthuil~ii 
'llv1fl'113J~.J~~ u~~Liu~tJ~.J~Iii'G'lLLnu x ~~~ (3, o) ~.Jfll x d:Ju 2 Lrlltlu.Jfl~LL7n 1u 
~loUfl 4.8 b1H~~~IlUllnl~tJm1utJ~.JIHilu.Lftum.J (Lb~~utJ~.J~hj~.J~) mlll~7.Jeu~ 

~ , , 
bilu'l1.J1um nhr1 i 1tJ~~£J 
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~· u UtJtJPtOMA 3.4 

1) 41\41\41J1'YIL"«"'l""1JJL\4n11~1u1~n1'D'ailn x L1n\4 '!ID-3 h-3-31\4LL\\-3~do3 ~,~"" lflo 

C(x) • 1500 + 30x + x2 1-3~1 

n) Yf-3mY"«"'l"L~JJ 
'!I) flt.4'YI\4L~JJLslD X • 40 LL~:: 

I I 

fl) "'"~"';-3t\4m1~1flu1~mL1auii 41 

2) 1Y1 C(x) 1J1'YI LrJ\4tY\4'l\4111JLUn11~5fl,n1::fl1\!t x ~\41tJ J1~\l'n LLft:: C(x) • 

200 ~ ;? + ~ ;)-3Wl 
5 ' 

n) Yf-3mY"tY" 'l"L fl11 
'!I) fYU'l\4L~IJ LslD x • 10 

fl) "'"'l"•;~lumno~lflm::fl1~~\41tJ~1~\l'n~ 11 

3) t"nn~fim~n~L~a11flum·anfm-3Lflih!"~d-3 LLa::Yr~mr""'"'l'"'11J c ~,~ut~lflr~ 
C(x) • 6 + 'ifX L~£1 C(x) 1J1'YI LrJ\4«\4'1\4,11J'!JD-3m,~lmJ£l~L~a1tf\4 x LLnftftD\4 

'H~1 

n) ~"'l"L~~tJ 
' ' . 

'!I) ~\4 '1\4L vtiJ LLft:: 

fl) "'" '1"Vfl~~" Lsl£1 X .. 1 00 ' .. 

LL~::;) -3DW1J1tJfn 11J~IJ1ti'YI·H Lf'l, ~1 f'l1 ft t1h1n~afvni L ~ ft1it~1tl . . 
4) ~1\41\41J1'YIL\4Tm~fiflfl\4tY1 x ~\i1t1 · rl1~Ufl1fltJ ~(x) = 40 + Jx. + 9.J2~ ;)-3~1 

n) "'" '1"L~ ~tJ 
"lJ) tY\4 '1\4L Vi11 LLft:: 

f'l) tY" 'Yl\4Vfl~ti" L~£1 X .. 50 , , 
LL~:: • -3£1 Wu1tJfn111~111tJ'YIHLf'l, ~t f'l1 nt1h1n~ ~ fvn'i L ~ ~1di11r1 .. 

5) ~1\41\41J1'YlL\4m,~fiflR\4~1 x ~" rh~\4fl1fltJ · C{x) = x2 + 6x + 12 ;J.J~1 
n) vt.Jn"Jl'\4~\4'1\4L\L~!J LLft:: 

"lJ, vt .J n"ll'""'" fl"L ~11 
;).JL;jtJ\4Tl71~fl\4fl\4,111 fl\4'1\4L~~tJ LL~::Ii\4 'YI\4L Vi111J\4LLnt4"1JfiLfitJ1 rlU ' , 
'tl\4 'Yl\4L~ ~!JLL~::tl\4 'YI\4L ~11iJfl1LVhn1JL~£lfl\4 'Yl\4L~ ~iJfl1UurJ~ ft ilL vi 1 h '? , , , . '· 

e) Yi1L"'i\4Liirnnuiv s · 1Y1 c(x) ..; Jx2. + x ~ 3 

7) ·nr~ttY,111~1tlf1J;)lfin1,'!11V Lfi::L;!JU x tl1 L{J\4 R(x) 1Jl'YI LLN:: R (x) 
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11) ~_,n,r~,1tJ1~L ~11 
"JJ) ,,fJ,~L ~IIJL~tl X = 30 

fl) ,,vt~,; -Hnnm,'ll1tJ 1fi~L7u~l'l~ 31 

a) "', R(x) U1'Yl LUU,1tJ1~,111i1n1111"1J1tJlYI,tifn1 x Lfl~tl.1 LLft:: R(x) .. 600x - x3 

20 

;).]~1 

n) ~~i~11tJ~~L~11 
"JJ) ·nvl~L~l!L~tl X = 20 

fl) ,,v1~i7-l;nnm,"JJ1tJ1n1tiflllLfl~tl-l~ 21 

9) lY1Sllf111~th~-l/;R1Wl1Jft~~1'11itii~~.1LU~ 3x + 4p .. 12 

;].]~1 

n) ~-ln"'f~11rJ14f11lJ LLA~ 

"JJ) l'f-lfii~11rJ1~L~lJ 
Liimu11 1W"U a.J Li1.4atl s -lli ~ ,v,.,.,,11 LLft::, 1vl~L ~11 u~un~'llflLilv1 n-~ A" .]L nil , . 
l1RlJn11DtlR-3flL{J~uf~f11-lLLft::Lft~11tJ1li'L~lJ.;fiLLn\4 x ~;)~,tijf'h x &hWi'1J,1tJ1fl' ' . . 

,11JlJ111~RiiLLft::::Ltf'UtltlR,tflfliiLL11~ X ~;]~-liifl1 X LU~ 2 LYh , ' , 
10) l'f-ln"lfu.11V14f1111 R ff1Wi'tJR\4~1'1Jitil~~-lrl1'WUil~\41f1tJ R(x) = 3x- }x2 

;).]V\1 

n) R1Jn11 DtJR -lfl LLft:: , 
"JJ) vt-3n-n~,,vt4fL~a.~ 
LiiU\.4n1 whtfu~UR -lfl 1 1U't4f11a.J LLft!:1 1U1:A't ~lJ 'U\4Ll11\4"!lflt~[J1 ffu 
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vuwu~nu6~'l1f11'lLU~uuutJn~ , 
The derivative as a rate of change 

mlll~i!Lflr.n ritJL~ tJ-301'1 mhfi1Lii -3L ~ll 1 u Yll-ll~"l"t;! ~1turi ftuflf1~r:wiufl1lllt1i1 rf·l i 
h.Jtut.~o.J~·'il·nm":iLbthfill'iuvh1u1f1 (instantaneous rate of change) b-d\4. trl.,-\4'1\411ll 

lump~~~~u.'\1 x .'wl~1u ri1Wl4~u1flu c(x) tJWl L~"1~UY)UL~lln~nn1~uffl1ut~UJ c (x) 

t"li-uL~rnnu truJilll~ y Li.JuYf-lniwlltJ-3U7llln. x nR1ll1"ltlLLAil-lDil-s1nnLtl~uu

LLUfl.rvt:J.J y Li'itl x Lltl-sfi-,ttl (the rate of change of y with respect x) m,iLfl''.il::~ 
L~(J11llJL~ CJ;)~1f1m ::r'i lLLth 1\4 ~'loUt! 3.4 

' ... ' 

~lfllUHi·ll~uirhtJ'\.4-rl~f,"Ji'\n::w)H y m~:: x nTVIufl;iu1flu y. = f(x) 

LLfl::~1 x m.hfiwmfi1 x1 LULU\4 x1 + £lX Lilt~ y LLtlfl~>i1~1n f(x 1) 1tlLU'\.4 f(x 1 + e.xl 

m-sLtl~uu1-Jlu y ~-31~ity~rrvfli1, DY ~tl Hx 1 + L.Xl . f(x 1J Liitl x LLU1LU · AX .Dil'n 
, I • I 

Tl11lU~u'\.mU.fl-3L\l.~U"llt:l~ y Lliv x LLUiflH1n x 1 LU\4 x 1 + 6X fir1 

f(x 1 + L).X) - !.~ AY ( 3.5.1) 
6X 6X 

t'f1AiJfl'lltJ-3~fl~,.,a~,fi,tfi LilEl L'.X- o ~iJ9ldtim111,,m,LLtl,fi11iluli\l.mt~-3 y 

Lritl X LLU'lfl1Ltl~ x, ~-l1ttittJ1lJfl[l1tld 
UllllJ 3.5.1 ih y .. f(x) LLN1 Bfl"l1n1'1Utl'1fi11flv'ti'uii"lltJ-l v L~~ x LLU-rti11UYt x

1 
~P.l 

f' (XI) t.l\.4~Ui'llEl-3 y lYttJUritJ X L~il X LLU1fl1LU~ XI 

trm1n·mLth 1iltJYl\4Yt"lliH y L~tl x LLtl,fi11tl t.Jl;JLLtll'lml3.111LUum,LLtl'1fil1u y 

~1,;i,,~, nnT'i ~ x LLUifi1ttl~d.,~u1tJ L0t.JB111 1n11 Ltl~tJULLtlfl ~J\.1.~1 ~~ ~ -3L ~nl'HLHfl~~l'l 
1lh1H~,"IJ1flmlil 1~ f (xl) Ltl\4Df1'11n11LLU'1fll1ilunuti"IJD-l y L~il X LLU'lfllhJYI XI nl 

L"ll~r\4 f' (x 1) ~1tl D,X (n1'1LLU'1fll1U x) nl'1~U~tl\4LL'l.J~H::Ln~~\.I.L'\.4 y trl~fl (x, y) ~n 
Lfl~m.l.1tl1113JbH\.I.Nl!Wft~~~ (x 1 y1 ) "lltJ-3n'11~'t!El~ y .. f(x) B11'11n1'1LLtl~fi1Lu~U'tlv.J y 

LiitJ x ut.J-sfi1h.J ~nih~u.-,~u1flVLfl"t;R1ULUR3Jm, (3.5.1) ~l~:::ti1~m1~!J x. l'ilt~· 

_JL · X 6Y 

~~ttJwn1LL'!J'~~,ttJ~i-3 ') 1u y B\.I.Lfim1nm1~ x ~tl~uu1tl x "!Jru.~Y\~11 (x. yl 
Lfl ~ D\.1:~1 tJwn3.1n·:n~ 
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~0~----------------~% 

ltl s.u 

i10VH 3.5.1 hf v Lthunll1flnJD-lflntJ1flM-lihmtJU11 e d, ~.)VI1ilfl1'\fl11LtlGtJ\4LLU&NL~·ll. 
" 

...... 
16n7 

"l.ID-lU7ll1fi1L~UtJTitJ e L~El e m.J1fi1~111 
n) 3.oo ttlLU\4 3.20 

"l.l) 3.oo hhu\4 3.1o 

fl) 3.oo tthtl\4 3.01 

.,, t~~h Ltl\4am,m·HLthfi, 1flul'i\4 ~"llEl-'tl7lllfl'l ... 
LliEl e .. 3 

L~11::11Rfi1L\4m1W1tl7lllfl7"l.lil.,~ntJlfllif'lt~ v = e3 1~ f LU\4vt>1mY\4rl1VI\4flliln 
" " ' 

f(e) = e3 LLlnBfl71n1"lLLilifl1L\4~U V L~El e LLilifilttJ;nn e 1 ttJLtJ\4 e 1 + D.~ 

f(e 1 + ~e) - f(e 1) 

~e 

n) e 
1 

, 3, o.e = 0.2 LL~~ f(3.2) 
5 

- f(3) (3.2) 3 
- 31 5. 77 "' 28.8 

0.2 0.2 ---o:r-
"l.l) el = 3, 6e = 0.1 LL~~ f(3.1). ((3) (3.1)3- 33 ~.719 = 27.9 

0.1 0.1 

fl) e 1 = 3, c.e = 0.01 m~~ f(3.01} - f(3) (3.01} 1
- 33 0.211 _ 27 •1 

' 0.01 0.01 o:or -
L\4tUil n) ,.,~~Ul1L~Elfl11liU11'1JEl.rt~EltJ"JJEl.,~ntJ1flli 1 Ltl~uw;nn 3.00 d1 ttlL\M 3.20 d1 

" tl7lllfi1LU~tJ\4LLU~.,ttJ . 5. 77 ~ntJ1fllid1 LL~::efl71f111LU,U\4LLU1HLu,ULiJ\4 28.8 
ll I 

~fltllfllid1 chWi'tJL\4'!iD '!I) LL~~ fl) f111LLU7fl11liVIli1Uiiim~N::L'1f\4Li1U1Tl\4fltniEl n) 

.,) eJf111f117LLthfi11fiV,;\4~'!1£l., V L~tl e LfllrltJ 3 fltl f'(3) 

f' (e) 3e2 

f' (3) 27 
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Lt'411::Q::~-u lY1fl111JU11~D.:VD\J~il-3Rn\J1A~LfJ-u 3 ~1 Dfl11n1'H~thfi1 1t~Eni-uii 
II 

~il"U'IJ1fl11::LfJ\4 27 ~n\J1A ~~1 Lntll:ln11 Lt.lftrJ\4LLUR.:llil.:llil\J 

fi'16VH 3.5-.'2 \J,lffiLL""~~"U1::1JH~11 &Y1l"'l'L~\4l\4m1 1t~1lt nm!J\4~1\41\4 1 ooox \J1fl 

,~,oi-u.,-111 y t-u lt~o~ 
~ • 5 + 400x - 2x2 

n) '"~1Dfl11n11Lt.lSu-uut.Jii"LQSWD" y ~ll"\Jt.l"i::aJ1mm1 1t.~1ltm1L~IJ;nn 10,000 

\J1fl LfJ\4 11,000 \J1fl 

~) '"~1Dfl11n11LLthfl1 (L~IJ) ~il" y Lnil"\JU1::lnm1t.~1ltm1L!J\4 10,000 \J1fl 

1iPh \~ f LfJ\4~-3mY\4~~1~\4~\41flll 
f(x) • 5 + 400x - 2x2 

LLfl&J11n11LLt.J1fl1LQ.Wil" y ~~ X LLt.J1fl1tt.J ~il X Ut.J1fl1;J1n x1 1tlLtJ\4 x1 + t:.X 

fin 
f(x 1 + i:~X) - f(x 1) 

AX 
(3.5.2) 

n) L11U1::&Hii~ .. ::~1Dfl11n11LLU1.-i1LQ.~fl-3 y Lna X LLU1fl11tl X LLU1flH1n 

10 LtJ\4 10 + 1 

~"'~ 
f(10 + 1)'- f(10) 

• 

~-3~\4L11lfnfl11ih~ (3.5.2) JS-3 x1 = 10 LL~:: AX • 1 

f(1 1) - f(10) 

(5 + 400(11)- 2(11)2]- (5 + 400(10)- 2(10)2] 

4163 - 3805 

- 358 

Lvn1::u::J-uLna.,tJt11::aJ1m1t.~t!tm1L~IJ;J1n 1o,ooo \J1fl Lil~ 11,000 m'Yl n",, 

n11LU.fJ\4LLU~-3LU.~fl-3~1\41\4~\.bfJ~1lJ;J::L[I\.Ii 358 ~\4fltln1'H~ll.:l\JU1::1.nm 
m11t~1ltml 1000 \J1fl 

~) nt~,,.m,LLt11fi11.,vn'"Vi"tJa-3 y Lrla x LLtl1fi1tt1~ 10 fla f' (1o) 

f' (x) 400 - 4x 

f' (10) • 360 

~",f\4LntJ-3\JU1::1J1m1t.~1lt nmtl\4 10,000 1JWI Dfl11n11 LLU1fl1rf\4YnltJ-3~ 1\41\4 

~u1u~~,!Jt~•::LU-u 36o t-utla 1,ooo \J1Yil\4nT"H~IJ"\Jt11::ll1m 
al f I , A I .. ~ • .,_ ,J 

fl'lfltiH 3.5.3 fl1~1-3U1::~1tl~il-3\J11f'YILL~-l~\4-3 Li.!il t iJ ~~H1n1\4fl 1 lln11flll 2519 
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LiJUL~\4 p «1\4\JWI LLA!: p .. ~2 + 2t + 10 ;)-3"1 
n) iltl'n~fl1tH~.rtu m 1u~ , amnmJ 2521 

"11) ilfl'l1~fi1~H~~" m 1u~ 1 a.mn.-tll 2525 

0 

n) m 1un 1 lln'l1flll 2521 

dp = ~ + 2, 
dt 

9£( 
dt I= z 

!L + 2 = 3.6 
5 

"U) t\4 l\4Yl 1 lln'l1flll 2525, t = 6 LLA:: 

dp ) = L4 + 2 =6.8 
dt l • 6 5 

2 

L ~.,,:;~::1fu n. 1u ~ 1 lln'l1flll 2525 tlil'l1fl1~H9 ~uluilfl'll 6.8 t\'1uu1n 
" 

~etl 

~tHnnfi'1erJH 3.5.3 iim1ll"ll1m~ti...:Jm'lLtJ;uwnuunufl1;,1"1 ,m,u11in ti1mh" 
tll W. 1ufl 1 llTl'nfliJ 2520 ~1.Jl1f'h~HU71iYILLvi·nftHi1Wl1.JU 2519 flu 2 ~·1\41.J1YI LL&\'1 

r3'il'11tH~U m tu~ , l~Tl'llflll 2521 flu 3.4 A1\41J1Yiiiutl iiu'l1il~tiil uuH1'lnil1ll tr1fh 
U I 

~ututJ 2521 LU\.l 300 ~1UtJ1YILL~1 D9l'lln1,~HN.:J~Ulu1u~ f llm1flll 2521 au1112Jil " . 

nWl91~ "hi\ tl7 [J\J L fitJtJ elil'l 11111 L tJ~UULL tJ ~\I nu ~ 1\t 1\t:J u .:JtJi ll1 n4 ~fi 1ft .:Jtl nL tJ~U\4LL tJfi -31tJ 
" 

li!JTll1tl9!1li11'Wtt'li (relative rate) 

UfJllJ 3.5.2 til y = f(x) eJ9!11iaJV':u~-uu.:Jm'lLLtl'lfil"tlu.:J y Lriu x utl1f111tl m x1 t'ln 
f' (xt) I f(x,J Y!iD ~I y ~.:Jl-11~1~ X = XI tl1Dm1ill~ni~m.i11J 100 n;,::1~ilfl'l1 
~ tJ eJ'i L-6UGi'lJu\ITl1'l LL l.h ~1 

i1DVH 3.5.4 1.:J~1tlfl'l1RllViYifvu"mlllL~u1mmJfi1~1.:Jt.h:::~liJ m iuYi 1 lJn71flU 2521 

LL~ti'w~ 1 11n"i1fl11 2525 61"Hi'uui1i'Yl1uil1mh..ruu·nr'l"Vo 3.5 

MA 113 

n) LritJ t = 2, p = ~4) + 2(2) + 10 • 15.6 ~",f" m 1u~ 1 lln11flll 2521 

tllil'l 1 ill~tl n-u el "m llJLfiU 19l"U Cl .:Jfl 1 ~H'!J t:l .:JUi 1i Ylfl tl 

.E.E.. /p] 
dt I=~ 

~ = o.231 .. 23.1 Ltle·h.n'"~ 
15.6 

"ll) L£it:l t = 6, p = }(36) + 2(6) + 10 = 36.4 

L ~,1::~::tfu m iu~ 1 llfl11fl3J 2525 ~m1Rll~ni-uu-.1fl11ll~U 1fl'1Jt~-.1fl1~1" 
~u.:Jt1i1ln d:Ju 
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.E.E.. I P] 
dt fa6 

6.8 --· 36.4 
0.187 = 18.7 LtJil'l L-!u.fi 

W-1i-.nnt~1u)fl71fl1111L~t.J 1" 6.8 t\'11.~t.J1Yl m 1-..~ 1 l.Jn11flll 2525 lllnn11 
/ ' . 

3.6 t\'1u.t.J1Y1 m 1'-..YI 1 11n11fllJ 2521 mJ1-1h n~ €fl"l1fl11lJLflt.J 1flft'llwflf 

18.1 LtJai L-Hu.fiti 1~i'u1u. ~ 1 lln11fllJ 2525 ilmm11Dfl71fl1111Liiu 1flill~Ylf 
23.1 LtJaiL-Hu.fi w1~i'u1'u.~ 1 lln11flll 2521 

~· u UtJ1JHfl't1~ 3.5 
.. "' I I I I "' I I 

1) "1 A ~171\1~1 LU\4~\4Yrutl-1ftL~~rJllif!i'R LL~~ s ~1 LiJ\4fl111JrJ11'iHl\14i'1\4"1Jtl\lftL'Vt~rJlJ 

;l~rfnlfu ;JJ~1i!fl;1m,4LU"l~ml.~rJ"iltl-3 A Lrla s LLU"lfhttJ"1n 
' -

n) 4.00 1tJLUu. 4.60 

'!J) 4.00 1tJLiJ\4 4.30 

fl. 4.00 1tiLU\4 4.10 

. \1) am1nTHLU,~1"1Jtl-1 A Lrltl s LLthfll1tJ LrlD A • "400 ijfilLYhh?· 

2) Rllljfi11m-1m::uan ~-30fl1111~-'""~ 10.00 d1 lr1tJ~lllfl'l v ~nu1"1i Ltlu.tJilJ1fl1 

"ilti-1Yl"l\ln"l::t.Je:Jn LL~:: r d1 Ltlu.i'"0'1Je:J-1m::uan 

;)-3~1Dfl11nl"lLLU1fl1L;l~rJ'lJil-1 V Lrle:J r LLthfin1n 

n) 5.00 1tJLU\4 5.40 

"il) 5.oo 1tJLtlu. 5.10 

fl) s.oo ttJLtlu. 5.01 
( ' 

\1) ;)-1'Vt1flfl,1n17LLU7fl1'iliH v Lria r LLUlfll Yl r • 500 

l1lJlU1l1fl tJ7lJ1fl,"ilti-3Yl,-3n'l::t.J£lfi V • tf1 r2h Lrlil 

m::ue:Jn 
. I ' 

3) "1 r LUU.R1u.nitrllil-1 n ;J..t~1flfl"l1n1,LLU,fl1L;l'rJ r Lijil n LLU1fl1 LL~::Dfl'11RlJ· 

~Yl~nl,LLU'lfll'IJEI-1 1 
r LriEl n LLU,fh~ n ijfil\th~ 

n) 4 

'!J) 10 

4) L~ s dJU."l1n~Rti-1"1Jtl-3;l1\41U. X ;)\1~1flfl71111'HLl.hfll s LQtl X LLthfi11tJLL~::elfl11 
Rll~Ylfm7LLU"l~1"1JEI-3 s L~El x Ofi1mh\,J~ x ijt),LiJu. 

n) 9 

'!J) 4 
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5) ~,~,t~tHH:Jn~1nR,::11tJ~1 ~~a:: v LLmn,eu \Ou\.l;li,.,,,D,.,~1LuR,:: t u1ihtlu 
L1ft1~lt-3~1nL,liLtlt1~1L~'1~a LQa V ··25o{40 - t)2 ,_,~, 
n) a-.,,,L~Rm~u~1t~attJ1ii 5 u1ii 

"U) ~,t~aaanliiL~1Lvht, L~£iL1ft1 s u1fl ~lt_,,,m,l1Ltlt~~1t~~aaan 
6) Rllnl,~UYl1Uft1WftJ~Uftui111f\4tJ~d_, LtJU x ~ 3p2 + 2p ~~u p \J1'Yl LtJu 

,,fl,u..1~Uftui11~rt..1LLri..1 L~il~UR£1~1 1000x L~ri-.1 ~e.lftfliluflftflftltl 
u 

n) ;J..1~1tlfl,1n1,LLU,fll~;l -~il~flU'Yl114 L~u,lfllLLU,fi11tJ1iltll,.-;1.1,11l 2 tJl'Yl LtJu 
2.20 \Jl'Yl 
"U) ;)..1~1tlfl,lnl,LLthfi,D..1~U'Yl1u L~il,1fi1LLU,fhttJ~,1fi1LtJu 2 U1'Yl 

1) R1Jm,D.,~tJR..11in1wtwfi~D"tJ,::iiua"LWDTDitil~d" Ltlu x • 100 - 3p - 2p2 

Lriu p \Jl'Yl ~{Ju,1fl1tlu~it.riu LLft::L~tl X LfJu~u~ii~tJR"t'i 
n) ;)..1~1r!fl,ln1,LLU,fl,u"~tJft"~ L~u,1fi1LLU1fl11tJ~·nf11L~ll.11l 100 \Jl'Yl LtJu 
1 1 0 \Jl'Yl 
"U) ;)..1~1tlfl,1nl,LLthfi,u"~tJft..11i L~il,lfi1LLU,fi11tJ~11fi1L·tlu 100 \J1'Yl 

8) tJ,::1J1 m11flu..11uLu h.,.,,"~ "~ifln,£Ju1tJR1ll11ti'Yl1Hn1 DU1tJ y n1au LuL1ft1 x 

off111l..1 ~R.,;Jlm,~.~Yi,.,," 8.oo "' LUflauLf, LLa:: y • 3x + ax2 - x3 : o < x ~ 4 

n) ;J..1~1tlfl,,~flu..11urhlt..1mnLiiDL1ft1 10.00 u. LufltluLtfl 
"U) ;J..1~1~1u1un7utJ,~-3·flu"1umntii LuL1ft1 10.00-11.00 u. LufltlUL"'ll 

\1 

9) ft1J~ti-J1 ~1U1UU,::"l!1n'liJu..1LiiD..1LL~..1~a" L~UL1ft1 t tJ · ~i..1•1niu~ 1 lln11flll 
2518 LUU 40t2 + 200t + 10,000 

n. ;J..1Yt1Dfl,l~t.h::"l!ln'lL~1J N iu~ 1 lln11fl11 2527 
' ' 

"U) ;)..1Ytltlfl,liith::"l!ln'lL~11 N iu;i 1 11n71fl11 2533 

fl} ;J..1Ytlr!fl,,ill~nt"Uu..1m,L~lMlu"tJ,::"l!1n, m iu~ 1 11n,lfi1J 2527 

..1) ;J-lYt1Dfi11Hli~Ylt"Uu..1m,L~lMJu..1tJ1::"!!1n, m iu~ 1 11n11fl11 2533 

1 o) ri11,;nnm,~-rtJu-li'1u~1LLy;_,~~" Ltlu 1 ooy mn L~u x u1n Ltlu·nv~1tJLuLLfia::iu 
LUnl, 1<J.J~Nl LLft:: 

y = 2500 + 36x - 0.2x2 ;J"\iD\l~UtYt111~1~fHi11,L~liLiiD..1~11lnl,L~J.!nl, 19Jbtt\4i 
L ~tlnl, 1<J.J'!; N lLLtlft::iULUU 

n) 60 u.lYl 
"U) 300 \JlYl 

\ 
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vuvi'u .fi, v~w ~~r{u t.h ::nv1J 
3 6 '' · The derivative of a composite function 

tUJl/~11 y L{.h.nlt-.ln'!l'U."Ull-3 U LLfl:: u LtJU.~-3niWtlll-.l X tl1tl~HL"JiU. 

y f(u) = u=> 

LLfl:: U • g(x) = 2x3 • 5x2 + 4 

tUJnl''l (3.6. 1) LLfl:: (3.6.2) rh~~U.~. y 11LtJ~~-3fr!'u.~rt-J'!Jil-.lfY1LLth X 

LL'nU.fl1 u 1u. ( 1) 1flufi1Yll-3"1.111ii~~il" (3.6.2) L·ntlf 
y .= h(x) ·• f(g(x)) ... (2x3 - 5x2 +4)5 

li!tJ h L {Ju, ~-3 niu.th:: n ll1J 

(3.6.1) 

(3.6.2) 

(3.6.3) 

~qliQ\H1~ ~.6.1 tf1 y LtJU.~-3fioB'U."Ull-3 u n1~U.il1fltJ y • f(u) LLfl::~lfhn!J~n 1-n' (chain 

rule) dy/du til LLA::tf1 u LtlU.~-3niu."UiH x rh~u.i11fltJ u = g(x) LLA::~1f'h du/dx 

tlf LLR:: y LtJU.~-3nfU."Ull-3 X LLfl::~1fl1 dy/du t~ LLfl::rh~U.il1fiV 

-t. . -tu·{~ 
i1odH 3.6.1 1'1Yn!J~n1-n'rim:i,,;,ru,~ri1~u.il~u.1flvRlln17 (3.6.3) tr"tfu.~·ntti 

160 

y • ' (2x:l - sx2 + 4)5 

L111.h::R-3~~;J:;~1 dy/dx ~;)1"Jt\41'tlt"fi"Jtu, y "1.1£)-l U L~ll U ltlU.~"niU."Ilil" X 

. ~"'If 
... y • u5 Lllll u • 2x3 -, sx2 + 5 

;11nn!J~n 1-n' 

• ~. du 
au Tx 

• su4 (sx2 - 1ox) 

• s(2x3 · sx2 + 4)4 (ex2 ·. 10x) 

m7~,;'1Un!J~n1-n'q.nnfl'Jtu-i£lu.L.,,v::tll~''"'"~d (m.,~~;JU;J::Y4uLu. L:eithold, 

The Calculus with Analytic Geometry)) mJH17nflfill1udLtJu"IJll~H~Ltlu.;J;" 
ci1~i'um"~",;,r" 

Rlll!fl1, x uth.-httl AX• 1flv .Ax 1 o Yi1L«Lnflm1LLtl.,1u. u tu Au uu.fill 

U + 6U • g(x + 6X) 

LLfl::LW71::11 U • g(x), 
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AU = g(x + ~x) - g(x) 

~LilL\lun1n y = f(u). 6 u Lih.ml\f!L~ y Ltl.llu\tJ ''W tr~lfu 
(3.6.4) 

lim ~ lim ~ . lim c,u ~1 0 u I o (3.6.5) 
t,.X ... 0 ~X /\X - 0 AU ,6X -0 6X 

Lilu-l;'lln u = g(x) LLR: g H11111fi~1D~~U{\~ Utf1 g flmdD~~1ll .t~lfu 
Lrlu c.x - o. GU - o .1-llfu 1ufhiUiflfllLL7nm-l'IJ11iimJD~Hlln11 (3.6.4) L11 
~L'YlU c.x - 0 ~1tl AU - 0 ~~\fl 

lir:n AY · = 
AX- 0 6X 

lim M_ lim ~u 
AU - 0 61.f C.X- 0 AX 

~1 .llU r/ 0 

L Yi7l::U::~u ~~ = ~.~ au- dx 

1111~~vUdJu1tllJ.J\~ L~Cl ~U = 0 LiiDHln 6U ~UD~rltJfl'l 6 x ~~H1ln11 
(3.6.4) ;J:YitJ11LtJu\t1\~\~L~Cl 6U = 0 ChWftJtJl-lfll'!JCl-3 D,X 

nq~ljtJrt 2 LU~'lifD 3.3 na1111 ~1 n LtJU~1U1U;J7"Lfl 1 LL~::ff1 f(x) = x" LLf1 
f' (x) = nx"·' LLfl::;Jlnrtq~~tJrtt1-lnfl11rltJni)~n 1-D,::l~nq~~tJrtfiDltld 

nql!laun~ 3.6.2 ~1 f LL~:: g Ltlu~-lmtu~-l f(x) = [g(x) ]" L~D n (The chain rule 

Ltlu~ 11.l1U;J, -l Lfl i ~L~::~1 g' (x) jjfi,mt1 for p~wer) f' (x) • n [g(x) 1 n·l g' (x) 

~1mh~ 3.6.2 t~ f(x) = '~~1 . f' (x) 
4x3 + sx2 - 7x + a 

?6n? L;ivu't~~1, f(x) = (4x3 + sx2 - 7x + a)· 1 

1flv 'tin~~n 1-D'Ila~,..q~fii'uvmhft'.l ~.31~ 

f' (x) = -1(4x3 + sx2 - 1x + a)·2 (12x2 + 10x - 7) 

-12x2 · 1 Ox + 7 
(4x3+ sx2 -7x+ a)2 

~1m.h~ 3.6.3 't~ h(x) = \) 2x3 - 4x + 5 ,_,~, h' (x) 

h(x) (2x3 - 4x + s}' 12 

1flv'tin!J~n 1-D~ 1~i'urt-lni'uvn ti1~-1 ~.31~ 

h' (x) }(2x3 - 4x + 5) '12 (6x2 - 4) 

3x2 - 2 
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fi'1tnh~ 3,6.4 l~ f(x) • (~)4~..1'M1 f' (x) 
3x • 1 · 

nn1 1tU.tn11L"'l'n!J~n 11Ji&f1wt'uYf..1mf'U.bn~1f..1 L11,.,. 

f'(x) • 4 (2x + 1)3 (Jx·1)(2)-(2x+ 1)(3) 
3x · 1 (3x - 1)2 

• 

4(2x + 1)3 (-5) 

(3x · 1)5 

• 20(2x + 1)3 

(Jx · 1) 5 

fi'·l'fnh~ 3.6.5 L~ f(x) • (3x2 + 2) 2 (x2 - 5x)3 '"'M1 f' (x) 

'Jin1 ~'11N1 f LtJ'U.e4flfJN'lJEl..1tHl..1Yf..1mf'U. g LLfl:: h LQEl 

g(x) • (3x2 + 2) 2 LLfl:: ,h(x) • (x2 - 5x)3 

1fluLi'flq1!t~tJfl 6 'llll..1~1'7!n 3.3 thwfuii'*,;"t'lln..1e.~flfJN'lln..1tHH,q"mr" c..,tl 
f' (x) • g(x)h' (x) + h(x) g' (x) 

L11'M1 h' (x) ufl:: g' (x) ··1flt.tn!J~n 11Ji1..1ttY 

f'(x) • (3x2 + 2)2 [3(x2 - sx)2 (2x- 5)] + (x2 • 5x)3 [2(3x2+3)(6x)] 

.. 3(3x2 + 2) (x2 - 5x)2 [(3x2 + 2) (2x • 5) + 4x(x2 • 5x)) 

• 3(Jx2 + 2) (x2 - 5x)2 [6x3 - 15x2 + 4x - 10 + 4x3 - 20x2 ] 

• 3(Jx2 + 2) (x2 • 5x)2 (10x3 - 35x2 + 4x - 10) 

fi'1tlVH 3.6.6 L~ g(x) .. x3 ';1..1'M1 g' (x) 
Q 'Jxi - 1 

iin1 L1itJurf..1mfULftrJL'Mll1uitl'll£l..1e.lflfJN'll£l..1~..1MrU ~..1tl 

g(x) x3 (3x2 - 1 )' 13 

Liflqbt~tlfl 3.3.6 LU~:: 3.6.2 ttY . 
g' (x) .. , 3'x2(3x2 . 1 t/3 - L (3x2 ~ 1 )"4/3 (6x) (x3) 

x2(3x2 - 1f13 [3{1x2 - 1)- 2x2) 

x2 (7x2 - 3) 
(3x:~~3 
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~· v IIUUHO't1~ 3.6 

1) f(x) = (x2 + 4x- 5)3 

3) f(x) = (3x + 5}'13 

5) f(t) = (2t4 - 7t3 + 2t - 1)2 

7) f(s) .. 12 -3s2 

19) g(x) = (2x - 5)" 1 (4x + 3)- 2 

21) 

23) g(y) = (y2 + 3)1/l (y3 - 1 )•/< 
( 

2 3 
25) f(z) = ~ -

5) 2 
(z + 4) ( )3 ( 2 )4 

) ( ) 
4x - 1 x + 2 

27 G X = _r.r-; (3x2 + 5)2 

2) f(x) = (10 - 5x)4 

4) g(x) = (x2 + 4)-2 

6) h(r) - (2r4 + sr2 + 1 )5 

a) f(x) = 4x'l< + 6x •I< 

10) g(x) = 3_j(3x2 + 5x - 1 )2 

12) H (z) = (z3 - 3z2 + 1) 3 

( 2t2 +- 1 ) 2 
14) g(t) = 3t3 + 1 

16) h(t) = .Jr1 
.r:=T 

18) f(x) = (4x2 + 7f (2x3 + 1)4 

20) f(x) = (x2 - 4x 2)
2 (x2 + 1)- 1 

22) h(x) = ( x + 
4 

)
3 

2x2 - 5x + 6 

24) g(x) = (2x - 9)2 (x3 + 4x - 5)3 

(5x - a)-2 
26) F(x) = (x2 + 3)-3 

4x + 6 
28) G(x)= Yxz + 3x + 4 

30) f(y) = (y + 3)3(5y + 1 )2(3y2 - 4) 29) F(x) = ~---_ 1 

X 
31) h(x) = ~X- l ,./' v;;:-; - 32) f(x) = ·v x:.! - 5 3 x:.! + 3 

Vx+l .~ 
33) f(x) = v,...g-+--:t/9=-=x..;.; 34) g(x) ·v. 0 
35) ;,,n~ltnJnTl'llil"L~\ufll~R~ill~tni\4 y = ~ ~1fl (4, 5) 

36) ;,,,_,1Rlln1'l'llil"LH\4ill~R~ill~RLH\4 y = ~x2 ~ 4 )~ ~~fl (1, ~ 
, ,3x 5) .. 

37) ;,,,_,1fl11ll'ft'U'1Jil"LfUHlJ~Rfiwll~RLH\4 y = (6 - 2x)113 'Uil,LLfl~::~~DttJ\4 : (-1, 2), 

(1, ~), (3, o), (5, - ¥4'), (7, -2) ;J"LiiVUn11~LL~::H1U'llil"LHUfl'l"~~fl~ril,_,Ufl 
1~~u 

) 
..!( .......... .k , .. .~ 1') 

38 ;J"""1Rlln1'l'1Jil"L"'URlJ~R'YlRlJ~RLnU y = 3..j LL~::llf111ll"DU J..#-7 7x - 6 

39) L~ C(x) Ul'Yl LUU~U'1U'l1lJLUn1'l~fiflHU~1'1!'\lfl""~" 10x ""U1V L_L~:: c(x) ... 20 + 

4x + ../3x2 + 4 ;J,,_,, 
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I· 

n) ~"mru.twr)\U ~ll ~~fl:: 
.: • ' ... l '11) iu f)\4~ Vill~l1El~1~\41!Jfl 20 '1J\4LU~'1 

40) nllrt1'Hp.Jn"lii1wfuiu.,-,,ili1~d,~t.Ju p2 • 4x2 • ax - 14o .. o ~oEl p tJ1'n 

~!Ju,,fl,tit~~d"~.u,u ~ot~~tln "li Ltlu , oox ~u1u ;, "~ 111ut~L ~liLOa~tln "ti~t.Ju 
300 ~\41U 

41) u~,;,'l~L"lil'ni'Viuiu~L~"~d" 'l~dlt!luL~aufl:: p \.Jl'n L~a'l~L"li1\!1u x ~""" 
LLfl:: p = 15.(3oQ:"2,; v"~111"'El"L~L"liltJl\4~~iJ ~"ii71U1~L~lJLU\4~\4U 

42) v"~1ftJfli\411U1~L ~11'1JEIJiuli'l"Dili1~~~ "~lJm1 ~tll'lmLU\4 px = 5~10x + 1 LOa 

x El~1u"li1J ( 1, a) 

R1~i'u-lla 43·46 v"~1i:l'1~"~'11ElJftJn"Jl'u~ih~u~'l~ 

43) f(x) = lx~ · 41 
45) g(x) • lx3 I 

""lUIMf! I a I = Q 

164. 

44) f(x) = x lxl 
46) h(x) = ;~,j.--x_+_x_ 

.. 
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3. 7 tl1.f"U~,tl~61n-.an'~ih~tiu ua:tl'~nd'11"YI~ 
Implicit Differentiation and Related Rates 

lY1 f= { (x, y)ly = 3x2 + sx + 1} (3.7.1) 

LLft1tUinl'l y "' 3x2 + sx + 1 ti1\'l"il,q-1M'" f lturffiL," 
LLfitn\l£i,q-1ni'"~ -11J.it~ti1\'l"fl tfrflrrffiL;}" L'lf" tUJn11 

x6 • 2x · ... Jy6 + ys · y2 . ( 3. 7.2) 

;l::ta.hnll11mLnwllm1\'11fh y '"1nillnlu-' x t.; LLtiil,arl,,t,nfl1ll,::ii"rl",q~n.r" 
\'11ulllmri1 '!lu-1 f ~iittn,;m:::11 ~, y - f(x) LLft1 Rlln11 3.7.2 Ltl"';" ~"flu 

x6 · 2x • 3 [f(x)] 6 + [f(x)] 5 · (f(x)) 2 

W1\'li'tn1n 1 fi1 x ~LfJ"1fiLll"'!lu-1,q,n,r" f 
t"n' rilL'Ii"dL7tm11Yf-1ni'" f ~ nti1\'l"fl1flntl;mn~1rJRllm7 (3. 1.2) ~ti1""fll ~~1n 

m-,tf,jmi'"ilt7J1"11Rlln17 (3.7.2) ti1\'l"tl y L~LfJ",q"fii'"'!lu-1 x .~\'11tl't~"tt~ ,,t,r 

i!m1~1u't~"'lf y Lnnunu x ~L7nn11n17\'11tl't~"tLf-1tJ;mn . (lnplicit differentiation) 

~-1LoJ'n~tiH 1 L~rJ1rl\Jn11~1tl\t~"tti1-1 1 ~mi11ll1LLft1 . 

;11n x6 · 2x 3y6 + y5 ~ y2 (3.7.3) 

lY1L~ F(x) x6 · 2x 

G(y) 3y6 + y5 . y2 

Th~"fiL~ y d:J"Yf.lfli'Wllu-1 X L"lf" 
y = f(x) 

\l::LiirJ"R11n17 (3) ttidJ" 

F(x) G(y) G(f(x)) 

Rlln17 (3.7.6) LU"\l;.,Y)n j fi1 x t"1flLllWllu..1 f ~" G [f(x)] 

.;.,~" w1wi'uY)n 1 fi1 x ~~1tl't~"t'!lu-l f tti';l::il 

4 (x6 . 2x) d (3y6 + y5 . y2) 
ax ax d d 

6x5 · 2 1ay5 Tx + sy4 Tx · 2y ~ 
6x5 · 2 (1By5 

r+- sy4 
• 2y) * · 

6x5 • 2 = dy 
18y5+ sy4 • 2y dx 

i1t>eh~ 3.7.1 ti1~"fiL~ 3x4y2 · 7xy3 = 4 • ay \l-l\'11 ~~ 
1i1h 1flrJ~u11 y LtJ",q.,fii'"'!lu-1 x 

(3.7.4) 

(3.7.5) 

(3.7.6) 

\nfi1tti 

d ax (4 · ay) 
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t 

.. 
• 

fx (4) - fx (ay} 

o-s1x-
-a~ 
0 

. -12x3y2 + 7y3 

7y3 - 12x3y2 

i·Hnh~ 3.7.2 n1~l4i1L~ (x + y) 2 • (x . y) 2 

iiri1 - 1~viiu y LU'\.4~·H'iiwuu" x 

= 

6x4y - 21xy2 + 8 

x4 + y4 ;).,~ 1 * 
4((x + y) 2 

• fx- y) 2
] 

d ax d ax (x + y)2 • -:::r.;. (x'- 9)2 
. ax d 

2(x + y) ~ (x + y) · 2(x · y) -::r.:- (x · y) 
ax · ax d 

2(x + y) (1 + ~·) - 2(x • y) (1 • ~ ) 

=. 

dx d dx 
2(x + y) · 2(x . y) + 2(x + y) ~ • 2(x - y) ¥x 

166 

2x + 2y - 2x + 2y + (2x + 2y +2x - 2y) ~ 
., d dx 

4y + 4x ~ - 4y3 ~ 

I 

(4x i 4y
3)* 

qy 
Ox = 

cfx (x3 + y3) .. fx (g) 

Jx2 + Jy2~ = o 
, dx 

x2 + y2 ¥x = o 
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t\4 ~~ (1' 2), d 
- ~21 ~: *• 
- 1 • 4 + ~ill4fl11lli'\4'ilu·mtl4ill~~ m ~~ ( 1, 2) 

... . 
~-,fl A li1117U'(\4917 -lfl u 

• m(x - x
1
) . ·~ria m ~iJ\4fl11lli\4 (3.7.7) 

xl • 1, Yt ,. 2 ~~~:: m • + ~m\4fhL\4~ll1117 (3.7.7} 

y - 2 -}(x- 1) LU\4~llf117~il4ill~~ 

ilt!qJ~1 ~u\4~1\41\4111 n~~~rn"liu-lfiu er.,,.,m,. ~tl~v\4~~tl ~ -l'!lu -lR u-l.,-1 ~~tl,- ~; a111 nn"l1 

~rim Yivunu n~1 ~ -l13.!~1~ U\4~~::rh~\4~.,-1 ~~tl,-'l ~~iJ\4~-l~i'l4'1lu-lL1~,1~u.,,. -l 
~1ath-l ffll~fiL~ F LiJ\4~-l~i\4'1lu-lRu-l~1~~tJ7~u X ~~~:: y ~-l X • f(t) 

~~~:: y .. g(t) 1~v t ~iJ\4n~,iJ~\.bmUl4il41Yi~~~1 

F(x, y) • F (f(t) , g(t)) • F(t) 

~1Bfl711117Ltl~v\4~~tl~-l'ilu-l x ~Yivunw1~1 t ~a dx . -Ot 
~~~::elfl71f117~tl~lJ\4~LU~-l'1lu-l y ~YilJ1.Jrl1.JL1~1 t fltl ~ 

' ·dt 

L~~1tl"t~l4!L~-ltl,u1m Yiuunw1~1 t ~::~,t~mllfi1 mh-lfiu1tld 
., ' ... \1 •• 1 
~1 tlVH 3. 7.4 1.J\4 L~ll11 25 f'lfl 

L'!1 3 ~fl/il41Yi , 

11-l~-lri1~LY'l-l :Y11fl\4U\4t~~~u\4 ,;,-3~1nri1 L~ Y'l.J~1llfl11ll 
~-l~1fl11UL'!1~tl~1llU\4 t~~~u\4~1~-l ~riu1fl\4ul41~u~~1-l 

~1mhL~Y'l-l 15 ~., , 
~U\4L 1 ~1il~\.i1mil\4i\41Yi 

x ,-:::v::'r1N~1nn1~~Y'l.Ja.J1fl\4u\4t~ m t il41Yi 
y ~u\4,.::v::m-l~,f1~\4~\4a.JtJ~,vu\4t~ m t il41Yi 

h'r1un1~\4~1, dx = 3 ~fl/il41Yi .,-u.Jm7~1 at , 
' 

~1flff1liL ~~llllll~\l. 111 ABC , 
AB2 + sc2 AC2 

y2 + x2 252 (3.7.8) 

d (y2 + x2) 
Tt ' 

d (25) 2 
at 

2y¥t + 2x dx 0 
t at 

~~__,.a. 2y~ -2x dx 
at 
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t· 
• 

.x dx 
yOt 

·3 ~ 
y 

'1mn.m11 (3.7.8) &r1 x • 15 ~L"'1 y - 20 

LL'Yl\4fl1 X • 15, y • 20 L\4 (3.7.9)_ 

dy -3 (15) 
Ot • 20 

• 

• 

- 45 
20 

- 9 
4 

( dx • 3) 
Ot 

(3. 7.9) 

• -2L 

~u~hnJuti!La£lu~1A-3~1v~1,~L'1 2t_ ~fl/iu1fl 'llm::~1fluuutit~H,,n~1LL~-3 
15 ~fl 

' 
H,lUitfl'l dy i:JLfl~£l-3,.,~1m!JUAW~11d1fl11~ff-3'1JiH y '::Ail~1A-3'llt\4::~~£l t i:Jfl1L~aAu ' .• Cit ' u 

fi1&VH 3.7.5 ff~'jflL\4flA1flLL~-3,_,d-3 
'l~ p L!JU11fl1'1J£l.-3i~L'il-3,.,d-3ii,.,\41m!JutJ1'Yl 
' x L!Ju~ 1U1uL'il-3tf~~W~flA1flU7::~11'uii~1-i1mfJu ~u 

LLA::tJ1~1 mtf~~W ,,flA1il£l~1 \4 'lUff~1111 
Px - 2C'p - 3x + 1 05 • o ( 3. 7. 1 o) 

&r1~ 1u1um1 H' -3tt~wfl A1flAflfl-3~1nifl11 250 L'il-3fi£J1u 
u 

, -3,., 1eJf111 1111 L U~fl\tlLUfi-3'1Jil~71fl1 L~ £l1111R -3tf~Rflfl1i!U1:: ~ 11\4L rhrru 
u 

5000 L'fl-3 
lffN7 L~ t LiJUL1fl1~~-huttJ.f-3LLfln11R-3H~L,~Ai!A-3 £i,_,\41v~!Ju1u .. 

.r-.1\!u p LLfl::: x LiJm:t.:~fi'll'u'llu-J t 

~u-Jm,-,_,, '1£ .. LlJu X = 5 

dx 
Ot 

,-,,mnml'l 3. 7.10 ,_,,uu~utLtivuriunfl1 t t.,-
' 

ft(Px-20p-3x + 105) 

d (Px)- 20 dP - 3 dx + d (105) 
at dt Clf dt ' 

168 

f 

= 0 

( 

-250 
1000 

- 1 
4 
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p dx + x dP - 20 dP - 3 dx + o ·or or or ar 
(p - 3) dx + (x- 20) dP 

. Ot Oi 
dP or· 

• 0 

• 0 

- (P - 3) dx 
(x- 20) or .. 

~1ntUJn1'l· (3.7.10) L1J£l X • 5 LL~1 p "' 6 

LL'Yl. ufi1 dx - 1 , p • 6 Lt~~ X= 5 1v.(3.7.11) 
at= 4 

dp 
dt 

.. 

.. 

(6 - 3) • (- __!_) 
(5 - 20) 4 

- 3 1 rs·4 
I 

- 1 
20 

( 3. 7.11) 

ti-3lfv. 'llfl1R1JLLfi~~L'li-3~il~-3~1t!Elfl'l1 5 HflHtifit~iu L~£lfl1'lft-3S1lth~411v.~{j~ 
5,000 L'li-3 

• 
"lit~ 1-s ;J~Vll ~ 1ilv1fiVI1£l11~u1fLon-3tl7tntJ (Implicit diiferenttiation) 

· dx 

1. x2 + y2 16 

2. 2x3y + 3xy3 .. 5 

3. x2 = ~ 
X- ~y 

4. !.-4y X 
y 

5. y + .JXY 3x3 

6. (x + y)2- (x - y)2 x3 + y3 

7. _L_ 2 + x2 
X- y 
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B. ;fY + 3 fY + VY • X 

<U'v 9·12 ;J"\1;J1"H~1 y ~"~{hn11~~th~R7t ~~~::w1 dx 
dy 

9. "" 

10. = 

11. 0 

12. y [x. xJY .. 9 

13. ;J"~1RJJn17,v"LR~~liHR,v"~i~1.t" 16x4 + y4 .. 32 m ~~fl (1, 2) 
I I 0 

14. ;J"~1Bfl71n17LU~v~ut.Ja_,v" y ~Yirruriu x Yi~fl (3, 2) ~1 7y2 - xy3 = 4 

15. an~li:;YI7"nali~R~~,,~[inaH 6 ~fl L~vanm1lli'v~,:;a:;~l£1~1£JBm1 
4
L ~913 1 

u u ' u ' ' 

~1n ;J"~1Bfl71n17LU~V~LLUft_,v-rl'fliiL~v'fflihi:J~ 2 ~fl (U7ll1fi7YI7"nftli;J~ V 

.. !11' r3) 

16. hH1~LLV:"~~"~~fl~~fl1 50 ~U1V~mfU911~ L~n17~~fldelfl71n11~~fl'l::l~~~~ 
2 ~u1r.i~vitJf11~ ( -* .. 2) 

lt1 C LiJ~ti~YI~n17~fifl~~fl1iil'IU1VLi:J\41J1YI ' ' 

LLft:; C == O.OBx3 • x2 + 1 Ox + 48 

""~1B9171~ti~f!~n17~fifiL~~Wlim::tfu ( ~) 
17. Rll~iiL«loffl~"1~ y fl~ ~fifl~~fl1 x ~U1£1 LLft:: hX x = 4y2 ih1uudt-~~fl~~fil 

250,000 ~U1V LLft:;D9111n17~~fiL~lMl~ 18,000 l'IU1£J/U 

,""'1D911;J,e1"~1~1~fi~",~~;J:;L~~u"iim~tfu (~l ~) 
dt 

' ' 
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